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RATIONAL ARITHMETICAL FUNCTIONS OF ORDER (2,1)
WITH RESPECT TO REGULAR CONVOLUTIONS

P. HAUKKANEN

Abstract: S.S. Pillai’s arithmetical function P(n) = 3_, (1,04 5 (1, 7) is an example
of a rational arithmetical function of order (2,1). We generalize P(n) with respect to
Narkiewicz’s regular convolution and show that the generalized Pillai’s function is an
example of a rational arithmetical function of order (2,1) with respect to Narkiewicz’s
regular convolution. We derive identities for rational arithmetical functions of order (2, 1)
with respect to Narkiewicz’s regular convolution and therefore also for Pillai’s function

and its generalization.

1 — Introduction
S.S. Pillai’s [7] arithmetical function P(n) is defined by

(1.1) P(n) = Z (m,n) ,

m (mod n)

where (m,n) is the greatest common divisor of m and n. The structure of P is
(1.2) P=TIxIsxe'=TxIxp=Ixg,

where * is the Dirichlet convolution, I(n) =n, e(n) =1 (n>1), p is the Mobius
function, and ¢ is the Euler totient function. Equation (1.2) may be referred
to as Cesaro’s formula (see [2, p.127]). The arithmetical function P is an ex-
ample of a rational arithmetical function of order (2,1) in the terminology of
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Vaidyanathaswamy [11], who called a multiplicative function f a rational arith-
metical function of order (r,s) if there exist nonnegative integers r and s and
completely multiplicative functions g1, g9, ..., gr, b1, h2, ..., hs such that

where the inverses are under the Dirichlet convolution. By convention, the iden-
tity function ey is a rational arithmetical function of order (0,0), where ep(1) = 1
and eg(n) = 0 for n > 1.

Rational arithmetical functions of order (2,0) are said to be quadratics or
specially multiplicative functions. The well-known identical equations [5, 9] for a
quadratic f given as f = g1 * g9 are

(1.4) fm)f(n) = > f(mn/d®) (g192) (d) ,
d| (m,n)
(1.5) fmn) = Y f(m/d) f(n/d) u(d) (g192) (d) -
d| (m,n)

A further well-known identity [9] for f is

(1.6) f(m) (g192) (n) = Y f(n/d) f(mnd) pu(d) .

d|n

Narkiewicz’s [6] A-convolution * 4 is a well-known generalization of the Dirich-
let convolution. Yocom’s [12] A-multiplicative functions is a generalization of
completely multiplicative functions in the setting of Narkiewicz’s A-convolution.
This suggests we define rational arithmetical functions in the setting of Narkie-
wicz’s A-convolution. In fact, we define an arithmetical function f to be an
A-rational arithmetical function of order (r, s) if there exist A-multiplicative func-
tions g1, g2, ---, gr, h1, ha, ..., hs such that

(1.7) f=gixagasa---*agrrahy xahy sq--oxa it

Some properties of A-rational arithmetical function of order (2,0) are given in
[3] and [5]. In this paper we give properties of A-rational arithmetical functions
of order (2,1). We motivate the study of these functions by an A-analogue of
Pillai’s function. This function appears to be a concrete example of an A-rational
arithmetical function of order (2, 1). All A-rational arithmetical functions of order
(2,0) are also A-rational arithmetical functions of order (2,1).
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We show that A-rational arithmetical functions of order (2, 1) satisfy identities
of the types of (1.4), (1.5) and (1.6). Unfortunately, however, these identities then
become restricted identities in the sense that these identities do not hold for all m
and n. We also note that these identities serve as characterizations of A-rational
arithmetical functions of order (2,1).

2 — Preliminaries

In this section we introduce the concept of Narkiewicz’s regular convolution.
Background material on regular convolutions can be found e.g. in [5, Chapter
4] and [6]. We here review the concepts and notations which are needed in this

paper.

