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UNIFORM STABILIZATION FOR ELASTIC WAVES SYSTEM
WITH HIGHLY NONLINEAR LOCALIZED DISSIPATION *

ELENI BISOGNIN, VANILDE BISOGNIN and Ruy CoiMBRA CHARAO

Recommended by E. Zuazua

Abstract: We show that the solutions of a system in elasticity theory with a
nonlinear localized dissipation decay in an algebraic rate to zero, that is, denoting by
E(t) the total energy associated to the system, there exist positive constants C' and ~y
satisfying:

Eit) < CE0)(1+¢t)7.

1 — Introduction

In this work we study decay properties of the solutions for the following initial-
boundary value problem related with the system of elastic waves with a localized
nonlinear dissipative term:

(1.1)  uy —b*Au— (a®>—b*) Vdivu + au+ p(z,u;) =0, in QxR
(1.2)  u(x,0) = uo(x), ui(x,0)=ui(x) in Q,
(1.3)  wu(z,t)=0 in I'xR,

where the medium € is a bounded domain in R?® with C? boundary T.
The function wu(x,t) = (u'(x,t),u?(x,t),u(x,t)) is the vector displacement,
Au = (Aul(z,t), Au(x,t), Aud(z,t)) is the Laplacian operator, divu is the
usual divergent of v and V is the gradient operator. The coefficients a and b
are related with Lamé coefficients of Elasticity Theory, a?>b%>0, (see [1]), and
« > 0 is a constant. We can found applications for this system in geophysics and
seismic waves propagation.
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In the case that a® = b? we have a vector wave equation. Many results related
to wave equation can be generalized for the system (1.1). We observe that the
solutions of the free system of elastic waves are a superposition of two waves
which propagate with different fase velocities a and b (see [3]).

Our goal in this work is to show the uniform stabilization of the total energy
for system (1.1)—(1.3). We observe that the vector function p, which appear in
(1.1), represents a dissipative term which is localized in a neighborhood of part of
the boundary of Q. To prove this result we use some energy identities associated
with localized multipliers in order to construct special difference inequalities for
the energy of the system (1.1). These ideas come from Control Theory (see
J.-L. Lions [16], V. Komornik [12], A. Haraux [8] and V. Komornik — E. Zuazua
[15]). The main estimates in this work are obtained using Holmgren’s Uniqueness
Theorem and Nakao’s Lemma.

About the stabilization of the local energy for the nondissipative system of lin-
ear elasticity in unbounded domains we refer B. Kapitonov [11] and R.C. Charao
[2]. B. Kapitonov works in an exterior domain with geometrical condition on
the boundary. There are some results related to stabilization of the total energy
associated with systems of elasticity in bounded domains with localized dissipa-
tions. For the system (1.1) when the dissipative term p(z,u;) is linear and the
localizing function a(z) is unbounded, the stabilization of the energy is proved
by M.A. Astaburuaga and R.C. Charao [4]. In the case of wave equation, stabi-
lization results can be found in M. Nakao [19], [20], E. Zuazua [22], P. Martinez
[17], [18] and L.R.T. Tébou [21] and the references therein.

The system (1.1) with p = 0 damped by a linear boundary feedback is studied
by F. Alabau and V. Komornik [13] and uniform stabilization is obtained. In [14]
F. Alabau and Komornik have considered an anisotropic system of elasticity and
have established uniform decay rates when feedback control is acting via natural
and physically implementable boundary conditions. Their results require even
more stringent geometric conditions. In fact, they must assume that the domain
is a sphere.

A. Guesmia in [5] studied the stabilization of the energy for the system
of elasticity in anisotropic domains in R™ with localized non linear dissipation
given by an additional term p(x,us) = (by(z) g1(u}), ..., bn(x) gn(ul)) where u =
(ul,...,u™) is the solution of the system. The system considered by Guesmia is
not coupled in the dissipative term. The dissipation is localized by functions b;(z)
and they are effective only in a neighborhood of part of the boundary. For the
non degenerate case b;(x) > by > 0, ¢ = 1,...,n in such neighborhood, Guesmia
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assumes the following conditions on the functions g;(s)

Crls < gils) < Cals|'/7,  |s| <1, s€eR,

Cils| < gi(s) < Cals[, |s|>1, seR,

for positive constants Cy, Co and r, with » > 1. Thus, the class of functions
gi(s) = |s|Ps for positive constant p are not included in Guesmia’s results.

In this work we consider the system of elasticity in a homogeneous isotropic
medium in R? with a dissipative localized term given by p(z,us) = f(x, |us]) ue,
where f is a positive function. Our hypotheses include the case p(z, s) = a(z) |s|Ps
for p € (—1,2]. The function a(x) is also effective only on a neighborhood of
part of the boundary of the domain.The system (1.1) can or not be coupled
in the dissipative term. We obtain precise algebraic decay rates for the energy
depending only on the growing rates r and p of the function f near zero and the
infinity, respectively. So, in this sense our result generalizes the Guesmia’s result
for the system of elasticity in homogeneous isotropic domais. We note that our
results can be extended for domains in R”, n > 1.

