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THE INVARIANT SUBRINGS OF
DEMEYER-KANZAKI GALOIS EXTENSIONS

LIANYONG XUE

Abstract: Let B be a ring with 1, G a finite automorphism group of B, C the
center of B, BY the set of elements in B fixed under each element in G. When B is
a DeMeyer-Kanzaki Galois extension of B¢ with Galois group G, it was shown that a
separable subring S of B over B¢ is equal to BX for some subgroup K of G if and only if
C’Jés) is a faithful C-module for each g ¢ K where Jg(S) = {s—g(s)| s € S}. Moreover,
the invariant subrings of C' over C¢ (i.e., S = CK for some subgroup K of G) and of
B %G over (B G)C are characterized in terms of the faithful B-module BJg(S) and the
faithful C%-module CGJS(,S) respectively for g € G.

1 — Introduction

Throughout this paper, B will represent a ring with 1, G a finite automorphism
group of B, C the center of B, BY the set of elements in B fixed under each
element in G, B * G a skew group ring over B in which the multiplication is
given by gb = g(b)g for b € B and g € G, and G the inner automorphism group
of B % G induced by G, that is, g(f) = gfg~' for each f € B* G and g € G.
We note that G restricted to B is G.

Following the notations and facts in [5], B is called a Galois extension of B¢
with Galois group G if there exist elements {c;,d; in B, i = 1,2,...,m} for some
integer m such that >7;"; ¢; g(d;) = 01,4 for each g € G. Such a set {c¢;,d;} is
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called a G-Galois system for B. B is called a center Galois extension of B if C' is
a Galois algebra over C“ with Galois group G|c = G. Let A be a subring of a ring
B with the same identity 1. Vp(A) denotes the commutator subring of A in B.
We call B a separable extension of A if there exist {a;,b; in B, i = 1,2,....m
for some integer m} such that > a;b; = 1, and > ba; @ b; = Y a; ® b;b for all b
in B where ® is over A, and an Azumaya algebra is a separable extension of its
center. B is called a DeMeyer—Kanzaki Galois extension with Galois group G if
B is an Azumaya C-algebra and a center Galois extension with Galois group G.
A ring F is called a H-separable extension of B if FF ®p F' is isomorphic to
a direct summand of a finite direct sum of F' as a F-bimodule. S is called a
D-S-separable extension of A in B if S is a separable extension of A in B
and a direct summand of a finite direct sum of B as a bimodule over S ([3]).
We denote {s — g(s)| s € S} by Jés) and the A-module generated by Jg(s) by
AJg(S) for g € G.

The fundamental theorem for Galois extensions of a field or a commutative
ring with no idempotents but 0 and 1 states that there exists a one-to-one cor-
respondence between the set of subgroups of the Galois group G and the set of
separable subrings of the Galois extension ([1], Chapter 3). In general, there
exists no such a correspondence for Galois extensions of rings although there are
some kind of correspondeces between certain sets of separable extensions of rings
([2]). For a Galois extension B it is easy to see that the map from the set of
subgroups of G to the set of separable extensions of B¢ in B given by K — BX
is one-to-one but not necessarily onto. So it is interesting to know what kind of
separable subrings of B is invariant under a subgroup K of G. The purpose of
the present paper is to characterize for a DeMeyer—Kanzaki Galois extension B
the invariant separable subrings S of B over B¢, of C over C¢, and of B G over
(B * Q) respectively.

2 — Main results

In this section, we first characterize for a DeMeyer-Kanzaki Galois extension
B the invariant separable subrings S of B over B®, and then characterize for
a center Galois extension B the invariant separable subrings S of C' over C¢
and of B * G over (B * G)Gv respectively. Consequently, results are derived for a
DeMeyer-Kanzaki Galois extension B of B. We first give three lemmas.
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Lemma 1. Let B be a ring. Then, BJg(C) is a faithful B-module for each
g # 1 if and only if Vp.q(C) = B where Jéc) ={c—yg(c)| s € C} and Vp.c(C)
is the commutator subring of C' in B * G.

