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WITH PARTIAL DISCRETIZATION IN BOUNDED
3-DIMENSIONAL DOMAINS
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Abstract: We prove the existence of a unique classical solution w to the initial
value problem of Helmholtz’s vorticity transport equation with partial discretization in a
smoothly bounded 3-dimensional domain for each bounded interval of time. The solution
w depends continuously on its initial value and, in addition, fulfills a discretized form of

Cauchy’s vorticity equation.

1 — Introduction

Let (v,p) denote any smooth solution of the initial boundary value problem
of Euler’s equation

s,
(1.1) &U—I-U‘vv-i-VPZO, V-ov=0, (tz)e€(0,a]xQ,

v(0,2) =vo(z), z€Q,
(1.2) n(z)-v(t,z) =0, (t,x) €[0,a]x0 ,

at times t € J = [0, a] in a bounded connected open set Q C R? with C?**-smooth
boundary 992 = S. We write n(z) for the exterior normal of S in z € S. The
boundary S may be composed of several connected components, S = SqU- - -US},
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where Sy being an exterior boundary and Sy, ..., S, are inside Sy, outside one
another, so that Q = Qo\(Q U ---UQy), O = S for k =0, ..., h.

In the following, we consider domains 2 C R? which have the topological
type of a ball B with m solid handles, m > 0, inside of B a number A of smaller
balls € being cut out. Such a domain is characterized (a) by the presence of
a homotopy basis of m simply closed smooth curves I; C 2 which inside €2 nei-
ther can be continuously deformed into each other nor can be continuously con-
tracted into a single point, and (b) by the fact that making m cuts along smooth
surfaces ¥; C Q we can transform the domain ) into a simply connected one.
In each such m+1-times connected domain © with C?T®boundary 9Q = S
there exist precisely m linearly independent “Neumann vector fields” u; € C1+%(Q)
satisfying the conditions

rotu;(z) =0, divu;(xz) =0 in €, u;-n=0 on S,

u; having the fluxes

Xk

/W'dl: ik
Uk

i,k =1,...,m, respectively. Here n =n(xz) denotes a unit normal vector in

across g, or the circulations

x € X, I = I(z) a tangential vector of [} with any prescribed orientation, see
[9,11,25].

Taking rot of (1.1), for the vorticity w = rotv we get Helmholtz’s vorticity
equation

(1.3) %w—l—v-Vw:w'Vv, (t,z) € (0,a]xQ .

For smooth v fulfilling (1.2), the particles’ pathlines

(1.4) 2(t) = X(t,5,3) € Q

calculated from the initial value problem

d _
(1.5) Ea::v(t,:z:), tedJ, z(s)=72€Q,
are unique and exist globally in Jx.Jx(, [16]. Thus for fixed s = 0, we get the
representation

(1.6) o(t,7) = w(t, X(t,0,7))
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of w in dependence on the “Lagrangean” (or “material”) coordinates = € Q.
The solution of (1.3) is expressed in Cauchy’s vorticity equation

(1.7) w(t,z) = wo(Z) - (VX)(¢,0,2) ,

[22] (cp. Remark 7.2 below), where X has to be calculated from (1.5) in depen-
dence on v.

On the other side, for all t € J, by definition of w the vector function v = v(t, )
is solution of the boundary value problem

(1.8) rotv=w, V-v=0 1in Q, n(z)-v(t,z) =0, z €S,

(1.9) /v'dl:’yk, k=1..m,

lg
with arbitrarily given ~; € R.
It is well known that problem (1.8), (1.9) admits a unique solution for arbitrary
divergence free w satisfying natural compatibility conditions

(1.10) w-ndS =0, k=0,..h,
Sk

and that the solution satisfies coercive estimates in Holder and Sobolev norms

(2, 4,9, 11, 23, 25]. In [19] we have proved

Theorem 1.1. For arbitrary bounded continuous, weakly divergence free w
satisfying (1.10) and prescribed ~y € R, k=1,...,m, the solution of problem
(1.8), (1.9) has the form