For each n, let A(n) be a subset of the set of positive divisors of n. The
elements of A(n) are said to be the A-divisors of n. The A-convolution of two
arithmetical functions f and g is defined by

(fxag)(n) = > f(d)g(n/d).

deA(n)
Narkiewicz [6] defines an A-convolution to be regular if

(a) the set of arithmetical functions forms a commutative ring with unity with
respect to the ordinary addition and the A-convolution,

(b) the A-convolution of multiplicative functions is multiplicative,

(c) the constant function 1 has an inverse p4 with respect to the A-convolu-
tion, and p4(n) = 0 or —1 whenever n is a prime power.

The inverse of an arithmetical function f such that f(1) # 0 with respect to the
A-convolution is defined by

fraft=f"xaf=e.
It can be proved [6] that an A-convolution is regular if and only if
(i) A(mn) = {de: d € A(m), e € A(n)} whenever (m,n) =1,

(ii) for each prime power p® (>1) there exists a divisor ¢t = 74(p®) of a such
that

A(pa> = {17 pt7 p2t7 ooy prt} 3

where rt = a, and

Ay = {1, p, p*, ., "}, 0<i<r.
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The positive integer ¢ = 74(p®) in item (ii) is said to be the A-type of p®.
A positive integer n is said to be A-primitive if A(n) = {1,n}. The A-primitive
numbers are 1 and p’, where p runs through the primes and t runs through the
A-types of the prime powers p* with a > 1. The order of an A-primitive number
p! (>1) is defined by

o(ph) = sup{s €7 4(p®) = t} .

For all n, let D(n) be the set of all positive divisors of n and let U(n) be the
set of all unitary divisors of n, that is,

U(n) = {d>0:d|n, (dn/d) =1} ={d>0: d|n}.

The D-convolution is the classical Dirichlet convolution and the U-convolution is
the unitary convolution [1]. These convolutions are regular with 7p(p®) = 1 and
Tu(p*) = a for all prime powers p® (>1). Further, if A = D, then o(p) = oo for
all primes p, and if A = U, then o(p®) =1 for all prime powers p® (>1).

For a positive integer k, the Aj-convolution is defined by Ax(n) = {d :
d¥ € A(n*)}. Tt is known [8] that the Aj-convolution is regular whenever the
A-convolution is regular. The symbol (m,n)  denotes the greatest k-th power
divisor of m which belongs to A(n). Note that (m,n)p; is the usual greatest
common divisor of m and n.

The function y4(n) is defined as the product of the A-primitive divisors of n.
The function yp(n) is the product of the distinct prime divisors of n with the
convention that yp(1) = 1. Under the usual notation yp(n) = vy(n). Further,
~yu(n) =n for all n.

The A-analogue p 4 of the Mobius function is the multiplicative function given
by
—1 if p*(>1) is A-primitive,

pa(p®) = {

In particular, up = u, the classical Mébius function, and uy = p*, the unitary

0 if p* is non-A-primitive .

analogue of the M&bius function [1].

Yocom [12] defines an arithmetical function f to be A-multiplicative if f is
not identically zero and

f(n) = f(d) f(n/d)

whenever d € A(n). In particular, D-multiplicative functions are the usual com-
pletely multiplicative functions and U-multiplicative functions are the usual mul-
tiplicative functions. It is known [12] that a multiplicative function f is A-multi-
plicative if and only if

fl=paf.
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It is also known [12] that an A-multiplicative function f is completely determined
by its values at A-primitive prime powers p’. In fact,

fn) = [T reH>™rr,

pteA(n)

where n = ][, p%(™) is the canonical factorization of n. Further properties of
A-multiplicative functions can be found in [12].

An arithmetical function f is said [3, 5] to be an A-specially multiplicative
function if f = g1% 4 go, where g1 and gs are A-multiplicative functions. In the lan-
guage of A-rational arithmetical functions (see (1.7)), A-specially multiplicative
functions are A-rational arithmetical functions of order (2,0) or A-quadratics.

