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EXISTENCE FOR ELLIPTIC EQUATIONS IN L!
HAVING LOWER ORDER TERMS
WITH NATURAL GROWTH

A. PORRETTA

Abstract: We deal with the following type of nonlinear elliptic equations in a
bounded subset Q ¢ RYV:

P) { —div (a(x, u, Vu)) + g(z,u,Vu) = x in Q,
u=20 on 0N ,

where both a(z, s,€) and g(z, s, &) are Carathéodory functions such that a(x, s, ) is co-
ercive, monotone and has a linear growth, while g(x, s,£) has a quadratic growth with
respect to £ and satisfies a sign condition on s, that is g(x,s,£) s > 0 for every s in R.
The datum y is assumed in L'(Q)+ H~1(£2). We prove the existence of a weak solution
u of (P) which belongs to the Sobolev space Wol’q(Q) for every ¢ < %, by adapting to
the framework of L' data a technique used in [6], which simply relies on Fatou lemma

combined with the sign assumption on g.

1 — Introduction and statement of the result

An extensive literature has dealt with the Dirichlet problem in a bounded
subset Q C RN, N > 2,

(11) A(u) + g(w,u, Vu) = x in €,
' u=20 on 0f2 ,

where A is a pseudomonotone operator in H{ () of the type introduced by
J. Leray and J.L. Lions (see [9]) and g(z, s, &) is a Carathéodory function having
at most quadratic growth with respect to the gradient:

(@) 9w, 9l <b(s) (h(x) +[EP),  VseR, VEeRY, ae ze,

with h(z) in L}(Q) and b: Rt — R* is a nondecreasing continuous function.
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Starting with the paper [5], where x is taken in L°°(2), existence results for
problem (1.1) have been proved under a sign assumption on g:

(92) g(x,5,6)s>0, VseR, VE€RY, aezeQ,

and in [6] it is found a solution of (1.1) if x only belongs to H ().
Here we consider the case in which

x € LYQ)+H Q) .

In this setting a solution can not in general be expected to belong to H(Q),
and this is the main difficulty when trying to extend the previous results. Nev-
ertheless, a solution of (1.1) belonging to H{(£2) has been obtained in [3] and in
[4] if it is assumed in addition that g(x,s,&)sign(s) > ~[¢|? for every |s| > L,
where L, v > 0 (hence, for example all functions going to zero at infinity are
not included). A more general result has been finally proved in [10] under the
only assumptions (g1) and (g2); by approximating (1.1) with more regular prob-
lems a distributional solution is obtained in the Sobolev space VVO1 1(Q) for every
q < % This latter result, which applies to the extended framework in which
X is a positive Radon measure, however essentially relies on the proof that the
truncations of the approximating solutions are compact in the strong topology of
H}(£2), which is a fundamental result in its own but rather technical in its proof,
indeed in the paper quoted above an assumption of positiveness on the datum is
made for simplicity.

The aim of this note is to provide a simpler proof of the existence of a solution
of (1.1) when x belongs to L'(2) + H~(€), by applying the same method used
in [6] for variational data, and recently adapted in [11] for unilateral problems
in L', which only relies on a tricky use of Fatou lemma combined with the sign
condition (g2). In this sense we point out that the existence of a solution of (1.1)
with L! data can be obtained without proving the strong convergence in H}(€2)
of the truncations of the approximating solutions and this technique also allows
to handle more easily the case of changing sign data and solutions.

We assume that € is a bounded open subset of RN, N > 2, and we set

Au) = —div(a(:n,u, Vu)) ,

where a(z, s,€) is a Carathéodory function such that, for all s in R, all £, n in
RY and almost every z in €, it satisfies:

(a1) a(z,5,€)- € = al¢, a>0,

(a2) a(z,5,6)| < B(d(x) + sl +1¢]) . B>0,
(as) la@,5,€) —alw,s,m)] - [E—m >0, Ve#n,
with d(x) € L?*(Q2). We will prove the following theorem.
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Theorem 1.1. Let assumptions (aj)—(a3) hold true and let g(x, s,§) satisfy
(g91)~(g2). Then for every x in L*(2)+H () there exists a function u in Wol’q(Q)
for every q < % which is a solution of (1.1) in the sense of distributions.

We finally remark that the problem of existence of a solution of (1.1) with
g having a quadratic or a subquadratic growth with respect to ¢ has also been
investigated in [7], [8].

2 — Proof of the result

Before giving the proof of our result, let us recall the definition of truncation,
that is, for every k > 0, Tj(s) = min{k, max{u, —k}}; moreover we want to point
out that the technique we adopt, based on the use of Fatou lemma, was first
introduced in [1], then used in [6] and in [11].