(1.11) v(z) = —rot A(z) + Vo(x i (Ve+Ap)uk, A= —/(rotA) -dl,

Uk

A(x):/QE(:E— dy—/E:p— o(y)dS, = A1+ Ay,

where E(z) = —ﬁ is a fundamental solution of the Laplace equation, and
o(z), ¢(x) are solution to the following exterior and interior Neumann problems:

— 0
(1.12) Ap(x) =0, z €R\Q,  ZFls = w-nls,
(1.13) Ap(x) =0, =€, %S =n-rotAlgs .

on
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The necessary compatibility conditions for the boundary data in (1.12), (1.13)
follow from (1.10) and from the Stokes formula

(1.14) /n-rotAdSzO, k=0,...h.
Sk

Notations: In the following, besides the norm |f|o = sup,eq |f(z)| in C°(),

the Holder seminorms [f]o = supgyen %, and norms |f|a = |flo + [fla
THY

of the Holder spaces C%(Q2) C C%(Q), 0 < a < 1, we will decisively use the semi-

P ) — f(@)]
y) — f(z
1.15 fle = sup —=————
(1) e = s iy =2l
TH#Y

with the function

0, r=20

lr) =< —rin(r), re (O,e_l)
T r>e L

By means of the latter we define the subspace C*(Q) = {f € C°(Q)| [f]¢ < oo}
Following [8], the requirement [f], < oo is refered to as quasi-Lipschitz condition
for f. Below the mark Q will be omitted, if no confusion is possible. Finally by
C* we will denote the subspace of all vector functions f € C*, f : Q — R? having
normal component zero on S.

We do no longer require w = rotv. In [19] we also have proved

Theorem 1.2. For abritrary w € C°(Q) and arbitrarily fixed v € R,
k =1,...,m, the function v represented by (1.11), with (1.13) and

9
Ap(e) =0, zeR\R,  SFls=b),

(1.12a)
b(xz) = n(x)-w(x)—\Sk]_1~/n-wdS, x € Sk,
Sk
satisfies
(1.16) lv]o + [v]e < c|wlo

with some constant ¢ independent of w. Consequently for each t € J, the formula
(1.11), (1.12a), (1.13) together define a bounded linear map

(1.17) K:C'= ', wt,)=Kuw(,-),

[19, Remark 3.5, Theorem 6.2.]
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Here the compatibility conditions (1.10) are unnecessary since we do not
require w = rot v.

However, for the fixpoint equation for w resulting from the system of the four
equations (1.17) (here with (1.12) instead of (1.12a)), (1.4), (1.6), (1.7) together,
as well as for Euler’s initial boundary value problem (1.1), (1.2), the existence of a
global unique solution remains an open problem until now. In 2 space dimensions,
quasi-Lipschitz conditions have essentially been used in [7], [8], [28] for proving
global existence of solutions to the nonstationary Euler equations. In 3 space
dimensions, a lot of work has been done on solutions to (1.1), (1.2) which exist
locally in time and on blow-up criteria, cp. [13, 14, 15] and the citations there.
Therefore at least with regard to numerical approaches it seems to be remarkable
that a discretization of the right hand side in (1.3) leads to initial value problems
for approximations to w, which are globally solvable in a unique way.

We will prove

Theorem 1.3. Let the prescribed initial value wg be one times continuously
differentiable, the vector valued function Z(x) = x + ewq(z) for z € Q taking its
values in €, where € # 0 denotes a constant. Then the initial value problem

0 1 _
(1.18) aw—kv Vw = g{v<t, x—i—ew(t,m)) —v(t,x)}, (t,x) € JxQ,

w(0,z) = wo(x) ,

with v = Kw from (1.17) (the function v being somehow continuously extended
to JxR3), has a unique global solution w € C*(JxQ). The function w can be
approximated by iteration of a contracting map T and depends continuously on
wo-

The construction of the map 7' is similar as in [17], where the Cauchy problem
of (1.18) in R? without boundary condition (1.2) for the velocity field v has been
solved, the initial value wp having compact support. The fulfilling of (1.2) requires
the new potential theoretical tools developed in [19].
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Proof of Theorem 1.3:

