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ON THE HYPERBOLIC DIRICHLET
TO NEUMANN FUNCTIONAL

F. CArRDOsO* and C. CUEVAS

Abstract: We prove the injectivity of the linearization of the hyperbolic Dirichlet to
Neumann functional associated to metrics near the euclidean one in a “small” bounded

domain of R?, under some suitable transversality and geometric conditions.

1 — Introduction and statement of the results

Let M denote the set of all riemannian metrics g on R™ which coincide with
the euclidean metric e, outside a bounded domain 2 with smooth boundary 0f2.
We consider the anisotropic wave equation

0%u .
Dgu:W—Agu:O in Qx(0,7),
(1.1) u=f on I'=0Qx(0,T), feC&T),
ou .
u_E—O in Qx{0}.

There is a unique solution to (1.1); hence we may define the hyperbolic Dirich-
let to Neumann map as the linear operator

(1.2) Ag: C°(T) — C=(T)
ou
(1.3) Agf:du'l/g‘rza—ygr,
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where u is the unique solution to (1.1) and v, is the g-outward unit normal to
0. The hyperbolic Dirichlet to Neumann Functional:

A: M — 0,(T)

1.4
(1.4) .

where O,(I") denotes the space of all linear operators from C§°(I') into C*°(T"),
is known to be invariantly defined on the orbit obtained by the action over M,
of the group D of all diffeomorphism 1) of Q, each of which restricts to the identity
on 0f2. In fact, any such ¢ can be used to construct a new metric, the pull-back
metric, ¢*g, such that Ay+, = Ay. A natural conjecture is that this is the only
obstruction to the uniqueness of A.

For fixed g, we consider the following map:

(1.5) beD 2 yrge M.

It is easy to see that the tangent space T7D of D at the identity mapping I is
the vector space T'o(T€) of all smooth vector fields on € which vanish on 99.
On the other hand, the tangent space T,M of M at g is the vector space ['g(S*Q)
of all smooth sections of symmetric 2-tensors on R” which are supported on .
We introduce respectively on I'g(7Q) and on T'g(52€Q2), the inner products

(1.6) <X,Y>:/§g(X,Y)vg, XY €To(TQ)
(1.7) (mo1) == [ exGiodyu,  mleTo(s)

where v, (resp. tr) denote the volume element (resp. the trace) associated to g
and 7 is the unique linear map (in fact a section of End(7'Q)) defined by

(1.8) g(mu,v) = m(u,v), forall u,v e (TQ).

Of course, ¢ is the identity on I'(TQ) and the factor 1/n in (1.7) is taken so as

to have ((g, g)) = voly(Q).
Consider as in [1], the formal linearizations of A, at I and of A at g, respec-
tively:

(1.9) A=Al To(TQ) — To(5%Q)
and

(1.10) Al To(S%Q) — Op(I)
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Let (Ay)* denote the formal adjoint of A} with respect to the inner product
(1.6) and (1.7) and diamy(€2) the diameter of Q in the metric g. In [1] the authors
stated the following

Conjecture 1. Let m € I'g(S?Q) and assume that
a) Ag(m) =0,
b) (Ay)*(m) =0 and

c) diam, () < T is sufficiently small that the exponential map for g is a global
diffeomorphism in €.

Then m is identically zero.

Remark 1. The Condition b) in Conjecture 1.1 is obviously necessary.
In fact, the range of A} is contained in the kernel of Aj. Therefore, we should
expect that A; be injective on a “transversal” subspace of the range of A;; hence
we shall refer to Condition b) as the Transversality Condition. The Condition c)
is necessary to avoid the appearance of caustics.

Remark 2. Cardoso and Mendoza, [1], proved that Conjecture 1.1 holds
if n > 2 and ¢ is the euclidean metric e; they also proved the conjecture when
n =2 and g is near the euclidean metric in the C® topology.

The main result of this paper is:

Theorem 1. Conjecture 1.1 holds if n = 3, g is near the euclidean metric in
the C3 topology and in addition, one of the following two conditions is true:

I — The g Levi-Civita connection commute with rotation, i.e., V9oJ = JoV9
(see Section 4 for the definition of J ).

II — The generalized gradients of solutions of the eikonal equation are
g-Killing fields (see [2] for the definition).