In [6] A. Guesmia consider the stabilization for the anisotropic system of
elasticity with a nonlinear boundary feedback and the dissipation is effective only
on a part of the boundary given by the same geometrical condition which we have
used. The framework is based on integral inequalities and Nakao’s Lemma. The
conditions on the dissipative functions g;(s) are more restrictive then ours. For
instance, to obtain the following estimate for the energy

Elt) <M1+t 77, t>0,

where M; is a constant independent of the solution u, A. Guesmia used the
following hypothesis on the functions g;(s)

Csls| < lgi(s)] < Culs|, [s[>1, seR.
With the following condition on the functions g;(s)
l9i(s) < Csls], s| > 1,

with a very special A, A. Guesmia obtain the same rate, but M; depends on the
function u. We also observe that our results in this work extend for isotropic
elasticity the result obtained by A. Guesmia in [7].

Now, we want mention two works of Mary A. Horn. In [9] M. Horn works with
the uniform stabilization for the system of isotropic linear elasticity (1.1) (with



102 E. BISOGNIN, V. BISOGNIN and R.C. CHARAO

p(x,s) = 0) using a nonlinear boundary feedback in the same sense of A. Guesmia
[6]. The proof uses multipliers estimates and is based on trace regularity results
and uniqueness (Holmgren) argument. The damping is effective only on a part of
the boundary and is given by a continuously differentiable function g(s), s € R™,
such that

g(0)=0, g(s)-s>0, se€R"—{0},

mls| < |g(s)| < Mls|, [s[>1,

with m and M positive constants. The decay rate is given by a function S(t)
which is the solution of a differential equation of type

ds(t)
dt
where ¢g(z), = > 0, is a special nonlinear function which is constructed using the

function g(s). M. Horn shows that S(¢) — 0, t — oc.
Finally, in [10] M. Horn studied the same problem for the non isotropic system

q(5(t) =0, 5(0)=0,

of elasticity but the system is considered containing an additional light internal
damping given by a term p(z, u;) = b(z)u; with b(x) a function such that b(x) > 0
for all x € Q. The other dissipative function g(s) on part of the boundary
has the same properties assumed in M. Horn [9]. The coefficients aijr of the
elasticity tensor are assumed by M. Horn to be independent of both time and
space. The decay rate for the stabilization of the energy is the same that in
[9]. The framework also is the same but of course using Korn’s Inequality. If the
control function g(s) = s then M. Horn observe that the decay rate is exponential.

To conclude, we observe that the dissipation function p(z,s) which we have
used in this paper, is more strongly non linear then the functions g(s) or g;(s)
which appear in the references.

2 — Hypotheses and results

Through this work the dot - will represent the usual inner product between
two vectors in R3. Let us consider the following hypotheses on the function

p(,s).
Let z, € R3 be a fixed vector and

[(zp) = {az el (z—x,) -n(x) > 0}
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where 7 = n(z) is the outward unit normal at x € T' = 9. Let w C Q be a
neighborhood of I'(x,) and
a: Q@ —RT

a bounded function satisfying

(2.1) a(z) >0 in Q, a(x)>a,>0 in w.
We suppose that the function p: Q0 x R® — R3 is given by p(z, s) = f(x,|s|)s,
s € R3, x € Q where
f: QxRt—R*

is a differentiable function which satisfies the following conditions:

(2.2) a@)|s|” < f(a,|s) < Koa(e) (lsI” +1), if |s| <1,
(2.3) a(@)|s]? < f(z,|s]) < Kra(e) (s +1), if |s| > 1,

with r € (=1, +00), p € [-1,2] and Ky, K are positive constants.

Hence, the dissipative term p(x, u;) is effective only on a part of Q that includes
[(x,).

We also suppose that

%(1’, S) >0
for all s € RT and z € Q.
About the existence and uniqueness of solution for the problem (1.1) we have

the following result.

Theorem 2.1 (Existence and Uniqueness). We assume that T' is C? class
and the initial data u, € (H(Q) N H*(Q))3, w1 € (HL(Q))3. Then, under above
hypotheses on function p, the initial boundary value problem (1.1) has a unique
solution uw = u(x,t) in the class

u € ([0, 00, (HY ()N H(€))*) nC™ (10, 00, (H3 (2)*) nC2 ([0, 00[, (L2(2))*).

Proof: The prof of this theorem is standard, for example, using semigroups
theory. m

We want in this work prove the uniform stabilization of the total energy E(t),

E(t) = 1/2/ (jurf + 02 Vuf? + (0>~ 1) (divu)? + o [uf?) da .
Q
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In fact, this is possible because the energy FE/(t) satisfies the identity
t+T
(24)  E(t) — E(t+T) :/ / p(e,ug) -ug deds, t>0, T>0.
t JO

Then, the energy is a nonincreasing function of ¢ because p(z,us) - uy > 0
always.

The identity (2.4) is obtained taking inner product between equation (1.1)
and u; and integrating over [t, ¢+ T x €.

Our result is the following

Theorem 2.2 (Stabilization). Under the hypotheses of Theorem 2.1, the to-
tal energy for the solution w = u(x,t) of the problem (1.1)—(1.3) has the following
asymptotic behavior in time

(2.5) E(t) = E(u(z,t)) < CE0)(1+t)"%, i=1,2,34.

where C' is a positive constant and the decay rates vy; are given according to the

cases:

Case 1: If r > 0 and 0 < p < 2 then

: {2 4(p+1)}
Y1 =min{ -, ———
roop

7

Case 2: If r >0 and —1 < p < 0 then

w57
Y2 =min{ =, — ¢
r’p

Case 3: If —1<r<0and0<p<2then

s = min { —2(7;-1— 1)7 4(p;— 1) }

)

Case 4: If —1 <r <0 and —1 <p <0 then

. {—2(1"—1—1) —4}
Y4 =min{ ——, — >
r p

In order to prove this theorem we need some Lemmas and special estimates
about the solution u(z,t).
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3 — Technical lemmas

We are going to prove for the energy of system (1.1) an estimate like
(3.1) Et) " <C;|E(t)—Et+T)], t>0,
where C; is a positive constant, T > 0 is fixed and ¢; > 0 is related with ~; (given
in Theorem 2.2), i = 1,2,3,4.

