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ON TOTALLY REAL SUBMANIFOLDS
IN A NEARLY KAHLER MANIFOLD *

ZHONG HuaA Hou

Abstract: Let M™ be a totally real submanifold of a nearly Kéhler manifold M?2™.
We prove an important relationship between the covariant differential of the second
fundamental form of M™ and that of the almost complex structure of M2™. And we
show an application to the pinching problem on the square of the length of the second
fundamental form of M™.

0 — Introduction

Let (M?™,g,J) be an almost Hermitian manifold with Riemannian metric g
and almost complex structure J. M?™ is called a nearly Kahler manifold if the
almost complex structure J satisfies g(JX,JY) = g(X,Y) and (VxJ)(X) = 0,
for any tangent vector fields X and Y on M?™. A Kihler manifold is a nearly
Kahler manifold.

The canonical example of non-Kéahler nearly Kahler manifold is the six dimen-
sional standard unit sphere S6. There are many other non-Kéhler nearly Kéhler
manifolds such as RP7 x RP", F;/Ay x Ay and U(4)/U(2) x U(1) x U(1) etc.
A. Gray in [5] stated that a 3-symmetric space with a naturally reductive
G-invariant pseudo-Riemannian metric is a nearly Kdhler manifold. Many inter-
esting theorems about the topology and the geometry of nearly Kéahler manifolds
have been proved by many authors (cf. e.g. [4], [6], [8], [10], [11] and [12] etc.).
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The geometry of submanifolds in an almost Hermitian manifold is a very active
topic in the theory of submanifolds. There have been many results on geometry
of submanifolds in a Kahler manifold.

The theory of submanifolds in a nearly Kéhler manifold say M?™ was studied
by many authors. Let M™ be a totally real submanifold of M?™. Denote by Age
the shape operator on the tangent bundle TM of M in the direction of a unit
normal vector field ¢ in the normal bundle NM. When M is a complex space
form, Chen—Ogiue [1] proved that

Aix(Y) = A (X),

for any two vector fields X and Y tangent to M. Ejiri [3] showed that the same
property holds for a 3-dimensional totally real submanifold in S%. In section 1,
we shall prove that the same property also holds for a totally real submanifold
in a nearly K&hler manifold.

We define a skew-symmetric tensor field G of type (1,2) by

G(XY) = (Vx))Y,

where X and Y are vector fields on M?™ and V is the Levi-Civita connection
on M?™. Ejiri [3] proved that, for a 3-dimensional totally real submanifold M3
in S% G(X,Y) is orthogonal to M? for any vector fields X and Y tangent to
M3. By applying this fact, he proved that such M?3 is orientable and minimal.
In section 2, we shall prove that, for any totally real submanifold M™ in M?™,
G(X,Y) is orthogonal to M™ for any vector fields X and Y tangent to M™.

Denote by o the second fundamental form of M™. We proceed to show an
important relationship between o and G. Precisely, we shall prove

Proposition 1.4. Let M™ be a Lagrangian submanifold of a nearly Kahler
manifold (M?™,g,J). Let o be the second fundamental form of M™. Define
a skew-symmetric tensor field G of type (1,2) by G(X,Y) = (VxJ)Y for any
vector fields X and Y tangent to M™, where V is the Levi-Civita connection
with respect to g. Then

9(Vo(X,Y,2), W) = g(Vo(X,Y,W), JZ) + g(o(Y, Z), GW, X))
= g(o(v, W), G(Z, X))
for any vector fields X, Y, Z and W tangent to M™.
As an application, we shall prove a pinching theorem on the square of the

length of the second fundamental form of a 3-dimensional totally real submanifold
M3 in S8. Precisely, we shall prove the following
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Proposition 2.1. Let M3 be a closed 3-dimensional totally real submanifold
of S®. Denote by S the square of the length of the second fundamental form of
M3. If S < 5/2, then M? is totally geodesic.

