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A BILINEAR OPTIMAL CONTROL PROBLEM APPLIED
TO A TIME DEPENDENT HARTREE-FOCK EQUATION
COUPLED WITH CLASSICAL NUCLEAR DYNAMICS

LUCIE BAUDOUIN

Recommended by J.P. Dias

Abstract: We study a problem of bilinear optimal control for the electronic wave
function of an Helium atom by an external time dependent electric field. The behavior of
the atom is modeled by the Hartree—Fock equation, whose solution is the wave function
of the electrons, coupled with the classical Newtonian dynamics, corresponding to the
motion of the nucleus. We prove the existence of a bilinear optimal control in the case
when the position of the nucleus is known and also prove the corresponding optimality
condition. Then, we detail the proof of the existence of an optimal control for the coupled
system and complete the study giving a formal optimality condition to define the electric
control.

1 — Introduction

We are interested in a bilinear optimal control problem applied to the mathe-
matical model of the behavior of a simplified chemical system, in fact an Helium
atom, controlled by an external electric field. We describe the chemical system in
terms of ordinary and partial differential equations using very classical approxi-
mations of quantum chemistry.

On the one hand, since the nucleus is much heavier than the electrons, we
consider it as a point particle which moves according to the Newton dynamics in
the external electric field and in the electric potential created by the electronic
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density (nucleus-electron attraction of Hellman-Feynman type). We obtain a sec-
ond order in time ordinary differential equation solved by the position a(t) of the
nucleus (of mass m). On the other hand, under the restricted Hartree-Fock for-
malism, we describe the behavior of the electrons by a wave function, solution
of a time dependent Hartree-Fock equation. We can define it as a Schrédinger
equation with a coulombian potential due to the nucleus, singular at finite dis-
tance, an electric potential corresponding to the external electric field, possibly
unbounded, and a nonlinearity of Hartree type in the right hand side. We want
precisely to study the optimal control of the wave function of the electrons only,
the control being performed by the electric potential.
We are in fact considering the following coupled system:

( 1 1

iatu+Au—|—u+V1u:<\u|2*)u, in R3x(0,7)
|z —a(t)] |z
u(0) = uog, in R3
(1) d*a 1
_ 2 ,
mcﬁz—/]R3—\u(x)\ Ve = V), in (0,7)
a
0) = ) =

a0) =ar. 20 =

where V] is the external electric potential depending on space and time variables,
which takes its values in R and satisfy the assumptions:

(1+22) 2V € Lo((0,T) x R?) |

(1+|2?)"20V4 € L1(0,T; L=(R?)) |

(1+|2?)"2VVi € L1(0,T; L=(R?)) |
Vi e L2(0.TISRY))

(2)

We will define later on the optimal control problem related to this system and
recall the precise results of existence and regularity of the solution we need in the
sequel. One can already find in reference [2] the study of existence and regularity
of solutions to this coupled system.

The Cauchy problem for this kind of non-adiabatic approximation of the
general chemical Schrédinger equation has also been studied in the particular
case when the atom is subjected to a uniform external time-dependent electric
field I(¢) such that in equation (1), one has V; = —I(t) - = as in reference [5].
The authors remove the electric potential from the equation using a change of
unknown function and variables (gauge transformation given in [8]). From then
on, they have to deal with the nonlinear Schrédinger equation with only a time
dependent coulombian potential.
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We work in R3 and throughout this paper, we use the following notations:

ov Ov Ov > 9% ov
W‘(%’m’m)’ Av_;f)w?’ atv—av

Re and Im are the real and the imaginary parts of a complex number,
(., .) stands for the scalar product in an Hilbert space,

w2Y0,T) = Ww»Y(0,T;R?), for p>1, LP = LP(R?),

the usual Sobolev spaces are H' = H'(R?) and H? = H*(R?).

We also define
H, = {v € L*(RY), / (1+ |z?) }v(x)|2dx < +oo} ,
]R3

Hy = {v € L2(R3), /}RB(1+|x|2)2‘v(m)‘2d:ﬁ < +oo} .

One can notice that Hy and Hs are respectively the images of H L'and H? under
the Fourier transform.

On a mathematical point of view, the optimal control problem consists in
minimizing a cost functional depending on the solution of a state equation (here, a
coupled system of partial differential equations) and to characterize the minimum
of the functional by an optimality condition. One will see in the sequel that
even if we can prove existence of an optimal control for system (1), we cannot
justify the optimality condition we formally obtain. However, the process will be
described and fully proved in the following section in the simpler situation where
the position of the nucleus is known at every moment.

Let (u,a) be a solution of system (1) where the external electric field V; is
the control, and u; € L? be a given target. We define the cost functionnal J by

1 9 r
J(Viu) = 2/Rg o) = d + ¢ Vil

where r > 0 is a weight affecting the control cost and
1
H = {V, (1+|2|*) 2V € H'(0,T;W) and VV € L*(0,T; WLOO)}
where W is an Hilbert space which satisfies W < W1°°(R3). The problem is:

Can one find a minimizer V; € H for inf {J(V,u), V€ H}?
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Remarks. 1) For example, in the space H, we can choose the Hilbert space

W = H3 ) Span{¢1ﬂ/}23 ceey d)m}

where m € N, and for all i € [1,m], ¢; € WH*(R3)\ H3(R3).

2) In H, we can replace the hypothesis on VV by VV € L2 (O,T; I/Vlicoo) as
in assumption (2). Indeed, since we do not use any hypothesis on VV; to prove
that the solution a is bounded in C([0,7]) (see [2]), then we do not need any
information on VV7 at infinity in R3. We will give details later on. o

We can actually prove the following theorem:

Theorem 1. There exists an optimal control Vi € ‘H such that

J(Vi,u) =inf {J(V,u), Ve H} .

One can notice that we first need an existence result for a solution of the
coupled system (1) in order to be able to formulate the bilinear optimal control
problem. We have already proved one, in reference [2] (also in [1]), actually with
a more general hypothesis on V;. Indeed, we have

Theorem 2. We assume that T is a positive arbitrary time and

(1+22)"'Vi € L=((0,T) x R ,

(1+|z2) "8,V € LY (0,T; L=(R%)) ,

(1+[2]2) 7'V € LY(0,T; L=(R?)) ,
VWi € L2(0,T; W,o°(R?)) .

loc

3)

If ugp € H?> N Ha, ag,vo € R, then system (1) has at least a solution
(u,a) € (WLOO(O,T; L2) N L>(0,T; H? mHg)) « W2L(0,T) .
Moreover, for any solution of (1) in this class, if py > 0 is such that

1+ 122) ™ Vil ey < 0

then there exists R > 0 depending on pg such that ||a||c(jo,r)) < R and if py> 0
is such that

Vi

1+ |z)?

\A%1

‘Wlal(o,T,Loo) H L+ [zf?