2 — Notations

In order to prove Theorem 1.3 we have to consider (vector valued) functions
on Jx$) which may have different smoothness properties with respect to ¢t and x.
Therefore, denoting by 02, p = (p1,p2,p3), an arbitrary x-derivative of order
Ip| =p1 +p2+p3, p;=0,1,2,..., we introduce the linear spaces COF of all
(vector valued) functions f for which all derivatives 0P f exist and are contin-
uous on JxQ, 0 < |p| < k. C%+2 is the subspace of C%* of all functions f
which together with all of their derivatives 02 f, 0 < |p| < k, are uniformly Holder
continuous in x € Q with exponent a € (0,1). As usual, by C* = C¥(A) or
Ckta = Ck+2(A) we denote the class of all functions f which together with all of
their partial derivatives of all orders j < k =0, 1,2, ... are continuous or uniformly
Holder continuous with exponent «, respectively, on their domain of definition A.
We will write C%0, or C%¢, or 0%4 for the subclass of C% = C%(JxQ) of all
vector valued functions f € C%? having zero normal component on S or which in
addition uniformly in ¢ € J fulfill the quasi-Lipschitz condition [f(¢,-)]s < oo or
[f(t,)]e < M, respectively. Moreover we set CO1+7 = C20 N COIHY ~ € [0,1).
Since each f € C%'*7 is uniformly Lipschitz continuous in x € Q, we find
C91+7  C9*. The norms needed below are

[flo=sup[f(t o, [fla =suplft Y, [f(&)h =[VIE o and

teJ

k
Fle=>_ > 1Flo,  flera =fle + D [02f]a -
3=0 |p|=j Ip|=Fk
By C]?/’[HW we will denote the ball of radius M in C%**7 and we will write
Oy =C00 N CYF, v e [0,1).

From the estimates (1.16) of v = Kw above for each t € J, and from the
estimates in Proposition 3.1 below we see that proving continuity of v = v(¢, ) or
of Vu(t,-) with respect to ¢ requires continuity of |w(t, )| or, for some «a € (0, 1),
of |w(t, )]s in t, respectively, which will be ensured by the following

Remark 2.1.

(a) Since J = [0,a] and Q@ C R3 are compact, for any continuous function
[ IxQ — R” the function F(t) = sup, g |f(t, )| is (uniformly) contin-
uous.
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(b) In case f € C%, for any o’ € (0,«) the Holder quotients

[f(ty) — ft z)]
Ha’f(tvxvy) = |y_x|oz’
0 for z=y

for =z #y,

are continuous in (¢, x,y) € JxQx €. Therefore by (a) (with Qx instead
of Q) the Hoélder seminorm [f(t,-)]w = SUD () cOx0 Hy f(t,x,y) is
(uniformly) continuous for each fixed o € (0,«). o

3 — Construction of the velocity v from the approximate vorticity w

Proposition 3.1. The linear map in (1.17), K : w — v = Kw defined by
equations (1.11), (1.12a), (1.13) in Theorem 1.2 has the following properties:

(i) K: C% — 09 is a bounded linear operator.
(ii) For all we C’][\)/’IO we have Kw € C’%M with constant ¢ independent of w.

(iii) For all w e O3 we have Kw € CUl .

Proof: Asshown in [19], the linear map K from Theorem 1.2 is well defined
for each w(t, ) € C°(Q), K being bounded with respect to the norm | - |o, and
(Kw)(t,-) fulfilling the quasi-Lipschitz condition [(Kw)(t, )] < clw(t,-)|o as well
as having zero normal component in z € S. From this, recalling the continuity of
|w(t,-)]o, we see (i) and (ii).

From the well known regularity theorems and Hoélder norm estimates of
potential theory [5, 21], assuming w € C%®, thus w(t,-) € C%(Q), we conclude
o(t,-) € C1HT*(R3\Q) for the solution ¢(t,-) of the exterior Neumann boundary
value problem (1.12a), consequently we find Ay(t,-) € C?*T%(Q) for the single
layer As(t,-) having the density ¢ on S, and we get A;(¢,:) € C***(Q) for the
Newton potential A; in (1.11) with density w(t, -). Therefore the solution ¢(t, -)
of the interior Neumann boundary value problem (1.13) with boundary value
n-rot(A; + Az) on S fulfills ¢(¢,-) € C*T*(Q), too. The related Holder estimates
include |[Kw(t, )14 < ¢-|w(t,)|o which shows the boundedness of the linear
operator K : C%(Q) — C'**(Q)). Recalling Remark 2.1 (b), from the continuity
in t € J of the Holder norm |w|(t,-)|o for o’ € (0,«) we find the continuity of
(VEKw)(t,z), thus Kw € Cg;j\;o‘. "
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4 — Particles’ paths following v