Remark 0.1. Simons [9] and Chern—do Carmo-Kobayashi [2] proved that,
for a closed n-dimensional minimal submanifold M™ in an (n+p)-dimensional unit
sphere S™TP M™ is totally geodesic if S < n/(2—1/p). Moreover S = n/(2—1/p)
when and only when p=1or n=p=2. AM. Li and J.M. Li in [7] improved
this result. They proved that if p>2 and S<2n/3, then M™ is totally geodesic.
Moreover, S = 2n/3 when and only when n = p = 2. Therefore we wonder
whether or not this pinching constant could be improved when n > 3 and p > 2.
Proposition 2.1 give an affirmative answer to this expectation because 5/2 > 2 =
3x(2/3).o

1 — Geometry of totally real submanifolds in a nearly Kahler manifold

Let (M?™, g,J) be an almost Hermitian manifold with Riemannian metric
g and almost complex structure J. Let {e1,eq,...,e2,} be a local orthonormal
frame field on the tangent bundle TM?™. Let {w;,ws,...,wam} be its coframe
field and (wqp) be the Levi-Civita connection form associated with this coframe
field. Then we have the Cartan structure equations:

Ve, = wap ey ;
Wab + Wha = 0 ;

~ Qab + Qba =0;
dwayy = wae N wep + Qgp

(1.1) dwg = wep AWy ;

where (€4) is the curvature form. The almost complex structure J of M satis-
fies:

(1) J: T,M — T, M is linear;
(2) J(JX) = -X;
(3) 9(JX,JY) = g(X,Y);
for any X,Y in T, M. Under the above orthonormal frame field and associated

coframe field, J can be expressed as J = Jyp w, €p. In this case, J(X) = Jup X €p
for any X = X, e, € T, M. Moreover conditions (2) and (3) can be represented

(12) Jac ch = 5ab )
(1.3) Jac Jcb = _5ab )
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where (d4p) is the Kronecker symbol. From (1.2) and (1.3) we have
(1.4) Jab+ Jpe = 0.

Put J = % Jap Wa Awp. From (1.4) it follows that .J is a 2-form which is called
the fundamental form associated the almost complex structure J.
The covariant differential of (Jup), say (Jap.c), is defined to be

(1'5) vJoLb = Jab,cwc = dJap + Jep Wea + Jac Wep -
It follows from (1.3) that

(1'6) Jae,c Jeb + Jae Jeb,c =0.

Definition 1.1. (M?™,g,J) is called a nearly Kéhler (or Tachibana) mani-
fold if the covariant differential V.J of J satisfies (VxJ)(X) = 0 for any tangent
vector X. o

Remark 1.1. Equation (VxJ)(X) = 0 for any tangent vector X is equivalent
to

(1'7) Jab,c + Jac,b =0 )
for all a, b and c. o

Let (M?™,g,J) be a nearly Kéhler manifold. Let M™ be a totally real sub-
manifold, or a Lagrangian submanifold, of M?™. Then it follows that the image
of the tangent space T, M" under the mapping of the almost complex structure
is the normal space N,M™, at every point x € M". From now on, we agree on
the following index ranges:

1<a,byc,..<2m, 1<i,j,k,...<m, and *=m+i forl<i<m.

Choose {e1, €2, ..., €m; €1+, €2+, ..., em= } to be a local orthonormal frame field of
the tangent bundle TM?™ such that e; lies in TM™ and e;+ = Je; lies in NM™,
for all 1 < i < m. We call such a kind of frame an adapted frame field on M?™.

Let {w1, w2, ..., wm; wis,was, ...,wn=} be the associated coframe field. Denote
(wap) to be the associated Levi-Civita connection form. Then (J,;) can be ex-
pressed as

6ij7 a:i7 b:j*7
(1.8) Jap = —0ij, a=1i* b=7j;

0, otherwise .
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From (1.5) and (1.8), we infer
(1.9) —?Ji*j* = ?JZ‘]’ = Wi*j —l—wij* X ?Jij* = ?Ji*j = Wixjx — Wij .
Restricting (1.1) to M™, we get wy+ = 0 for all k. The structure equations of
M™ are
dw; = wij N\ wj ;

Qi = Wi /\Wk*'_'_Q" :
(1.10) dwij = wik N Wgj + Qij ; Y ! ! Y

dwi*j* = Wi** /\wk*j* —|— QZ*]* .
From (1.1) we have the following relations:

wijx ANw; =0, dwijx = wik N wijs + wigr A wpejx + Qij* .