L1(07T’Lm)+ Hv‘/lHL2(O,T;W1,OO(BR)) < m
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then there exists a non-negative constant K% o depending on the time T, on p1,
on |lug|| g2np, and on |agl, |vo|, such that:

_l’_

£
dt || v o.1)

+m’
)

da
@ Mol oz + 100 oo i) + det L (0,7

1
1 2
+ sup / (’u(t,x)‘2*> ‘u(tjx)‘Q < K%pl .
te[0,7] \ /R3 |z| '

One can notice that if V; € H then it satisfies assumptions (2) and (3), and
we have at least a solution to equation (1) with Theorem 2. The optimal control
problem is then well defined.

The reader may also notice that we do not give any uniqueness result for
the coupled system (1) in Theorem 2. Indeed, even if we are convinced that the
solution in this class is unique, we do not have a proof of this result up to now.
Actually, E. CANCES and C. LE BRIS give a proof of existence and uniqueness
of solutions for the analogous system without electric potential in [5]. Of course,
the method for proving uniqueness used in this article cannot be applied here
because the Marcinkiewicz spaces which are used do not suit the general electric
potential V; satisfying (3).

We underline that the lack of proof for uniqueness of the solution has no
effects on the proof of existence of an optimal control (Theorem 1) but of course
it is a main obstruction to the obtention of an optimality condition.

The next section presents the study of the situation where the position of the
nucleus is known, instead of being the solution of an ordinary differential equa-
tion coupled to the Hartree—Fock equation. Without any coupling, the problem
comes down to the difficulty of dealing with a nonlinear Schrodinger equation.
In section 3, we give the proof of Theorem 1 and a formal optimality condition.

2 — Nonlinear Schrodinger equation

Before studying the optimal control problem linked with the coupled situation
described in the introduction, we will consider the position a(t) of the nucleus as
known at any time ¢ € [0,7] and forget the second equation in (1). Of course,
this is too restrictive for the study of the control of chemical reactions by an
external electric potential, but this section is only a first step in the study of the
more realistic coupled situation. Moreover, in this present case, we will give a
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full result for the optimal control problem described further, from the existence
of an optimal control to the proof of a necessary optimality condition.

2.1. Existence, uniqueness and regularity of solution
We consider the following nonlinear Schrodinger equation:

1 1
P10+ Au+ ——u+Viu = <|u\2*>u, R3x(0,T)
(5) |z —a ]

u(0) = uop, R3
where V) takes its values in R and we make the following assumptions:
a € W*Y0,T) is known ,
(1+]22)"'vi e L=((0,T) x R3) ,
(1+|z2) "o,V € LY(0,T; L) ,
(14 |22)7'VVi € L}(0,T; L=(R?)) .

(6)

We have to underline that one can find in reference [7] the proof of existence,
uniqueness and regularity for the analogous equation without the electric po-
tential Vi. This paper also deals with the more general case of an atom with
more than two electrons. We draw the reader’s attention on the fact that one
of the main difficulty we encounter in the situation we are interested in is the
coexistence of two potentials whose singularities are non-comparable.

Before describing the optimal control problem we will consider here, we first
give two regularity results, very useful in the sequel. The first one is a theorem
about the linear Schrédinger equation, given in [4] and proved in reference [3]
(also in [1]). The next one gives existence and regularity of the unique solution
to equation (5) and its proof is given in reference [2].

We first consider the linear Schrodinger equation

1
i@tu+Au+ﬁu+Vlu:0, R3x(0,T)
r—a

u(0) = ug, R3 |

we set p > 0 and a > 0 such that

d?a

dr?

P haram |51
L+ el llyrioroey 11+ ][22

<«

L1(0,T)

o |

< p and '

Ll (07T7Loo)

and we have the following result:
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Theorem 3. Let the initial data ug belongs to H? N Hy and the electric
potential Vi and the position a of the nucleus satisty assumption (6). We define
the family of Hamiltonians {H (t), t € [0, T} by H(t) = —A — |l’—11(t)| —Vi().
Then, there exists a unique family of evolution operators {U(t,s), s,t € [0,T]}
(the so called propagator associated with H(t)) on H? N Hy such that for ug €
H? N Hy we have

(i) U(t,s)U(s,m)up = U(t,r)upg and U(t,t)ug = ug for all s,t,r € [0,T;

(ii) (t,s) — U(t,s)uo is strongly continuous in L* on [0,T]? and U(t,s) is
an isometry on L2, that is |U(t, s)ug||z2 = ||uol|2;

(iii) U(t,s) € L(H?NHy) for all (s,t)€[0,T)? and (t, s)+— U(t, s)ug is weakly
continuous from [0, T)? to H? N Hy; moreover, there exists Mrt.o,>0
such that: Vt,s€[0,T), Vf € H*NHs, |U(t.8) | m2nm, < Mr,0pll f1 2000, -

(iv) Equalities i 0;U (t,s)ug=H (t)U (t,8)ug and i 95U (t,s)uo=—U (t,8)H(s)ug
hold in L?.

Now, Theorem 3 is the main ingredient to prove the following result of exis-
tence along with a Picard fixed point theorem.

Theorem 4. Let T be a positive arbitrary time and « and p satisfy (7).
Under assumption (6), and if we also assume ug € H? N Hs, then equation (5)
has a unique solution

u € L®(0,T; H* N Hy) with du € L°(0,T;L?)
and there exists a real constant C' > 0 depending on T, ug, o and p such that:

HUHLoo(o,T;H%HQ) + HatuHLoo(o,T;m) < CHUOHH2mH2 -

We draw the reader’s attention to the uniqueness of the solution of (5) in this
result. Thus, we can correctly define an optimal control problem on equation (5),
the control being the external electric potential V7 and the solution w.

1
| by Vo and we mean a € W1(0, 7).
T—a

Theorem 3 is also useful to give a meaning to the equations we will encounter in

From now on, we may denote

the sequel. More precisely, we consider the general equation
PO+ Av + Vou+ Viv = f(v), R3x(0,7T)
v(0) = o, R3

and we give the following result:

(8)
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Proposition 5. Let T be a positive arbitrary time. Under assumption (6),
if we assume vy € L? and if we also assume that there exists C, Cys > 0 such that
for all u,v € C([0,T]; L?),

If@)llpror,2) < CT (lulleqory;zz) +1)

and when ||ullc(or);r2) < M and [[v|cor)22) < M,

1f(w) = f)llLro,rr2y < CuTllu—vlleqom;Le) -

then equation (8) has a unique solution v € C([0,T]; L?). w

The proof uses a Picard fixed point theorem on the functional ® defined on the
space C([0,T]; L?) by ®: v + vg —i/ U(-,s)f(v(s))ds where U is the propagator
0
of Theorem 3.

2.2. Optimal control problem

On the evolution system (5), we define an optimal control problem which
reads as follows: if u; € L? is a given target, find a minimizer V; € H for

9) inf {J(V), Ve H}

where the cost functionnal J is defined by

1
(10) JA) = / (™) —w[Pdz + S|Al% . r>0.
2 Jas 2

There,
1
H= {V, (1+22) 2V € HY(0,T; W)}

where W is an Hilbert space such that W < W1*°(R3) and in (10), u is the
solution of equation (5).

