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IDENTIFIABILITY, STABILITY AND
RECONSTRUCTION RESULTS OF SOURCES
BY INTERIOR MEASUREMENTS

SERGE NICAISE and QOUAHIBA ZAIR

Abstract: We consider the inverse problem of determining wave sources in bounded
domains. We show that the interior observation on a part of the domain determines
uniquely the sources if the time of observation is large enough. We further establish con-
ditional stabilities for some particular unknown sources. We finally give a reconstructing

scheme.

1 — Introduction

Inverse problems of distributed parameter systems is in our days an expanding
field. Here we are mainly concerned with the determination of some sources
using some observations. As usual in such problems the three main steps are the
uniqueness (unique solvability of the problem), the stability (small perturbations
of the measurements give rise to small perturbations of the sources) and finally the
reconstruction (build appropriate processes in order to find a good approximation
of the unknowns).

The resolution of such problems using control results of distributed systems
(like the wave equation, Petrowsky systems, etc...) have been recently developed,
in particular by Yamamoto and coautors [19, 3, 4, 20]. The main idea is to use
some observability estimates and controllabillity results, using for instance the so-
called multiplier method and the Hilbert Uniqueness Method [14], to deduce the
uniqueness and the reconstruction process. For the wave equation this method
successfully leads to the reconstruction of point sources in 1-dimensional domains
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by boundary observations in [3, 4, 10, 17]. In higher dimensional domains the
same technique leads to the reconstruction of smoother unknown sources using
boundary observations [18, 19]. In [4] the authors consider interior pointwise
observations for the determination of the point sources in |0, 1[. For the standard
Petrovsky system (vibrations of beams or plates), pointwise and line observations
are treated in a similar spirit in [20].

To our knowledge the determination of sources by interior measurements for
the wave equation has been not yet considered. Therefore our goal is to answer to
this question by adapting some results from [2, 3, 19, 17]. The main ingredients
are first the existence of some observability estimates obtained in practice by
some interior controllability results [14, 15] and second appropriate properties
of some integral operators [19, 3]. Since the eigenvalues and eigenvectors of the
Laplace equation are not explicitly known, our reconstruction process is different
from the one in [3] and is more close to the one in [19].

The paper is organized as follows: In section 2 we recall the wave equation
with some special sources and present the inverse problem we have in mind. In
section 3 we introduce the notion of strategic subset, which means that some
observability estimates hold for this domain, we further present some examples
of strategic subsets. Section 4 is devoted to the proof of the uniqueness result
and is based on the previous observability estimates and some properties of an
integral operator between different Sobolev spaces. The conditional stability for
some particular unknown sources, i.e. linear combination of Dirac functions or
approximations of them (see below for the specific definitions), is deduced in
section 5. Finally the reconstruction is detailed in section 6.

2 — Preliminaries

Let 2 be a bounded domain of R™, n > 1, with a Lipschitz boundary I.
On this domain we consider the following wave equation:
O?u(x,t) — Au(z,t) = \(t) a(x) in Qr,
(1) u(z,t) =0 on X,
u(x,0) = dwu(x,0) =0 in Q,
where Q7 := Q x ]0,T[, 7 :=I'x]0,T[. Above and below A € C([0,T]) is a

given function satisfying

(2) A0) £0 .
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The unknow source a is assumed to be in L2(Q) (or in H~1(Q) if n = 1) so that

our wave equation (1) has a unique (weak) solution u satisfying
u e (0, TEV)nCH([0,T]; H)

where for shorthness we write V = H}(Q) and H = L%(Q).
Our goal is to identify the unknown source a from interior measurements,
namely the value of dyu(z,t), for 0<t<T and all x in a fixed subdomain w of (.

3 — Some observability estimates

As usual the identifiability results for the system (1) is based on some observ-
ability estimates for the unique solution v € C([0,T]; H) N C*([0,T]; V') of

Pv—Av=0 in ]0,T[,
(3)
v(0) =0, Ow(0)=a.