Proposition 4.1. Assume v € C%¢. Then

(i) the initial value problem

(4.1) %x =o(t,z), z(s)=x,€Q, t,sel

has a unique global solution xz(t) = X(t,s,xs) being continuous on
IxJIxQ. We will write L : C%* — C°(JxJxQ) for the map defined
by Lv = X.

(ii) X(t,s,-): Q—Q being topological, X 1(t,s,-)=X(s,t,-), X(s,s, ) =id.
v € COL includes X € C' = CH(JxJxQ).

(iii) Q and 02 are flow invariant for (4.1).
(iv) In casev € C’B”]@ the estimate
(4.2) [(X(t,s,)]a <max{eD,1} with o =e M

holds, D denoting the diameter of ). In case v having normal component
zero on 052, v € CO! or v € CO1+® we have

(4.3) IVX(t,5,)|o < c- el Vololt=s]
or additionally

(4.4) VXt 5)]a < c[Vola|t — s| e Vololt=sl
respectively.

(v) In case vjy € COL, [Vupylo < M, m = 1,2, the solutions X, of (4.1)
with v = vy, respectively, fulfil

(4.5) )Xm(t,s, ) — Xpi(t, s, .)‘0 <

t M|t
/ oMt —s|
S

each constant ¢ above being independent of v, V).

< ¢ ecM\th|

)

v (s ) — v (' ')‘0 dt’

Proof: Statements (i), (iii) have been proved in [16], for general results
concerning flow invariance cp. [1], [20].

(ii) is well known in differential equation theory, cp. [3]. In a slightly dif-
ferent formulation, the estimates (iv) and (v) have been proved in [8],[18].
For completeness we give the proofs in the Appendix Section 7 below. n
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5 — Construction of the approximate vorticity from the particles’ paths:
A discretized form of Cauchy’s vorticity equation

Proposition 5.1.

(i) For any given v € C%!, each solution w € C! of (1.18) in Theorem 1.3

v o

with initial value wo € C*(Q) fulfilling

(5.1) Z(z) =z +ewp(x) €Q forall z€Q,
has the representation

(5.2) w(t,z) = %{X(t, 0,2(-)) = X(1,0,-) } o X(0,t,2) = HX
for all (t,x) € JxQ, X = Lv denoting the solution of (4.1).

(ii) Conversely in case wo € C1(Q) fulfilling (5.1), v=Kw € C%*, the function
w = HX in (5.2) belongs to C! and solves (1.18).

Proof: Recalling Proposition 4.1, the representation of w in Lagrange coor-
dinates z, w(t, %) = w(t, X (¢,0,Z)), is well defined. Because of

J 1 0
(5.3) ((%w(t, )) o X (t,0,x) = pra +v-Vuw,
initial value problem (1.18) is equivalent to
(5.4) 25 = Lot xreu(t. ) - o(t. X)) o
: 50 = St Xtewlt, v(t, r
0 . _ :
(5.5) &{X +ew} =v(t,X+ew), tel0,a], with

X+ew=2+ewy(x), t=0,

where v(t, X) = 2X, X = X(t,0,2).

Equation (5.5) represents the initial value problem (4.1) with direction field v
for the function X + €@ having the initial value Z + ew(Z) € Q. Thus recalling
again Proposition 4.1 we find

(X +ew)(t,z) = X(t,0,Z + ewo(ZT)) or

(5.6) B(t,3) = %{X(t, 0.2(%) - X(1,0,3)} .

which shows (5.2) because of T = X(0,t,z).
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Finally, recalling Propositions 3.1 (iii), 4.1 (ii), our requirement in (ii) gives
w=HX € CY(JxQ) in (5.2), the latter equation being equivalent to (5.6).
Differentiating with respect to ¢ and using the representation above of %@(t, z)
with 7 = X~ 1(¢,0,2), we get (1.18). u

Corollary 5.2. Under the assumptions of Proposition 5.1 we have
T+ ew(t,z) € Q for all x €.

