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ON DIVERGENT DIAGRAMS
OF FINITE CODIMENSION

S. MANcCINI, M.A.S. RuAas and M.A. TEIXEIRA

Abstract: We obtain the formal classification of finite codimension singular points
of smooth divergent diagrams of the type (f,¢g): (R, 0)«—(R"™ 0)—(R,0), n > 2.

We also define a complete set of topological invariants for this classification.

Introduction

Divergent diagrams of smooth mappings on smooth manifolds

appear in various contexts of applications of singularity theory such as envelope
theory, web geometry, singularities of first order differential equations, vision
theory. Two divergent diagrams (f;, g;): P;«—N;—Q; (i = 1,2) are equivalent
if there exist diffeomorphisms h: N1 — No, k: PL— P> and [: Q1 — (2 such
that fooh=ko f1, gooh=10g¢;.

The stability of such diagrams with respect to this equivalence relation was
extensively studied by J.P. Dufour in [4], [5], [6]. Applications of this theory to
geometry are given in [7], [8], [9], [10] and [14].

In the present paper, we obtain the formal classification of finite codimension
singular points of divergent diagrams of the type (f,g): (R,0)«—(R",0)—(R, 0),
n > 2. The following theorem summarises our main result.

Theorem 0.1. Let (f,g): (R, 0) — (R2,0) be a divergent diagram, where
n > 2. Then (f,g) has formal finite codimension if and only if it is formally
equivalent to one of the following normal forms given in the Table 1 below.

Received: August 4, 2000.



180 S. MANCINI, M.A.S. RUAS and M.A. TEIXEIRA

formal
Type f = (f1, f2) Formal Normal Form
cod(f)
1 submersion (z,y) 0
2 transverse fold (xz +y+q(z), y) 0

2" tangent fold with contact
of order k + 2; (m2 + 2 4 q(2), y) or (m, +aFt? g2 4 q(z)) k
+ agree for odd k

3 transverse cusp (m3 +ay+y+q(z), y) 0
4 transverse k-lips/beak to beak; (a:3 +ay® + sy +y 4+ q(2), y) k
k even
5 transverse k-lips/beak to beak; (ac3 +ayt +y+q(z), y) k—1
kodd, k> 1
Table 1

where z = (21, ...,2n—2) and q(z) = Z?;lz +2;%. u

In the final section, we define a complete set of topological invariants for this
classification.

1 — Notations and basic definitions

A divergent diagram (f1, f2): (RP,0)«—(R™,0)—(R%,0) is a pair of map-
germs fi: (R™,0) — (RP,0) and fo: (R™,0) — (R%,0).

Definition 1.1. Two divergent diagrams (f1, f2), (91, 92): (RP,0)«—(R",0)
—(R%,0) are equivalent if there exist germs of diffeomorphisms h of (R",0),
k1 of (RP,0) and ko of (R?,0) commuting the following diagram:

(®P,0) L1 (R",0) L2 (R9,0)

k1l ln | k2
(RP,0) <~ (R",0) £ (R?,0) 0

We identify a divergent diagram (f1, f2) : (RP,0)«—(R",0)—(R%,0) with
the map-germ f: (R",0) — (RPxR?,(0,0)), f(x) = (fi(x), fa(z)). With this



ON DIVERGENT DIAGRAMS OF FINITE CODIMENSION 181

identification, the equivalence of divergent diagrams corresponds to the action of
a subgroup of the group A, consisting of elements such that the germ of diffeo-
morphism in the target is of product type, i.e., preserves the product structure
of RPxIRY.

We need some notation to describe the tangent spaces to the orbits associated
with these groups.

For any non-negative integer m, let ), be the local ring of smooth function-
germs at the origin in R™, and M,, the corresponding maximal ideal. Let C(m, s)
be the space of smooth map-germs f: (R™,0) — (R®,0). Given a map-germ f €
C(m,s), let f*: Cy — Cp, be the ring homomorphism defined by f*(¢) = ¢ o f.
Let 0y denote the Cp,-module of vector fields along f, and set 0., = Orgm q).
The Cp-homomorphism tf: 6,, — 67 is defined by tf(§) = df (), and the mor-
phism over f*, wf: 05— 0f by wf(n) =no f. The tangent space and the
extended tangent space associated with the group A acting in C(m,s) are
defined by TA(f) = tf(Mubm) + wf(Msbs) and TA(f) = tf(0m) + wf(bs).
The A.-codimension of f is defined by cod(Ae, f) = dimg 07/TAc(f).

