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CHARACTERIZATION FOR RELATIONS
ON SOME SUMMABILITY METHODS

W.T. SULAIMAN

Abstract: In this paper we characterize a previous result proved by us connecting
the summability methods |N,p,|r with either |N,g,|r or |N,w,|r for given sequences

{pn}, {¢n} and {w,} of positive real constants. Other results are also deduced.

1 — Introduction

Let > a, be an infinite series with partial sums s,. Let UfL and 772 denote
the n-th Cesaro mean of order 6 (6 > —1) of the sequences {s,} and {na,}
respectively. The series Y a,, is said to be summable |C, |, k > 1, if

)
>0t top —oplF < oo,
n=1

or equivalently
oo

1

E — |n§|k <00 .
n

n=1

Let {pn} be a sequence of real or complex constants such that
Pu=potpit-tpn (p-1=P1=0).

The series Y ay, is said to be summable |N, p,| if

[e.e]

(1.1) ST = Tha] < o0,

n=1
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where
1 >
Th=— anfv Sv (T,1 = O) .
b v=0

ni

We write p = {p,} and

M = {p: Pn >0 and pny1/pn < pry2/Pap1 <1, n=0,1, } :

It is known for p € M (1.1) holds iff (see [5])

00
> > PavVay
n=1 v=1

For p € M, we say that Y a, is summable |N,p,|x, k > 1, if
1
n=1 n
In the special case in which p, = A"~ r > —1, where A’ is the coefficient of

2™ in the power series expansion of (1 — z)~"~! for |z| < 1, |N, pu| reduces to
|C, 7|}, summability. The series 3 a,, is said to be summable |N, p,|x, k > 1, if

< 00 .

1
n P,

n

1
§ Pn—v UV ay
P

noy=1

k
< oo (Sulaiman [6]) .

n

S (5) ol <00 or )

n=1\Pn
where

1
th, = — E .
n P, U:Opv Sv

If we take p, = 1, then |N, p,|r summability is equivalent to |C, 1|, summability.
In general these two summabilities are not comparable.
Throughout this paper we set

Qn=q+a+ "+,  ¢1=Q1=0,
Wn:w0+w1+"‘+wn7 ’u)_l:W_l:O,
Afn:fn_fn-H'

Let {p,} and {¢,} be sequences of positive real constants such that ¢ € M. " ay,
is said to be summable |N, p,, ¢ulx, k > 1, if

) n k
Z pink Z Py, 1Gn—vay| <oo (Sulaiman [7]) ,
n=1 Py Rnfl

v=1
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where
Ry, =pogn+p1Gqn-1+---+Dnqo -

Clearly |N, pn, 1| is the same as |N, py|x-
The following results are known.

Theorem A (Bor [1]). Let {p,} be a sequence of positive real constants
such that as n — oo

(1.2)
(i) P, =Onpn).

If 3" ay, is summable |C, 1|y, then it is summable [N, P, |, k > 1.

Theorem B (Bor [2]). Let {p,} be a sequence of positive real constants
such that it satisfies (1.2). If 3" a,, is summable |N, p,|). then it is also summable

Theorem C (Sulaiman [7]). Let {pn}, {qn} and {w,} be sequences of
positive real constants such that ¢ € M and {p,/P, RE_,} is nonincreasing for
qn#c. Let t, denote the (N, w,)-mean of the series 3 a,,. Let {e,} be a sequence
of constants. If

(1.3) Pl —o(prY), m— o,
n=v+1 Pn Rn 1
00 P k—1
(1.4) > (”) len|® [Atp1|F < 00,
n=1 n
(1.5) Z ;;( ) len|® |Aty_1|* < o0,
00 k—1 W, k
(1.6) Z( > (Qun) |Ae, ¥ |At, 1 |F < o0,
and

k k
)(Eﬂ|%meﬁ<m,

Ry Wn,

Pn
1.7 E —
then the series Y ay, is summable |N,py, qnlx, k > 1.

It may be mentioned that Theorems A and B are special cases of Theorem C.
The object of this paper is to prove the following
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Theorem D. Let (p,,), (¢n) and (wy,) be sequences of positive real constants
such that ¢ € M and (p,/P, RF_,) nonincreasing for g, # c. Suppose that

(1) Rt = O(Pa )
wy, Py Ry Wn,
1.1 Al ————""" ) = _n
Wnpnpn—l pnPn—l )
1.11 Al ————— — Znonms )
( ) (wnPan—l gn) O<Pan—1

Then necessary and sufficient conditions that Y a, e, be summable |N,py, ¢l
whenever Y a,, is summable |N,wy|x, k > 1, are

. . wnPan—l
(1) 6n_O<WnpnPn—l) ’

(i) Ae, = 0(&::) .

2 — Lemmas

Lemma 1 (Sulaiman [7]). Let ¢ € M. Then for 0 <y <1,

[e.9]

3 o=l oY |

TL:U+1 n,‘/ Qn—l

Lemma 2 (Bor [4]). Let k > 1 and let A = (an,) be an infinite matrix. In
order that A € (¢*; (%) it is necessary that

(2.1) any = O(1)  (for all n,v) .