Denote the curvature form (Qab) by

(1.11) Qu = Rabcd We N wq -

DO | =

By Cartan’s lemma, we have
-k -k -k * I* —
(1]_2) Wij* = th Wk th = h?m R hijk = h’ikj + Rl*ijk )

where (hL:

i) 1s the covariant differential of (hi]) defined by

(1.13) Vhi; = hljpwr = dhl; + higjwii + Bl wij + hi; wes .
The second fundamental form ¢ and its covariant differential Vo are defined by
(1.14) o= hf;wi wjep, Vo= (Vhfj*) Wi Wj ex .
From the first equation of (1.9) and (1.12) we derive
(1.15) Jije = hl), — Bl .
It follows from (1.7) and (1.15) that
(1.16) 0 = Jijk+ Jiny = hly +hl —2ni;
(1.17) 0= Jjki+ Jjir = h?: + h;k - thé :
From (1.16) and (1.17), we derive

(1'18) hz; = h;; or Jij,k = hz; - hg;g =0.
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It is known that the shape operator Aej* of M™ with respect to e;j« can be

expressed as A . (e;) = hf,: er. From (1.18) we get the following

Proposition 1.1. Let M™ be a totally real submanifold of a nearly Kahler
manifold M?™. Denote by Ag¢ the shape operator of M™ with respect to a normal
vector field £ of M™. Then

(1.19) Aix(Y) = Ayy(X),
for any two vector fields X and Y tangent to M™.

Remark 1.2. When M?™ is chosen to be the 6-dimensional unit sphere S¢
and M™ is a 3-dimensional totally submanifold of S®, Ejiri [3] has proved (1.19)
in different way. o

As an direct application of Proposition 1.1, we have the following

Proposition 1.2. Let M™ be a totally real submanifold of a nearly Kahler
manifold M*™. Let {ey,e,...,e;m} be a local orthonormal frame field on M™.
Denote A = ( 3k) to be the coefficient matrix of A, for every i. Then

]

(1.20) Tr (Z A§*>2 =Y (TrAzAj)*.

Proof:

2 3k sk * * * *
ﬂ(Z Af*) = Y hiphighl by = hi kg bR = 3 (Tr ApAg-)? .
i i,j l,s

l,s

We define a skew-symmetric tensor field G of type (1,2) by
(1.21) G(X,Y)=(VxJ)Y,

for any vector fields X, Y on M?™. Then G(eq,ep) = Jap €. for any a and b.
Moreover it follows from (1.18) that

(1.22) G(ei,ej) = Jijperr € NM™ |

for any 7 and j, which implies the following
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Proposition 1.3. Let M™ be a totally real submanifold of a nearly Kahler
manifold M*™. Define a skew-symmetric tensor field G of type (1,2) by G(X,Y) =
(VxJ)Y. Then G(X,Y) is normal to M for any two vector fields X and Y tan-
gent to M.

Let us consider the behavior of (hﬁ;k) From (1.9), (1.13) and (1.20) we infer

*

th' - héjk; Wk
= th + hé; Wi + hf,; wij + hf;wk*l*
= dhj; + hj; wgi + iy wij + By wiers
= dhj; + hig wij + A Weeir —VTes) + By (VT + wig)
= (dhj; + hjo; wit + hig g + hf5 Wese) = hf} Joeip Wi + Al e wh
= Vhi; + bl Jeqpwe — b Jei o wi -
After sorting the above equality, we get
(1.23) Wi — g = hij T — B Jovie -
It follows from (1.14), (1.22) and (1.23) that
g(VU(ek,ej,ei), el*) = g(VU(ek,ej,el), ei*) + g(a(ej,ei), G(el,ek))
- g(a(ej,el), G(ei,ek)) .
From (1.24) we have, for any X = Xy ey, Y=Yje;, Z =Z;e; and W = Wjey,
g(VJ(X,Y,Z), JW) — g(va(x, Y, W), JZ) + g(a(Y, 2), G(W,X))
—g(o(v,W), G(Z,X)) .

(1.24)

Therefore we get the following

Proposition 1.4. Let M™ be a Lagrangian submanifold of a nearly Kéahler
manifold (M?™,g,.J). Let o be the second fundamental form of M™. Define
a skew-symmetric tensor field G of type (1,2) by G(X,Y) = (VxJ)Y for any
vector fields X and Y tangent to M™, where V is the Levi-Civita connection
with respect to g. Then
9(Vo(X,Y,2), IW) = g(Vo(X,Y,W), JZ) + g(a(Y, Z), G(W, X))

—g(e(v,W), G(2,X)) ,

for any vector fields X, Y, Z and W tangent to M™.