Then, to show the decay property (2.5) we will use the following Nakao’s
Lemma(See Nakao [19]).

Lemma 3.1 (Nakao). Let ®(t) be a nonnegative function on R™ satisfying

sup  ®(s)'0 < g(t) {@(t) — (¢t +T)}
t<s<t+T

with T > 0, 6 > 0 and g(t) a nondecreasing continuous function. If § > 0 then
®(t) has the decay property

B(t) < {@(0)—5 +/Tt g(s)_lds}_1/6 , t>T.
If 6 = 0, instead of the above inequality, ®(t) is such that
d(t) < CPd0)er, t>0,
for some A\ > 0. m
Now, to prove (3.1) we will need the Gagliardo—Niremberg Lemma.

Lemma 3.2 (Gagliardo—Niremberg). Let 1 <7 < p < o0, 1 < ¢ < p and
0 < m. Then we have the inequality

lollwea < Cllolliyms ol
for v e W™P(Q) N L"(), where C' is a positive constant and
e(k L1 1) (m+1 1>—1
AN g N r »p

provided that 0 < 0 < 1.n
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In order to show (3.1) we have also developed some identities for the elastic
waves system (1.1).
We take h:  — R3 a vector field C'! class such that

(3.2) h(z) = n(z ) on I'(z,) ,
(3.3) h(z) -m(z) =20 on I,
(3.4) h(z)=0 in Q\&,

where @ is a open set in R3 with the property
[(z,) CONQOQ Cw
and we consider the multiplier
M(u) = h+Vu =: (h-Vul, h-Vu?, h-Vu?)

where u(z,t) = (u!,u?,u?) is the solution of the problem (1.1)—(1.3).

We also take a function m € W1 () such that Wm' is bounded and
(3.5) 1>m>0 in Q,
(3.6) m=1 in w,
(3.7) m=0 in Qw,

where © C 2 is an open set in Q with I'(z,) C© C w C Q.
Then we have

Lemma 3.3 (Energy Identities). Let u be the solution of (1.1)-(1.3) and
T > 0 fixed. Then the following identities holds for all t > 0.

t+T
/ / —\utlz—l—bQ\Vu]Q + (a® = b%)(divu)* — \uﬂ drds =
8)

t+T t+T
= /utudaz / / (x,u) -udzds ,
Q

t+T
/ /Qm(x) [b2|Vu\2 + (a® = b*)(divu)® + a |u|2} drds =
t

t+T
m Ju - uy dw‘

(3.9) t+T t+T
+/ m(z) w |ug|? dz:ds—/ m( Yu - p(x,uy) deds

t+T
/ / lb22u Vu' - Vm+ (a* = b*) Vm - udwu] dxds ,
i=1

(3.8)
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%/th h o) [bz 3_
+/tJrT/

(3.10) =-— / (h(x) * Vu) - uy dx o /t+T/ )% Vu) - p(x,u) do ds

2
+ (a* — b?)(div u)Q] dT ds +

b2 (h(z) * V) - % + (a®— bv*)div u(h(z)*Vu) -77] dl'ds =

t+T
+ = / divh [—|ut]2 + 02| Vul* + (a® - V) (divu)? — oz\uﬂ dx ds

t+T OhF Ou' ou' 9 OhF ouwl Ou’
+ (a®— b? dx ds ,
/ / Mral [ dxj dx; Oz, ( ) dx; Oz; Oy,

t+T t+T
/(a; — 2p) % Vu - uy da:‘t +/ / ((x — o) * Vu) - p(x,us) deds +
¢ 3 T ¢ @
+§/ / [Jurf? = 2|Vl — (a — 0%)(div w)? + alul?] da ds
t+T
(3.11) 2/ / 2~ o) - [P2IVul + (® — ) (divu)?] dT ds

i

t+T
+/ / {1)2|Vu|2 + (a® — b2)(dz’vu)2} drds = 0,
t Q

ou
2 —_— P
b ((x—xo)*Vu) an

+ (%= b?)div u((:c—xo)*Vu)-n] dr ds

where we have used the notation |Vul?= Z V|, for u= (u',u? u?).
i=1
The vector n = n(x) is the usual normal at x € T".

Proof: The identities (3.8), (3.9) and (3.10) are obtained in a standard
way taking the inner product between the equation (1.1) and the multipliers
M(u) =u, M(u)=m(z)u and M(u) = h* Vu respectively, integrating in
Q x [t,t +T] and using the fact that w =0 on I'x R. The identity (3.11) is
a particular case of (3.10) when h(z) = (x — z,). In (3.10) we do not have used
the properties (3.2)—(3.4) for the vector field h.