Remarks. 1) One can notice that if V; belongs to H, then it satisfies (6)
and we can apply Theorem 4 that gives a unique solution w.

2) This space H has been chosen here as an Hilbert space in order to have a
differentiable norm.

3) This optimal control problem is a so-called “bilinear optimal control prob-
lem” and the mapping control — state (V; — u) is strongly nonlinear. o
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Let us now formulate the result on the bilinear optimal control problem.
Theorem 6. There exists an optimal control Vi € H such that
JVi) = inf {J(V), Ve H}

and for all 0V in H, Vi satisfies
T

(11) r(V1,6V)g = Im/ SV (z,t)u(x,t)p(x,t) dxdt
0 JR3

where u is solution of (5) and p is solution of the following adjoint problem, set
in R3x(0,7).

. 1 , 1
i 0+ Ap+ Vop+ Vip = (IUIQ*m>p+21<Im(up)*|x>u

(12)
p(T) =u(T) —uy .

Remark. If we substitute the Hilbert space H by a reflexive space satisfying
assumption (6) in the definition of J and in (9), the existence of an optimal control
can also be proved. Nevertheless, the proof of an optimality condition needs an
Hilbert space. o

A result of existence for a bilinear optimal control problem, governed by a
1

Schrédinger equation with the same Hartree nonlinearity (|ul? m)u, has also
been given by E. CANCEs, C. LE BRris and M. PILOT in [6]. The authors deal
with an electric potential homogeneous in space V; = —1(¢)-x with I € L?(0,T),
while we take into account here a more general electric potential optimal control.
For instance, in the definition of H, we can consider the Hilbert space W= H? @
Span{v1, s, ..., Ym } with m € N, and for all i € [1,m]), 1; € WH°(R3)\ H3(R?).
Then W — W and this example enables us to deal both with the particular
case of [6] where Vi (z,t) = —I(t)-z but for I € H'(0,T) and with general electric
potentials (1 + ]x\Q)_%Y/l(t) € H%*(R?) which are non-homogeneous in space.

We can also specify the optimality condition in the particular case where
W = H3(R3) & Span{t; } by an optimality system. We choose for instance ¢; = 1
where 91 (z) = 1, for all z € R3. Therefore, from the optimality condition (11),
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we can get an optimality system that reads:

r(I-02)(I-A)Y;, = (I-A)~! (Im(uﬁ)\/lﬂxP) in R3xD(0,T)
B(Yi—AY)(T) = (Y1 —AY1)(0) = 0 in R3
2
T<E_C(iit§> = Im/RSup\/l—i-|x\2 dx in (0,7)
dE dE
=g =0

where Vi(z,t) = (1+ |21%)2 [(I — A)~! Yi(z,£) + E(t)] and p s the solution of
the adjoint equation (12). The proof when W = H? can be read for the problem
of optimal control for the linear Schrodinger equation in reference [3], the only
changes being the adjoint equation solved by p and the absence of E.

The proof of Theorem 6 is divided in two steps. Existence of an optimal
control can be treated first while the optimality condition requires the proof of
the continuity and the differentiability of J. The regularity result of Theorem 4
is strongly needed for proving this differentiability result.

2.2.1. Existence of an optimal control

We will prove here the existence of an electric optimal control minimizing the
cost functional. Indeed, we are going to prove:

3Vi € H suchthat J(Vi)=inf{J(V), Ve H}.

Remark. The structure of the proof given in reference [3], for a bilinear
optimal control problem defined on the linear Schrédinger equation, is analogous
to the one we will follow here. o

We consider a minimizing sequence (V{*),>0 in H for the functional .J:

inf J(V) = lim J(V]") .
H n—00
Since

2

where u,, is solution of (5) with potential V; = V|, we then obtain that (V{*),>0

ny _ 1 2 TR
) = 5 [ Jun(D) =i de + S IV

is bounded in H, independently of n. Up to a subsequence, we have V|* — V;
weakly in H and

(13) Viller < lim [V (| -
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The difficulty comes from the term |lup(T) —u1]|32. More precisely, the point is to
prove the weak convergence of u, (T') toward u(T) in L? and this is not obvious.
It will imply lim [|u, (T) —w1 |32 > [|u(T) —u1 [|7, but actually, we are going to prove
the strong convergence of u,(T) toward u(T) in L?. Indeed, if for all ¢ in [0, 7],
un(t) — u(t) in L2, where u is the solution associated with V;, then

14 lim [|u(T) = w35 = [Ju(T) —w][?s |

n—-+00

and from (13) and (14) we obtain

< Ii ) = i .
J(V1) < lim J(V{") v”é%‘](v)

AsVieH, weget J(V}) = i%f J and the existence of an optimal control is proved.
i

We set F(u) = (Jul* x m)u and we consider w,, = u, — u solution of the fol-

lowing equation:

i Opwy, + Awy, + Vowy, + Viwy, = F(uy,) — F(u) +u(Vi—V), R3x(0,7)
(15)

wp(0) =0, R3 .

We are going to prove that for all ¢ in [0, 77, ||w,(t)| L2 — 0.
In order to deal with the nonlinearity, we observe that we have, from Cauchy—
Schwarz and Hardy’s inequality,

7= F ) lge < | (1 o 57 )= (ool 5|
() o=+ (G = )

(16) < 2|lull 2 [[Vullp2 lu — unl| 2

+ 2fjunllzz (IVullzz + 1 Vunlz2 ) llo = wnll

IN

L2

IN

C (el + lunle ) e = a2 -

Therefore, if we multiply equation (15) by w0, integrate on R* and take the

imaginary part, which means we calculate Im [ (15).%w,(x) dz, we obtain:

R3
d
— (/ \wn]2dx>
dt R3

IN

C [P = Plua)| o Iz + € [ 1V = Villul | do

A

< C (llunlizp + llullz ) llwnlZ2

1
+ C||v* - VlHH/RS’“‘ (1+]2*)2 |wn| da .
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From Theorem 4, we have:
||UnHL°<>(0,T;H2mH2) + ||atunHL°°(0,T;L2) <C ||U0”H2mH2
where C' is independent of n since (V]"),>0 is bounded in H. Then,
Vte[0,T],  Jlua(®)lFn + u(®)F < C

and we actually obtain (C' denoting a generic constant depending on T'),
d 1
(1) G0wa®l) < Cllun@ls + € [ julo)] (1+1a)* o) da

Moreover, we will need the following compactness lemma (see reference [9]
for its proof).

Lemma 7. Let X, B and Y be Banach spaces and p € [1, c0].

We assume that X — B — Y with compact embedding X — B.