The article is organized as follows: In Section 2 and 3 we develop the nec-
essary preliminaries dealing with invariant formulas for Ay, (Ay)* and A} and
the generalized X-ray and Radon transform. In Section 4 we present the proof
of Theorem 1.1 with condition I and in Section 5 we prove Theorem 1.1 with
condition II.
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2 — Invariant formulas

Cardoso and Mendoza, [1], proved the following two propositions:

Proposition 1. If X € T'o(TQ) and m € Tx(S?Q), then it follows that

(2.1) A(X)(, ) =9(VX, ) +g(-,VX)

(2.2) (A (m)(-)=—= Z Ve,m(-

In (2.1) V denotes the g Levi-Civita connection on I'o(7Q) and in (2.2) V is the g
Levi-Civita connection on I'g(S%Q) and (e;)i=1,.» € ['(T), is a g orthonormal
frame. We also observe that the right-hand side of (2.2) is independent of the
chosen ortonormal frame.

We denote by 7 € [p(S2Q) the symmetric 2-tensor on I'(T*Q) corresponding
to m via g, i.e. m(U#,V#) = m(U,V) for all U,V € I'(T(Q)), where U#(-) =
g(U, -). We have the following:

Proposition 2. The linearization of A at g € M, satisfies

(2.3) < g(m) / /{ (du, dv) %tr(m) [g(du,dv) — Uy vt}}vg dt ,

for all f,h € C§°(T"), where u is a solution of (1.1), v is a solution of
(2.4) Ogv=0 inQx(0,7), v=v,=0 inQx{T}, wvjr=h,

and (-, - )2y is the L2-inner product in T with respect to the measure induced
by the metric g ® dt?.

3 — The geodesic X-ray transform and the Radon transform

Let g € M. We remind that g coincides with the euclidean metric, e, outside
Q. We shall deal with sections of the following vector bundles

P Q

L]

G G
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where G denotes the manifold of geodesics (with respect to g), P the bundle of
parallel vector fields and @ the bundle of quadratic forms on P. The generalized
X-ray transform R, is the map

(3.1) Ry: To(S?Q) - T(Q) ,
defined by
(3:2) Ryfm) (P, P2) = [ m(() (B3 (0), Por(0)

where y€ G and Pp, P» € I'(P). There is a global non-vanishing section 7: G— P,
given by

(3.3) T, (v(t)) = 4(t)

since as it is well known if v is a geodesic, then ¥(t) = Py 0.(¥(0)), where Py g,
is the parallel transport along 7, from 0 to t. In [1] it was proved the following:

Proposition 3. Let m € T'(52Q) satisfy A)(m) = 0 and diamy(2) < T be
so small that the exponential map for g is a global diffeomorphism in Q. Then

(3.4) Rg(m)y (15, 15) =0,

for all g-geodesic .

Let G’ denote the space of generalized hiperplanes ¥ = X5 = (¢, 7, ), where
s € R, n € 5" !is a normal vector to X and ¢(-,n) is a solution of the eikonal
equation

(35) o(-m)| =,

We assume that
(i) the metric g satisfies Condition IT of Theorem 1.1.
(ii) ¢(x,tw) =t ¢(z,w), for all (w,t) € S" " tx R.
Remark 3. The generalized hiperplanes are closed submanifolds of dimension

n—1. On the other hand taking into account (i) it is easy to see that they are
totally geodesic submanifolds.
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Let Q" denote the quadratic bundle over G’'. The generalized Radon transform
R, is the map

(3.6) Ry: To(S%) - T(Q) |
defined by
(3.7) Rylm)s (X.¥) = [ m(X,¥) a5

where py; denotes the volume element induced on ¥ by the metric g.

Corollary 1. There is an orthonormal frame T4, ..., T,,_1, N of TR" such
that

(3.8) Ry(m)s (T3, T;) =0,
for alli,j € {1,...,n—1}.

Proof: Let ¥ = E)‘ in G and ¢; € C*°(R"), i =1,...,n—1, such that
(3.9) 9(V9¢, VI¢;) =0
(3.10) g(ngbi, Vg(bj) 5ij .

Denoting T;:=V9¢; and N:=V9¢, i = 1,...,n—1, it follows from (3.9) and
(3.10) that T;|y € I'(TY) and T1,...,T,,—1, N is an orthonormal frame of TR".

We can assume that XN Egn N Egj is not-empty for all 4, j € {1,...,n—1} and
denote

Ni:=2nxy ,
A 0 0
Niji=XNX3, N3y .