(1.25)

In the next section, we shall give an application to Proposition 1.4.
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2 — A pinching problem on totally real submanifolds in S°

In this section, we proceed to show an application of Propositions 1.1 and 1.4
to the theory of submanifold. Suppose that M?™ is a nearly Kihler manifold of
constant curvature 1. Then the curvature tensor of M?™ can be represented by

(21) Rabcd = 0ad Obc — Oac Obd -
In this case, we have from (1.12) that
(2.2) hijy — hipy = Biigr = 0.

It is known that the Laplacian of hf; is

* *

Ahéj = hlijkk = (TI‘ Al*)ﬂ‘j + (AT*AZ*AT*)ij - (TI‘ AZ*AT*) h:;

(2.3) + (Tl" Ar*) (Al* Ar*)ij — (Al* A Ar*)ij + (AT*AI*AT*)Z']'
— (ApAps Ape )iy + nhi] — (Tr Ay+) 6y

Multiplying hij on both-sides of (2.3) and taking sum with ¢, j and [, we derive
> bl ARL = Rl Hp) i+ (Tr Age) Tr(Aj=Aje A ) + nS — (Tr Az )?

2.4) !
(24) —Z{N(Ai*A — Aje i) + (Singe)?}
7’7]

where we denote S =}, ; i (hY )2 the square of the length of the second funda-
mental form of M™, S = (Ai*Aj*) and N(AjAj—AjAj) = —Tr(ApmAjx—
Aj*A,-*)Q. Assume that M™ is minimal in M?™. Then Tr A;+ = 0 for all 7. And
(2.4) becomes

(25) S hE ARE = nS - Z{ N(Ap Aje = Aje Air) + (Singe)?}
ij.k
The Laplacian of S satisfies

]. * *
(2.6) 5 A8 = > (W) + b ARY
1,7,k,1 3,9,k

From now on, we assume M to be the 6-dimensional unit sphere with the
standard induced metric from 7-dimensional Euclidean space R7. It is known
that we can identify R” with the set of all purely imaginary Cayley numbers.
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Then S° can be equipped with an almost complex structure by the cross product
of Cayley numbers. Moreover S is nearly Kihlerian but non-Kéhlerian. This
enables us to study the pinching problem on the square of the length of the
second fundamental form of 3-dimensional totally real submanifolds in S in new
viewpoint.

The main technique is to give a lower estimate to the right-hand side of (2.6).
Up to now, the best estimation on the second part of the right-hand side of (2.5)
was given by A.M. Li and J.M. Li [7].

Lemma 2.1 (Li’s [7]). Let A1, As, ..., A, be symmetric n xn-degree matrices,
where p > 2. Denote S,z = TT(AZ:Ag) and S = S11 + S22 + - -+ 4+ Spp. Then

(2.7) ;{N(AQAQ ~ ApAa) +(Sas} < 087,

where the equality holds if and only if one of the following conditions holds:

(1) A1:A2:-":APZO,‘
(2) Only two of A,’s are different from zero. If we assume A; # 0, As # 0
and Az = --- = A, = 0, then S11 = S92. Furthermore there exists an

orthogonal nxn-degree matrix U such that

1 0 0 0 1 0

/s . /S .

UAUT = 2o -1 o], UA UT = i L
0 --- 0

0 --- 0

*

In the rest of this section, we shall give a lower estimate to ‘VUP:Z'L',j,k,l(héjk)Z'
It is easy to see that JG(e;, e;) lies in T,M? and is perpendicular to e; and
e; for any i # j. So we can choose ey, ez and eg such that (cf. Ejiri [3])

(2.8) JG(e1,e2) =e3, JG(ez,e3) =e1, JG(es,er) =ea.

It follows from (2.8) that

(2.9) Jio3c = Joz 1+ = J310« = —1;  and  Jyp+ =0, otherwise .
Fixing e; and choosing ez and ez suitably, we can assume h%g = 0. Denote

1* 1* 1* 1* 2% 2%
(210) h12 =T, h13 = I, h22 =3, h33 = T4, h23 =I5, h33 = T6 -
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Then it follows from (1.18) that A;+’s can be expressed as

—T3 — T4 T1 T2

Al* == 1 T3 0 5
T2 0 Xq
il T3 0
Age = | x3 —x1— 26 T5 |,
0 xT5 Te
zo O T4
Ag* = 0 T5 T6
Tg4 T —IT2— Th

And the square of the length of o, say S, is expressed as
(2.12) S=4@+ad+a2+22+22+2d) + 2(x324 + 2126 + 2075) .