Proof: (=) Clearly, BCVp«c(C). Let 3 c¢ bgg in Vpu(C) for some by € B.
Then ¢(3,eqbgg) = (X geq bgg)e for each ¢ in O, so cby = byg(c), that is,
bg(c —g(c)) =0 for each g € G and ¢ € C. Since BJg(C) is a faithful B-module
for each g # 1, by = 0 for each g # 1. But then >  c;bsg = b1 € B. Hence
VB«a(C) C B, and so Vp.g(C) = B.

(<) By the above argument, we have that Vp.q(C)={>cc by9 | ngs(zc): (0}

for each g € G}. Thus, Vp.c(C) = B implies that BJg(C) is a faithful B-module
for each g # 1. n

Lemma 2. Let B be a ring such that B = B¢C, S a subring of B over B,
and K = {g € G| g(s) = s for all s € S}. Then C’J;SS) is a faithful C'-module for
each g ¢ K if and only if Vp.q(S) =C* K.

Proof: By hypothesis, B = BYC. So Vg(B%) = Vg(B%C) = Vg(B) = C.
Hence Vi.a(BY) = Vg(BY)xG = CxG. But B CS, 50 VB.(S) C Vpiug(BY) =
CxG. Thus, Vp.g(S) = Voxg(S). By a direct computation, Voug(S) = Cx K @
> gek 199 where Iy = {c € C'| ¢(s —g(s)) = 0 for each s € S} = Annc(Jg(S))7 the
annihilator of the C-module C' Jg(s). Therefore, C Jés) is a faithful C-module for
each g ¢ K if and only if Vp,.g(S) =C+ K. u

Lemma 3. Assume that B is a ring such that B = BYC and BJg(C) is

a faithful B-module for each g # 1. Let S be a subring of B over B¢ and
K ={g€G|g(s)=s forall s €S}t Then, S = BX and C x K satisfies the
double centralizer property in B x G if and only if CJg(S) is a faithful C-module
for each g ¢ K and S satisfies the double centralizer property in B x G.

Proof: (<) Since CJ;S) is a faithful C-module for each g K, V. (S)=CxK
by Lemma 2. Hence Vpug(Veec(S)) = Vaag(C * K) = (Viag(C))K = BX by
Lemma 1 (for BJg(C) is a faithful B-module for each g#1). But Vp.a(Vp«c(5))=5
by hypothesis, so S = B, and Vi.q(Ve.«c(C * K)) = Vp.q(S) = C x K.

(=) By hypothesis, BJg(C) is a faithful B-module for each g#1, so Vp.q(C) =B

by Lemma 1. Hence Vp.q(C* K) = (Vp.c(C))* = BX = S by hypothesis. Thus
VB (S) = VB (VBia(Cx K)) = Cx K. Therefore, CJg(S) is a faithful C-module
for each g ¢ K by Lemma 2. Moreover, Vp.c(VB:«c(S)) = VBig(C x K) = S.
This completes the proof. n
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We now show a characterization for an invariant separable subring S of B
over BY for a DeMeyer-Kanzaki Galois extension.

Theorem 4. If B is a DeMeyer-Kanzaki Galois extension of B¢ with Galois
group G, S a separable subring of B over B®, and K ={g€ G| g(s) =s for all
s € S}. Then, S = BX if and only if C.J§" is a faithful C-module for each g & K.

Proof: Since B is a DeMeyer-Kanzaki Galois extension of BE with Galois
group G, B is an Azumaya C-algebra and B is a center Galois extension of BS.
Hence, by Theorem 3.2 and Lemma 3.1 in [5], Vp.q(B) = C, so Vp.q(B * G) =
(Vesa(B)) = CC, that is, C% is the center of B * G. Since B is a center Galois
extension of B® again, B * G is H-separable over B and C is separable over CC.
Hence, B * G is separable over C“ by the transitivity of separable extensions.
Thus, B * G is an Azumaya C%-algebra. Since S is a separable extension over
B¢ which is separable over C%, S is a separable C%-subalgebra of the Azumaya
algebra B x G by the transitivity of separabe extensions. Hence S satisfies the
double centralizer property in B * G ([1], Theorem 4.3, page 57). On the other
hand, by definition of the DeMeyer—Kanzaki Galois extension, C' is a commutative
Galois extension of C'¢ with Galois group G, so for any subgroup K of G, C'is a
Galois extension of C¥ with Galois group K with the same Galois system. Hence
C % K is an Azumaya CX-algebra and C¥ is separable over C¢, and so C * K
is separable over C“ by the transitivity of separabe extensions. Thus, C % K
also satisfies the double centralizer property in B x G for B %« G is an Azumaya
CC-algebra. Moreover, since B is a center Galois extension of B¢ with Galois
group G, by Theorem 3.2 in [5], B = BGC and BJ{®) = B, which is a faithful
B-module, for each g # 1 in G. Therefore, Theorem 4 holds by Lemma 3. u