Accordingly we make the following definition:

Definition 3.1. A subdomain w of €2 is said to be strategic if there T" > 0
large enough and two positive constants C; and Cy depending on 1" such that

T 1/2
@ Cillally < ( L/ rv<x,t>|2dxdt> < Calally:

when v is the unique solution of (3). o

Let us give some examples of strategic subdomains w: The one-dimensional
case is quite easy and use a spectral decomposition (see [11] for a similar point
of view).

Lemma 3.2. Let 2 be the real interval (0,1), then any open subinterval w
of Q) is strategic, namely for T' > 2, the estimates (4) hold.

Proof: Fix zp and € > 0 such that w = (z¢g — €, 29 + €).
By the spectral theorem, v is given by

> sin(kmt
v(z,t) = Z by, l(mr)

k=1

sin(krz) |
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when the initial datum is given by

a = Z by sin(km-) .

k=1

By Ingham’s inequalities [8], for T' > 2 we then have

T o0 b 2 xo+e€
// lv(z,t)|> de dt ~ 2k|2/ | sin(kmz)|? dx .
0Jw k=1 k*m To—€

By explicit calculations we have

/xo—l—e sin(kra) 2 de — ¢ sin(2kme) cos(2kmx)
ro—c 4km '

Therefore there exists kg such that for k£ > kg we have

xro+e€
e/2 g/ |sin(kra)2de < 2e .
X

0—€

And the requested estimates follow. n

In higher dimension we can still evoke the spectral decomposition for some
special domains (see [11]), like a sphere or a truncated cone and a subdomain w
near the boundary. But these examples are covered by the method introduced
by E. Zuazua based on the so-called HUM method of J.-L. Lions [14] and using
the multiplier method:

Lemma 3.3 (Zuazua, Theorem VIL.2.5 of [14]). Assume that Q) is a bounded
domain of R", n > 2, which has a C"! boundary, or is convex, or is a polygonal
domain of the plane with a Lipschitz boundary or is a polyhedral domain of the
space with a Lipschitz boundary. Fix xg € R™. For a subset S of R" and € > 0,
set

N [S] = U{yeR”: \y—x\<e},

x€S
[(zg) := {x € 00: (z —xo) -n(x) > O} ,
where n(zx) is the unit exterior normal vector of 92 at x. Then a subdomain w

satisfying
QNN [(x0)] C w

for some € > 0, is strategic.
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Proof: See sections 2.3 and 2.4 of [14] and in particular Theorem VII.2.5 of
[14]. u

Lemma 3.4. Fix G a (relatively) open subset of the unit sphere S,_1 of R™,
with n=2 or 3 with a smooth boundary. Let Q = {x=re™ € R": r<1, weG}
be the associated truncated cone in R™. Then for all ¢ € (0,1) the subdomain
w={xeQ: 1—e<|z| <1} is strategic.

Proof: Let us set C' = {x € 9Q: |z| = 1}. Using the technique of Theorem
4.2 of [7] with the multiplier m(z) = x, there exists Ty > 0 such that for all
T > Ty, the solution v of

Pv—Av=0 in ]0,T[,
(5) {

v(0) =vg, Ow(0) =10y .

satisfies

Trov 2
© (ool +leal) < [ [ |5o0)] syt < Culflool + )

for some positive constants Cs, Cy depending on 1. Consequently the arguments
of Theorem VII.2.5 of [14] leads to the estimates (4). m

In the above lemma in dimension 2, the case G = ]0, 27| is allowed, this is an
example of a domain € with a crack for which the results below hold.