It is known [3, 5] that generalizations of (1.4) and (1.5) can be written as

(2.1) fm)f(n) = > f(mn/d®)(g192) (d) ,
deA((m,n))
(2.2) fmn) = >~ f(m/d) f(n/d) pa(d) (g192) (d) ,
deA((m,n))

where m,n € A(mn). Since (2.1) and (2.2) do not hold for all m and n, these

3

identities are referred to as “restricted” identities.

If f = g1 *4 g2, then the function g1 g2 is referred to as the A-multiplicative
function associated with f and is denoted briefly as f’. It can be shown that an
A-specially multiplicative function f is completely determined by the values of f
and f' at A-primitive prime powers p'.

3 — Pillai’s function in regular convolution rings

We recall that Pillai’s function P(n) is defined as

(3.1) P(n) = Z (m,n) .

m (mod n)

Now, let f be an arithmetical function, let A be a regular convolution and let k
be a positive integer. We define the generalized Pillai’s function Pj; p(n) as

(32) PLm) = 3 f(mnP)a) -

m (mod nk)

If f=1, A=D and k=1, then P/{;,k(n):P(n). If f=1, A=U and k=1, then

Pfl’k(n) is the unitary analogue of Pillai’s function (see [10]).



334 P. HAUKKANEN

We show that the structure of Pj; (1) depends on the generalized Euler func-
tion ¢4 x(n) which is defined as the number of integers m (mod n*) such that
(m,n*) 4y = 1. It is known that

pak(n) = (Ik %4y, 1Ay) (N)
where I*(n) = n* (see [8]). It is clear that ¢p; is the classical Euler totient
function.

Theorem 3.1. We have
(3.3) Pln) = > f(d) par(n/d) .

deAk (n)

Proof: Let S ={1,2,...,n}. We write

S= J Sa,

dEAk(TL)

where m € Sy if and only if (m, nk)A,k =dF. Tt is clear that this is a partition of S,
and m € Sy if and only if m = d¥j, 1<j<n*/d*, (j,n*/d*)a) = 1. Therefore
| Sa| = @ar(n/d). We thus arrive at our result.

Now suppose that f is an A-multiplicative function. Define fi by fx(n) =
f(nF). Tt can be verified that f;, is Ag-multiplicative. The structure of Pj; 5 can
be written as

(3.4) Pi;,k = fora, IV %4, A, = fr*a, 04, -

Thus Pj;k is an Ag-rational arithmetical function of order (2,1).

In particular, if f = I, then Pj;k =Payr = Ik A, Ik kA, LA, = IkTAk kA, A
where 74, is the number of Aj-divisors of n. The function g given by g =
IF x4, IF = I¥ 74, is an Ap-quadratic with ¢’ = I~

4 — Identities

In this section we derive analogues of the identities (1.4), (1.5) and (1.6) for
A-rational arithmetical functions of order (2, 1). Throughout this section we write
an A-rational arithmetical function f of order (2,1) in the form

(4.1) f=gi*aga*xah™t = grah™t,

where g1, go and h are A-multiplicative functions.
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Theorem 4.1. Let f be an A-rational arithmetical function of order (2,1)
given as in (4.1). Then

(4.2) FO") = g@") FUY) = (9192) (") F(PU)
for all A-primitive prime powers p' and i = 2,3, ...,0(p").
Proof: Let ¢ =2. Then

90" F(0) = (9192) ') = (910 +920") (91 () +92(0) = h(p")) = (91.92) (")
)

= 010" + 01(0") 92(0") + 90~ (1 (0') + 92(0")) B(P")
= 9(0™) — 9(v") h(p")
(g*h Bl

= f*).

Let ¢ > 3. Then
g(0") FUVY) = (grga) () F(UDY) =

= (910") + 220 |(91 % g2) @) = (g1 % g2) (' 2") H(p) |

—01(0") 92(0") [ (91 * 92) (P 2") — (g1 % g2) (02 h(pt>]

i—1

_ Zgl (G+1)t ) g2(p (i—1—j)t +Zgl (Z J)t Zgl (G+1)t (z 1*j)t)

7=0

[\

11—

i—2
) <Zgl (9 a2 + 3 (07 9ol
=0

J

Il
w o

71—

_ 7 (p(j+1)t) g2 (p(i—2—j)t)>

J

Il
=)

i i1
=Y g1(0") 2PN — h(p") 3 g1 (p7") g2 (P
j=0 =
_ g(pit) - h(pt)g(p(ifl)t)
= (gxh™H(")
= f(") .