Proof: From (5.2) recalling x = X(¢,0,z) and (1.6) we find X + ew =
X + X(t,0,2(z)) — X = X(t,0,Z(z)) € Q because of (5.1) and Proposition
4.1 (ii). w

Remark 5.3. Due to the smoothness we have required for 0f2, each vec-
tor valued function v € CS:}JO‘(JXQ) can be extended to ¥ € Cg’]%/fa(Jng).
The uniform Lipschitz continuity of ¥ ensures the existence of the unique global
solution X of (4.1) with ¥ instead of v and z, € R®. Rewriting (5.4) and recalling

= X(t,0,2) € Q if €O we see

(5.7) —w _ /—v (t, X+ ow(t, X))do = w(t,X)- (Vo)(t,X)+ E
where
- E| = /w (1, %) - {(V9) (1, X+ ow(t, X)) - (Vo)(t, %) } do

< [V, - |w\c1)+a el

Because of (5.3) and X’Jxeﬁ = X, equation (5.7) and the latter inequality
show that in the special case where the semi-norms in question of ¥ and w are
bounded independently of |e|, a solution w of (1.18) solves Helmholtz’s vorticity
equation (1.3) modulo c|e|*. Moreover, in (5.2) with X instead of X taking the
limit € — 0, we again get Cauchy’s vorticity equation (1.7). o

We will further on write D for the diameter of Q.

Proposition 5.4. Assume
(a) X € L(Cyy,), thus X(t,s5,-) € C%(Q) by (4.2), t,s € J, and
(b) wo € CY(Q) with (5.1).
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Then the function HX in (5.2) is continuous on Jx and obeys the estimates

() [HX|o <2,

(ii) [(HX)(t, )]a2 < L{C'(1+|€|[w0]1)°‘-[X(t,07 ')]a-[X(O,t,‘)]ngDl—aQ},

le]

Particularly X € L(C%Y), thus a = 1 includes (HX)(t,-) € C1(Q).
In case
(¢) X, € L(CYY), thus X,,(t,s,-) € CHQ) by (4.3),t,s € J, and
(d) wmo € CHQ) with Zy,(z) = 2 + ewmo(r) €Q if x €Q, m=1,2,

the Lipschitz estimate
(iii) |e] [(HX2)(t,) — (HX1)(t,)|o <
< { e [X1(2,0,)]1 [wao — wiofo + 3| X2(t,0,-) — X1(¢,0,-)|o +

+ ¢ [X1(,0,)]1 - [Z1]1 - |X2(0,2, ) — X1(0,¢, )]0
holds true.

Remark 5.5. Here and in the following we write [f]; = |V f|o for any func-
tion f € C1(Q). o

Proof: From (a) and (b) recalling Proposition 4.1 (i) we see that HX in (5.2)
must be continuous, since it is composition of continuous functions. Inequality
(i) holds because of X(t,s,z) € Q for x € Q,t,s € J. In order to prove (ii),
writing X o Z = X (t,0,Z), we observe that HX = 1{X o Z o X~! —id} holds
because of Proposition 4.1 (ii). Thus taking

Tm€Q, Xm=Xt02n), ITn=X,'=X(0tazn), x1#z2,
ﬁrstofallincaseZoX{lyéZonlwesee

le| - |HXy — HX,| = ‘XoZoXQ_I—xg—(XoZoXl_l—:nl)‘ <

|XoZoXyt — XoZoX[ | |ZoXy! — ZoX |

1 -1
= |ZoXyl— ZoX{ e X, =X ] XY= X+ fme — @

IA

(X0, )a - (210 [X0.8,)]0)" + ez — 1"} oo — 1]
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Since the last bound obviously holds in case
ZoXy ' =ZoX;!, too, moting [Z] = |V(z+ewo(x))lo < c- {1+ el [wolr},
we find (ii). Namely, the last statement in (ii) is obvious by Proposition 4.1 (ii).