Let us finally mention that the piecewise multiplier method of Liu [15] allows
to show that some “internal” subdomains are strategic:

Lemma 3.5. Assume that () is either convex or has a C%! boundary and
that there exists open sets Q; C Q with a Lipschitz boundary 95};, and points
zh € R", j=1,..,J such that Q; NQ; =0 if i # j. Set

I := {:L‘ € 09 (x—xé)n](az) > O} ,

where n;(x) is the unit exterior normal vector of 0§); at x. Then a subdomain w

Q m\@[(grj) U (Q\}:Jl@jﬂ Cw

for some € > 0, is strategic.

satisfying
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Proof: By Theorems 4.2 and 2.3 of [15], there exist T > 0 and 6 > 0 such
that any solution v of (5) satisfies

(7) /OT/w (\Vv(g;,t)PJr ‘%(m,t)r) dr dt > 5(Hv0||%,+ Hvl\lfq) ,

Since the energy of our system is constant, the inverse estimate

/OT/UJ<|Vv(m,t)|2 + ’Z($’t)'2> dzdt < T(H'UO”%/ + \|Ul||%1)

clearly holds. These two estimates and the weaker norm arguments of section 2.4
in [14] allow to obtain the estimates (4). u

Note that the case J = 1 corresponds to the case of Lemma 3.3. As an
example (see Remark 4.3 of [14]) we may take the rectangle Q = 10, ;[ x |0, l2[ and
w=l|x1—€,z1+€] X Jxa—€,xa+€], for any 0 < z; < [; and € < min;—y o{x;, [;—z;}.

4 — Uniqueness

We first recall Duhamel’s principle (see for instance [19, 3]) which gives the
relationship between v solution of (3) and w solution of (1).

Lemma 4.1. Let u € C([0,T]; V) N CY([0,T]; H) be the unique solution of
(1) with unknown source a € L*(Q) (or in V' if n = 1) and let v € C([0,T]; H) N
C1([0,T]; V') be the unique solution of (3) with initial speed a. Then

(8) u(t) = (Kv)(t), vte]o, T,

where K is defined by
t

) (Ko)(t) = [ At =s)v(s)ds,  Vee]o,T],
0

and is a bounded operator from L?(0,T; H) into itself.

We can now recall the following result proved in [19]:

Lemma 4.2. If\ € C([0,T)) satisfies (2) then the bounded operator K from
L?(0,T; L*(w)) into itself defined by (9) is an isomorphism from L%(0,T; L?(w))
into oH'(0, T; L?(w)), where

oH'(0,T; L*(w)) = {v € H'(0,T; L)) | v(t = 0,-) = 0} ,
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equipped with the norm
1/2

</0T/w 1050[? dae dt>

Let us now give a consequence to the solution u of problem (1):

Lemma 4.3. Let u € C([0,T); V)N CY([0,7T); H) be the unique solution of
(1) with unknown source a € L?(Q) (or in V' if n = 1) and let w be a strategic
subset of Q). Then for T > 0 large enough it holds

. 1/2
(10) Crllallv: < (/U/ |8tu|2d:cdt> < Colally

for some positive constants C1,Cy depending on T

Proof: By Lemmas 4.1 and 4.2 we clearly have

T T
// |0pu)? da dt N// lv|? dx dt .
0 Jw 0 Jw

We then conclude from the estimates (4). n
We are now ready to formulate the uniqueness result:

Theorem 4.4. Let u' (resp. u?) in C([0,T]; V)NC*([0,T]; H) be the unique
solution of (1) with unknown source a' (resp. a®) in L*(Q) (or in V' if n = 1).
Fix a strategic subset w of 2 and T' > 0 large enough from Definition 3.1. If

ol = 0w?  on wx(0,T),

then a! = a2.

Proof: We remark that u = u' — u? satisfies (1) with a = a' — a®. By the
assumption we further have

Ou=0 on wx(0,7).