To characterize for a center Galois extension B the invariant separable sub-
rings S of C' over C¢ and of B * G over (B * G)% respectively, Theorem 1 in [3]
plays an important role. For convenient, we state it here as a proposition.

Proposition 5. ([3], Theorem 1) Let A be a H-separable extension of E.
Then if A is left or right E-finitely generated projective, there exists a one-to-one
correspondence V: S — V4(S) such that V? is an identity between the set of
D-S-separable extensions of E in A and the set of Z(A)-separable subalgebras of
V4(E) where Z(A) is the center of A. u

Theorem 6. Let B be a center Galois extension of B¢, S a separable
extension of C¢ in C and K = {g € G| g(s) = s for all s € S}. Then, S = CK
if and only if BJ;S) is a faithful B-module for each g € K.
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Proof: (<) By a direct computation, we have Vp.c(S) = Bx K® 3 g5 Iy g

where I, = AnnB(BJéS)). But, BJg(S) is a faithful B-module for each g € K, so
I, = {0} for each g ¢ K; and so Vp«a(S) = B * K. Hence, Vp.c(Va«c(95)) =
Visq(B * K) = (Vg.a(B))X = CK. Next, we prove that S satisfies the double
centralizer property in B *G; and so S = Vp.q(Va«a(S)) = CK. In fact, since B
is a center Galois extension of BY, B = B Jéc) for each g # 1 in G ([5], Theorem
3.2). Hence, B G is H-separable over B and B-finitely generated projective ([5],
Lemma 3.1-(3)). Moreover, by Lemma 3.1-(4) in [5], Vp.g(B) = C. Therefore,
S is a separable C'“-subalgebra of Vi.q(B)(= C). Thus, Ve.a(Ve«c(S)) = S by
Proposition 5.

(=) By the above argument, Vp.g(B) = C and Vp.g(S) = BxK©}_ g Iy 9.
Hence, to show that BJ!SS) is a faithful B-module for each g ¢ K, that is, I, = {0}
for each g ¢ K, it suffices to show that Vp.q(S) = B * K. Since S = cK,
VB*G(S) = VB*G(CK> = VB*G((VB*G(B))K) = VB*G<VB*G(B * K)) Therefore,
we only need to show that B K satifies the double centralizer property in BxG.
Since B % (G is H-separable over B and B-finitely generated projective again,
VB« (9) is a D-S-separable extension of B in B * G by Proposition 5 (for S is
a separable C'%-subalgebra of C(= Vp.q(B))). Next we claim that B x K is a
D-S-separable extension of B in B x G, and so Vp.g(Vpwa(B * K)) = B * K by
Proposition 5. In fact, since C'is a Galois extension of C%, C'is a Galois extension
of C¥ with the same Galois system. Hence B * K is separable over B by Lemma
3.1-(3) in [5]. Moreover, Since Vp.c(S) is a direct summand of a finite direct
sum of B * G as a bimodule over Vg.(S5) and Vp.g(S) = B* K © 3 qx Iy 9,
B« K will be a direct summand of a finite direct sum of B * G as a bimodule
over B x K if we can show that > ok Igg is a B * K-bimodule. In fact, for any
b€ Band k € K and for any b, € I, with g € K, (bk)(bgg) = bk(bg)(kg).
Since k € K and g ¢ K, kg ¢ K. Moreover, for any s € S, (bk(bg)) (s —
(kg)(s)) = b(by) (K(s) — (kg)(s)) = bh(by(s — g(s)) = 0 since b, € I,. Hence
bk(bg) € Irg, and so bk(bg)(kg) € >par Inh. Thus > ,ap Inh is a left B x K-
module. Similarly, (bgg)(bk) = (bgg(b))(gk) with gk ¢ K and for any s € S,
(b) 9(1) (5 — (gh)(s)) = by g(b) (5 — 9(5)) = (by(s — g(s)) g(b) = 0 since b € I,.
Hence (by g(b)) € Igk, and so (bg g)(bk) € Y opgx Inh. Thus 32,45 Inh is a right
B x K-module. Therefore, > o I5g is a B * K-bimodule. This completes the
proof. u