If {fn, n € N} is bounded in LP(0,T; X) and if {0; fn, n € N} is bounded in
LP(0,T,Y) then {fn, n € N} is relatively compact in LP(0,7;B) (and in
C([0,T];B) if p=00). u

Then, it has to be noticed that up to a subsequence we also have u, — u

in C([0,T); HL.). Indeed, we can use Lemma 7 since (u)p>0 is bounded in

L>®(H? N Hy) and (Opun)n>0 is bounded in L>(L?). Then for all R > 0,

(18) [wnl| o022 (80,7
and on the other hand, for all ¢ in [0, 77,

1 1
Jwn (t) | >2 ( 1 )2
d < Lt .
</B(O,R)c 1+ |z)? ) =11 Rr2 [[wn (t)] 2

Thus, using Cauchy—Schwarz inequality, we can write
1
[ @ (15 o) (o) de <
R

U xQ%wn T
S/B(O,R)’ O (1 + [2]?) ¥ [wa(t)] d

|wn (1)]

n—00
—= 0

v / ()] (1 + |2P) e
B(0,R)° (1+]a]2)2
(19) 1
< @y lwn @)l L2(B0,R)) + N lw(t) || 2, [|wn (2)|| L2
<

Wn L2 + Wn, 2 .
C([0,T];L2(B(0,R)) 1+ R2 L
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We set Ep(t) = [lwn(t)]|72 + lwnllcqo,r22(80,r)), Where one can notice that
lwnlleo,;L2(B(0,r)) does not depend on ¢. From (17) and (19), it satisfies

dE, C
o () = CEn(t)—F\/ﬁ\/m.

Since Ey(0) = [|wn|lc(o,m;22(B(0,r)) and since we have actually

dVE, C
T < OVED + s

then, from Gronwall lemma, we obtain that for all ¢ in [0, 77,
GCT

1
CcT 2
A T lonlleqomson) -

It means that since T is fixed and since we have (18), then for any ¢ > 0, there

E.(t) < CT

exists R > 0 and ng large enough in N such that

eCT

CT — <
VI+R? ™

We finally obtain that for all ¢ in [0, T], |lw.(t)]/z2 "—> 0 and therefore, u is the

solution of (5) in the sense of distributions and we have proved the existence of

IA
I

€ cT 3
3 and Vn>ng, e ||wn||é*([0,T};L2(B(O,R))

an optimal control V; associated with the functionnal J. We then have to write
an optimality condition for V.

2.2.2. Optimality condition

The usual way to obtain an optimality condition is to prove that the cost
functional J is differentiable and to translate the necessary condition

DJ(V)[fVi] =0, VéVieH

in terms of the adjoint state. Since J(V1) = 3|lu(T)—u1|3, + 5[|Va%, as an-
nounced in the introduction, the main difficulty comes from the necessity to dif-
ferentiate the state variable u with respect to the control V7, in order to calculate
the gradient D.J(V}). We postpone the proof of the following lemma.

Lemma 8. Let u be the solution of (5). The functional ¢ defined by

¢: H — L*(R3)
Vi = u(T)



306 LUCIE BAUDOUIN

is differentiable and if z is the solution of the following equation, set in R3x (0,T):

1
10iz + Az + Voz + Viz = —6Vju + <\u|2*>z+2Re<uz*>u,

1
|| |z

(20)
z2(t=0)=0

we have z € C([0,T]; L?) and D¢(V1)[0Vi] = 2(T).

We deduce from Lemma 8 that J is differentiable with respect to Vi. There-
after, since Do(V7)[6V1] = z(T), the condition

DJ(VI)[Vi] =0, VéVieH

reads
(21) Re /RS(U(T,:E) - ul(x)) AT, z) de + r(Vi,6Vi)y = 0.

Remarks. 1) As for the study of the same bilinear optimal control problem
for the linear Schrodinger equation one has read in reference [3], we can prove
the differentiability of Vi + w(T) with values in L? but we don’t know whether
this remains true if we consider the same mapping with values in H' for example.
We think that the differentiability is not true anymore. Therefore, in the func-
tional J, the first term cannot be replaced by a stronger norm of w(7) — u.

2) We can also underline the choice of H we made on purpose. As it is
an Hilbert space, we can easily take the derivative of the norm || - ||z in the
functional J. o

Now, we consider the adjoint system (12):

. 1 , 1 )
1O+ Ap+Vop+ Vip = (|u]2*|x’>p+21<1m(up)*‘x|)u in R3x(0,7T)

p(T) = w(T) —w in R3 .

Using Proposition 5, one can prove that the equivalent integral equation has a
unique solution p € C([0, T]; L?) since we have

H (yqu . ’xl‘>p + 2i<1m(up) . ’xl‘>u

< CTlplleqor;z2) -
Ll(O,T;LQ)
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We then multiply equation (20) by p, integrate on [0, T|xR? and take the imag-
inary part. We obtain:

T
Im// (i8t2+Az+Voz+Vlz);T) =
0 JR3

T T
= Im// —oViup + Im// <u|2 >zp + 2Im//Re<uz* >
0 JR3 0 JR3 R3

Then z(0) = 0 implies

tn [ [ +(70+ S0+ o W0D) + s [ =00 50T) =

T T 71N T 1
= —Im// oViup + Im// z<\u|2*>p + 2// <Irn(up)*> Re(uz)
0JR3 0JR3 |z| 0JR3 |z|

and since p satisfies equation (12), we get

R T
Im z/Rsz(T).(u(T) —up) = —Im/0 RB&Vlup

which gives

T
(22) Re/RSz(T) (w(T) —wy) = —Im/o Rgévluﬁ.

Using (22), the optimality condition (21) can be written:

T
r(Vi,0Vi)g = Im/ oViup dxdt, VYoéVieH.
0 JR3
The proof of Theorem 6 will be complete with the proof of Lemma 8. m

Proof of Lemma 8: Actually, we will first study the continuity of ¢ and
then the differentiability. We recall the definition of the functional ¢: if u is the
solution of (5) with electric potential V; in H, then

¢: H — L*R3)
Vi — u(T).

According to Proposition 5 and to the properties of F', we consider the solution
Su € C([0,T]; L?) of the following equation set in R3x (0, T):

i Op0u + Adu + Vodu + (Vi+6V1)du = —oViu+ F(u+du) — F(u)
(23)
du(0) =0
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In order to prove the continuity of ¢, we will prove that
166l oo (0.7:22) = O(l6VA 1) -

Let us calculate Im [ (23).du(z)dx. Using the property (16) of F, we obtain

R3
d 2
pn ( |0ul d:c)

IN

C16Vall ljullm, 180l 2 + Of|F (ubu) — F ()| o 150 .2

IN

C16Villa Nl Il + C (6u-+ull3a + ul3s ) 15ull22

IN

Cll6Vallz l|dullz2 + C [loul7 -

Indeed, the solution u of equation (5) and the solution u+du of the same equation
but with potential Vi +8V1, are bounded in L?. As §u(0) = 0 and using Gronwall’s
lemma, it follows

I6u(t)| 2 < CT e 6Vall, Vit [0,T].

Eventually, we get ||dul|c(jo,71;22) = O([|0V1]| i), the continuity of ¢ is proved and
we will now prove the differentiability.

