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Ky DOES NOT IMPLY Ky,

CARLOS R. BORGES

Abstract: We prove that the cyclic monotonically normal space T of M.E. Rudin is
a Ky-space which is not a Kjj-space. This answers a question in [3]. In order to do this,
we first prove that if a space X has D*(R; <) then X is a Ky-space (it is well known

that X is also a Kj-space; this does not necessarily mean that X is a Ky -space.).

Theorem 1. If a space (X,7) has the property D*(R;<) then X is a
Ky -space.

Proof: By Theorem 10 of [4] (i.e. D*(R; <) if and only if D*(R; <;cch)), let
~v: C*(F)— C*(X) be a monotone extender such that v(ar) = ax for each a € R.
Then for each U € 7|F, let

() = U{v(f)‘l(]—oo,l[) | feC(F[-2,2]), f(F-U)c {2}} ,

o) = U 0100 | 7 € CR-22), F(F-U) c (-2}},
k(U) = u(U)Un(U) .

If U € 7|F and z € U, then there exists f € C(F,[—2,2]) such that f(z) = —2
and f(F—U) C {2}. Since 7 is an extender, we get that FNu(U) = U; similarly,
FnouU)=U. Hence, FNk(U) =U, for each U € 7|F. Clearly, k(F)=X and
k(D) = 0, because v(+2p) = +2x.

It is obvious that k(U) C k(V') whenever U C V.
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Next, we prove that if U UV = F then k(U) U k(V) = X (Wlog, let us
assume that U # F # V). Let z € X and suppose that z ¢ p(U). Then, for
each f € C(F,[—2,2]) such that f(F—U) = 2, we get that y(f)(z) > 1. Pick
h € C(F,[-2,2]) such that h(F—V) = —2 and h(F—-U) =2 (recall that F is
normal). It follows that v(h)(x) > 1, which implies that € v(V'). Similarly, if
x ¢ v(V) then x € pu(U). Consequently, we get that « € k(U)Uk(V), as required.

Finally, we prove that, for each U € 7|F, k(U)NF = U: Suppose there is
p € F such that p € k(U) and p ¢ U. Pick h: F—[-2,2] such that h(U) = —2
and h(p) = 2. Then h < f for all f: F'—[-2,2] such that f(F—U) = 2, which
implies that 1(U) C y(h)~!(]—o0, 1[). Since v(h)~(]—oo, 1[)Ny(h)~1(]1, 00[) =0
and p € y(h)"1(]1,00]), we get that p ¢ u(U). Similarly, p ¢ v(U), and this
proves that p ¢ k(U). Therefore, kUNF =U

. This completes the proof. m

Theorem 2. If a space (X, 7) is a K{j,-space then, for each closed subspace
F of X there exists a function k: 7|F — 7 such that

(i) FNk(U)=U, for each U € 7|F, k(F)=(X), k(0) = 0;

(ii) k(U) C k(V') whenever U C V;

(iv) UV er|F, UNV =UNYV implies k(UNV) =k(U)Nk(V);
) k(U)NF=U.

(iv

Proof: Let v: 7|F — 7 be a Kjj-function and define k: 7|F — 7 by
k(U) = UU <X— [FUU(F—U)D .

From the proof of Theorem 4 of [3], we immediately get that k satisfies (i),
(ii) and (iv). To verify (iii), note that

E(U) N k(V) = {UU <X— [FUU(F—U)])] n {VU

( — [Fuu(F-T)] )
) -

poT)

(
( [FUv(F- V)D]

— (UNV)U

(because Un ( [F Uv(F— )}

= (x = [FUu(F-T)|) NV, since UCF and VCF)

= (UNV)U (X— [Fu v(F-T) U U(F_V)D —
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= (UNV)U (X— FU U(F—U)UU(F—V)D

= (UNV)U (X— :FU v((F—U)u(F—V))

(because v is a K7 -function)

- (UﬂV)U(X— FuU m})

= (UNV)U (X— Fu v(F—UﬂV)D
= k(UNV), because UNV =UNV,
which completes the proof. n

We conjecture that the converse of Theorem 2 is false and we have not been
able to find a characterization of Kjj,-spaces analogous to the characterization of
Kyy-spaces which appears in Theorem 4 of [3].

Theorem 3. There is a Kyy-space T" which is not a K, -space.

Proof: The space T is the space described by M.E. Rudin in [6]. We already
know from Theorem 1 (recall that monotonically normal spaces have D*(R; <))
that T is a Kyy-space.

Assuming that 7" is a Kjj-space, let k: 7|F — 7 satisfy the conditions of
Theorem 3(b). Since the sets U,; and U,,; defined on p. 305 of [6] are easily seen
to be clopen, then we get that

NUwi=(Tw and k(ﬂUmﬂY> — k(U NY)

i<3 i<3 i<3 i<3
and, similarly,

k(Umij N Upayj—1) N Y) = k(Upaij NY) Nk(Upgy(j—1y NY) .

Consequently, M.E. Rudin’s argument, verbatim, also proves that the above
k cannot exist, a contradiction. This completes the proof. n
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