This completes the proof of Theorem 4.2. u
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Example 4.1. If Py is as given in Section 3, then
Par(p") = 2p" Pag(pt V") — p* Pai(p©2)
for all Ag-primitive prime powers p' and i = 2,3, ..., 0o(p").

Theorem 4.2. Let f be an A-rational arithmetical function of order (2,1)
given as in (4.1). Then

(4.3) flmn) = > g(m/d) f(n/d) pa(d) g'(d)

deA((m,n))
whenever v(m) |y(n) and m,n € A(mn).

Proof: By multiplicativity, it is enough to prove that for all A-primitive
prime powers p! (>1)

(4.4) FEE = g(p) f(™) — g1 FOVY) ¢ ()

whenever a+b < o(p'), a,b > 1. We proceed by induction on a. By Theorem 4.1,
(4.4) holds for a = 1. Suppose that (4.4) holds for a < n, where 2 < n < o(p?)—1.
Then

Ftroy = fpnHerty
= g™ ) FETVY) = g0 F ™) o' (0)
= g™ |g(0") F(0") = g (") FEID] = 90" D) £ M) 9 ()
= g™ ) 9" L") = 9" FEUI) ' (0")
— ("N F ™) g (")
= 9™ + 9" 2" g )] 1) — 9"V PV g ()
— g L") g (')
= g(™) F@") — g™ LY g ()
This completes the proof of Theorem 4.2. u

Example 4.2. We have

Py p(mn) = Z mF Ta,(m/d) P (n/d) pa, (d) dF
deAg((m,n))

whenever v(m) |v(n) and m,n € Ax(mn).
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Theorem 4.3. Let f be an A-rational arithmetical function of order (2,1)
given as in (4.1). Then

(4.5) gm)f(n) = > flmn/d*)g'(d)

deA((m,n))
whenever v(m) |y(n) and m,n € A(mn).

Proof: By (4.3), we have
> flmn/d*)g(d) =
deA((m,n))
= Y Y g(m/(de)) f(n/(de)) pale) g'(e) g'(d)

deA((m,n)) eeA((m/dn/d))

= ) > 9(m/8) f(n/6) ua(s/d) g'(6)

deA((m,n)) S€A((m,n)

deA(S)

= Y g(m/d) f(n/8)g'(8) > pa(é/d)
s€A((myn)) deA(5)

= g(m) f(n) ,

that is, (4.5) holds. m

Example 4.3. We have

mF TA,(m) Pag(n) = Z PA,k(mn/dQ) d%*
deAg((m,n))

whenever y(m)|v(n) and m,n € Ag(mn).

It is known [4] that generalized Ramanujan sums can be involved in the iden-
tical equations (1.4) and (1.5). In Theorems 4.4 and 4.5 we show that generalized
Ramanujan sums can also be involved in equations (4.3) and (4.5).

Let o and (8 be arithmetical functions. We use Sj:g(m,n) to denote the
generalized Ramanujan sum defined by

(4.6) Sikmn) = 37 a(d)B(n/d),
de A (n)
dk |m
where m is a nonnegative integer and n is a positive integer. With a(n)=1I1(n)=n
for all n, B=pu, A= D and k=1, the sum szg(m,n) reduces to the classical
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Ramanujan sum C(m,n). With a=1I* and f=p4,, the sum Sj’g(m, n) becomes
the generalized Ramanujan sum Cjy ,(m,n) by Sita Ramaiah [8].