Therefore by Lemma 4.3 we get a = 0 in H~1(Q2) and then if n > 1, in L*(Q)
since Hg () is dense in L?(12).
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5 — Stability

Usually conditional stability results are only obtained for specific unknown
sources [2, 3, 19, 17]. We here restrict ourselves to three kinds of unknown
sources: The first case concerns the one-dimensional situation n = 1. In that
case we assume that the unknown sources a!, [ = 1,2 are linear combinations of
Dirac functions, namely of the form:

K
(d o) => alo(&), VeéeH (0,L),
k=1

for some positive integer K, some real numbers 042, different from zero and some
different points & in Q =(0, L). This case was considered in [3, 17] for boundary
observations, but the same idea yields a stability result in the case of internal
observations. Namely we have the

Theorem 5.1. In the setting of the first case, fix a strategic subset w of €}
and T > 0 large enough from Definition 3.1. Suppose that

|ak—ai|+\§é—§£|§e, szlv"wKu

with € > 0 satisfying the constraints

(1) e < 5 minlégh— &bl
(12) e < = minlel]
2 k
(13) e < Lminlel — I,
2 g Y
(14) e < L min || .
2 k

Then there exists a constant C' depending on T, minyz [€f — &L| and ming ||
such that

K
> (\Oézlc — of| + |6 — f/%|) < C(L+Ve) |’ — 0| 1200, 7:12(0)) -
=1

Proof: By Lemma 4.3 we clearly have

(15) la" = a®|lv: < Cllowu’ = 0’|l 20,120 -
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Therefore it remains to estimate from below the norm of a! —a? in V.
For that purpose we recall that

1,2
Hal _a2||V’ = sup ‘<a a 7¢>| 7
sevisro  llollv

and use appropriate test functions ¢.
In this situation we use the test functions ¢ used in Theorem 5.1 of [17] to
conclude that

K
> (lok —afl +l&k = €}1) < CO+ V) [la* — |y
k=1

for some positive constant C' depending on T', mings ]{,i — 5,1/| and ming ]a,lf].
The two above estimates lead to the conclusion. m

In the above setting for the determination of the locations of point sources
only (i.e. ol = 1, for all k,1), using the results from [10], the above results may
be sharpened as follows:

Theorem 5.2. In the setting of the first case assume that oefc = 1, for all
k=1,..,K, | =1,2. Fix a strategic subset w of Q2 and T' > 0 large enough from
Definition 3.1. Suppose that

&t —&|<e, VYk=1,.,K,

with € € (0,1/2) satisfying the constraint (11). Then there exists a constant C
depending on T' and K such that
K

16— &l < Clow' — 0”207 12(w) -
=1

Proof: From the assumptions on & and e and Proposition 2 of [10], there
exists a constant C' depending on K such that

K
> len =&l < Clat —a®|lv .
k=1

The conclusion then follows from the estimate (15). u
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The second case concerns the multi-dimensional case n > 1 (arbitrary) and
takes for a!, the (L?(£2)) function

Za5 g0< 5£k>’ =12,

with a fixed positive integer K, fixed real numbers aj € R, and different points
¢l € Q, and finally » € D(R") with a support in B(0,1) and § > 0 small enough

such that supp ¢(- g’“) = B(&L,6) € Q and satifying
B(&,46)cQ, VYk=1,..,K,

1
6 < g min 6k — Eul -

This last condition implies, in particular, that the functions ¢ - E’i) have disjoint
supports.

This choice is motivated by the fact that 5‘%0(%) tends to the Dirac
function at {}C as 0 goes to zero so the above choice is an approximation of the
first case.

Under these assumptions we can prove the following conditional stability
result:

Theorem 5.3. In the setting of the second case, fix a strategic subset w of
Q and T > 0 large enough from Definition 3.1. Suppose that

&t — € <e, VYEk=1,..,K,

with € > 0 satisfying the constraints

< L —
(16) € < km;,g\ﬁk | =50
(17) e <§6.