We first have to prove that z(T) is well defined in L? where z is solution of
(20) and then, if we set w = du — z, we will prove that

lw(T)ll 2 = o(ll0Villn)

which means that D¢(V1)[0V1] = 2(T") and completes the proof of Lemma 8.
Since we can prove the right hand side of equation (20) satisfies

H <|u!2*’i)z+2Re<uz* z ‘>u— Wiu

then Proposition 5 gives a unique solution z € C([0,7]; L?) to equation (20).

< cT(lzlleqom iz +1) -
L1(0,T;L?)

Moreover, if we calculate Im | (20).Z(x)dz, we obtain from Hardy’s inequality:
3

d
( |z|2da;> = —2Im [ oVjuz dx + 2/
dt \ Jrs R3 R3

<Re(uz) x \I) Tm(uZ) da

ulx
< C oVl el +€ | / [« ‘ u(y)] |=()| de dy

IN

Cl16Villa I2ll = + C | Vull 2 1121l 2 / 3|u<:r>| |2(a)| da

< CllsVillm Izl 22 + C ll2ll7 -
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It implies

t t
(24) lz@®)l72 < CH5V1HH/O 12()l| 2 ds + C/O l2(s)I1Z2 ds

and a Gronwall argument leads us easily to deduce that there exists a constants
C7 >0 such that

(25) Izl < CrloVillg . VE€[0,T].

In order to simplify the right hand side of the equation solved by w = du — z,
we consider the source terms of equation (23) solved by du:

F(u+du) — F(u) — dViu =
1 1
= <u + ul? * ) (u+ ou) — <\u|2 * >u —Viu
|z ||
, 1 — 1 , 1
= | |u *ﬂ du + 2Re( udu x (u+ du) + ( |du]”* — ) (u+ du) — dViu
x
and since z satisfies (20), we have finally the following right hand side

[z] |z
, 1 1
F(u+du) — F(u) — 6Viu — | =0Viu+ { |u| *m 2+ 2Re uz*’? ul =

= <\u|2 * |i|>5u + 2Re<u5u* 1> (u+ ou)

]

1 1 1
+ <|5u|2* >(u+ du) — <]u|2 * )z - 2Re<uz* )u
|z ] |z]
, 1 1 — 1
|u|** — Jw+2Re| uw x — Ju+ 2Re| wdux — )ou
|z |z |z

+ \6u]2*i (u+w+z).
|z

Therefore, the equation satisfied by w in R3 x (0,T) is:
iOw + Aw + Vow + (Vi+dV)w =
1 1 — 1
= —Viz+ <|u|2*>w + 2Re(uw* >u—|— 2Re<u5u* )5u

|| || ||

+ <!5u\2*‘;|>(u+w+z)

w(t=0)=0.
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Using Proposition 5, since the right hand side of equation (26) belongs to
L'(0,T; L?) and has the good properties, we can prove that there exists a unique

solution w € C([0,T]; L?). We can also formally calculate Im/ (26) . w(x) dz

R3
in the same way we did to prove (25). Since we have ||dul|poo(r2) = O(||6V1 ]| 1),

we obtain:
d 2 1 _
%(HwHLg) <C R3|5Vl| |z| lw| dz + C - Re(uw)*m Im(uw)| dz
+C Re <u5u* 1> Im(duw)|dx
R3 ||
1
+C (!511\2*) Im ((u+ 2)w)| dz
R3 ||
< CloVillm 1z m w22 + C [ Vull 2 [|ull 22 [[w] 7
+ O(IVull s + V21122 5l o2
< CléValla l2llan w2 + CllwlZz + Cll6Vallf llwll 2
+ Cllzl g 16VillF llwll 2
which means that for all ¢ in [0, 7],
d
20 Z(le@l) < O||5V1||H(Hz(t)”H1ﬂH1+ H5V1||H) + Cllw®)]l 2 -

Since we want to prove that [wl| (o 7,12y < C||6Vi]|3;, we have to work more
on equation (20) in order to obtain an H'!N H; estimate on z. Actually, we
could have directly proved with Theorem 3 and a Picard fixed point theorem

that z € C([0,T]; H' N Hy). If we calculate Im/ (20) . |z|* Z(x) dz, we obtain the
R3

following estimate in the usual way:

<l =012)

IA

CIVz@)l 2 [z 20l 2 + C Vil [[u(®)| e, l2]2() ] 2
+ CIVu(®)llzz ()| 127,

< OIVe®)72 + Cllz@®)IF, +C 16Vl lllz]z(t)l| 2 -
Therefore, an integration on [0, ¢] and z(0) = 0 give

t t
2
(28) [l 20|12 < C/O IV2(s)ll72 ds + C/O l2(t) 17, ds

t
e /O 16Vallr ] 2(6)] 2 ds -
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Now, as we need to estimate Vz, we will calculate Re / (20) . 0:z(x) dx
R3
Before, we can notice that:

Re/Rs<\u|2*|$1‘>28tz - ;c;lif(/Rs(W’Q . |>|z|2> —/Rg <Re(u8tu)*’xl|>\z|2

and

zRe/]R3 <Re(uz)*’j;>u8tz =
_ i(/R (Re(u o ‘> Re(uz)> - 2/RB <Re(uz)*’x1‘> Re(Zdhu) -

After some calculations and integrations by parts, we obtain

d
£ [ o) -
/ 0t Vo z|? +/ oVi|z)? — 2(/ oVi Re( uz>

/Ra(évl)Re(uz) /5‘/1Re(8tu 2 + i(/ﬂ@(\uﬁ*é')py?)

- 2/R3 <Re(u8tu) . |x1’> 122 + 22(/ (Re(uz) . ;) Re(uz)>

4 /R 3 <Re(uz) . |$1|> Re(Z dyu) .

1
We recall here that Vp(x,t) = —a)] with a € W21(0, T; R?) thus we have
r—a
|0 Vo(x,t)] = M. We also remind Hardy’s inequality for u € H'(R3):
z—al(t
2
|u(x2| dx < 4/ |Vu(z)|? de .
R || RS

Therefore we obtain

dt(/ |V(t) ) < dt(/ (Vo()+V1())!z()\2+2Re/ SVA(t ()z(t))
+ jt<2 /Rs (Re (u(t)z(t)) * ny\> Re (u(t) z(t)))

(L (mor« 1) o)

+ OV} + C Vil 2l 2(8) 32
+ Cl9vut) |2 V()2 12(8) | 2
+ CoValla (Jlu@)lz2 + 125l ) ] 2(8)] 2 -
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We integrate this, between 0 and ¢ € [0, T, using z(0) =0, u € L>(0,T; H*>N Hs)

and dyu € L*(0,T; L?). We obtain:

IV2()l72 < / (Vo(t) + Va(1)) [=(1)* + 2/ [0VA(8)] [u(®)] [=(2)]
R3 R3

w2 [ (o1 ) o0+ [ (oF =0

t t
+ 0 [ (192G + =60 ) ds + C Vil [ o)l ds

E(t) = ||z(t)|]§{1 + ||z(1t)H12q1 = /R3 (1 + ]:1:|2) |z(t,:c)]2d:1: + /R3 ‘Vz(t,x)‘de .