Let ®7 be the geodesic flow associated to the field V9¢;, then o — ®7(-) are
the geodesics which start at N; and, using (3.4), we obtain

Balmys (1 73) = | / v) ($7 (). 97 () dSy do
/ Ry(m)geg, (‘1’§°)(y), ") (y)) ds,

A similar calculation holds for P7;, the geodesic flow associated to the field

V¢, where & = (é; + ¢;)/V/2, taking into account that m is symmetric and
(3.4). We obtain
1
Ry(m)s (T, T5) = 3 By(m)s (Ts + T, T4 T) =0,

which concludes the proof. u
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4 — Proof of Theorem 1.1 with condition I

In this section © will be a smooth bounded domain in R3. It is convenient that
Q be placed in the open first octant in R?. Consider the vector bundles P and @
over GG as in the beginning of Section 3. A section m = (m;;)i j=1,2,3 € [o(S%02)
belongs to L?(5?Q) if

Imllg = [ (i3, + miy + 2 (m + mi, + m3y)) dan das das < oo,

o (8 3)
"= bay 0wy )

and z1, z9 and 3 are the standard euclidean coordinates in R3. The correspond-
ing Sobolev space based on L?(S%Q2) will be denoted by H*(S52(Q).
There is a natural frame for P, manely

where

(4.1) T=% N=Jy, M,

where ¥ is the unit tangent vector to the g-geodesic vy, J denotes the § clockwise
rotation (with respect to g) in the plane generated by T and the axis 0z and M is
the parallel transport along v of the vector product of the euclidean counterparts
of T and N. We say that a section H of @ is in L?(Q) if

1H1§ = [ (Hr+ Hiy + Hirag +2 (i + Hiag + Hjan) ) dp < o0

where Hap:= H(A, B), and du represents the naturally defined Liouville measure
on G. The corresponding Sobolev space will be denoted by H*(Q). We shall need
the following (see [5]):

Lemma 1. If g is near the euclidean metric in the C® topology, then

Ryt HE . (S2Q) — HET2(Q)

comp loc

is a bounded linear operator with a bounded inverse.

We shall also introduce local coordinates in G, parametrizing a geodesic by
(r1,22,0,9) or (x2,23,0,9) or (r1,z3,60,p), where (x1,x2) (resp. (x2,x3), resp.
(z1,x3)) is the point of intersection of the geodesic with the xjzo (resp. zoxs,
resp. x123) plane and (6, ¢) is the spacial position of the speed vector. Let

(42) T:T($17x2707907t)7 N:N(xlax279a90at)7 M:M(l‘lax%@a%t) )
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be the orthonormal frame with respect to g, defined by (4.1). We assume that
(4.3) t— M(x1,29,0,0,t) and t— N(x1,22,0,p,t)

are extended as odd functions for ¢t < 0. We also denote

9
@1.—%(60)—50N7

(4.4) Opi— (6>—5M
. 2'_’7* agp — 00 9

0
XZ:’y*(—x>=@ZT+IBZN+(SZM, 1=1,2,

where 3; and 6;, j = 0, 1,2 are functions that depend of the variables z1, z2,0, ¢, t
and a1, as only depend on the variables x1, s, 0 and ¢. To see this, we note that

1
T9(©;,T)=g(Vr0;,T)=g9(Ve,T,T) = 3 ©,9(T,T)=0,

and
1
Tg(X;,T)=g(VrX;,T) =g(Vx,T,T) = 3 ig(T,T)=0.
Now, at t=0,
Iy
el‘tzo 00 -,
and
7
@2’15:0 = % =cosO M .

If g is the euclidean metric, geodesics are straight lines and in this case T =
cos 0e'? + sin fez, N = sin e’¥ — cos fez and M = ie'?, where (e;);j=123 is the
canonical basis in R3.