Let f = (f1,f2): (R",0) — (RPxR%,(0,0)) be a divergent diagram. We
write 0y = 0, ® 0y, and define the tangent space and the extended tangent space
associated with the equivalence of divergent diagrams by

T(f) = tF(Mnba) + [wfi(Myy) © wfo(Mqf)]

and
T.(f) = tf(0n) + [whi(0y) © whr(0y)] -
Then, Tc(f) (resp. T(f)) is the set of all o = (01,02) € 8 (resp. 0 € M,,0y¢)

such that there exist £ € 6, (resp. £ € M,0,), m € 0, (resp. 1 € M,0,) and
N2 € 04 (resp. n2 € M,0,) satisfying

o1 = dfi(§) + mofi,
oy = df2(&) + n2ofs .

The codimension of the diagram f is defined by

cod(f) =dimgr 87/Te(f) .
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In the calculations of the codimension, we shall use the following conven-
tions:

1) If (x1,...,2y) indicates the coordinate system in (R™,0), C,, will be

written C, and analogously for M,,.

7'--7xm)7

2) For a map-germ f: (R™,0) — (R®0), 0y will be identified with (Cy,)*
via its free basis {aiyl of, .., aiys o f} for the given coordinated system
(y1, -, ys) in (R*,0).

2 — Auxiliary results

Let f = (f1, f2): (R™",0) — (RPxRY,(0,0)) be a divergent diagram and T¢(f)
the set of all vector fields o1 € 0y, such that o = (01,0) € Te(f) (0 € 0y,).

Proposition 2.1. If fy is A-finitely determined, then cod(f) is finite if and
only if dimg 0, /Tc(f1) is finite, and in this case

cod(f) = dimg 0, /Te(f1) + cod(Ae, fa) .

Proof: It is enough to observe that the following sequence is exact:

Op & O - Op
Te(f1) Te(f) TAc(f2)

where i* and 7* are defined by

i*([o]) = [(2,0)] ,

7 ([(01,02)]) = [o2] . u

0—

Corollary 2.2. If f; is A-infinitesimally stable, then cod(f)= dimg 0y, /T.(f1).

Proposition 2.3. Let f be the divergent diagram
f=(g,m): (R?,0)—(R"xR?,0)—(R%,0) ,

where 7 is the canonical projection w(x,y) =y. Consider the map-germ
go: (R™,0) — (RP,0) given by go(z) = g(x,0). Then,

cod(Ae, go) < cod(f)+q .
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Proof: Let i*: 0, — 04 be the surjective R-linear transformation defined
by i*(0) = 0 oi, where i: (R™,0) — (R"x R%,0) is the canonical inclusion. Then
7" induces a R-linear isomorphism

7. 99 N 990
Te(g) + Myl TAc(g0) + <i

The result follows now from Corollary 2.2. n

3 — Classification of divergent diagrams of finite codimension

In this section, we prove Theorem 0.1, in which we obtain formal normal
forms for all divergent diagrams f = (f1, f2): (R™,0) — (R2,0), n > 2, of finite
codimension. For corank one diagrams f, f receives the adjective transverse if
the image of df(0) is transversal to both subspaces Rx0 and O0xR of R?, and
tangent, if the image of df(0) coincides with one of them.

The classification of the stable diagrams was obtained by Dufour in [4], [5].
In Proposition 3.1, the finite codimension divergent diagrams of fold type are clas-
sified. Diagrams of cusp type or more degenerate are treated in the Propositions
3.2, 3.3, 3.4 and 3.6 below. For corank one diagrams f, we shall assume that the
germ f5 is nonsingular and, hence, A-infinitesimally stable; for the calculation of
the codimension of f, we use Corollary 2.2.

Proposition 3.1. Let f = (f1, f2): (R",0) — (R2,0), n > 2, be a divergent
diagram of fold type and let k > 1. Then, cod(f) = k if and only if f is a tangent
fold with contact of order k + 2. In this case, the normal form is:

(2,9,2) — (22 52 +q(2), ) |
where z = (21,22, ..., 2n—2) and q(z) = Z?:_f +2;2.