Because u = 0 on I'x [0, co[ we observe that

Vuizaun on I'x[0,00[, i=1,2,3.
n
Then we have 3 , :
ou ou' '\ ou’ Ou |2
(V) B —Z< oy ) oy = 5,

and
(divu)(h*Vu)-n = (h-n)(divu)? ,
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ou  [ou' ou? ou?
on  \on’on’ o)’
With this observation we obtain from identity (3.10) in Lemma 3.3 the fol-
lowing energy identity

1 rt+T
e 7[5
t+T
/ x)*x Vu) - uy dac —i—/ / x) * Vu) - p(z,uy) dx ds

t+T
+ = / (div h) [|ut|2 — 02| Vul|? = (a® — b?)(divu)? + alul } dx ds

N

i,j,k=1

where

2

+ (a*— v?)(div u)2] dl'ds =

(3.12)

(9hk out Ou’ +(a®— )ahk oud ou' ded
a$j ij Oxy, ¢ ox; al'j Oz ree

In the same way we have from identity (3.11) in Lemma 3.3 that

3 4T
9 / /Q [|ut‘2 — b} Vul? — (a®— b*)(divu)? + oz]u|2] dx ds
t

+T
+/ / {bQIVuF + (a® - bz)(dwu)z} dr ds =
t Jo

(3.13) =— / ((x — xo) * Vu) - uy dm‘?_T
2 / t+T/ ((z = zo) [bQ gz + (a®— v?)(div u)2] dl' ds

[ (o) V) ol ) drds

4 — Main estimates

Next, C will denote different positive constants.

Lemma 4.1. Let u = u(xz,t) be the solution of the problem (1.1)—(1.3).
Then, the energy E(t) = E(u(x,t)) satisfies the estimate

E(t) < C{E() -~ B¢ +T)} + c/tHT/w(\uﬂ% (u[?) da ds

t+T
+ C/ /Q’P(xautﬂ [|u! + ]Vuﬂ deds, t>0.
t
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Proof: Adding identity (3.8) in Lemma 3.3 and identity (3.13) we obtain

1 [T
5/ /Q[\ut!2+62!vu\2+(aQ—b2)(dwu)2+a\u|2} deds =
t

= —/Q{(ZL‘ — Zo) * Vu+ u] - Uy dx‘erT
(4.1) 1 pt+T 5 |Ou 2 9 ov, .. 9
-%iﬂ'bgux—xa-m[b G|+ —b)Mwu)]df%
t+T
~ [ (@ =20+ Vu) +u] - o, w) dads
Therefore

t+T t+T
/ E(s)ds < /Q[\(x—xo)*wﬂu@ ]
t

+/tt+T/Q (12 = o) Vul + [u] [, )| e dis

1 T ou
w5 [ [ (e |2 |
t I'(zo)

b2
on
because (z —x,) -1 <0 on I'\I'(z,).

Let M, = sup |z — x,|, then we have
z€Q

2
+ (a®— b*)(divu)?| dI' ds

t+T t+T
/ E(s)ds < /Q[Moyvu|+\u|] jur] d|
t

t

t+T
+/ /Q[Mo|vu|+|u@ (e, u)| da ds
t

1 [t 91 0w |2 2 ,ov, 4. 9
<
+—2/t F(%)MO [b P ‘ + (a®— b%)(div u) ] dl'ds <

< Cflluelt + D) {IValt + T+ lut + T} + el {190l + ] }]

t+T
[ MoVl + ful] ot )| dads
t

t+T
i1 / / M, [bQ
2Jt  Jr(zo)

3 )
where |[ul| is the norm of w in [L?(Q)]? and |Vu||? = 3 ||Vul|%.
i=1

2

u 2 2 . 2
Ou — T
» + (a® — b%)(divu) ] dl’ds

Using Poincare’s inequality it results

t+T
[ B(s)ds < Cllut+ )| [Vu(t +T)] + el [ Vul] +
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t+T
[ [1vul+ tul] ot )| dads

4T
/ a, |2 ] 2]
2 I'(zo) (977

+ (a*— b%)(div u)Q] dl' ds .
Thus
t+T
/t E(s)ds < C[E()+E(t+7)]
(4.2) + C/tHT/Q [19] + Jul] Io(a, ur)] da ds

t+T 2
+C / / [bQ Ou
t  Jr(zo) on

We need estimate the last term in (4.2). We observe that

+ (a®— b*)(div u)2] dl' ds .

t+T
/ / [bQZu Vu' - Vm + (a*— b*) Vm - udwu] drds <

t+Tp [p2 3 2 12
/ /lb Z(u’ 7]V'm\ +m‘VuZ >
=1 m
2 _ 32 2
+ (a 5 &) {\V:;] |u|2+m(divu)2}] dx ds

where m is the function which appear in Lemma 3.3.
[Vm|?

We also observe that m = 0 on Q\w and is bounded, by construction

of m.
Then we have

+T
/ / bQZu Vu' - Vm 4+ (a*— b*) Vm - udwu} drds <
(4.3)

< C/ / lu? dzds + = / / b2]Vu| + (a? b2)(dwu)2} dxds.

Using (4.3) we obtain, from identity (3.9) in Lemma 3.3, the following estimate
t+T
/ / m[b2 (Vul* 4 (a® = b?)(divu)? + o \uﬂ drds <
t Q

(4.4) < C{/HT/ (lul® + [uf?) dzds + B(t) + Bt +T) }

+C/ /|p:cut||u|dxds
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where we have used that 0 < m < 1, m = 0 (see (3.5)—(3.7)) in Q\w and the

estimate
t+T
— | mu-u dx‘
Q t

due to Poincare’s inequality.