It is easy to see that when g is nearly euclidean i.e. ||g — el|or < d, then
T, N, M, ©; and X; are close to their euclidean counterparts, so that we may
assume that

2 .
(4.5) sup {Z( 9B
i=0

ot

5,
ot

+

0<z,y,t<L
0<6,p<m/4 ~"7

)+ IN (o) + rM<5o>r} <e,

where L is the length of the sides of the isosceles triangles with sides on the
coordinates axis whose faces generate a prisme which completely encloses . We
shall need the
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Lemma 2. The following identities hold:

(4.6) Vo,M =VNM =0,
(4.7) VeN = ~T(a)Ts  VyN =17,
0
(4.8) Vo,N =T(8) M; VN = @ M,
0
(4.9) Vo,M = —T(80) (T + N); VM = —Tg‘;O) (T+N) ,
(4.10) VMT:wM; VT = T(ﬁO)N,
do Bo
(4.11) Vx,N=-T@B)T+T()M; i=1,2,
(4.12) Vx,M = =T(0;) (T+N); 1=1,2,
T@6:) _T©).  TB) _T6G), . ._
(4.13) 5= 5jJ ; 5 @J ;o 4,7=0,1,2,
(4.15) N(a;) =M(a;) =0; i=1,2,
N(B:) _ N(B;), M%) _ M(d;)
(4.16) 5 ﬂj] ; 5, 5j3 ;o 4,7=0,1,2

Proof: Because (taking into account Condition I)
Vo,N =Ve,JT =JVe, T =JVrO; =JT(Bo) N =-T(6)T,

we obtain (4.7).
To establish (4.12), write

Vx,M=aT+bN ,
where we have

a=—g(M,VrX;)
= =T(3) g(M,N) —T(6;) (M, M)
=-T(%) ,

and
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b=—g(M,Vx.N)
=T(B;) g(M,T) — T(6;) g(M, M)
= —T(5;) .

To establish (4.14), (4.15) and (4.26), we note that [©1,O2] = 0; in this way,
VNM — VN = [N, M]

_ M(Bo) n _ Nl)
= N 5% M .
Using (4.6) we obtain
_ N(@bo) ,,  M(Bo)
VarN = =M - SN

and if we compare with (4.8), we conclude that M (8y) = 0 and T'(dp) = N(do).
On the other hand, using the fact that [X;, ©1] = 0, we obtain

Xi(Bo)

VN = VX = [Xi, N = = =20 N
thus
Vx,N = —Xiﬁ(fO) N+ VnX;
= (— Xi;f") +a; T(ﬁf‘)) + N(ﬂi)>N + <N(ai) — B; T;[;o)ﬁ +N(&)M
_ (N(ﬂi) — B Néf()))N + (N(aw) = T(8)) T+ N(:) M .

Now comparing with (4.11), we obtain

N(a) =0, T(5;) = N(5), Néf“:Néfo), i—19.

It follows from similar computations (taking into account that [X;, ©2] = 0) that

M(B) = M(ag) =0, M) _ M) .
0; do

this concludes the proof. n

We introduce the following notation:

N L0 L0 L_ B
A= g T(G), Bis=g M), Cii= gt T(),  Dis= 2 N(B) -
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‘We shall need the

Proposition 4. If m satisfies the hypotheses of Theorem 1.1 with Condition I
and H = R4(m), then the following system of equations holds:

(4.17) Oi(Hrr) = Xi(Hrr) =0, i=1,2,
(4.18)  ©1(Hnn) = /T Bo) m(N, T) + Ao (m(N,T+N) = m(M, M)) ,
(4.19)  Oo(Hyn) = / M(S) m(N, N)

X;(Hyn) = /T B;) m(N, T) + Ai (m(N, T+N) — m(M, M))
+ B;m(N,N) ,

(4.20)

(4.21) Oy (Hun) = /N Bo) m(M, M) ,
(4.22)  Ou(Hamas) = / T(8o) m(M,T+N) + Com(N, T) |

(4.23)  X,(Hamg) = /T m(M, T+N) + Cym(M, T) + Dym(M, M) ,

(120)  O1(Hry) = [ T(6) m(N, N) + Ao (m(T.T+N) ~ m(M, M) ) |
v
(4.25)  Oy(Hpy) = / M (60) m(T, N) |,

X;(Hry) = L T(6:) m(N, N) — Ay (m(T,T+N) — m(M, M))

(4.26)
— Bim(T, N) ,
4.27)  Oy(Hya) =2 / Agm(T+N, M) |
Y
(128)  Oa(Hya) = [ T(0) m(M.M) —2Com(T, N)
v

(4.29)  Xi(Hyu) = / T(5;) m(M, M) — 2 C;ym(T, N) — Dy m(N, M) ,
v
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(@30 euHru) =~ [ N(G)m(T.M) |
Y

(4.31) Oa(Hrar) = | T(30) m(M, M) — Co(m(T, T) = m(N,N)) ,

(4.32) Xi(Hra) = AT(5i)m(M, M) — Ci(m(T, T) = m(N, N))

—Dim(T,N) .