For proving (iii), writing X, = X (t,0,), X' = Xn(0,t,), X;m o Z, =
Xm(t,0,Z,), n=1,2, we find

le| - |HX, — HX:| = ’(XQOZQ—XQ)OX;l—(Xlozl—Xl)oX;1] < 646,
where
5 = ]{(XQOZQ—XQ)—(Xlozl—Xl)}oxgl\
< [Xp0Zy — Xy 020+ [X10Z2 — X1 0 Z1|o + | X2 — Xio,
b = (X102 - X1) o X3! — (X1 021 — X1) 0 X |
< e [Xih [Zi - 1X5 = X o+ [ X2 — Xalo

since [id — X1 0 X5 o = | Xa — X1]o because of Proposition 4.1 (ii). Noting
| Xo0Z0— X10Z5|0 < [Xo—Xi|o and |X10Z0—X10Z1|o < [Xi]1 |€] Jwao —wio]o,
we see that the right hand side in (iii) is upper bound of §; +d2. The constant ¢ > 0
depends only on the special norm we use for 3x3-matrices, ¢ being independent
of Xon, Zm.- m

6 — Fixpoint equation w = Tw with the contracting map T'= HLK

For solving the fixpoint equation non-locally in time, separate estimates of the
norm |wlp (which, as we will see, determines the Holder seminorm [T'w],) and of
[w], are decisive. Therefore we introduce the bounded subsets

Chioar, = {F €CONIXD | [flo < Mo, [fla < M} .
Combining Propositions 3.1-5.4 we find

Proposition 6.1. Assume wo € C*(Q) and that (5.1) holds. Then the com-
posed map T = HLK fulfills
(i) T: CJ(\)/’[O —>CJ?/’I’§7M1, where M >0 arbitrary, a=e~Mo f=02, My=2L

le|?
M, = ‘%‘{C(l + |¢] [wo]1)® - (max{eD, 1})1+a T Dl—ﬁ}’
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(i) T: Cg/j,g’Ml —Ctn C’g&f’Ml, where v € (0,1) arbitrary, § = e~2¢Moa,

and in case of two vector valued functions wy, € C’gﬁ 1, having the initial values

Wi (0,+) = wmo € CY(Q) which both fulfill (5.1), m = 1,2, the inequality
(iii) [Twa —Twi|x < ¢ |wao — wiolo + Flwe — w1«

holds in the norm

(6.1) |l = sup e~ T £ )
teJ

which is equivalent to the norm |f|o for f € CO(JxQ), with M = c¢(My + M)
and arbitrary b € (0, 00).

Proof: For any w € C’g/’lo, Proposition 3.1 (ii) shows v = Kw € CB:va thus
X = (Lw) € C%(JxJxQ) and [X(t,s,")]a < max{eD,1}, a = e~*M® by Propo-
sition 4.1 (i), (iv). Recalling Proposition 5.4 (i), (ii) we find statement (i) above.

To prove (ii) in case w € C]?/’[Z’Ml, Proposition 3.1 (iii) gives v = Kw € CS:}JV,
M = ¢(My + M), therefore we have X € C'(JxJxQ) by Proposition 4.1 (ii)
which includes Tw = HLKw € C! due to Proposition 5.1 (ii).

Finally in case wy, € C’gfj o, Wwriting the bounds for [X,,(t,s)]1 and
| Xa(t,s,-) — X1(t,s,+)]o, which we find from Proposition 3.1 and Proposition
4.1 (iv), (v), in the Lipschitz estimate (iii) of Proposition 5.4, with Tw,, = H X,,,
M =c- (My+ M) we get

el - [(Twa) (¢, ) = (Twn)(t,)] <
< cle eeMt lwap — wiolo + 0(3 + ceCMt(l + |€] [wlo]l)) ecMt

[ ) w9,

0

dt’ .

