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Abstract: We show that every nilpotent operator 7', on an infinite-dimensional
Banach space X, provides a decomposition of X into a direct sum of a finite number
of subspaces with sufficiently connections. Finally we construct a complete norm on X

that makes T' continuous and not equivalent to the original norm on X.

1 — Introduction

The uniqueness of norm problem was initiated fifty years ago by C.E. Rickart
[4] and his results were complemented by B.E. Johnson [3]. But the investigation
of operators determining the complete norm topology in the context of Banach
algebra is recent. It starts with the work of A.R. Villena [5] primarily for C(K)
spaces and uniform algebras, where it was shown that for a compact Hausdorff
space K without isolated points and f € C(K), every complete norm on C(K)
which makes continuous the multiplication by f is equivalent to the supremum
norm if and only if {we€ K: f(w) = A} has no interior points whenever A lies in C.
Later K. Jarosz [1] generalizes the result of Villena by extending it to a larger
class of algebras. Further interesting results have recently been established in [2].

This leaves the more general problem of investigating those bounded linear
operators T on an infinite-dimensional Banach space (X, || - ||), for which every
complete norm | - | on X making continuous the operator T" from (X, | - |) into
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(X, | -]) is automatically equivalent to ||-||. Such an operator is said to determine
the complete norm topology of X. In the present paper, we will prove that a
nilpotent bounded linear operator does not determine the complete norm topol-
ogy of an arbitrary infinite-dimensional Banach space. Moreover we construct a
complete norm on X making the operator continuous and not equivalent to the
original norm.

2 — The result

In the following, let (X, || - ||) be an infinite-dimensional Banach space over R
or C, and let BL(X) denote the Banach algebra consisting of all bounded linear
operators on X.

We begin with the following useful result on algebraically complementary
linear subspaces of a Banach space.

Lemma 1. Let {Y,Z} be a pair of algebraically complementary linear
subspaces of X such that Y is closed. If for y €Y and z € Z we define
ly+zl = llyll + [z + Y1, then

(i) || is a complete norm on X;

(ii) |- | is equivalent to || - || if and only if Z is closed.

Proof: (i) Clearly |-|is a norm in X. Let {x,}, be any |-|-Cauchy sequence
in X. Then there exist || - |-Cauchy sequences {y,}, and {z, + Y}, respectively
in Y and X/Y such that z,, = y, + 2, for n € N. Since Y is closed, there exist
y € Y and u € X such that {y,}, converges to y and {z, + Y}, converges to
u 4+ Y. Now it suffices to choose an element z € Z such that u + Y=2+Y to
obtain that {x,}, is | - |-convergent to z =y + z.

(ii) Suppose that the conditions of the lemma are fulfilled. Then Z is closed
if and only if there exists a projection operator p € L(X) such that Imp =Y.
If | - | is equivalent to || - ||, then there exists a > 0 such that |- | < «f - ||.
For x = y+ 2z with y € Y and z € Z, set p(x) = y. Then is a linear operator
defined on X, p is idempotent and Im p =Y, ker p = Z. Futhermore, p € BL(X),
since

Ip(y +2)Il = llyll < ly+2] < ally+ 2]

that is, p is the bounded projection operator of X onto Y along Z. Thus Z = ker p
is closed. Conversely, if Z is closed then it is easy to check that p is continuous
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and consequently Y and Z are now topologically complementary. Therefore there
exists a > 0 such that ||y|| + ||z]| < ||y + z|| for every y € Y and z € Z; hence

ly+2 = llyll +1z+ Y < llyll+llzll < elly+ 2],
which means that | - | is equivalent to || - ||. m

In the same vein, we obtain the following result.

Lemma 2. Let {Y;}; | be a family of closed subspaces of X and {X;}}_, be
a family of subspaces of X such that

) &Y & - Y, 1 &Y, =X;
(i) Vipi=Yi® X, 1<i<n—1;
(iii) X; =Y.
Then X = X1 & Xo® -+ ® X, and the norm on X defined by

n
|21+ 2o+ - A x| = [l + D @i+ Vil
=2
is complete. Actually |- | is equivalent to || - || if and only if each X; is closed for
1< <n.

Proof: Let {z}, be a|-|-Cauchy sequence in X. Then there exist sequences
{xk,i}, in X; such that {zy 1}, is a [|-[|-Cauchy sequence in X and {zg 41 + Yi},
is a || - [[-Cauchy sequence in Yj+1/Y; for all ¢ € {1,2,...,n—1}. Since X; =Y
there exist 1 € X1 and ;41 € Y41 such that {xy;} is |- |[-convergent to z; € X;
and {zg 41}, is || - ||-convergent to u;y1 4+ Y; for all 4 € {1,2,...,n—1}. Finally
by the argument used in Lemma 1, there exist z; € X; (2 < ¢ < n) such that
i1 +Y; =z + Y; for all i € {1,2,...,n—1}. Hence, the sequence {z}, is
| - |-convergent to the element 21 4 x5 + - - -+, which means that |- | is complete
on X.

Now if | - | is equivalent to || - ||, we suppose inductively that X, Xs,..., X;
are closed and we prove that X;;; is also closed. Then there exists a > 0 such
that for all z; € X, (1 <j <)

lzall + lz2f + - + 7| < aflvr + 224+ + 2|,
then
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hence, if # = max(1, a), we obtain
|21 + @2+ 4 x| < ﬂ(llm + o+ 4l + |z +Yi||) :

Since by hypothesis || - || is equivalent to | - |, Lemma 1 implies X;;1 is closed,
which proves that X; is closed for all i € {1,2,...,n}. Now suppose that
all the subspaces X; (1 <1i < n) are closed. In this case the direct sum X =
X160 Xo® - P X, is topologic and then there exists a > 0 such that for all
x; € Xi, (1<i<n)

ol + Nzl + -+ [lenll < afley + 29+ + 2l
then
|21+ @2+ - x| < o] 4 ||z 4 F ]| < allzrF @+ 2y
Hence | - | and || - || are equivalent. m

The following shows that a nilpotent operator provide an interesting decom-
position of an infinite-dimensional Banach space.