Proof: The meaning of (3.4) in Proposition 3.1 is that Hrr = 0, and hence
(4.17) holds. The Transversality Condition satisfied by m means that

(4.33) Vem(T,T)+Vym(T,N)+Vym(T,M)=0,
(4.34) Vrm(N,T)+VNym(N,N)+Vym(N,M)=0,
(4.35) Vem(M,T)+Vym(M,N)+Vym(M,M)=0.

We begin by computing (4.18). Since Vo, N = —T ()T, using (4.34), after
integrating by parts (taking into account (4.3), (4.8), (4.9), (4.15) and that m is
compactly supported in ), we obtain

O1(Hyy) = /_O; ©1m(N, N)
- ‘: Vo, m(N,N) +2m(Ve, N, N)
— [ ~ATm(T.N) = 2T(B) m(T, N) - oMm(N, N)
+ /O:O Bom(VarM, N) + fom(M,VN)
:/O:O—T(ﬁo)m(T,N)+M(ﬁo)m(N,N)-I-Ao(m(MaM)—m(T‘i'NaN))

= — [ T (T, N) + Ag (T4 N, N) — m(M; M)

—00

To establish (4.20) we proceed in a similar way. In fact,

X,(Hyn) = / 8 Vym(N, N) + 6V arm(N, N) + 2m(Vx, N, N) =
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- /_ Z_gi Tm(N,T) — ; Mm(N, M) + 6; Mm(N, N) — 2T(6;) m(T, N)
n /_O:O —28;m(VarN, N) +27(5;) m(M, N)
+ /_ o:o Bim(VarN, M) + f;m(N, VarM)
= [ =T(B) m(T,N) + M(B) m(N. M) = M(6) m(N, N)
+ /_O:O A;(m(M, M) — m(N,T+N))

__ /_00 T(3) m(T, N) + Bim(N, N) + A;(m(N, T+N) = m(M, M)) .

The remaining equations follow from analogous computations. m

Proof of Theorem 1.1 with Condition I: It follows from Proposition 4.1
and (4.5) that there is a constant C; > 0 such that

(4.36) [dH [12(q) < Crellmll 2 (s -

where € can be made arbitrarily small by requiring that g be sufficiently close to
the euclidean metric. On the other hand, by the Poincaré inequality, we obtain
that there is a constant Cy > 0 such that

(4.37) [ H 1) < Ca2lldH|z2(q) »
and using Lemma 4.1, it follows that there is a constant C'5 > 0 such that
(438) Il ey < Co [ Hllzy < CalHllmg) -

Using (4.36)—(4.38) we get H = 0 if ¢ is chosen small enough and, consequently,
m=20.n

5 — Proof of Theorem 1.1 with condition II
In this section  will be a smooth domain in R3. It is convenient that Q be
placed in the open first octant in R3. Consider the quadratic bundle @’ over G’

as in the beginning of Section 3. A section M of Q' belongs to L?(Q’) if

6:1) 15 = [ (M, 4 M, + MEy+2 (M + M+ M) ) dis < oo,
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where M ap:= M (A, B), du represents the naturally defined Liouville measure on
G’ and Ty, Ty, N are the vector fields given by Corollary 3.1. The corresponding
Sobolev space based on L?(Q’) will be denoted by H*(Q’). We shall need the

Lemma 3. If g is near the euclidean metric in the C® topology, then

_ gyn=l
Ry: Hinp(S?Q) — Hyl 2 (Q)

is a bounded linear operator with a bounded inverse.

Proof: The adjoint, Ry, of Ry is given by

Ryh(z) = /Sn—l h(w,qb(x,w)) dw .