Moreover, we remind that we have (24) and (28) and adding this to (29), we get,
for all ¢ in [0, 77,

B(t) < cuavlyH/Ot\/m ds + C/OtE(s) ds
+ /RS (Vo(t) + Vi(®)) [=(0)1 + Cll6Valla lu(@)lla, |12(6)]] 2
+ Cllu@®) g2 lu@®llm l=@)117 -
Then, we can prove that for all n > 0 there exists a constant C, > 0 such that
(29) /}R3 (Vo(t) +Va() 201> < Cyllz@)II72 + nll 2O s, -

Indeed, from Cauchy—Schwarz and Hardy’s inequalities, we have

[ wo=0F < [ S0 < Gl

/ Vi(t)[=(t)]* < HVllH/ (14 [22)2 |2 < Vil 1200 22 120l
R3 R3

and we obtain (29) from Young’s inequality. Consequently, if we choose 1 small
enough, we obtain

t t
E(t) < C|l6Vila / VE@G)ds + C / B(s)ds + Cyllz(®)|22 + C Vil [12(8) 2
0 0

and using (25), we get

t t
E@) < ClVillu / VE@G)ds + C / E(s)ds + C|lsVi]% -
0 0
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We recall that here again, C' denotes various positive constants, depending only
on the time T. We set

F(t) = [6Valla /0 VE() ds + /0 E(s)ds + [V .

‘We have both

jsa
IA

CF(t) and
(1) = (1) + |6Villu VE®)
< CF(t)+C |6Vl VF({) .

d
Then, T (e_Ct F(t)) < e 9 C|6Vi||g and we obtain after an integration in

time:

Vte (0,T), F@) <C|6Vi% .

This implies that there exists a constant Cr > 0 such that
vte (0,7), E)=lz0)}nm < OrldVilld -

Eventually, we have proved that,

6Villz—0
e

sup}(H (1+lal) 2(0)| 2 + 1V 2(0) 12 0.

tel0,T

Now, using this in (27), we obtain

d
2 (lw®lz2) < ClloVillE + C w22

and applying Gronwall lemma we get: V¢ e [0,7], [w(t)|g2 < CrlldVi]%.
Therefore, we have

lw(T) 2 = o(l16Vall )

and the proof of Lemma 8 is complete. n
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3 — Optimal control of the coupled system

We recall the coupled system (1) we are considering:

1
i+ Au+ —— +Viu = <u|2*>u, in R3x(0,7)

u
|z —al |z]
u(0) = ug , in R3

dga—/—|<>|2v ' dr — VW@, o (0,7)
mdtQ_RS u(x |x—a|x 1(a), n (0,

da
g

The electric potential V; takes its values in R and satisfy assumption (2):

a(0) = ap, 0) =wvp .

(1+22) 72V € Lo((0,T)xR?) |

(1+ W)’%atvl € LY(0,T;L>),

(1+ W)’%VVI c LY(0,T;L>) ,
VWi € L2(0,T; W) .

loc

(30)

On this evolution system we define the following optimal control problem:

If (u,a) is a solution of system (1) and if u; € L? is a given target, find a
minimizer V; € H for
inf {J(V, w), Ve H}

where the cost functionnal .J is defined by

1 2 T
I0h0) = 5 [ Ju(Te) )P do + LIVl

and
H = {V (1+le2)_%V € H'(0,T;W) and VV € L*(0,T; leoo)}

where W is an Hilbert space which satisfies W «— W1 (IR3).

We are now going to prove Theorem 1 and we will make, at the end of the
proof, a remark about the obtaining an optimality condition.

Proof of Theorem 1: We consider a minimizing sequence (V{*)p>0 in H
for the functional J. It means that

inf{J(V,u), Ve H} — lim J(V, up)
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where (up,an) € (WH(0,T;L?) N L>®(0,T; H* N Hy)) x W*1(0,T) is solution
of

.
10y, + Auy, + _Un + V', = (]un]2 *

|x—ap]

1
m)un , in R3x(0,7)

un(0) = o, in R?
(31) d*a, 9 1 n
m-g = /W—\un(:c)] v\a:—an| dx — VV'(a,), on (0,7)
day
L an(0) = ao, E(O) = Yo

Since

n 1 2 T vmn
I = 5 [ JunlT) = @) do + 5 IV

we then obtain that (V]"),>0 is bounded in H, independently of n. Up to a
subsequence, we have V]* — Vj weakly in ‘H and

Ville < Lm [[V)"fl3

The difficulty comes again from the term [lu,(T) — u1[|2,. We will prove that
the limit (u,a) of (up,an)nen is a solution of system (1) associated with Vj.
If we consider a solution (u,, a,) of system (31), since the sequence of the electric
potentials (V]") is bounded in H, we can apply Theorem 2 and obtain that the
sequence (U, a,) is bounded in

<W1’°°(O,T; L) N L®(0, T HQHHQ)) x W2(0,T)

independently of n. We get a, — a in L*(0,7T) strongly and u, — u weak in
C([o,T), L?).

Therefore, since the application u — [[u(T') — u1 ||, is lower semi-continuous,
then u, (T) — u(T) weak in L?(R3) implies

[u(T) = w72 < lim[fun(T) — w72
and we finally obtain

J(V1,u) < lim

TV un) = inf J(Vu)

Since V1 € H, that leads to J(Vi,u) = ‘}ng{ J(V,u) and the existence of an optimal
€

control is proved.
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Remark. Asmentioned in the introduction, we can replace VVe L?(0,T;W 1)
by VV € L? (0, T; VVI})COO) in the definition of H. Then, in the cost functional J,
[Vi]l# has to be replaced by ||(1 + |5U|2)_%V1HH1(O’T;W) + IVl 20w (8,))
where B, = B(0,p) C R® and the point is to choose p >0 conveniently.
From reference [2], and as one can read in Theorem 2, we know that without
any hypothesis on VVj, we can bound a in C(]0,7]). In fact, we only need
(1+ |x!2)7% Vi € HY(0,T;W). Moreover, when we consider a minimizing se-
quence (V]")n,>0 in H, as soon as J(V]*,u,) is then bounded, for instance by
J(0,uy,), we obtain an a priori bound for ||(1 + ]a:\Q)_%Vl|]H1(07T;W) and then for
lanllc(o,m)- Thus, if p is chosen large enough to satisfy ||a.|/c(o,r) < p for all
n € N, we will be able to proceed to the same proof as follows. o

For clarity, we denote by (32) and (33) the two equations solved by u and a:

1
(32) i(?ﬂH—AU—i—L—i—Vlu = <|u]2*>u, in R3x(0,7),

|z — al ]