Proof: We can choose coordinates in the source such that f is of the following
form (see[19])

(2,9,2) — (£2° + M) +a(2), y) .

with A € M, .
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For this divergent diagram, T¢(f1) is the set of all vector fields o € 0, satis-
fying the equation:

o(z,y,2) = £2x&(x,y,2) + N (y)v(y)
n—2

+ Z +22;&(x,y,2) + n(j:m2 + A(y) + q(z))
i=1

where £, § € Crpy 2y (i =1,...,n—=2), n € Cy, v € Cy, ((u,v) denotes the target
coordinates).
To solve this equation, it is equivalent to solve the following:

a(y) = XNy v(y) +n(Ay)) -

Then,
dimg 0y, /T.(f1) =k

if and only if ord(A\) = k£ + 2. Under this condition, it follows that the divergent
diagram f is equivalent to the divergent diagram given by:

(x,y,2) — (952 + yk+2 +q(2), y) .m

Next, we analyse the divergent diagrams arising from germs f = (f1, f2) of the
following types: tangent cusp, lips, beak to beak and swallowtail. By choosing
coordinates, we can assume that the diagram has the following form:

(2,9,2) — (9@ y) +a(2), ) ,

where z and ¢(z) are as before, g € M2, go(x) = g(z,0).
As in the proof of Proposition 3.1, this classification problem reduces to the
classification of the following divergent diagram:

[ (zy) — (9(z,9),v) ,

and to compute the codimension of the diagram, we consider the space Te(g),
given by the set of all vector fields o € 8, satisfying the equation:

7(2.9) = G2 o) + o) @) + nlaly)

where & € C(Ly)’ n € Cy and & € C,.
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We denote by >~(f) the singular set of f. Then, > (f) is given by the equation
dg

3, = 0. When % is a submersion defining the germ of a regular curve, transversal
to the y-axis, we shall assume that % =0 =y — a(z), and denote by ~ a parame-

trization of its image by f, f(>(f)).

Lemma 3.1. With the above conditions, we have that cod(f) is finite if and
only if cod(v) is finite, and in this case,

cod(f) <cod(y) < 2cod(f)+1,

and the codimensions are taken with respect to the equivalence of divergent
diagrams.

Proof: Step 1. Let 6: (R,0) — (R?,0) be the parametrization of X(f)
given by §(z) = (v, a(r)). Let 6*: C,,) — C; be the R-linear transformation
given by 6*(0) = o0 od. We have that kero* = <%>, where <%> is the ideal of
C(z,y) generated by %. Moreover, §* is surjective since given u € C,, and any
h € ker ¢*, the germ o € C(, ), defined by o(z,y) = pu(z) + h(z,y), is such that

0*(0) = p. Since kerd* C T,(g), 6* induces a R-linear isomorphism from Tf%

onto #
0" (Te(9)) : - : : :
Thus, for the calculation of cod(f), it is sufficient to consider the equation:

plx) = gg(m,a(@)&(a(w)) + 1(g(z, a(z))) ,

where n € C, and £ € C),.
Step 2. We consider the divergent diagram
Y= (71,72): (Ra 0) - (R270) )

with v = f o 4. In this case, T,(7) is the set of all vector fields o = (01, 02) € 6,
satisfying to the system:

oi(x) = g‘(y](w,a(w))a’(x)f(w)+?71(g(~’6,01(~’6))) ,

or(z) = o' (x) {(x) + ma(a(2)) ,

where £ € Cy, n1 € Cy and 1o € C,.
Assume that cod(y)=I<oo. Let us choose p; = (p11,p21);---» 01 = (P11, P21) €
0., such that

9’7 = Te(v) ® (P1, - PR -
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Then, given any o = (01,02) € 6, there exist £ € Cp, m € Cy, 1n2 € Cy,
at,...,a; € R such that

dg

oi(x) = afy(:v,a(:v))a’( z) &(x) +mlg +Za@pu ,

oa(x) = o' (x) £(z) + n2(c +Zazp27,

Taking 02 = 0 in the above system, we conclude that any p € C, can be
written in the form

(%) ula) = 5, @ a@) (o)) +nlg +Zaz% ,

where gi(x) = pu(a) — 2z, a(@))pu(x) (i = 1,..0), 0 € Cu and & € O,
It follows from step 1 that cod(f) <1 = cod(y).

Now, assume that cod(f)=r <oo. Then, from step 1, there exist ¢1, g2, ..., ¢ €
Cy, such that any p € C, can be written as in (x).

Moreover, setting s = ord(«), we obtain 2 < s = ord(go) — 1.