Theorem 4.4. Let f be an A-rational arithmetical function of order (2,1)
given as in (4.1), let o be an arithmetical function and let ¢ be a nonnegative
integer. Then

(4.7) Y. ddg(m/d) f(n/d)Syh(c,d) = Y a(d)g(d) f(mn/d)
deAp((myn)) deAgkg(‘rz,n))

whenever y(m)|v(n) and m,n € Ag(mn).
Proof: By Theorem 4.2,

> J@dg(m/d) f(n/d) Y ale)uld/e) =

deAg((m,n)) eixzx‘gid)
= >  ale) > gm/d) f(n/d)g'(d)u(d/e)
e€Ag((m,n)) deAg((m,n))
ek e eld
= Y a@de) Y g(m/e)/s) F((n/e)/5) ¢ (8) (o)
P«EAfk((lf‘;hn)) 0€AL((m/emn/e))
= Y. ale)g(e) f(mn/e?)
e€Ag((m,n))
ek|c

whenever ~(m)|v(n) and m,n € Agx(mn). n

Example 4.4. We have

o dFra,(m/d) Pag(n/d) Cagle,d) = > d* Pyy(mn/d?)
deAg((m,n)) dEAkIE(m,”))
dr | e

whenever v(m)|~(n) and m,n € Agx(mn).

Theorem 4.5. Let f be an A-rational arithmetical function of order (2,1)
given as in (4.1), let o be an arithmetical function and let ¢ be a nonnegative
integer. Then

(4.8) S flmn/d®)g'(d) Siile,d) = > a(d)g'(d) g(m/d) f(n/d)
deAg((m,n)) dEA;“;i(C’"))

whenever y(m)|v(n) and m,n € Agx(mn).
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Proof: Theorem 4.5 follows by Theorem 4.2 in a way similar to as Theo-
rem 4.4 follows by Theorem 4.2. n

Lemma 4.1. Let f be an A-rational arithmetical function of order (2,1)
given as in (4.1). Then

(4.9) g®") = g™ f(™") — g V") FPUT)
for all A-primitive prime powers p' and i = 1,2, ...,0(p").
Proof: If i =1, then (4.9) holds by Theorem 4.1 (with ¢ = 2). Assume that

(4.9) holds for i« = n—1. Applying Theorem 4.1 to g(p™) with h = ey and to
f(p™ 1Y) we obtain

g(@™) F@™) — g V") fUTI) =
= 9" 9™ ) = g/ (0 9@ 2] F ™)

— g [90") F™) - ¢ (0) F )]

= ¢/(0") [g" ) FE" DY) = g™ ()] -

Now, by the induction hypothesis,

g(™) f(p™) — gp" V) FTTIY = ¢/ (p™)

This completes the proof of Lemma 4.1. u

Theorem 4.6. Let f be an A-rational arithmetical function of order (2,1)
given as in (4.1). Then
(4.10) fm)g'(n) = > g(n/d) f(mnd) pa(d)

deA(n)

whenever m,n € A(mn~ya(n)).

Proof: By multiplicativity, it is enough to consider the case in which m
and n are prime powers. Let m = p™® and n = p, where p' is A-primitive and
a+b+1<o(p).

If b = 0, then both sides of (4.10) reduce to f(p™).

If a =0 and b > 0, then we obtain by Lemma 4.1

S g(@"d) f(pd) pa(d) = g(™) F") — gV FEUTYY) = ¢/ ()
deA(ph?)

that is, (4.10) holds.
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If a,b > 0, then by (4.4) and Lemma 4.1
S g@/d) f(p' ) pa(d) =
deA(pb?)
= g(") f) = gV FpUTHDY)
= g(®") [9(™) F™) = 9" (P g ()]
—g@® ") [ £ — 9(6™) £V g )]
= (") [¢* @) — (") g(p )]
= f™) g™,
that is, (4.10) holds. =

Example 4.5. We have

PAJg(m)nk = Z TAk(n/d)PA7k(mnd),uAk(d)/dk
deAg(n)

whenever m,n € Ap(mn~ya,(n)).

Remark 4.1. If f is an A-quadratic, then f is an A-rational arithmetical
function of order (2,1) with f = g under the notation of (4.1). Clearly Theorems
4.1-4.6 hold in this case with the replacement f = g, and it can be verified that
then the condition v(m)|~(n) may be left out, cf. (2.1) and (2.2).