1
dx + VVi(a), in (0,7)

|z — al

d*a 9

and we want to prove that the limit (u, a) of (uy, an)nen is a solution of (1).
Up to a subsequence, we have dyu,, — Oyu and Au, — Au in D'((0, T)xR3).
Moreover, on the one hand, since V7 is bounded in H, we have (V1”I>
(1+]z[?)2 /nz0
bounded in H'(0,T;W). Since the embedding W (R3?) — L2 (R?) is com-
pact and since W «— W1 °(R3), then from Lemma 7, we get the local strong
convergence

V1n n—-+00 Vl

(1+ [z[2) (1+af2)?

in L?(0,T;L%.) .

loc

N[

On the other hand, (uy)n>o is bounded in L*°(0,T; Hy) and since (up)n>0 is
bounded in L>(0,T; H?) N W1>(0,T; L?), we have the local strong convergence

Up 2= 0 in L°(0, T3 LY,) .

loc

We have, for all R > 0,

T T T
/ / Vi'un, — Viu] < / / \Vi'u, — Viu| + / / Vi'u, — Viu| <
0 JR3 0 JBg 0 JBg
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T n __
< // N (1t Ja?)?
0 JBg (1+|x|2)§

TR A N R
+(1+ RY) /O/BR (1+\x12)5(n )

N 1 /T Vi'un| + [Viu| (14 Jol?)
1 1 .
(1+R%)2 Jo /B (1+|z[?)?

Then, using Cauchy—Schwarz inequality, we can prove:

T n __
// A (14 )] <
0 JBg (1_|_|:E’2)2

1
T 2\2 1
Vit =V ( 2 2 >2
< o nl” (14
J ( (1) ) Uyt ()

< VT |V = va) (14 Jaf?) 2

L2(0,T:L2(Br)) Hun ”L°° (0,T;H2)

n—-+00

< or [0 = Vi) (1+ faf?) 2 0

L2(0,T;L?(BRr))

and

(T Vi
14 R%): Y (up—w)| <
T o e

< CT HV1(1 + ‘.%"2)7%

L2(0.7:12) [|un — UHLW(O,T;LQ(BR))

n—-+o00

< Cr llun — ullLoor;02(Br)) ——— O

and for all € > 0, there exists R > 0 such that

1 r MU,
1/ w(l‘ﬂfﬂm <
(1+R2)2 JoJBg (14 |zf2)2
2VT oy —1
< — ||V (1 2 nll oo 0.1
S+ )% (14 ]2]%) L2(0.702) 1wnll Loo (0,1 2)
< L <
(1+ )b

Eventually, we obtain V{"u, — Viu in L'((0,T)xR3).
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1
Then, we have to work on the terms ‘uin| and <\un]2 * H) U, of

T — ap x
system (31). One can notice that (an)n,>o is bounded in W21(0,7). We then
have, up to a subsequence, the strong convergence a, 2F 6 in L>(0,T).
We will check later that a, together with wu, is a solution of coupled system (1).
We set » € D((0,T)xR3) which means in particular that Supp ¢ is a compact

set of (0,T)xR3.

We have
Up, - 1 1 Un
ra:—an\‘<|x—an| |x—a|>“"+|x—a|

and we will prove that in D’((0,T)xR3), we have the following convergences

Up n—-+00 U and 1 B 1 u n—+00 0
|z — al |z — al |l —an| |x—al) " '

On the one hand, since Supp ¢ is compact, from Hardy’s inequality we have

dt dx

< Cllun — ull oo 0,711 (BR))

/ (un(t, x) — u(t, $)) o(t, x)
[0,T] xR3 |z — a(t)|

where Supp ¢ C (0,7)x Bg and (uy,),>0 being bounded in the space L>(0,7T; H?)
NWHe(0,T; L?) gives the local strong convergence

n—-+o0o

u, —u in C([0,T]; Hp.) -

u’I’L n—-—+o0o u

Then [Juy, — ullpoo (0,751 (BR)) — 0 and we get in D'
o R |x — al |z — al
On the other hand, for the same reasons, we have
/ (1 1)(t)(t)dtd<
— un(t, ) p(t, r| <
0.11xR3 \|T —an(t)| [z —a(t)]
<[ lmlololn —anl,,
o1xRs |2 —an(t)] ]z — a(t)]
1
|o(t, )] :
< Nunl| peo 0.1 n— @] 2 dtd
< unllL (0,T;HY(BR)) la alr, 0,7) (/Supw Iz —a(t)]Q L

< Clan — alpe 1) 22T, g

1 1 N
which means - w, 22120 in D
|z —an| |z —al
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Finally, we are going to prove that (|un\2 * ﬁ)un — (|u]2 * ﬁ)u nore
in D'((0,7)xR3). We have

(\uny%';)un— <|u]2*‘91:|>u _ (\un\2*|i|>(un—u)+ <(|un\2—]u\2)*|xl‘>u.

First of all, using Cauchy—Schwarz inequality and omitting the time ¢ fixed in
[0,T], we can write

1 1
R e (T X
R3 |z 2|
, 1 1
] [un—ul { [un|” * — | dv + ] [u] (’unH‘WD |Un— u| % — | dx
R3 |z RS |z|

(L lolton- “'fdwf ( [t (e ) dxf
+ </Rd !qux>2 (/}R3 \¢!2<(\un\ + [u]) fun — | *‘;>2dm>2

which gives

/ |(p‘ ’<\un‘2*1>un— <’U2*1>u
o |z ||
2 1 ’ %
(34) < ||un_u||L2(BR) (/]R?’ 4 <|Un| *‘x’> da:)
A%
+ lull 2 / I ((iwl + ) un ‘“'*> “)
R3 ‘:I}|

Next, from Hardy’s inequality, we have

dr <

IN

IN

1
(|un|2*|$|><z:> < lunllz [Vunllze , Vo€ B3

and since ¢ € D((0,T)xR3),

-

(39 ( [ (s 5 Y dm>2 < Clunlyr

We will also need the following:
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Lemma 9. Let r>0,v e H' and v, € L?. If we assume that vnm 0

in L2 . then

loc?

V|£U|<’I“, / v(y)vn(y) dy n—+00o 0.
rs |7 —yl

Proof: We set R > r and Br = {y € R3, |y| < R}. From Cauchy—Schwarz
and Hardy’s inequalities, we obtain for all z such that |z| < r,

/ v(y) vn(y) dy‘ < [ @Honl o\ [ @l
RS |7 — Yl ~ I |-yl Be |y —al
1
< vl lvallL2(sg) + R—7|x| vl 2 [|vnll L2
<

1
 (Ionllzzisn + = ) -

Moreover, if we set ¢ > 0, then there exists ng € N and Ry > 0 such that

£
and Vn > ng, CHUnHLQ(BRO) < 5 .

Thus, for all € > 0 there exists ng € N such that for all n > ng,

/ v(y) vn(y) dy' <
-

|z — y|

and the lemma has been proved.