Corollary 7. Let B be a DeMeyer—Kanzaki Galois extension of B¢, S a
separable extension of C¢ in C and K = {g € G| g(s) = s for all s € S}. Then,
S = COK if and only if BJg(S) is a faithful B-module for each g ¢ K.
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Proof: Since a DeMeyer—Kanzaki Galois extension is a center Galois exten-
sion, the Corollary is an immediate consequence of Theorem 6. n

Corollary 8. Let C be a commutative Galois extension of C¢, S a separable
extension of C% in C and K = {g € G| g(s) = s for all s € S}. Then, S = CK
if and only if CJg(S) is a faithful C'-module for each g ¢ K.

Proof: Let B = (C in Theorem 6 or Theorem 4. n

Next, we give a characterization for an invariant separable subring of B * G
over (B G)¢ for some subgroup K of G.

Theorem 9. Let B be a center Galois extension of B® with Galois group G
of order n invertible in B, S a D-S-separable extension of (B G)é in B*G, and
K={geG|g(s)=sforall s € S}. Then, S = (BxG)X if and only ijGJg(S)
is a faithful C“-module for each g ¢ K.

Proof: (=) Since B is a Galois extension of B¢, B* G is a Galois extension
of (B % Q)¢ with the same Galois system for B. Hence B % G is right (B * G)°-
finitely generated projective. Moreover, since elements in G are inner, B * G is
H-separable over (B x G)G by Corollary 3 in [4]. Noting that K is a subgroup of
G, we have that CCK € C9G C Vaua (Ve (CPQ)) = Vaua((B x G)C). Hence,
CCYK is a separable C%-subalgebra of Vp.q((B * G)G). Thus C®K satisfies the
double centralizer property in B x G by Proposition 5. Now, since S = (B * G)K ,
V() = Visa((B*G)E) = Vo (Ve (CPK)) = CPK. For any ¢ € C% such
that cJéS) = {0}, we have cs = cg(s), and so s(cg) = (sc)g = csg = cg(s)g =
(cg)s for all s € S. Hence cg € V. (S). But Va.a(S) = CYK, so ¢ = 0 for each
g ¢ K. This implies that CGJg(S) is a faithful C“-module for each g & K.

(<) By the above argument, B * G is H-separable over (B * G)¢ and right
(B G)é—ﬁnitely generated projective. Since S is a D-S-separable extension
of (B x G)G in B x G, S satisfies the double centralizer property in B * G by
Proposition 5. Since B is a center Galois extension of BY, Ve:«cq(B) = C, so
Viaa(B % Q) = (Vaua(B))¢ = CC, that is, CC is the center of B« G. But, n is
invertible in C%, so C¢G is C%-separable subalgebra of Vp.q((B * G)G). Hence
Vi2c(VBsa(CCG)) = CYG by Proposition 5. Now, by hypothesis, (B*G)¢ C S.
Hence Vi.c(S) C Veua((B * G)%) = Viua(Vaea(CCQ)) = CYG. Therefore,
Vs (S) = Veea(S) = CCK @ > gek 1gg where Iy = AnnCG(JggS)). Since Jés)
is a faithful C%module for each g ¢ K, Vp.q(S) = CYK. Therefore, S =
Vs (Ve (9)) = Vo (CCK) = (B * G)X. This completes the proof. m
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3 — Examples

In this section, we give two examples to demonstrate our results and show

that Theorem 4 does not hold for a center Galois extension B in general.