Proof of Theorem 1.1: First of all we write y = f—div(F), with f in L}(Q)
and F in L?(2)", and we take two sequences {f,} C L>(Q) and {F,,} ¢ L®(Q)V

such that
2.1) fn— f strongly in L'(Q),
' F, — F strongly in L*(Q)V .

In [6] it is proved that there exists u, in H}(£2) N L>(£2) solution of
(2.2) { —div(a(az,umVun)) + g(x, upn, Vuy) = fr, —div(F,) in Q,
U, =0 on 02 .
If we take Tk (uy,) as test function in (2.2) we obtain, applying Young’s inequality,

/a(x,un,Vun) VTk(un) dr + /g(m,un,Vun) Tk(un) dr <
Q Q

< [ faTelwn)do+ 5 [ VTP do+co [ 1R
Q Q Q

where ¢q (like all the following ¢;’s) denotes a positive constant not depending on
n and k. Using assumption (a;) and the sign condition on g, we get:

(2.3) %/\VTk(un)IZda: + k / lg(z, up, Vuy)| dz <
Q {lun|>k}
< /fnTk(un) dz + co/|Fn|2dx.
Q Q
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First of all (2.3) implies that for every fixed k& > 0 the sequence {Tk(uy)} is
bounded in HE () (though not uniformly in k), and for k = 1 we have

/ ‘g(xvun,vun”dx é 1,

{lun|=>1}

which yields

[, Vun)lde < b1) [ (ha) +19T1@) ) do + [ lg(a.un, Tun)| do
Q Q {lun|>1}
S Co .

Since g(x, u,, Vuy,) is bounded in L'(£2), we can apply all the compactness results

for equations with L1(Q)+ H~1(Q) data (see [12], [2], [4] and the references cited

therein), that is there exist a function u in I/VO1 1(Q) for every q < % and a

subsequence of u,, not relabeled, such that

Up — U strongly in Wol’q(Q) for every q < % )
Vu, — Vu a.e. in |

Ti(un) — Tp(u)  weakly in H}(Q) for every k>0 .

As a consequence of Fatou lemma, we also have that g(x,u, Vu) is in L!(Q);
moreover from (2.3) we get, for every M > 0,

S 19T Pde < k[ lflde < M [ (flde + o [ 1P de
Q Q

{lun|>M} {lun|<M}
hence we deduce:
a [ |VT(un)l / M+1
— [ =R ge < .
2/ . de < |fnl dz + c3 k:
Q {|lun|>M}

If we let first k tend to infinity, then M go to infinity, we conclude, thanks to the
equi—integrability of the f,’s,

2.4 li
(2.4) m
Q

\§ 2
% dr = 0 uniformly on n .
This is the basic estimate we will use afterwards: now we define
S

B(s) E/b(\t\)dt, VseR,
0
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and we take a function H € C1(R) such that

H(s)=0 if [s|>1,
0<H(s)<1, VseR.

1
H(s)=1 if \s|§§,

Un

B(up)
Next we take, as in [6], v = ¢ e” "o H(“2) as test function in (2.2) with ¢ in
HE(Q) N L>®(), ¢ > 0. Tt is essential to note that, by the properties of H, v is
identically zero on the subset {z €  : |u,| > k}; then we have:
(up)

/a(:p,un, Vuy,) Vi - H(u]:> dx +
Q

+ é /a(x,un,Vun)VTk(un)b(uf) o )¢H< k)dx +
fun <0} Blug) u
+ /g(fc,un,Vun)e— . wH(]:) dr =
Q

on(Tp)d -

v H
1 n\ _Bly)
%/ a(x, upn, Vuy,) VTk(un)H/(u)e - Ydr +
Q

_ /fn B(u

J
+ /an{e—% y)H(L]L{")] dz |
Q

Using assumption (az) we obtain:

(up,)

B(u Up
/a(ac,un,Vun) Vipe ~a H<?) dx +
Q

1 _ _B(u;) Unp,
+ a / a(l’, Unp, vun) VTk(Un) b(un ) e o wH<?> dr +
{ungo} -
B(u

+ /g(a:,un,Vun)e* - ¢H<u—n) dx =
Q

(2.5) K

— /fneB(Z;)@DHCZL) v +
@ _ B(up)
+Q/an[e & H (“ ﬂd

0
1
+ albller 3 [ [4@)? + 1 Thlun) P + 9 T(ua) ] do
Q
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Setting
1
0 = sup(k / (@) + | T (un) P + !VTk<un>|2]> dr
Q

we have by (2.4) that d; goes to zero as k tends to infinity: then from (2.5) we
get