Let P = (27T)1’”R; 0" 'R,. Using Fourier inversion formula, making tw = ¢
and observing that dt dw = [£|'~"d¢, we obtain

(5.2) Pf@) = @m0 py) dedy
By Taylor’s formula with integral remainder, we get
(53) 0(2,6) = oy, &) = (z =y, kay(9)) .
where
1
(5.4) banl€) = [ Dat(y+s(a=), €) ds

We observe that since g is near the euclidean metric, the function k; , is a global
diffeomorphism. If we substitute (5.3) in (5.2) we obtain that P is a pseudodif-
ferential operator of order zero, with amplitude function given by

1
det [ Deky (ki ()]

(5:5) a(z,y,§) =

Hence, we obtain from the standard estimates for pseudodifferential operators
(see [4], Proposition 9.2) and the fact that D¢k, (&) is near the identity, that
|P —I|lz(z2) < 1 and, consequently, R, is inversible. m

Let us consider the following open set

U= {Z € G': ¥ is transversal to the x—axis} .
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We may parametrize a generalized hiperplane ¥ € U by ¥ = ¥(z,0, ¢), where
rey is the point of intersection of ¥ with the z-axis and N€ = N€(6, ) is the
representation of the normal vector of ¥ in spherical coordinates. We remind that
the generalized hiperplanes are totally geodesic by Condition II. We consider the
following map

Exp: R - %,

given by
EXp(mla :EQ) = Eprel(xlTle + $2T2€) ’

where TE = 859\[_‘967 TE = % and Exp,e, denote the exponential map at xej.
We write
M = Ry(m), (Exp)*(us)=0ddzridxs .

Here px is the volume element on ¥ induced by the metric g. We may finally
write:

me:/

o m(Exp(:c)) (Xo Exp(x), Yo Exp(m)) 0(x) dxy dxs .

Let ~(t,z,0,9) = Exp(t(z1,z2)) be the g-geodesic through x with tangent
vector 11 TE + 22T€, and consider the g-orthonormal fields

N=V%, Ti=Vi, Tp=Vi,
given by Corollary 3.1, along the g-geodesic ~. Let
N:=N(t,z,0,0) = N(y(t)), Ti:=Ti(t,z,0,0)=Ti(v(t)) ,
Ty:=T(t,x,0,0) =To(v(t)), T:=T(tx,0,0)="(t).

‘We note that

(5.6)

0
@1:%«(69) =[N,
0
(5.7) 92:%(&0) BTy + BoTs + BN

0
X:i= (%) =11} + asTy + agN |,

where the functions (see Lemma 5.2) ay, ag, By, /1 and B2 depend on the vari-
ables x, 0, p and as, B3 depend on the variables ¢, x, 6 and .

Remark 4. If g is near the euclidean metric then Ty, T5, N, X, § and ©;
are close to their euclidean counterparts.
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We note that T' = x1T1 + x2T5. In fact, since ¥ is totally geodesic, it follows
that N and T are g-orthonormal. Therefore T' = a1} + asT5; now using the fact
that T; is a ¢g-Killing field, we obtain that a; is constant.

We introduce the following notation

1
2(Brag — Poxr)

A=

Lemma 4. The following statements hold:

(5.8) VNN =V7,T; =Vg,N=0, =12,

(5.9) [N,T1] = [N,T5] =0 .

(5.10) The coeﬁﬁcients a1, o, Bo, ﬂl,'ﬁg in (5.7)
are independent of the variable t .

(5.11) Vi To =AT(B3) N, VrpTi =—AT(B3) N ,

(5.12) VN =VNT| = —AT(B35)To, VN =VNTy=AT(3:) T} ,

(5.13) Ve, = —B2 AT(B3) N — B3 AT(B3) T2
(5.14) Ve,To = b1 AT(B3) N + 03 AT(03) Th
(5.15) Vo, N = —B1 AT(Bs) Ta + B2 AT(Bs) T1
(5.16) Vo, Tt = =By AT(B3) To, Veo,T> = By AT(3) Tt ,
(5.17) N(B1) = N(B2) = N(a1) = N(az) = 0.

Proof: To establish (5.8), we write
VNN =a111 + as'Th ;
since T; is a g-Killing field, we have

a; = g(VNN,T;) = —g(N,VNT;) =0 .
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The statement (5.9) is a consequence of [©1,T] = 0. To get (5.10), we observe
that

(5.18) Vr,To =gV, To,N)N, V¢, 11 =g(Vp,T1,N)N .

Using (5.18) and the fact that Vg, = V1O, we obtain that $; and [ are
independent of the variable ¢t. Futhermore,

(5.19) 2AT(B3) = (V1 12, N) — g(V1, T1, N) .