Under the integral sign introducing firstly the factor et e then the norm
(6.1), by integration we get

— Cc
|(Tw2)(t) = (Twn)(t )| e M0 < e fwag —wnolo + 5wz — wi

with ¢; = ‘—3(3 + ceMa(1 4 |e| [wig]1)), for all ¢ € [0,a]. Taking sup on the left
hand side we find (iii). m
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Proposition 6.2. Assume wy € C1(Q) fulfills (5.1). We set

D
MOZH’ aze*CMOCL’ 6:0527
€
(6.2) ,
M=o {e- (1L lel fwo]) (max{eD, 1}) "+ 4 D=7} .
Then

(i) the class Cy,, of all functions f € Cg/’If’Ml having the initial value f(0,-) =wq

constitutes a closed subset in CJ?/’If A, With respect to the norm | - | .

(ii) There holds TCy, C Cy,, T being in case b > ¢1 a contraction of Cl,,
with respect to | - | .

(iii) The fixpoint equation w = Tw has a unique solution w € C,,,. The fix-
point w belongs even to C', w being there the unique solution of the
initial value problem (1.18) with v = Kw.

(iv) In the norm |- |o, the solution w = Tw € CJ(\)/:I?),Ml depends continuously

on its initial value wy € C*(Q), wo fulfilling (5.1).

Proof: The norms |- |, and | - |p being equivalent, the closeness of Cy,
with respect to | - |« in the closed bounded set C’gﬁ g, Of the Holder space Ccop
results from the closeness of C’R&g with respect to | - |o, since in case of uniform
convergence |fi — flo — 0 in C°(JxQ) with k — oo any uniform Holder estimate
[fi(t,)]a < Mj remains valid for the limit f, too.

The first statement in (ii) follows from Proposition 6.1 (i) because of
Cuy C C](\)/’[?) and (Tw)(0,-) = wo for all w € Cy,. If we take b > ¢y, the con-
tractivity of 7" on Cy, is seen from Proposition 6.1 (iii), since there the first term
on the right hand side vanishes.

Because of (i) and (ii), the contracting mapping principle [27] ensures the
existence of a unique fixpoint w = Tw € Cy,,, which can be approximated (with
respect to the norm |- |,) by iteration of 7.

For any fixpoint w = Tw € Cy,, from Proposition 3.1 (iii) and 5.1 (ii) we
see X = LKw € CYHJxJxQ), thus w € C! fulfills (1.18). Conversely for
each solution w € C' C C%% of the initial value problem (1.18), we find v =
Kw € C%! from Proposition 3.1 (iii). Therefore, as stated in Proposition 5.1 (i),
w has the representation w = HX in (5.2). Thus w = Tw holds because of

v = Kw, X = Lv, and from Proposition 6.1 we find |w|p < % = My, conse-

0
quently w € C'M/OB’M1 N Cuw(o,) = Cuy -
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Finally, if w,, = Tw,, € C&f a7, With initial values wy, o € C! fulfilling (5.1)
are fixpoints in Cy,, o, m = 1,2, respectively, and if we take any b > ci, setting

q = < 1, Proposition 6.1 (iii) becomes

c
|we — w1« < —— - |wag —wiglo ,
l—q
which shows the continuous dependence of w on its initial value even in the norm

|- Jo of CO(JXQ). u

7 — Appendix

We will prove the estimates (iv), (v) in Proposition 4.1 by the methods of dif-
ferential inequalities: Assume vy, 6027’514, m=1,2 and let X,,, =X, (¢, S, Tm) =
Xm(t) denote the unique solution of %l‘ = vm(t,z), 2(s) = 2 € Q, t,s € J.
The Dini derivative (D; f)(t) = limsup,_,,_g w € [—00, 0] is defined for
all continuous functions f. In case of a continuously differentiable function ¢,
the inequalitiy

(7.1) Dy le(t)| <

Zt0)
holds, [26]. Setting ¢(t) = | X2 — X1| we get
(7.2) Do < |oa(t, Xa) — vi(t, X1)| < 61+ MU(p)
(7.3)  wls1) = [Xals2) — Xa(s1)| < fualo-|s2 = s1 + |w2 — 2] = do
with a constant d; > |va(t, ) — vi(¢,-)|o.
Remark 7.1. The function ¢(r) obeys the inequality
(7.4) 0 < l(rg) —4L(r1) < lrg—ry) for 0<r; <ry.