Proposition 3. Let T € BL(X) such that T""' =0 and T™ # 0. Then

there exists a family {Xi}?ill of subspaces of X such that:

i) X=X10Xo® - D Xpy1, X1 =kerT;
(11) T(Xi-i-l) g Xi, 1 S ) S n,
(iii) ker Tl =kerT' @ X;41, 1 <i < n.

Proof: Let X =kerT" & X,,+1, where X,, 11 is an algebraic complement of
ker T™. It is easy to check that

T(Xpi1) CkerT"  and  T(Xp41) Nker 777! = {0} .
Then there exists a subspace X,, of X such that
T(Xn41) € X, and kerT"=kerT" '@ X, .
We have also T'(X,,) Nker T"~2 = {0} and T'(X,,) C ker 7"}, hence there exists

a subspace X,,_1 of X satisfying T'(X,,)C X,,_1 and ker T" '=ker T" 2 @ X,, 1.

Further application of the arguments used above gives a family {Xi}?;l of sub-

spaces of X with the desired properties. u
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We are now in a position to establish our main result.

Theorem 4. A nilpotent operator on a Banach space does not determine
the complete norm topology of the Banach space.

Proof: Let (X, | -||) be a Banach space and T' € BL(X) a nilpotent operator
such that 7! = 0 and 7™ # 0. Then there exists a family {X;}, of subspaces
of X verifying the properties of Proposition 3.

First case. Suppose that there exist ig € {2,...,n} such that X;, is not closed,
then since X =kerT ® Xo @ -+ ® X,,41, the norm | - | on X given by

n+1
w1+ 2o+ @aga] = ]+ D [ + ker T
=2
is a complete norm on X not equivalent to || - ||. However for all z; € Xj,

(1 <i<n+1) we have

|T(x1 + 22+ -+ $n+1)’ = |T(xz2) +T(x3) + -+ T(xpt1)]
n+1
T + 3 T () + ker T2
=3

and for 3 <7 <n-+1 we have
IT () +ker T2 < | T(2) + T(2)| < |T| s +2l| Vo ekerT"™;
hence
T (z;) + ker T 72| < || T ||lzs + ker T for 3<i<n+1.

Therefore

n+1
(o224 zn)] < 7] <||<E2 +ker T+ Y |l +kerTz—1|>
1=3
< T zy + 22+ + 2pga] -

Then T is continuous from (X, |-|) to (X,|-|) and so T doesn’t determine the
complete norm topology of X.

Second case. Suppose that X is closed for all i € {1,2,...,n+1}. Since ker T’
is infinite-dimensional, one can find a discontinuous linear functional ¢; on ker T’
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and z € X,4+1 such that ¢1(T"(2)) = 1. For i € {2,3,...,n+1}, let ; be the
linear functional on X; given by

pit1=pioTx,,, 1<i<n,
and F; € L(X) defined by
Fi(z)=2—2¢i(@)T" V() VeeX;, 1<i<n.

It is easy to show that o;(T" (~1(2)) =1 for all i = 2,...,n. We claim that
for all 1 <7 < n, F; defines a linear bijection from X; onto itself with Ffl = F;.
Indeed, fix i in {1,2,...,n} and let  be an element in X; such that Fj(z) =
& — 2;(z) T* =1 (2) = 0. Then applying ;, we obtain

0 = ¢i(z) = 2¢i(2) (T V() = —pi(x) |

and so © = 0. Now if y = Fi(z) = z — 2p;(x) T" (=1 (2), arguing as before, we
deduce that o;(y) = —p;(z) and that 2 = y — 2¢;(y) 7"~V (2) which is our
claim. Consider for 1 <4 < n+1, the norms N; on X; and N on X defined by

Ni(z) = ||z — 2 p;(x) T”*iﬂ(z)H Ve X;,

and

n+1
N($1+$2+"‘+$n+1):ZNi(l‘i) Ve, e X;, 1<i<n+1.
=1

Since, the norm ||-|| is complete and for 1 < i < n, F; is an isometry from (X;, V;)
onto (X;, || - ||), the norm Nj is also complete. Now

N(T(er+ a2+ -+ 2a1)) = N(T(@2) + -+ T(war))
= Nl(T(xQ)) + -+ Nn(T($n+1)) .

Since
Ni(T(xi41)) = ||T(@i1) = 2000 (T(ais1)) T (2)|
= HT(ﬂfiﬂ) —2¢ip1 (Tit1) Tn*iH(Z)H
1T ‘ Tip1 — 2@iy1 (Tiv1) T"H_(HM(Z)H

1T\ Nig1(ziz1)

IN

IN
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we obtain N(T'(z)) < |T||N(x). Hence T is continuous from (X, N) to (X, N),
but since ¢ is discontinuous, N; is not equivalent to || - || on ker 7" and then N is
not equivalent to || - || on X, which shows that 7" does not determine the complete
norm topology of X. u

It would be desirable to know if every bounded quasi-nilpotent operator fails to
determine the complete norm topology of an infinite-dimensional Banach space.
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