Because h(z) = n(x), v € I'(z,) and h-n > 0 on I" (see (3.2)—(3.4)) we have
from (3.12) the following estimate

/t+T/ b2 @

t  Jr(zo) on
t+T

:/ / (h-n)[bz Ou

t  Jr(zo) 0

@

n

- /tHT/F hom) lbz 2
t+T

(4.5) = Q/Q(h * Vu) - u do L

< C(Q) [E(t) +E(t+ T)]

2
+ (a®— b*)(div u)2] dl'ds =

2

+ (a®— b%)(div u)2] dl ds

+ (a® = b?)(div u)Q] dT' ds

t+T
+/ / (divh) [fuaf? — 2 [Vuf? — (a2 — B2)(div)® — o [uf?] da ds
t Q

t+T
+/ p(z,ug) - (h* Vu) deds
t Jo

t+T 3 OhF ot ou' OhF ol O’
- 2_p? — dxds .
+/t /Q i,j,;:l [ 8$j al'j 8$k + (a ) al‘i &vj 8:Uk ras

Because h € C*(Q) and h = 0 in Q\@ it implies that

t+T

IN

(4.6) /Q (b« V) -] d | ClE() + B+ 1) .

t

t+T T
(4.7) / / p(x,up) - (h* Vu) dxds| < C/ lp(z,ur)| |[Vu| dz ds
t Q t Q

and

t+T
/ /(dwh)[yutﬁ—b2yvu\2—(aQ—b2)(dwu)2+a\qu] drds| <
t Q

(4.8) t+T
< c/ /A [+ 82U + (@ = ) divw)? + aful?] duds
t wnN
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Now, note that

T 30T, 0hk dul o Ok du? A’
+ (a®— b? — deds| <
/t /Q i,j,zkz:_l [ a.Tj 81‘]' oxy, (a ) ox; 8:l}j oxp ras) =
3 i
(4.9) < C’/HT/ ou 2 ou? | | Out e d
- t Jona %Zk:zl 81‘3 Oxy, (a”-%) 8:133 Oxy, v
t+T
<C [ b*|Vul? dads .
t wnNQ

Substituting (4.6)—(4.8) and (4.9) in (4.5) we have

t+T
17k, L5
<

< {E()+E(t+T +/ /|ut] da ds

(a —b2)(dwu)2] dl'ds <

(4.10)
- / [ [P 1Vl + (0= 0?)(divu) + o [ul’] dods
t wN)

t+T
—I—/ lp(x,us)| |Vu| deds ;.
t Jo
Using that 0 < m < 1 and m(z) = 1 in @ it results
t+T
/ / - b2|vu|2+(a2—b2)(dwu)2+a\u|2] drds —
¢
(4.11) _/ / b2 IVul? + (a?— b%)(divu)? + afu) } dx ds
wﬁQ
t+T
/ / b2 \Vul? 4 (a?— b%)(divu)? + aful } dxds .

From estimates (4.10) in (4.11) we obtain

t+T 5 | Ou 2
/t A(mo) an

t+T
< C{E(t)—i—E(t—l—T)—l—/ / ug|* daz ds
t w

+ (a® — b?)(div u)Q] dl'ds <

(4.12) v
—i—/ / 62|Vu] + (a® = b*)(divu)* + a |u| } drds

/ / |p(x, us)| | Vul da:ds}
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Substituting (4.4) in (4.12) we have

t+T 2
/ / [zﬂ Ou + (a®— b*)(divu)?| dl ds <
t I'(zo) 877
t+T
(4.13) < CLEW®W) + E(t+T) +/ /(|ut\2+|u|2) da ds
t w

t+T
—i—/t Q\p(x,ut)] (|Vu| + |u]) dxds}.

From (4.13) and (4.2) and observing that E(t) is a nonincreasing function,
there exist a positive constant C7 such that

t+T t+T 9 9
TEt+T) < | E(s)ds < C, E(t)+E(t+T)+/ / [lel® + [uf?] dar ds
t w

+/tt+T/Q |p(x, uy)| UVU! + ]u\] dxds} .

Now, we fix a large T" > 0 such that T' > 2 C; + 1 to obtain the conclusion of
Lemma 4.1.

Lemma 4.2. Let u be the solution of problem (1.1)—(1.3). Then
t+T s

/ / o, un)| [Vl + ul] deds < ¢ [E() — B¢ +1)] 7 \/E()
(4.14) Jt Je -

+ O [BE@-E@+T)]" E(1) T

for r >0 and 0 <p<2.

(4.15) /tt+TQ o, )| [|Vul + [ul] dads < C[B(t) —E(t+T)}?12 E(t)

+C [B(t) - B@+T)| ™7 \E®)

for r >0 and —1 <p<0.
t+T r+é
/ o, un)| [Vl + ul] deds < € [E(r) ~ Bt +1)] 7 \/E(t)
(4.16) St Jo e
+C [E(t) - BE(t+T)| "7 E(t) 79

for —1 <r<0 and 0 <p<2.
t+T v d cls . - 4l -
T, Ut U U rxds < t) — 2 ;
i [ [ ot [Vl + ] [B(t) - B(t+ ) G
+C [B() - E(t+T)] 77 \JE(t)

for —1<r<0and —-1<p<0.
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Proof: Using the assumptions on function p we have:

t+T
/t 0 |p(z,us)| (|Vul + |u|) deds <

IN

t+T
C {/ K,a(z) (!ut\rﬂ + \ut|) (IVul| + |u|) dzds
(4.18) e Ja

t+T )
+ / Ky a(@) (JuP*! + [u]) ((Vul + [u) de ds
t Qo
= C(L1 + 1) .
where we have considered for each ¢ > 0.