Remark 4.2. If A = D, the Dirichlet convolution, then the conditions
m,n € Ag(mn), m,n € Ax(mn~y(n)) hold for all m and n, and therefore these
conditions may be left out. If A = U, then the identities in this section are trivial.

Remark 4.3. For Pillai’s function P(n), Examples 4.1-4.4 reduce to

(4.11) P@p') = 2pPp") —p* P(p'™?)

for all primes p and integers i > 2,

(4.12) P(mn) = Y mr(m/d) P(n/d)u(d)d, ~(m)|v(n),
d| (m,n)
(4.13) mr(m)P(n) = Y P(mn/d®)d, ~(m)|~(n),

d| (m,n)
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(4.14) Z dt(m/d) P(n/d)C Z d® P(mn/d?*), ~(m)|vy(n),
d| (m,n) d Iéflncn)
(4.15) P(m)n = ZT(n/d) P(mnd) u(d)/d ,
d|n

where 7(n) is the number of divisors of n.

5 — Converse forms of Theorems 4.1-4.6

In this section we show that the identities in Theorems 4.1-4.6 serve as char-
acterizations of A-rational arithmetical functions of order (2,1). To prove this it
is enough to show that the converse forms of Theorems 4.1-4.6 hold.

Theorem 5.1. Let p' be an A-primitive prime power. Suppose that there
exist complex numbers G(p') and G'(p') such that

(5.1) F@") =G0 ) — &0 fUPY
for alli = 2,3, ...,0(p"). Then
(52) F@™) = (gxah™ (")

for all i = 0,1,...,0(p"), where g is an A-quadratic such that g(p') = G(p!),
g (p")=G'(p") and h is an A-multiplicative function such that h(p')=G(p')—

=
’U&

Proof: Let g1 and g2 be A-multiplicative functions such that
g = (GO +=01) /2,
e = (G0 - =201) /2,

where z(p') is one of the values of

VG2 - 4G () .

Then
a0 + g2(0") = GB')

a1(0") 92(p") = G' (") -
We thus may write g = g1 *4 go.
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We aim to prove that (5.2) holds. If =0, then both sides of (5.2) reduce to 1.
If i = 1, then (5.2) reduces to f(pt) = g(p') — h(p'), which holds by the definition
of h. Let i = 2. Then

F") = f@0*) =G ') — G'()
= (1) + 20) (91(") + 920" = b)) = 91(0") 92(0") -

Now proceeding on the lines of the proof of Theorem 4.1 we obtain

f*) = (g=n ") (p*) .

Suppose that (5.2) holds for i < n, where 3 < n < o(p'). Then

F™) =G g™ = &' ') F(" )
= (910" + 2(0")) [(91% g2) 0" V") = (g% g2) (P2 (p")]

—91(") 2(0") [(91% 92)(P"2") = (g1 92) (") h(p)|

Proceeding on the lines of the proof of Theorem 4.1 we obtain

F™) = (g=h™")(P™) .
This completes the proof. n

Theorem 5.2. If f is multiplicative and if there exist multiplicative functions
G and G’ such that

(5:3) flmn) = > G(m/d) f(n/d) pa(d) G'(d)

deA((m,n))

and m,n € A(mn), then f is an A-rational arithmetical

whenever v(m) | y(n
2,1) and f is given as f = g * h~', where g is the A-quadratic

)
function of order (2,1
given by g(p') = G(p'), ¢'(p") = G'(p') and h is the A-multiplicative function
given by h(p') = G(p') — f(p') for all A-primitives p'.

Proof: Taking m=p' and n=p(~V* in (5.3) we obtain (5.1). Now, applying
multiplicativity and Theorem 5.1 we obtain Theorem 5.2. n

Remark 5.1. The converse forms of Theorems 5.3-5.6 are similar to the
converse form of Theorem 5.2 in character. We therefore omit the details.
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