B [y,
/a(x,un,Vun) Ve ~a H(?> dr —
Q

1 _ _ _B(u,;) Up,

L oo V) VB ) e gt (M)
«

Q

B(uy) Up
+ /g(x,un,Vun) e a wH<k‘) dr =
(2.6) Q

= /fne_wd)H(u]:)dx +

_ B(uy) Un
+/an[e : wH<k)]dx e [l ey 8
Q

In order to pass to the limit as n tends to infinity, first of all we observe that by
definition of H(s) we have

B(u;) U,

/a(x,un, Vu,)Vipe "o H(?> de =
Q

= Q/a(x,Tk(un),VTk(un)) Vi 6_@ H(%) dzx .

Since VT}(uy,) almost everywhere converges to V1 (u) then a(z, T (uy), VT (uy))
B(u;)

weakly converges to a(z,Tk(u), VIg(u)) in L*(Q)Y, while Vye o H(%)
strongly converges in L?(€2)", hence we deduce that

, _ B(ug) Un,
IIT a(x,up, Vu,) Vipe~ o H<?> dr =

(2.7)

_B(u7) u
= /a(z:,u, Vu)Vipe ~a H(k:) dz .
Q

Moreover using that Tj(u,) converges to Tj(u) almost everywhere in  and
B(un)

weakly in H{(Q2), which implies that Ve~ "o ¢ H(%)] weakly converges to
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_B™)

Ve~ "o ¢ H(%)] in L*(Q)", we obtain, by (2.1),

(up) " _ Blup) n
lim /fne’Ba ¢H<u—>da:+/FnV{e = wﬂ(“—)]d:p _
n—>+OOQ k 4 k

_ Q/fe—B(Z’ ¢H<Z> dx +Q/FV[6_B(Z)1/;H<:)]dJ:.

It remains to deal with the second and third integrals in (2.6); but note that the
B(uy )

sequence {e” o ¢ H(%)[—21 a(z,un, Vun) VIk(uy) b(uy) + g(z, up, Vuy)|}

converges almost everywhere in {2 and thanks to (g1), (¢g2) and (a;) it satisfies

(2.8)

i () | 0l Vi) VT bla) + (o0, V)| =

_ B(u Un

n)
> e o sz(?> [g(x,un,Vun) X {un>0}

(V22 ) = .t V) ) X0

> —Cyh(z) € LY(Q),

where C} is a positive constant depending on k. Therefore we can apply Fatou
lemma and conclude that
B(uy) Un

1
liminf [e”"a 9 H(—) {—— a(x, un,Vuy) VT (u, ) b(u, )+9(x, un,Vun)} dx >
n—+00 k «a

(2.9) ,

> /6_$ wH(k) [_clk a(x,u, Vu) VIp(u™) b(u™) + g(z, u, Vu)] dz .

By means of (2.7), (2.8) and (2.9) we obtain passing to the limit on n in (2.6):

_B@D) U
/a(a:,u, Vu)Viype ~a H(kz) de —
Q

- 2 [ awu Vo) VI ) e v H (] ) de

Q

_B7) U _B7) U
§/fe o wH<—)dac —I—/FV[e P ¢H<E>}dm + ca |9l oo () O -
Q Q

k
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Let us now define p(k) such that B(p(k)) = alog ﬁ; this is possible since
B'(s) = b(]s|), hence B is one-to-one, and from the fact that 5 goes to zero as
k tends to infinity it follows that

(2.11) kEToop(k) +o0 .

We choose, again following [6], ¢ = e 2 H(55) ¢ T in (2.10), with ¢ in C2°(Q);

since H(ﬁ) = 0 if |s| > p(k), we have in fact that 1) belongs to H}(Q)N L>(Q),
it is positive and

B(p(k) 1
oo < oo (& a < oo —_— .
9] oo < [l Lo (@) < [lell o) 5

Then we have from (2.10):

Ja(x,u, Vu) VgoJrH(Z) H(}j(uk:)) dx + Q/g(:c, u,Vu) ¢+H(Z> H(%) dr <

(2.12)S g)/wa(u)H(p(zL))der/Fv

b
k)
p(Q

+ callell e (o) a(x,u, Vu) VT, (u) H'(u) H(Z) otdr .