Hence, a(z) = 2°¢(x), where ¢ € C; is invertible. Let us write o/(z) =

514 (z), 9 invertible. Then, a(z) = x o/ () wEx)) Given ¢ € C,, we have

¢(z)
()

where £(z) = 9(2) Ma(x)), € € M,. Substituting in (), we obtain

a(@) = a+ (@) (¢ 90 Male)) ) = a+ a'(@) (o)

plx) = 8—y(w7a( x)) o (2) €(x) + m(g(=, (x)))+GZ—Z(%Q($))+§%%($),

9y
9’}’1 = Te(’}’l) + <a_y 057 q1, ---;QT>R .

Since dimpg T( g <r+l= cod(f) +1 and cod(Ae,a) = s — 2, it follows

from Proposition 2.1 that

cod(y) < cod(f)+s—1.
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Now, we have that cod(A., gp) = s — 1, hence it follows from Proposition 2.3
that
cod(y) < 2cod(f)+1.n

Lemma 3.2 ([3], Part III, Lemma I.1). Lety = (y1,72): (R,0) — (R2,0) be
a divergent diagram such that ord(y1) > 3 and ord(vy2) > 2. Then, cod(y) = co. n

Remark 3.2. One can get more precise information on divergent diagrams ~y
as above. In fact, using the Method of Complete Transversals ([1]), we can show
that any 7 such that j3y = (23, 2%), where j3v denotes the Taylor polynomial of
degree 3 of v, is formally equivalent to a diagram of the following type:

o0 oo
<x3 +eat+ Zai 252 4 ij x84, x2> , €=0,1, a;,b; eR.
i=1 j=1

The least degenerate diagram in this family not only has infinite codimension
but also infinite modality, but the codimension of the modular stratum is 2. This
example shows that divergent diagrams of infinite codimension form a bigger set
than some readers might expect. o

Proposition 3.3. Let f = (f1, f2): (R?,0) — (R2,0) be a divergent diagram
of tangent cusp type. Then, f has infinite codimension.

Proof: We can assume that f is of the following form
(2,9) — (2* + 2y + M), y) ,

with V(0) = 0.

In this case, X(f) is the curve defined by y + 322 = 0. Hence, it follows
from Lemma 3.2 that the divergent diagram ~ = (71,72) obtained from the
parametrization of f(X(f)) has infinite codimension. Now, the result follows
from Lemma 3.1. n

Proposition 3.4. Let f(z,y) = (g(z,v),y): (R%,0) — (R2,0) be a divergent
diagram with go € M%. Then, f has infinite codimension.

Proof: From the upper semicontinuity of the codimension, it suffices to show
that any divergent diagram f(x,y) = (g9(z,y),y) with g(z,y) = 2% + ¢(z)y +
n(z,y)y* +¢(x) + Ay), where $(0) =0, ¢'(0) # 0, 1(0,0) =0, ¢ € M, has

infinite codimension.
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The conditions imply that the singular set 3(f) is a regular curve given by
y = a(x) = az® + h.o.t, and as in the above proposition, the result follows from
Lemmas 3.1 and 3.2. n

It is a consequence of our previous results and of the upper semicontinuity of
the codimension that, if f(x,y) = (g(x,y),y) is a finite codimension divergent
diagram, then ord(gp) = 3, and the origin is a singularity of transverse type.

Proposition 3.5. Let f(x,y) = (g(x,y),y): (R%,0) — (R?%0) be a divergent
diagram A-equivalent to (3 +xy?,vy), the origin being a singularity of transverse
type. Then f(x,y) is equivalent to

(,9) — (y+2* Loy +55° + Az,9), y) |

with A € M7 . Moreover, cod(f) >2. m

Lemma 3.3. Let g(x,y) =y + 2 £ 2xy> + \(z,y), A € M4(m7y).

(i) <93’"_5y5; s=0,1, ...,T>R C T.(g) + ML for every r > 2, 7 # 5.

(z,y)’
(ii) M?x’y) C Te(g) + M-

(iii) Te(g)+/\/l<(’§y) D (99—<:c,x2y,y3,x5,x3y2,my4>R+<3x2yiy3,3m5ix3y2,
323y? £+ xy?, £2xyt + y3>R.

Proof: We recall that T,(g) is the vector space of all vector fields o € 6,

given by
oA ()
o) = (322592 + L)) uGen) + (12200 + 5o (an)) &)
+n(y+a® £y’ + M@,y))

where &1 € C(, ), §2 € Cy and n € Cy.