Q=) ={zeQ [ <1}, =0\ .

From the proof of Existence Theorem we obtain that Hutt”%2(9)7 HVutH%Q(Q)
and || Aul/2, () are bounded. Then, to estimate I; and I we consider the four
cases related in the Theorem about Stabilization:

For the case r > 0 and 0 < p < 2, using Poincare’s inequality we obtain

I

IN

t+T
IValliew 2K [ [ \a@) ul (Ful +Ju]) do ds
1

1/2

c (/tt+T/Qla(x) |2 dar d8> </tt+T/Ql (Yl 4 1l)? o ds) 1/2
¢ (/tHT/Qla(:c) ue|? da d5>1/2 < tt+TE(s) ds) 1/2

t+T 3
C (/ / a(x) |ug|""? da ds) E(t)
t (951

o + 7“:—2 =1, where C depends on [, |[\/a|| 1) and the fixed T'.

We have used the fact that E(¢) is a nonincreasing function of t.

IA

IN

IN

because

From the hypotheses (2.2) on the function p and using (2.4), we get

1
1

L <C (/tt+T le(x,ut)'ut dx ds)m\/% < C’[E(t) — E(t+ T)} VB .
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Also, we have

+T
I, < 2K1/ / z) [ue P (| V| + |u]) dz ds

1

ptl

t+T p+2 t+T p+2
C (/ / a(:v)% |ug[P2 da ds) (/ / (|Vu| + |u))P+? do ds)

t (92 t Qo

p+1 1

t+T p+2 t+T p+2
C (/ / a(x) |ug[P+? dx ds) (/ / \VulP*? da ds)

t Qo t Q

where we have used the Poincare’s inequality in W1P+2(Q) and the fact that a(z)

IN

A

is a bounded function.
Using Gagliardo—Niremberg Lemma and Poincare’s inequality we have

0 —6
||VUH(LP+2(Q))3 <C HVUH (H'(Q))? ||VUH1L2 )3 <C HUH(HZ Q)NHL(Q))3 HVUH(L2(Q )3

—0

< C 80l oyt 1Vl 5 < ClIVulllE g s < CEW)'S

L2 ()
with 6 = 2(p +2)

From above estimate and the assumption (2.3) on p(z, s) and using (2.4), we
conclude that

t+T +2 o
I, < C / p(x,us) - up deds E(t) =
t Qo

ptl 4 p

< ClE®) - E(t+1)|" B(#t) T .

Combining the estimates for I; and I, with inequality (4.18) we conclude the
proof of (4.14).
Next, we consider the case » > 0 and —1 < p < 0. Then

1

L < C[B@) - Bt+T)]7 \/E®) .

Poincare’s inequality implies that

t+T
I < 2K1/ / x) |ug| (|Vu| + |u|) dz ds

( /HT/ 2) [ug? da:ds)l E(t) <

IN
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4 q1/2

_</tt+T/92 (a() |Ut\2‘“)%pdx d5>m
— p\1/2
) (/tH_T/Qz (|ut]a)4%§ dl’ds] 4—p) i
=C </tt+T/QQa(x) e P+? da ds)ﬁ </:+T/Q2 i ds) = -

with a = part

From Theorem of Existence we have that u € W1%(0,00; (H}(Q2))3), then
uy € L>(0,00; (H(R))?). Therefore,

IN
Q

HutH(LG(Q))3 < C Hvut”(L2(Q))3 < C .

Thus, we have

2

t+T i—p
L <C ( / / a(@) |ug P2 dz ds> E@)
t Qo

_2_
2

t+T i—p _2
< C(/t NCRORY dazds) E(t) < C[E(t) - B@+T)| ™" \/E(t).

Combining above estimates for I; and I, with inequality (4.18), the result of
(4.15) holds.

The case —1 < r <0 and 0 < p < 2. In this case, using Poincare’s inequality
and (2.4), we have

I

IN

t+T
C/ / a(z) Jug|" " |Vu| de ds
t (921

r4+1

t+T T2 t+T s
c (/ / a(x) |ug|""? da ds) (/ / |Vu|" 2 dx ds)
t (951 t Q
r+1 1
t+T r2 t+T P
C (/ p(x,ur) - ug do ds) (/ / V|2 da ds)
t (921 t Q

r+1

C|E®) - Et+T)] ™ \/E() .