Example 1. Let @ be the rational field, C = QP Q P Q P Q & Q & Q,
B = Cl|i, j, k] the quaternion algebra over C, and G = (g), the cyclic group gen-

erated by g, where g(a1, a2, as, as,as,a6) = (az, a3, a4, as,as,a1) for a; € Q and
g(ci+caitcesj+esk) = gler)+g(c)i+g(cs)j+g(ca)k for c1+coi+csj+cak € B.

Then
(1)
(2)
(3)
(4)
(5)

(10)

The center of B is C.
C%={(a,a,a,a,a,a)| a € Q} = Q.
BY = CC%[i, j, k] = Qli, j, k].

B is an Azumaya C-algebra.

C is a Galois extension of C¢ with Galois group G|¢ = G with a Galois
system {ej, %el| 1 =1,2,3,4,5,6} where ¢; is the element in C with /*®

component 1 and elsewhere 0.

By (4) and (5), B is a DeMeyer-Kanzaki Galois extension of B® with
Galois group G.

The nontrivial subgroups of G are K1 = {1,¢?} and K> = {1, ¢%, ¢*}.

Bf1 = 0K, 4, k] where CK' = {(a1, a2, a3,a1,a2,a3)| a1, a2,a3 € Q}
and Bf? = CKz2[i j k] where C%2 = {(a1, a2, a1, as, a1, a2)| ar,as € Q}.
JE = g = g = BT = BKy = CKii, k] are faithful
Comodules. J§% =7 "= JE = (b, ~b,b,~b.b, ~b)| be Qli. . K]}
are faithful C-modules.

Let S = {(bla bl, b27 bl) b17 b2)| be Q[/Laja k]} Then S(g (Q 2] Q)[%]) k]
is separable over B (=2 Q[i,7,k]), K = {g € G| g(s) = sforalls € S} =
Ky = {1,¢3}, and S # BX1 and J¥) = {(b,0, —b,b,0,—b)| b € Q[i, 5, k]}
is not a faithful C-module. o

Example 2. Let @, C, and G acts on C as given in Example 1. Let

AZ(Q) =

{(§" &)l 41,42, 43 € Q}, the ring of all 2 by 2 upper triangular matrices

over @, B ={(§ )| e1,e2,¢5 € C} (2 Ax(Q)®qC), and g(§' ) = () 9(2))

0 c3 0 c3 g(c3)
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for all

(2

(
(1)
)
(3)

LIANYONG XUE

o o) € B. Then

The center of B is {( 2) lce C}=C.
C% ={(a,a,a,a,a,a)] a € Q} = Q as given in Example 1-(2).

C is a Galois extension of C“ with Galois group G|¢ = G' as shown in
Example 1-(5). Hence B is a center Galois extension.

By the argument in Example 4.3-(8) in [6], B is not an Azumaya
C-algebra. Hence B is not a DeMeyer-Kanzaki Galois extension of
B¢ with Galois group G.

B¢ = {(cl 62)’ Cc1,C2,C3 € CG} = AQ(Q)

0 c3

Let SC:{(‘Zla2‘]1aQ2,Q172(J1>CI2)| q1,q2 € Q} (g Q@Q) and S:{(gl i§)|
c1,62,¢3 € Sc} (2 A2(Q) ®¢g (Q @ Q)). Then S is separable over B,
K = {g € G‘ Q(S) = s for all s € S} = {]_7‘93}7 S 75 BK: {(81 2§)|

cr,c2,c3 € CK} (2 43(Q) ®¢ (Q @ Q @ Q)) where CF ={(q1,¢2, g3,

q1,62,93)| 41,92, 93 € Q} = (QEQ®Q). But Jg(S): J;QS) = Jg(f)z J;E?)I
{(& )| c1,c2,c3 € Jo} where Jo={(a,b,—a—b,a,b,—a—b)| a,b € Q},

0 c3

SO C’J(S) = CJ(;g) = CJ(Z?) = CJ(5S) = B are faithful C-modules even
9 g g g

through S # BX. Hence Theorem 4 does not hold for a center Galois

extension B in general. o
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