(i) Case 1: r even, r > 2.
Taking in the above equation
() &(zyy) =a""2729% j=0,...,(r—2)/2, & =0, n=0,
(b) &=0, &(y) =y", n=0,
we obtain
(1) 32"y £a" 22 y¥ 2 € T(g) + M}, j=0,..,(r=2)/2,

(2) y" € Telg) + M{/,.
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From (1) and (2), it follows that

L el = Te(g)—i—/\/l(;;), k=0,..,r/2.

If r=2, taking & =0, & = +1/2 and n= F1/2, we obtain that zy €

T.(g) + M? |, and this completes the analysis in this case.
(z,y)

If r > 4, we take

(€) &ifz,y) =™ BIHN=2y2HL =0, (r—4)/2, & =0, n=0.

(d) & =0, &) =y n=0,

(e) 51 = 07 52 = 07 77(“) = ur—27
we get, respectively,

(3) 3 pr—(2+1) y2j+1 4+ pr—(274+1)—2 y(2j+1)+2 c Te(g) —|—M7(":“;),

j=0,...,(r—4)/2,

(4) y"2+2zy"! € To(g) + M@i)’
(5) ¥ 2+ (r=2)(aPy P £ay™") € Tu(g) + M{J .

The relations (3) (with j = (r—4)/2), (4) and (5) give the following system:

3%y P Lay ! =0 (modT.(g)+ MZ:;)) ’

0
j:2xy7‘71 +yr72 =0 (mOdTe(g) +M”(n;:;)) ’
0

(mod Te(9) + M{f )

(x7

(T‘ o 2) I3 yrfS + (T o 2) l‘yril + yr72 _

with the determinant of the matrix of the coefficients equals to F(27 —10), and
non-zero in this case.

Hence, it follows that 233" =3, zy"~! € T.(g) + M@;), and these together
with (3) will give:

xr7(2k+1)y2k+1 c Te(g) + M?(“;:;) , k=0,..., (T‘—2)/2 ,

concluding this case.

Case 2: r odd, r > 3, and r # 5.

We follow the same method as above, but changing through 25 by 25 +1
and vice-versa.

(ii) and (iii) follow easily from (i). Notice that the Malgrange Preparation
Theorem does not hold for divergent diagrams. Hence, in (ii), we only get the
formal relation. u
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Proof of Proposition 3.4: With the hypothesis, we can write g(z,y) =
y+a3+ry? + Nz,y), N € M?x,y)'

We can easily change coordinates in source and target to reduce g(z,y) to the
form:

glz,y) = y+2° tay’ +tey' + Nw,y), AeMf,, .

Applying Lemma 3.3 and Mather’s Lemma ([15]), we get that, formally, the
diagram (x,y) — f(x,y) = (g9(x,y),y) is equivalent to

(x,y) — (y+a:3i:cy2+ta:y4, y) .

Now, making the following change of coordinates in source

=X
y=Y F(t/2)Y?
we obtain the desired normal form. n

Remark 3.6. When g(z,y) =y + 23 +xy? + sy, the space T.(g) contains
the ideal (3 22+%2), which is an elliptic ideal of C(a,y)- Hence, (3 224+92%) D My
(see [18]), and this implies that cod(f) =2. o

Proposition 3.7. Let f(z,y) = (g9(z,y),y): (R?,0) — (R%,0) be a divergent
diagram A-equivalent to (3 + xy*, y), k > 3, the origin being a singularity of
transverse type. Then f(x,y) is equivalent to

(i) (y+2* oyt +sy™2 4+ Xw), v) |
with \ € /\/l‘(’;y), k even;
(i) (y+2*+ 2y + M), v)

with A € Mk odd.

Moreover, cod(f) > k in case (i), and cod(f) >k — 1 in case (ii). n

As in the previous case, the proof of this proposition will follow directly by
computing the corresponding tangent spaces. The calculus are straightforward
and we summarize the results in the next lemma.

Lemma 3.4. Let g(x,y) =y + a3 +xy* + Az,y), k>3, A€ Mlgj)

(i) <9:7”_5 ¥’ s=0,1,..., T>R C Te(g) + M’(";;), for every r >k, for all values

of k, except when k is even and r =5k/2.
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(ii) /\/ll(xyy) C Te(g) + My, for L=k, if k is odd and | = 5k/2+1, if k is

evell.
(iii) If k is odd, then T.(g) + M ) D 6y — <:Uy s=0,1,.., k:—2>R.