Lemma 3. Suppose that e, = O(fngn), fn,9n > 0, fnri gns1 = O(fn gn)s
A(fn gn) = O(fn) and A(gn/fn gn) = O(l/gn) Then Aeg,, = O(fn)

Proof: We have
En
en =kn fngn, where k, = =0(1),
fn gn ( )

Ae, =k, fn-‘,—l Agn + kn In+1 Afn + fn—i—l gn+1 Aky, .
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Since

Jn Agn + gni1 Afa = O(fn) ,

then

ey = kn fu Aga + kn|O(fn) = fo Agu| + fas1 gus1 Ak
= kn O(fn) + O(fn gn |Akn|)
= O(fu) + O(Jx)
=0(fn) - u

3 — Proof of Theorem D

Write

n n

wy,

T, = P, 1qn_paye th = ————— Wy_1a
n Uz::l v—1qn—v Ay €y, n Wan—l Z v—1 Uy

v=1

n P,
T, = Z Wy—1ay (W—ll n—v 5'0)

v=1
n—1,v Pv— n Pn—
2 (2 W ar) B (Wv_ll e 5”) i <Zl e “”) W, o

—~
w
[

S~—

i
_ =

W,
{Pvl Ainfv wiv Eyly + Pvfl dn—v—1Evw 751}

v

@
Il
—_

v—1

+ Do Gn—v-1

v Wy n

Wy—1 W,
Ey by _Pv qn—v—1 . Agv tv} +Pn—1 q0 w—ngntn
= 1in,1 + Tn,2 + Tn,3 + Tn,4 + Tn,5 ) say .
In order to prove sufficiency, by Minkowski’s inequality, it is sufficient to show
that

o0
Pn k
P L F<oo, r=1,2345.
Z B
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Applying Hélder’s inequality,

m+1 D m+1 W. k
T P, A eyt
ZPR |n1| ZPR vz:lvl an’UU}vgv’U
m-+1 p
<Y S P (2) el
n—1 y=1 Wy

k—1
: {Z ‘AUQn—v’}
v=1

i W, \* o | Augn o]
=0(1) ZPf,l <w ) ol [£o]* Pn |Bvdn—v|

v=1 v n=v P"sz—l
m k k
Do Pv—l Wv k k
o1 ( ) () Tl
W5 (7)) (B) kil
m+1 m+1 k
Pn Wy
7|T 4| q 1 Acy ty
= P, Rn : n Z P, R v qn—v—
m+1 n—1 k k
Pn Pv Wv—l) k k
< _ — o A t
- Z P, R, 2:1(171)) P n—v 1( Wy | €U| |U|
{Z Pv dn—v— 1}k_1
n 1
m P k W k m+41 o
=0 > (2) () A Y Pt
v=1 \Dv Wy neot1 1nfn-1
mo/p k—1 W—l k
— o1 (—) (U)Aaktk.
W3 () (Fat) 1aaltinl

Similarly we can show that

" P - Rk
3 g Dol =00 L (10) el ult

1}21 pU
m-+1 m k
_ Pn po (W k k
> o sl = <1>Z—(—) eol¥ Jtul" |
n=2 P R v=1 Pv Wy

m m pn
Z:: \Tn5\ o@1) > P,

The sufficiency follows.
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Necessity of (i). Using the result of Bor in [4], the transformation from
((Pn/pn)' "% t,) into ([(pn/Pn)*/Ry_1] Tp) maps £F into ¢ and hence the di-
agonal elements of this transformation are bounded (by Lemma 2) and so (i) is
necessary.

Necessity of (ii). This follows from Lemma 3 and the necessity of (i) by taking
fn = wn/Wna gn = Pan—l/pnPn—l-

4 — Applications

Corollary 1. Let {p,} and {w,} be sequences of positive real constants
such that (1.9) is satisfied.

Then the necessary and sufficient conditions such that 3 a, be summable
|N, pn|x whenever it is summable |N,wy|x, k > 1, is

(4.1) P Wy = O(Ppwy,) .

The proof follows from Theorem D by putting €, =1, g, = 1.

Corollary 2 (Bor and Thorpe [3]). Let {p,} and {w,} be sequences of
positive real constants such that (1.9) and (4.1) are satisfied.
Then the series Y a,, is summable |N, p,|x iff it is summable |N,wy|x, k > 1.

The proof follows from Corollary 1.

Corollary 3. Let (pn), (w,) be sequences of positive real constants such
that (1.9) is satisfied and
A(’LUnPn) _ O<wn> ’

Wi pn Pn
A nl = — .
<wnf)’n6 ) O<Pn>

Then necessary and sufficient conditions that > a,e, be summable |N,py|x

whenever 3 a,, is summable |N,wy|x, k > 1, are

wy, P, w
n:O —n n 5 A n:O —n .
: (Wnpn> : (W)

The proof follows from Theorem D by putting ¢, =&, = 1.
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Remark. It may be mentioned that Theorems A and B could be obtained
from Corollary 2.
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