Then there exists a constant C' depending on T and & such that

K

Z \fk §k| 0”31514 — Opu® 22 (0,T;L2(w)) -
k=1

Proof: As in Theorem 5.1 it suffices to estimate from below the norm of
al —a?in V.
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If n =1, we take

b (2) =¢1($‘ﬁ) in Q)

where ¢, is a fixed function defined by

For that choice, by the above conditions for any k£ =1, ..., K, we have

s s [ (o(59) o5 ()

and by a change of variable we get

2 el
(a'—a® or) = o /_11<p(y) <¢1(y) - qﬁl(W)) v

By the finite increment theorem and the fact that |£f — &7| < &, we then obtain

1
W= = S - [ ow)dy.

The conclusion follows from the fact that ||¢|v = % for some C7 > 0.
If n = 2 we first take

bk (71, 12) = ¢1($15&1) ¢2<x25§;2> in Q,

where ¢1 was defined above and ¢9 is defined by

2+§ if —4<i<-2,
) 1 it 2<@<2,
$2(2) = 4
2—5 if 2<a2<4,
0 else .
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The same arguments as before then yield

a
(o' = a?,0r) = (6 —6;31)/]1%2 P(y1,92) dyr dys -
Since [|¢x ||y = C2 for some Cy > 0 independent of § we conclude that
61 — &l < Colla’ = a®[ly

for some C' > 0 independent of §.
Exchanging the rule of z1 and x2 we may conclude

ko — ol < Cdla’—a®|lv

for some C' > 0 independent of 4.
The proof is similar for n > 3. =

l

The third case we want to treat is the case when n = 1 and the function a’,

[l =1,2is given by
1

T e -dpP
for a point ¢ € Q and some 0 < 3 < %
Under these assumptions we can prove the following conditional stability re-

a'(x)

sult:

Theorem 5.4. Fix a strategic subset w of Q0 = (0, L) and T > 0 large enough
from Definition 3.1. There exists a positive constant x depending on (3 such that

if
(18) €' =€ < R(L-€)7,
then there exists a constant C depending on T, 3 and L — ¢' such that

€' =& < Cllow’ — 0’|l 20,720 -

Proof: As before we need to estimate from below the norm of a*— a2 in V'.
We fix § = L5 and take as test function Pe:

2
pe() = ¢<xg£> ,

where ¢ is a fixed function belonging to C2(R) with a support in [0, 1] and such
that ¢(z) > 0 for any & € (0,1). By changes of variable we have

-0 - (o) -o(E=2)




INTERIOR MEASUREMENTS 467
Using Taylor’s expansion we then get
g-¢g (@
5 P R
79(5)
= — = ldy,

1 1
¢ ‘/RW ¢ (0(y)) dy ,

<CL1* CL2, ¢f> = C

where we have set

where 0(y) is a point between ¥ and %. Remark that by integration by
parts we have

1
a1 = 651‘5/ dy)y "y = &7
0
which is positive due to our assumptions on ¢. This allows to write

€% — ¢

(@' =% 6q)| = B> (1077 — Jeal 17 — € -
Therefore taking
Kk = _ G
|ca 2575

the assumption (18) and the above estimate yield

[(a' = a®, ¢¢)| >

CI

The conclusion follows from the standard identity | ¢¢|lv = % for some

Ci1>0.n
6 — Reconstruction

For the reconstruction of the sources from interior measurements we follow
the point of view of [19] which consists in using the following exact controllability

result:

Lemma 6.1. Fix a strategic subset w of Q2 and T > 0 large enough from Defi-
nition 3.1. Then for every ¢ € V, there exists a unique controlv € L*(0, T; L*(w))
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such that the (weak) solution v € C([0,T); H) N C([0,T]; V') of

O — A = Xux(o,1)V in Qr,
(19) Y=0 on X,
¢($,0) = (;5(17), at¢($a0) =0 in Q ’

satisfies

(20) $(.T) = 0p(-T) = 0.