Let us consider the representations of {hﬁ]k} Put

(2.13) h%QS =Y1, hgz =Y2, h%gs =Y3, hﬁz = Y4,
h%;% =Ys5, hﬂ:& = Y6, h%;?, =y7 -

Since M?3 is minimal implies hllk + h 9ok T h 3 = 0 for any k, we have

(2.14) hinn = —Y2—Ys, |hypy=—Ys—ys, hizz=—ys—Yr -
So we have
(215) Z(hz]k) - Z hzl;; + 32 ’L’L] + 6 h123) =

1,5,k i i#£]

= 6yf +4(y3+v3 +yi+yE+vE +y3) + 2(yays + yays + yeyr) -

On the other hand, it follows from (1.23) that

hi11 = ya+w2, hip=1y2, hijz=y+z4,

(2.16) . . -

hise = —Y1 — ys + 5, hia3 = yr + w6, hiss = ys — w2 — 25 .
Putting
(2.17) h3ss =ys, 33 =1yo ,

then we have

(2.18) h3ps = —Y2 —Ys, i3s3 =—T4—y1 — Yo .
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Therefore we infer from (2.16), (2.17) and (2.18),
(219) Z(huk) = Z thz*z + 32 le + 6 h123) =
i3,k i i#£]
= 4y} 4y Ayt F69E + 692 +4Ayd +4ys + 29190 + 29208 + 6Y4ys

+8x4y1 + (2220 — 625) ya — (622 + 1225) Y5 + 12 26Y7 + 2 T4Y9
+ 423+ 425+ 622 + 628 + 61015 .

By the same procedure, we obtain

Wy =ys—z1, Bho=wy1—as, hig=uys,
(220) Al =yr+mi+as, A= ys—x5, Risy=—z6—ys—yr,
h§;2 = Y9+ T3, hg;s =Ys, hggs = —Y1 — Y9, hggza = —Y3 —Ys .
Therefore we infer from (2.20) that
(221) Z(hzjk) - Z h?; + 32 u] + 6 h123) =
i:jzk 7 ’L;’é]
a2 2 2 2 2 2 2
= 6y +4y3 +6y; +4ys +6y7r +4ys +4yy+2ysys + 6y1yo + 6 ysy7
—2x1y6 + 2x3Yy9 + 6 21Yy7 + 6 6Y6 — 6 2311 + 12 26Y7 — 122515
+ 42+ 423+ 622 + 628 + 61126 .

Denote F = |Vo|?. Then

F Z (huk) - Z z]k + Z hz]k’ + Z hz]k

1,3,k,1 1,3,k 1,5,k 1,5,k

It follows from (2.15), (2.19) and (2.21) that

F = 16y%+8y%—|—8y§+8yZ—|—16y§+8y§+16y?+8y§+8y3
+ 2y2y3 + 2y2ys + 2y3ys + 8 Y19 + 8yays + 8Yeyr
(2.22) + (8xs —6x3)y1 + (222 —6x5)ys — (622 + 24 25) ys
+ (6x6 —2x1)ys + (621 + 24 26) y7 + (224 + 223) Yo
—1—456%+4x%+4x§—l—4xi+12x§+12x§—|—6x1$6+6$2x5 .
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It is not difficult to check that the only critical point of F with respect to
(y17y27 "'71/9) is PO = (y%yga 7y8)7 where

1
y?:1($3—$4), yg:ov ygzoa
1 1 1
(2.23) yg:—zwm yg:Z(xQ‘i‘?)l'S)a yg:zwu
0 1 0 0 1
y7:_1(x1+3$6)a yg =0, 3/9:—1$3-

Furthermore we can see that Py is the minimum point of F'. Substituting (2.23)
into (2.22) and recalling (2.12), we obtain the minimum value of F":

Foin = 327+ 323 + 323 + 327 + 323 + 323

3 3 3
(2'24) + B Tr5To + > rer1 + B T3T4
3
=-5.
4

Therefore we get the following lower estimate to |Vo|?:

S .

> w

(2.25) Vo> = 3 (hiw)?® >
ikl

It follows from (2.5), (2.6), (2.7) and (2.25) that
5)
(3.26) AS > 38 (2 - s) .

Inequality (3.26) implies the following

Proposition 2.1. Let M3 be a closed 3-dimensional totally real submanifold
of S8. Denote by S the square of the length of the second fundamental form of
M3. If S < 5/2, then M? is totally geodesic.
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