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SOME IDENTITIES FOR CHEBYSHEV POLYNOMIALS

PETER J. GRABNER® and HELMUT PRODINGER °

Abstract: We prove a generalization of a conjectured formula of Melham and

provide some background about the involved (Chebyshev) polynomials.

1 — Introduction

In [3] Melham considered the two sequences
Un :pUn_l—Un_Q, U():O, U1=1,
Vn:an—l_Vn—27 V0=2,V1:P7
and conjectured the formula

k
D"V,

2k 2k k rrker 7k

U, —|—Un+1:E 0 U. rUn_J,

n
r=0

where D means differentiation with respect to p. We remark here that up to
simple changes of variable these polynomials are Chebyshev polynomials. More
precisely

Un(p) = unfl(g) )
Vn(p) = 27;1(%) )

where 7,, and U,, denote the classical Chebyshev polynomials of first and second
kind, respectively.
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The aim of this paper is to prove a general identity that contains Melham’s
conjecture as a special case: Set W,, = alU,, + bV}, and Q = a? + 4b> — b*p?, then

k
(1) W2+ Wik =" QF " N, Wi Wiy
r=0
with Kk -1 ‘)'
. —1—=7)! r—2i
)\k,r = (_1>j " ~ P J
OS%:ST (k=) g (r—2j)!
and )\0’0 = 2.

From [1, 2] we know explicit expansions for Chebyshev polynomials:
Sk — k Y
Vi = Z(_l)]< -j)rpk %
0<2j<k J —J
for kK > 1 and Vp = 2. Then we have

Dk_TVk
Abr = 77—y 5
BT k=)

which links Melham’s conjecture and (1).

2 — Proof of the Formula

We will make use of the identity

t
2) Z a+ (bt+c) = al(1—y) 2 (c+ylab+b—0)) ,
— !
which follows from
fa+t —a
(3) Z( )ytz (1-y)
o\ ¢

In order to prove (1) we form the generating function

[e%S) k
— Z Zk Z Qk—r )\k,r o"
k=0 r=0
with 0 = W;,W,,41. We reorder this to obtain (setting k — r = t)

g(z) — Z Z Zk Qk—ro_r )\k,r _ Z ZZT-H Qt UT)\r+t,r

r>0k>r r>01>0
= Z Z 2O " Myer + 1+ Z 20 (using Ao = 2)

r>1¢>0 t>0
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= Z Z Z 2t Qt(az)r(—l)j (r+¢) (r—l—t—.l =) P41 —l—Zzt Ot

th gl (r — 2j)!

r>1 t>0 0<2j<r t>0
, t—1—7)! ~

= Z Z Zzt Q(oz)"(—1)! (T_H? ('r—{— N7 J) P

§>17r>25t>0 ttgt(r —25)!

|
+1+ Z Z 2O o ' :ﬁ) p" (terms for j = 0 plus the last sum)
r>0t>0 tr
P o1 (r—J = 1! .

= > > (-1 p ¥ (02) (1 — Qz) Tz "0 by (@

j>1r>25 J:\r J):

+ Z(paz)r (1— Qz)frf1 +1 Dby (3)

r>0

- Z((l Qz)7 +1 Z(lpog;) ]Jrjfs! 1! ((2 Qz)+s) (r=2j+s)

7>1

g poy:
(W,
= : —(Q+po)z by (2)
;(1—(Q+p0)z)]+l( P ) Y

— +1
+1—(Q+pa)z+

(02)? (2 —(Q+po) z) 1

2—-(Q+po)z
1-(Q+po)z+o0222°

The generating function of the left hand side is
1 1 B 2— (W24 W2,z

(1—(Q—|—pa)z> (1—(Q—|—pa)z—|—022’2) " 1-(Q+po)z

+ =
1-W2z 1-W2 iz 1—-W2+W2  )z+W2W2 22

n
and the assertion follows from
W2+ W2y =pW,Woi1 +Q,

which is easily proved e. g. by using the explicit forms

n __ Aan
Un:a s ) Vi =a"+ 3",
a—p
with
_ptvpr -4 b \/p—
2 )

+1
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3 — Further identities

Many other similar formulae seem to exist; we just give one other example;
set

k(k— 1] —1)!2@ 1311 \
_ 1\ 2k—2X _ A T,
Hheir = OSZAST( Dp (k— 1)\ (r — M) 1}) (2% QM 1-2i)

and apo = 2, then

k
2k 2k k—
WEE+Wiky = 0" Tap, Wy Wiy, .
r=0

The proof is as before.
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