IN

IN

IN

The estimate for Iy is the same of case (4.14): r > 0 and 0 < p < 2. From
estimates for I, I and inequality (4.18) we conclude the proof of (4.16).
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The case —1 < r < 0 and —1 < p < 0. In the same way of above case, we

obtain
r+1

L < ClB(®) - Bt+T)]™ \JE®) .
The integral I is estimated like in the second case (4.15), that is

2

L < ClB() - E(t+T)] "7 \/E() .
Combining these estimates with inequality (4.18) we conclude the proof of

(4.17). m

Proposition 4.3. The energy for the solution of problem (1.1)—(1.3) satisfies

(4.19)  E(t) < C{Di(t)2+/tt+T/ (Juf? 4 Jue|?) dmds}, i=1,2,3,4,
where

Di(t)? = [E(t) - E(t+T)| + |B(t) - B(t + )] G [E(t) - E(t+T)| e
if r>0and0<p<2; , \
Dy(t)* = [E(t) = E(t+T)| + [E(®) - Bt +T)|™7 + [B(t) - B+ 1) 77

for the caser > 0 and —1 < p < 0;

2(r+1) 4(p+1)

Dy(t)* = [B(t) — Bt +T)| + [B(t) - B¢+ T)| ™ +[B@t) - Bt +1T)] ™

for the case —1 <r <0 and 0 < p < 2;
2(r+1) 4

Dy(t)? = [B(t) = B¢+ T)| + [B(t) - B¢ +T)| ™ +[B@t) - B¢ +1)| 77

for the case —1 < r <0 and —1 <p < 0.

Proof: The proof follows using Lemma 4.1, Lemma 4.2 and Young’s inequal-
ity. m

Now, in order to estimate the last two terms of (4.19) we need the following
result.

Proposition 4.4. There exists a constant C' > 0 such that

t+T t+T
(4.20) / / (uf? dzds < C Di(t)2+/ /]ut|2 dx ds
t Q t w

where u is the solution of problem (1.1)—(1.3) with initial data u,, u; such that
E(0) < R, R > 0 fixed. The constant C' depends on R.
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Proof: We prove by contradiction. If (4.20) is false, exist a sequence of
solutions {uy, },>1 with initial data v, u} and a sequence {t,},>1 such that

tn+T
/ loan(5)]12 s s

(4.21) lim = 400 .
/ / |t |* daz ds
in

tn+T
Let A2 :/ Hun(s)H?LQ(Q))g ds and v, (t) = (t+t”) ,0<t<T. Then we
tn
have from (4.21)

tn+T
(4.22)  Q(t) = Aiz {Di(tn)Q + / e |? d ds} 0, n—oo
n tn w

according each case i = 1,2, 3,4.
Also, we have

T
(4.23) //\vn]2dmds =1.
0 JQ

Thus, we have from inequality (4.19),

E(on(t)) = E(W) ;2 Elun(t+ ) < )\%E(un(tn)) <

tn+
< >\2 Dy(t +/ /|unt|2+|u|)d:vd5}

tn+T
Qn(tn)2+1/ " !un($,s)|2 d:rds}

2
)‘n tn

IN
Q

IN
Q
—N —

Qn(t ) —I——/ /|un£L'T+tn)| dl‘dT}

2 2
On(tn) +/0 /van(x,f)\ dxdr}

C{Qn( n)2+1} < 2C < 400, 0<t<T, n large.

IN

Therefore,
(4.24) ”U’Vlt(t)H(LQ(Q))B ; HanH(LQ(Q))s <C, 0<t<T, Vn.
On the other hand, by Poincare’s inequality and estimate (4.24) it results
1
/ o (2, )2 da = / = Jun(a,t )P dr <
0 2 A7

(4.25)
< c/ Aig Vi (2, t+10)|* d < c/ Von(t)2dz < C, Vte0,T], ¥n.
QA2 Q
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From (4.24) and (4.25) we conclude
(4.26) v, € W0, T (L*(Q))*) N L™®(0,T; (Hg (Q2))?) .

To take the limit of v, (t), first, we need check that

1
lim )\—p(:n,um(t—l—tn)) =0 in LY[0,T]x Q).

n—oo

For the case r > 0 and 0 < p < 2 we see, from the estimates for I; and I,
that

(4.27) /tthrTQ lp(x,ug)| deds < C { [E(t)fE(tJrT)] ri2+ [E(t)E(tJrT)F_E}

and using the definition of D;(¢) in Proposition 4.3 we obtain

1

[E(t) ~E(t+T)|™ < CDi(t)

] p+1l 445p

[E(t) = B(t+T)|" < CDi(t)50+5

Therefore
t+T 5
/ lp(z,u)| deds < C{Dl(t) + Dl(t)2<p+2)} .
t Q

Using the definition of Q,, we can write

+5p

1 t+T 1 4
N / pla,une)| deds < C{Qut) + A7 Dy(t,) 705 |
n Jt Q
3p
= C{Qu(ta) + M Qn(tn)iﬁﬁg} ,

Now, we observe that {\,},>1 is a bounded sequence

tn+T 1/2 tn+T 1/2
An = (/ IIun(s)!|2d8> <C (/ !|Vun(s)||2ds) < CE(un(0)) < CR
tn t

because the initial data are in a ball B(0, R).
Hence, (4.22) implies that

1 t+T
7[ [ ol uwnn)| dods <
n

3p 445p

< C{Qutn) + 277 Q)2 } -0, o0,

(4.28)
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For the case r > 0 and —1 < p < 0, from estimates for I; and Is, we obtain

2

t+T _1 _2
/t | 1p(a un)| dds < c{lew) - Bt +1)]™ + [Be) - E¢+1)] 7"}
< O Ds(t) .