If k is even, then T.(g) + M?j’y) D by — <xys’ 5 = 0,1,...,]{:—2>R _

<x2 ykI2 BRI2 g5 (k=2)/2 33 (3k=2)/2 /(5 k—2)/2>R +
<3 22 yF/2 4 BRI 35y (h=2)/2 4 B3 (36-2)/2 343 ¢/ (3k=2)/2 4 1 (Bk=2)/2

thayBh-2/2 | y3k/2>R' .

To complete the classification, we observe that divergent diagrams of corank
2, as map-germs to the plane and with respect to A-classification, are adjacent
to the cusp singularity (see [17]). Applying this to our case, it is easy to see that
every divergent diagram of corank 2 has infinite codimension, since it is adjacent
to the tangent cusp.

Remark 3.8. Dufour proved in [6] that there are no stable singular multi-
germs of divergent diagrams f = (f1, f2): (R%,S) — (R%,0), S >2. One can
see that there are no finite codimension singular multigerms of divergent dia-
grams, either. In fact, direct computations show that, even the case of transverse
intersection of two folds, has infinite codimension. o

4 — Invariants for divergent diagrams

Let f: (C%0) — (C2,0) be a finitely A-determined map-germ and f; be a
stable perturbation of f. Then f; has a finite number of cusps and double-folds,
denoted by ¢(f) and d(f). Formulas to compute these numbers were determined
n [12], [16] and [13]. When f has corank one, f(z,y) = (9(z,y),y), we have

Oay)
c = dim il
(f) € <gx’gmc>
and
1 @ x,x’
d(f) = 5 dime (.2,)

20 (b by, (he — o) /(= 7))

where O(, ) and O, ) denote the local ring of germs of holomorphic functions

_ 9(=y)—g(='y)
x—z’

at the origin, in C? and C? respectively, and h(z,2’,y)
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Now, given a finitely .A-determined real map-germ f(z,y) = (9(z,y),y), and
denoting by fc its complexification, it follows that the numbers ¢(fc) and d(fc)
are also invariants for the 4-classification of f.

Since every invariant for A-classification is also an invariant for divergent
diagrams, c(f) and d(f) are the first invariants we shall consider. However,
according to [16], d(f) = 0 for all A-finitely determined map-germs of the plane
of multiplicity <3, and all our normal forms belong to one of the C-orbits A, Ao
or As.

The classification of the stable divergent diagrams suggests new invariants:
the numbers by (f) and by(f) of tangent folds with quadratic contact, appearing
in a stable perturbation of the complexification of f, with respect to the horizontal
and vertical axis, respectively. When f(x,y) = (g9(z,v),y), b2(f) is always zero,
and by (f) is equal to p(g), the Milnor number of g.

We see in Table 2 that the invariants cod(f), ¢(f), b1(f) distinguish all the
germs in Table 1, except for the family 4. In the next proposition, we define an
invariant for the family (2% + Yk 4+ s PR oy, y), k even.

Type f = (fl,fg)’ Formal Normal Form ’formal cod(f) ‘ c(f) ’bl(f) ‘
2 (m +y+q(z ) 0 0 0
2 (az + 24 g(2), ) or (a:, +aF 24 % 4 q(z)) k 0 | k+1
3 (2® +zy+y+a2), y) 0 1 0
4 (as +2y* +5y%*2 £y +q(2), y) (k even) k k 0
5 (2 +ay* +y+4q(2), y) (kodd, k> 1) k-1 k 0
Table 2

Proposition 4.1. Let fs; be as above.

(a) When k =0 (mod 4), fs and f5 are equivalent if and only if s = £5.
(b) When k # 0 (mod 4), fs and fs are equivalent if and only if s = 3.

Proof: Suppose that H and K are germs of diffeomorphisms in source and
target such that K o fs = f5 o H, with the target diffeomorphism K of product
type, that is, K(u,v) = (Kj(u), K2(v)). Then, a direct calculation shows that
these diffeomorphisms are in fact linear, and, more precisely: if K = 0 (mod 4),
(H,K) = (Ig2, Ip2) or (H,K) = (—Ip2,—Ip2), where Ig> denotes the identity
map in R?; if £ # 0 (mod 4), the only possibility is (H, K) = (Igz, Iz2). n
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