Proof: This is a direct consequence of the estimates (4) and of the Hilbert
Uniqueness Method of Lions [14, Th. VII.2.5]. Note that 1 is only a weak solution
of the system (19) with the final conditions (20) in the sense that v is the unique
solution of (using the transposition method)

T
(21) Ufdodt = (0, 0O)v-v + [ [ vp duds
Qr 0 Jw

for all f € L*(0,T;H), ¢o € H, ¢1 € V', where ¢ € C([0,T); H) N C*([0,T]; V")
is the unique solution of

{ Ofp =Ap+f in |0,T],
o(T)=wo, Owp(T)=1w1 .

In view of Lemma 6.1 we can define a bounded linear operator I1: V —
L*(0,T; L*(w)), by

¢—wv,

where v is the control from the above Theorem driving the system (19) to rest at
time 7.

We further use the adjoint K* of the operator K as (bounded) operator from
oH'(0,T; L*(w)) into L?(0, T; L?(w)) and which is given by (see section 5 of [19])

T
(K n)(at) = A0) @un)(at) + [ (N = 0) @i 5) + Ms = ) (e ) ds
0<t<T,
for all n € oH'(0,T; L?(w)). By the assumption (2) we even have (see [19])

R(K*) = L*(0,T; L*(w)) .
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Consequently for allyp € L%(0,T; L?(w)) there exists a unique € o H'(0,T; L?(w))
solution of
K*n =14,
equivalently, n is solution of the Volterra equation of the second kind
T

A(0) (8im) () + /t (X(s = 1) @m)(z,5) + M(s = ) n(x,5)) ds = V(1) ,

rew, 0<t<T.
We then define the mapping ® from L?(0,T; L?(w)) to o H'(0,T; L?*(w)) by

Y —ni= P,

when 7 is solution of the above integral equation. This means that
(22) K*® =1Id on L*0,T;L*w)) .

Now we can formulate our reconstruction result:

Theorem 6.2. Fix a strategic subset w of ) and T > 0 large enough from
Definition 3.1. For all k = 1, ..., 00 we define

9k = (I)Hgbk: )

where {¢}}$2, is an orthonormal basis (in L*(Q2)) of the Laplace operator with
Dirichlet boundary condition. Let u € C([0,T]; V)N C([0,T]; H) be the unique
solution of (1) with unknown source a € L?(Q) (or in H=1(Q) if n = 1). Then
for all k =1, ...,00 we have

T
(23) (.00) = [ [ dvula,t) 06 (a.t) dodt
0 Jw
and then a may be reconstructed by
00 ) T
o =30, 0x) by = Z( | [ oty 200t dazdt> o
k=1 k=1 ©

Proof: Applying the identity (21) with ¢ = v, where v is the unique solution
of (3) with initial speed a we have:

(24) (a, dr) = /O T/w (e, ) Ty (x, 1) da dt
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To conclude we need to show that

T T
(25) / / o(a, ) gy, 1) dwdt — / / Oulw, t) 0,0y (1) dudt .
0 Jw 0 Jw
Indeed by the definition of 0 and (22) we may write
K*0), = K*®llgy, = Ty, .

Therefore by the above identity, the left-hand side of (25) may be transformed
as follows

/OT/W v(x, t) Mg (x,t) dedt = /OT/MU(xat) K* O (2,1) da dt

= (Kv,0k) i 0,1:02w)) = (W 0k)om1(0,7522(w))

and the identity (25) follows from the definition of the inner product in
oHY(0,T; L*(w)). m

ACKNOWLEDGEMENTS — We express our gratitude to the Université des Sciences et
de la Technologie H. Boumediene for the financial support of the second named author
and the laboratory MACS from the Université de Valenciennes for the kind hospitality

of the second named author during various stays at Valenciennes.

REFERENCES

[1] Aki1, K. and RICHARDS, P.G. — Quantitative Seismology Theory and Methods,
Vol. 1, Freeman, New York, 1980.