Namely, the statement is clear for both arguments r; > 1/e as well as for r; = 0.
In case 0 < r; < ry < 1/e observing the strict decrease of the derivative ¢'(r) in
7> 0 and £(0) = 0 we find [ ¢'(p)dp < [7>7" £'(p) dp which gives (7.4). o

The function ¢ being Osgood function and fulfilling Wintner’s condition
[6, 26], too, because of (7.4) there is a unique global solution ¥ (t) = ¥(t — sy, do)
of the autonomous differential equation

(7.5) Doy = b e Me),  telsnal, o) = o
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and the well known comparison theorem gives
(7.6) o(t) <P(t) =U(t —s1,0p) for sy <t<a,

[26].
Similarly for 0 <t < s; introducing the variable 7 = —t firstly we get

(7.7) Dio <o+ Mlp, o(—s1)=0.

Then the comparison of ¢(7) with the unique solution ¥ (7) = W(7 + s1,dp) of

(79 Dy=m e Mw), 7 los,0, w(-s) = by

leads to
p(r) < (1) = U(s1—t,80) for 0<t=—7<s1,

which together with (7.6) shows

(7.9) o(t) < U(|t — s1],00) for te€0,qa].
In case 6; = 0 and under the restriction

(7.10) Y(t) <e?

the solution of (7.5), (7.8) is

(7.11) U([t — s1,60) = 60" with a(t) = e Mlt=s1l
Therefore taking so = s; and o =e M < a(t), the restriction (7.10) surely
holds if |zg — x1| < e ', therefore from (7.11) we find % < 1. Otherwise,
if |z — 21| > e*a_l, we get % < eD because of | Xy — X1| < D. This shows
the first inequality (iv).

Quite similarly we estimate [X(¢,s,-)]1 or [VX(¢,s, )]a in case v € C%! or
v € CY1Ha respectively: Each derlvatlve 8i ) X(j is solution of
the differential equation

8 .

(712) & (]) = (VU) (j)? teJ, X(]) = (51']'), t=s, 7=1,2,3,

where (Vv) denotes the Jacobian matrix of v(¢, X). As above by means of the
comparison theorem, for the continuous functions ¢p(t) = |X(;|, the inequality
D; ¢ < |%X(i)| < ¢ |Vulp - ¢ with ¢(s) = 1 leads to |X(;(t,8,7)[o < »(t) <
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eclVlolt=sl which includes |[VX(t,s,-)|o < cedVlolt=sl The constant ¢ depends
only on the special norm we use for 3x 3-matrices, ¢ being independent of X and v.

In case v € CPM* we consider X ;),, = (%X)(t, $,ZTm)y Xm = X(t,8,Zm),
Tm€Q, t,s € J, m=1,2. For the continuous function p(t) = 1 X ()2 = Xijnls
from (7.12) we find the inequality

(7.13) Dy < ¢ [Vu]o [VX[§T - @2 — 21| 4+ ¢| Vo - ¢

which leads to the third inequality in (iv) again by means of the comparison
theorem.

Finally the proof of estimate (4.5) in Proposition 4.1 (v) results from the
observation that the right hand side in (4.5) represents the solution of (7.5) for
t € [s1,a] or of (7.8) for —7 =t € [0, s1], respectively, if in the right hand sides of
both equations we replace £(1) by 1, the constant §; by the continuous function
61(t) = |v2(t,-) — vi(t,-)|o and require dg = 0.

Remark 7.2. Assume the functions v € C%! and X € C'(JxJxQ) from
(4.1) are given. Then from (7.12) we see that (X(;)), j = 1,2, 3, represents a fun-
damental system of the initial value problem (7.12) which is linear in X ;). Using
the identity (5.3) and the transformation X = X (¢,0, Z) we get from Helmholtz’s
vorticity equation (1.3)

a . _ L _
(7.14) &w:(w-V)vE(Vv)-w, tedJ, w=uwy= (W), t=0,
where Vv = (Vv)(¢,X). Thus by a well known theorem on linear systems of
ordinary differential equations, @w must be linear combination of the solutions
X ;) of (7.12) with the constant coefficients wo;, which proves Cauchy’s vorticity
equation (1.7), [22, p. 151-152]. o
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