Last term in (2.12) can be dealt with using (a2), so that

—Iﬁﬂ/(aﬁuVuVT y(u) H (p&) ()*dxg
< esllellmo g | [d@) + TP + 9T (0] de
Q
and since

|46 + 1Ty (0 + 19T ()] do <

< liminf [ [d(@)? + [Ty (un) 2 + [V (wn)?] d

n——+oo JO

recalling the definition of oy, we get from (2.12):
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Q/a(ac,u,Vu) V¢+H<Z> H(ngk)) dr + Q/g(sv, u, Vu) @+H<Z> H(p(qu)) dr <

(2.13) " u u U
< (Z/fgp*H(k)H(p(k)) dx +Q/FV wH(p())H(kﬂ dx

+ callell o) VO + cs llell () Spe) -

Now we pass to the limit as k£ tends to infinity; we have

[rel () )] -
_ !FV@L H(Z) H(pg‘)) dv + ;!FVTk(u) H’(Z) H(p(“k)> ot do
+ p(lk)!FVTp(k)(u) H’<p&)> H(Z) ot da
and since assumption (ay) implies
;Q/FVT;C(U) H’(Z) H(%) ot dr +
+ ﬁ JFVTM)(U) H’(ﬁ) H(%) ot dx

< o (,ﬁ (7P + VB e + 2 (7R + N T 0F) da:) ,

Q Q

<

we get, in virtue of (2.11), (2.4) and the fact that H () H(ﬁf)) converges to 1
almost everywhere in {2,

kETm!FV{(p+H<pZ;{)>H<Z)]dx :JFVﬁrdx.

As far as the other terms in (2.13) are concerned, it is enough to use the Lebesgue
theorem, so that we finally obtain, recalling that d; and d,) go to zero,

(2.14) /a(x, u,Vu) Voo dr +/g(x, u,Vu) ptde < /f ot dx +/F Vo' dr,
Q Q Q Q

for every ¢ in C2°(Q).
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To obtain the second half of the desired inequality, we will take

B(u)
v=1e “a H(%) as test function in (2.2) with ¢ in Hj(Q2) N L>(), ¢ < 0;
ot
as before, we will subsequently choose ) = —¢~ e H ( ﬁ), with p(k) defined

above. The same arguments used before then allow to conclude that
—/a(:n,u,Vu) Vo~ dx — /g(:n,u,Vu) ¢ dr <

2.1 @ @
(2.15) < _/fgp_dx—/FVgo_dx,
Q Q
for every ¢ in C°(Q2), and adding (2.14) and (2.15) we get
/a(m,u,Vu)Vgpdm—}—/g(m,u,Vu)cpd:v < /f(pdx—l—/Fchd:E, Vel (),
Q Q Q

Q

hence taking —¢ it is proved that w is a distributional solution of (1.1). m

Remark 2.1. The same method provides a proof of the existence of a
solution of

(1.1) {A(u) +g(z,u, Vu) = x in Q,

u=20 on Jf) ,

if A is an operator in the Sobolev space Wol’p(Q) and g(z,s,-) has a growth of
order p; to be more precise, let p > 1, and let g satisfy

(2.16)  |g(z,5,8)| <b(ls]) (h(@) +[€FP), ¥seR, VEERY, aezeQ,
(2.17)  g(z,5,6)s >0, VseR, VEe€RY, aezecQ,

with h(x) in L}(Q), and set A(u) = —div(a(x,u,Vu)), where a is a Carathéodory
function such that

(218) a(x,s,ﬁ)-§2a|§|p, a>0 ;
(2.19) la(z,5,6)| < B (d(@) +|sP~ +[¢P7), 8>0,
(2:20) |a(w,5,&) —a(a,s,m)| - [E=m >0, VE#n,

for all s in R, all & n in RY and almost every z in €, with d(z) € Lp/(Q)

(% + I% —1). Then in the same way as above if x is in L'(Q) + W17 (Q) we

obtain a distributional solution u of (1.1). This solution belongs to VVO1 9(Q) for
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N(p 1)

every q < (p 1) if p>2—-i: sinceifp < 2_N we have < 1, in this case

N

N1y
we should say that |Vu| is in the Marcinkiewicz space M N-T~ ¥ (), nevertheless
it is always true that a(x,u,Vu) belongs to LY(Q)" for every q < %, hence the
weak formulation makes sense and w is a solution in the sense of distributions. o

Remark 2.2. It should be noted that the proof of Theorem 1.1 essentially
relies on the estimate (2.4) for the approximating solutions:

lim dxr = 0 uniformly on n ,

VT (un)|?
k——+o0 k

which is not true if the sequence f, only weakly converges to a Radon measure pu.
In this sense this method, differently from the one used in [10] and based on the
strong convergence in H}(2) of the truncations of the approximating solutions,
better points out the difference between a datum in L'(Q) + H~1(Q) or in the
space of bounded Radon measures. o
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