Since [X,T] = 0, it follows that o1 and ag are also independent of the variable ¢.
We observe that

(5.20) gV T2, N) = —g(T5, V1, N) = —g(T2,VNT1) = —g(N, V1, T1) .

Using (5.18)—(5.20) we obtain (5.11). To establish (5.17), we use the facts that
[©1,02] = [X,01] = 0. The remaining formulas are immediate.

We introduce the following notation:
mz] ::m(j—'l')j—jj)a m4o ::m(Naﬂ), moo :m(NaN) ) Za] = 172 .
We shall need the

Proposition 5. If m satisfies the hypotheses of Theorem 1.1 with Condition I1
and M = R,(m), then the following system of equations holds:

(5.21) X(Mr,7;) = Op(M7,7,) =0,  i,5,k=1,2,

2
X(MT].N) = Z /<Tz<50z3) Myj — E((Saz) Mjo + (—l)j das AT(ﬁ;},) mio)

(5.22)
+/ 1) 5 ag AT (33) myj)0 + X () mjo> ,
2 .
1(M7,N) :Z/ i(080) mij + (— 1)]550AT(53)mm)
(523) =1
+ [ ((=1)7 8 50 AT(B3) mi 50 + ©1(8) mj0)
2 .
O2(Mryn) = 3 [ (Ti(08) mij — Ti(68) mjo + (<17 6 By AT(Bs) i)
(5.24) i=1

+ ( J 663 AT ﬂg) ME(5)o + 92(5) mjo) ,
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2
X(Myw) = 3 [(Ti0as) mip — Ti(6ai) moo + (~1) 6 g AT(8) mipy
=1

(5.25)
+ [ X@)meo
(5.26) 1(Myw) Z/ Ti(900) mio + (= 1>i+1AT(/83)mik(i))
[ oxirme.
»Mw) Z/ 1(053) Moo + T3(8033) mio + (—=1)" 8 B AT(ﬁ?,)mm(i))
(5.27)

+/@2 Moo -

Proof: The meaning of (3.8) in Corollary 3.1 is that M7,7; = 0 and hence,
(5.21) holds. The Transversality Condition satisfied by m means that

(5.28) Vr,m(T, Tj) + Vrym(Ts, Tj) + Vym(N, Tj) = 0 ,
(5.29) Vom(Ti,N)+Vp,m(Ta, N) + Vym(N,N) =0 .

We begin by computing (5.22); we have
X (Mg, x) /(5Xm "N +/X m(T;, N) .

Now using integration by parts (taking into account that m is compactly sup-
ported in ), Lemma 5.2, (5.28) and taking k(j) # j € {1,2}, we obtain

2
/5Xm(Tj,N):Z/éaiTimjo+/6a3ijo
i=1
2
:Z/—Ti(&li)mjo—|—/<5a3VNm(Tj,N)+(50z3m(VNTj,N)
_Z/ T;(6cv;) mjo—éang,j+5a3m(ﬂ,VTT))
/5a3m VnNTj, N)

22:/( Ti(6cw) mjo + Ti(Sex3) mij + (—1) S ag AT(ﬂg)mio)
=1

/ J(SO(3AT ﬁg)mk])o.
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To establish (5.23), we note that

Oy (M, ) /6@1m "N +/@1 m(T;, N) .

It follows from similar arguments that
/(mo Vam(Tj, N) + 6 fom(VnT;, N) =

_Z/ 5ﬂOVT’I’I’LTZ,T /6ﬁ0mvN )

_y [ (680 Tmi; + 6 Bom(T5 Vo)) + [(~1 660 AT(Bs) mi0
=1
2 , .

= >~ [ (1360 mis + (=107 6 8o AT(B) mio) + [ (~1)76 o AT (B) s,
=1

The remaining formulas follow from similar computations. m

Proof of Theorem 1.1 with Condition II: It follows from Proposition
5.1 that there is a constant C; > 0 such that

(5.30) [dMllo < Cre|mllo

where € can be made arbitrarily small by requiring that g be sufficiently close to
the euclidean metric. On the other hand, by the Poincaré inequality, we obtain
that there is a constant Cy > 0 such that

(5.31) [Hly < CalldH]fo

and using Lemma 5.1 with n = 3, it follows that there is a constant C'5 > 0 such
that

(5.32) [mllo < C3|[M]]y .

Using (5.30)—(5.32) we get that M = 0 and, consequently, m = 0. m
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