Thus
1 t+T

(4.29) )\—/ lp(x,unt)| deds < C Qu(t,) — 0, n—o0.
n Jt Q

For the others two cases we obtain the same conclusion as in (4.28) and (4.29)
respectively. We have proved, in the four cases, that

(4.30) /\i plx, unt(t+1,)) — 0 in L'([0,T] x Q) .

n

Now we can take a limit of {vy(t)}n>1. From (4.26) there exists a function
v(t) such that

vnlt) 2 0(t), i W0, (LA(Q))*) N L®(0, T; (HA(Q)?)

and strongly in L2([0,T] x ).
Then, the limit function satisfies:

v e W0, T (L())%) N L*(0,T; (Hy(2))%)
(4.31) vy — b2 Av — (a? = b*)Vdivv +av = 0, in [0,T] x Q2 ,
T
(4.32) / / o (1) deds = 0,
0 Jw
T
(4.33) / lo(8)]2ds = 1.
0
In fact, semigroups theory says that
v e CH0, T3 (L*(2)°) N C(0, T3 (Hy (2))°) -
Because the function v satisfies (4.31) and (4.32), the Holmgren’s Unique-

ness Theorem implies that v(z,t) = 0 in Q x [0,7]. This result contradicts the
condition (4.33) on the function v. Thus, the inequality (4.20) holds. u
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5 — Proof of Theorem 2.2

Using the result of Proposition 4.3 and the estimate in the Proposition 4.4 we
conclude {

(5.1) Elt) < C t)? +/t+T/ ug|? d ds}

where D;(t) (i =1,2,3,4) are given in the Proposition 4.3.

Now, we shall estimate the last term in (5.1) and derive the decay estimates
stated in the Theorem 2.2.

For the case 0 < r and 0 < p < 2, we see from the hypothesis (2.1) on function

a(z )
t+ t+T
/ /\ut|2dacds < C/ / ) [ug)? da ds
' t+T
C’/ / ) Jug? d:cds—i—/ / z) |ug|? dx ds
t+T t+T
/ / ) Jue|" T2 d ds} —l—/ / ) |ug [P da ds

t+T m t+T
C / / plx,ug)-uy dz ds} —|—/ / p(x,u)-uy dz ds
t Q1 t Qo

where the last C depends on |, T and ||a||cc-
Then, due to (2.4), we have

(5.2) //\ut|2dxds<c{[() E(t+T)| + [E(t)—E(tnLT)}’%Q}.

From (5.1), (5.2) and the expression for D;(t)we obtain

E(t) SO{[Ea)—E(HT)M[E() Bt+1)) ™ + [E@)_Ewnfﬁ—??}.

IN

| /\

IN

Then, because E(t) is bounded, we conclude that
E(t) < C[B(t) - B(t+T)]

where K1 = min{%, 4&;3} is such that 0 < K; < 1.

We have obtained the following inequality

(5.3) sup E(s)%1 < E(H)™ < C[E(t) ~ B(t+T)] .
t<s<t+T

Ki

If we set 1+~ = - , then v = 15 Ifl and applying Lemma 3.1 to (5.3) we
obtain that
(5.4) E(t) < Ci(1+t)™

2 4(p+1) }

with v = mm{ >
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For the case 0 < r and —1 < p < 0 we have
/tHT/Q af@) [ue? dwds < Cy[B(t) - E@HT)}ﬁ .
Then, in the Saume2 way of the first case, we get
(5.5) /t HT/W g2 da ds < Cl{[E(t)E(tJrT)}T_iQJr [E(t)E(HT)]ﬁ}.
From (5.1) , (5.5) and the definition of Dy(t) we have
E(t) < C {E(t) — B(t+T)+ [E(t) - B(t+ 1)) G (B(t) - B(t+1)] 44?}
and because this )
(5.6) E(t)*: < C[B(t) - B(t+T)]
with Ky = min{%, fp} such that 0 < Ky < 1.
Applying Lemma 3.1 to (5.6) we have

Et) < C1+1t) "

. o f2 -4
with ’yQ—mln{;,T .

For the case —1 <7 <0 and 0 < p < 2, we see that

t+T t+T
/ / a(x) lw)? deds < C’/ / a(x) |ug|"? dx ds
t (951 t O

t+T
< C’/ plx,u) up deds < C{E(t) —E(t+T)}
t (951

and it follows that
t+T

(5.7) / /\utyz drds < C[E(t) ~ E(t+T)] .
t w

Thus, from (5.1), (5.7) and the definition of D3(t), we get

(5.8) E(t)<C {E(t)—E(t+T)+ [E(t)—E(tJrT)f‘XL” VB0 - B +T>]ﬁi§?} |

Therefore )
E()* < Ci[E(t) - E(t+T)]

with K3 = min { 2(::21), 4&;;)} such that 0 < K3 <1 .

We conclude by Lemma 3.1,

E(t) < C1+1t)

with v, = min{w, %}.
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Finally, for the case —1 <r < 0 and —1 < p < 0, we have
t+T 4
/ / lw|? dzds < C { [E(t) —B(t+ T)} + [E(t) —B(t+ T)} 4*’}
t w
and by (5.1) and the definition of D4(t) it follows that
2(r+1) 4
E(t) < c{E(t)_E(t+T)+[E(t)_E(HT)} 2 +[E(t)_E(t+T)}4P}.

Thus

1

E(t)*™ < C[B(t) - B(t+1)]

r+2 0 4—p
From this inequality, using Lemma 3.1, we obtain

with K4 = min{2(r+1) 4 }

BE(t) < C(1+1) %

with v4 = min{M7 —_4)}

T p :
The proof of Theorem 2.2 is complete. n
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