[2] BRUCKNER, G. and YAMAMOTO, M. — Identification of point sources by boundary
observations: uniqueness, stability and reconstruction, in “Hermis’ 96, Proceedings
of the Third Hellenic European Conference on Math. and Informatics” (E.A. Lipi-
takis, Ed.), Athens, LEA, pp. 154-161, 1997.

[3] BRUCKNER, G. and YAMAMOTO, M. — On the determination of point sources by
boundary observations: uniqueness, stability and reconstruction, Preprint WIAS,
252, Berlin, 1996.

[4] BRUCKNER, G. and YAMAMOTO, M. — Determination of point wave sources by
pointwise observations: stability and reconstruction, Inverse Problems, 16 (2000),
723-748.



[11]
[12]

[13]

[14]
[15]
[16]

[17]

[18]
[19]

[20]

INTERIOR MEASUREMENTS 471

CHEN, G. and ZHou, J. — The wave propagation method for the analysis of
boundary stabilization in vibrating structures, Siam J. Appl. Math., 50 (1990),
1254-1283.

GRISVARD, P. — Elliptic Problems in Nonsmooth Domains, Pitman, Boston, 1985.
GRISVARD, P. — Controlabilité exacte des solutions de l’équation des ondes en
présence de singularités, J. Math. Pures Appl., 68 (1989), 215-259.

INGHAM, A.E. — Some trigonometrical inequalities with applications in the theory
of series, Math. Z., 41 (1936), 367-379.

Kato, T. — Perturbation Theory for Linear Operators, Springer-Verlag, 1966.
KoMORNIK, V. and YAMAMOTO, M. — Upper and lower estimates in determining
point sources in a wave equation, Inverse Problems, 18 (2002), 319-329.
LAGNESE, J.E. — Control of wave processes with distributed controls supported
on a subregion, SIAM J. Control Optim., 21 (1983), 68-85.

LAGNESE, J.E. — Modeling and controllability of Plate-Beam systems, J. Math.
Systems, Estimation and Control., 5 (1995), 141-187.

LAGNESE, J.E.; LEUGERING, G. and SCHMIDT, E.J.P.G. — Modeling of dynamic
networks of thin thermoelastic beams, Math. Meth. in the Appl. Sci., 16 (1993),
327-358.

Lions, J.-L. — Contrélabilité Ezxacte, Perturbations et Stabilisation de Systémes
Distribués, tome 1, RMA 8, Masson, Paris, 1988.

Liu, K. — Locally distributed control and damping for the conservatives systems,
SIAM J. Control Optim., 35 (1997), 1574-1590.

NiICAISE, S. — Exact controllability of a pluridimensional coupled problem, Revista
Matematica Univ. Complutense Madrid, 5 (1992), 91-135.

NIcAISE, S. and ZAIR, O. — Identifiability, stability and reconstruction results
of point sources by boundary measurements in heteregeneous trees, Revista Mat.
Complutense Madrid, 16 (2003), 1-28.

YAMAMOTO, M. — Well-posedness of an inverse hyperbolic problem by the Hilbert
uniqueness method, J. Inverse and Ill-Problems, 2 (1994), 349-368.

YAMAMOTO, M. — Stability, reconstruction and regularization for an inverse source
hyperbolic problem by a control method, Inverse Problems, 11 (1995), 481-496.
YAMAMOTO, M. — Determination of forces in vibrations of beams and plates by
pointwise and line observations, J. Inverse and Ili-Problems, 4 (1996), 437-457.

Serge Nicaise,
Université de Valenciennes et du Hainaut Cambrésis,
MACS, ISTV, F-59313 Valenciennes Cedex 9 — FRANCE

E-mail: snicaise@univ-valenciennes.fr
and

Ouahiba Zair,
Université des Sciences et de la Technologie H. Boumediene,
Institut de Mathématiques, El-Alia, B.P. 32, Bab Ezzouar, Alger - ALGERIA