1\2
We use this result to deal with the term / ©? <(|un| + ul) |un — ul * > .
RS x

Let t € (0,7T) be fixed. Since Supp ¢ is compact, we apply Lebesgue’s theorem
on a bounded domain to the sequence (f, (t))n oy defined by

ety = ({1 10 o) 0]« 1) 00

]

Indeed, since u,—u -—"%0 in C([0,T);L2.), we L®(0,T; H) and u, is
bounded in L>(0,T; H') independently of n, using Lemma 9 we obtain that for
all ¢ in [0,7] and for all z in Supp, fn(z,t) — 0. Then, from usual estimates

we prove that |f,(¢)| < C € LL (R3) and we finally get: V¢ € [0, 7],

loc

(36) /]RS O3 (t,x) fo(z,t) dz = I,(t) e
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Now, plugging (35) and (36) in (34) we obtain, for all ¢ in [0, 7],

/et

(0= 3 Junlt) = (R0 » 7 Juto)

C Hun”%OO(O,T;Hl) [un = ull Lo o,rL2(BR)) + IullLoc0.1;22) VIn(t)

C <”Un —ullzeo0,102(BR)) T V In(ﬂ) Mmas NS

IA

IN

Thus we have proved

<\un\2*1>un— <]u\2*|xl|>u DT 0 in D'((0,T)xR?) .
Therefore, we have all the elements to insure that (u,) is converging in a weak
sense towards u which is a solution of (32) in the sense of distributions. We finally
have to prove that the limit a of the sequence (a,,) is a solution of (33). We already
know that (a,)n>0 is bounded in W*1(0,T) and that a, — a in L°°(0,T) and
we have in [0,T],

d*ay, 9 1
U d Man) -
m-rs /R3 [t ()] v\m—an| x + VV]'(ay)

On the one hand, omitting again the fixed time ¢ in [0,7], we have
YV (an) — VVi(a) = (VVi'(an) = VI'(0)) + (VV{'() = VVi(0))
and of course, since V{* is bounded in H and V{* — Vj weakly in H, we get

VVia) — VVi(a) =20  in D'(0,T),
n n n n—-+00
HVV1 (an) — VV] (a)HLQ(O,T) < [|[VW HL?(O,T;WLOO) |an — a\Loo(o,T) — 0.
Therefore we obtain

VVi*(a,) — VVi(a) in D'(0,T) .

On the other hand, using the idea of the proof of Lemma 9 we will prove

]. n—-4+oo .
/ upn () > V — dx + , lu(x)|? V dr in D'(0,T) .
R3 ’(L’ CLn‘ R3

1
|z —a
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Actually for all ¢ in [0, 7], we can prove that an integration by parts gives

/|unt$|2 /|ut:z: Lda}
o~ an(t)] —a(t)]
1
2 2 2
f o <rw an \x—a\) |+ /R (funl” =) Vi 4

1 n -
C/ (‘UN‘ |V + (|u | + |U|) |u u> "
RS

|1:fan\  |z—al |z — al?
Since u, is bounded in L*°(0,T; H?), using Cauchy-Schwarz and Hardy’s in-

<

IN

equality we are able to deal with the first right hand side term. Indeed,

[ 1w @11¥0) ' o ,x_iw' <

< / |un| [Vun| lay — af
r3 |T — ap| |z — al

||UnHL2(0,T;H1) HvunHm(o,T;Hl) lan — a’L°°(O,T)

—
o
oo

~—

IA

IN

||Un||%oo(o,T;H2) |an — al Lo (0,7)

n—-+00 0

< Clan— a|L°°(0,T)

Now, since a is bounded on (0,T), un—u =% 0 in C([0, T); H\.), u belongs
to L>(0,T; H') and u,, is bounded in L>(0,T; H') independently of n, then we

obtain in an analogous way as in the proof of Lemma 9 that for all ¢ in [0, T,

do = J,(t) =2 0.

59) /R (O] + 0)]) i 8) — )

‘x—a(t)‘Q

In fact, omitting the time ¢, we have from Hardy’s inequality

2
n + n- n +
e | (1] + ) = i (ol + )",
e lo—d] . Jo—d
2 2 2 )
< _ -
< (i + Nenllg ) Neon = iy + =y (el + unl
1
< C| ||up— ul| g2 + >
(S = vy

and we can prove (see Lemma 9) that for all ¢ in [0,7] and for all ¢ > 0, there
exists ng € N such that for all n > ng, Jp(t) <e.
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Thus, using (38) and (39) together with (37), we get, for all ¢ in [0, 7],

1 1

2V ——— _dr — wt,z))? V———— dx
‘/Rs [un(t, @) v‘x—an(t)‘ d /Rs| (t,2) v‘x—a(t)} dz| <

< Clan—alpeor) + Jn(t) =22 0

and we finally obtain the awaited result.

We then have proved that a is a solution of (33). As a consequence, the limit
(u,a) of (un,ay) is a solution in the sense of distribution of system (1). More-
over, since (u,a) belongs to the class (W'°°(0,T;L?) N L>(0,T; H* N Hy)) X
W21(0,T), then it satisfies the estimate (4) of Theorem 2 and is in fact a strong
solution of system (1).

Hence the proof of Theorem 1. n

Remark. First order optimality condition. As we did in the case when the
position a of the nucleus is known (Section 2.2.2), we would like to give an
optimality condition for the optimal control Vi. A first step is to study the
differentiability of the functional

&: H — L=(0,T; L*(R%)xL=(0,T)
Vi — (u(V1),a(V1)) ,

where H is an appropriate Hilbert space. One can notice that the lack of proof
for the uniqueness of the solution (u,a) of system (1) makes the study of opti-
mality conditions completely formal. It is a first and main obstacle to prove the
differentiability with respect to V; of ® and of the cost functional

T: (Vi) e g ) w4 VAl
Nevertheless, one can obtain a formal derivative of J and an optimal system.
We present these following formal results in order to make completely explicit
the difficulty encountered in trying to show the differentiability of the mapping
®: control — state and to give the possibility to make direct computations on
approximations of the optimality system after regularization of the singularities.
Thus, assuming that we have uniqueness of the solution of system (1) and
assuming that @ is differentiable, if we set D®(§V1) = (z,b), then one can prove
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that (z(¢,z),b(t)) has to satisfy the following coupled system set in R*x (0, T

1Oz 4+ Az4+Voz 4+ Viz = —%-bu —Viu+ Qu\Q*’i‘)z + 2<Re(uz)*’alj>u
20)=0, b0)=0, %(0) 0
\ mjjf = —/RJUF v%‘f b — Q/RBRe(uz) VVy — VéVi(a) — V(VVL) - b(a)
where Vj = azia]' Thereafter, if J is differentiable with respect to V7, we obtain
that the condition D.J(Vi,u)[§V1] =0, VéVi€ H now reads
(40) Re /R ()~ (@)) 2T ) do (Vi Vi) = 0.

The main difficulty we encounter when trying to give a meaning to the system
of equations satisfied by the couple (z,b) is of same nature than the one we
had when we studied the equations solved by the difference of two solutions of
system (1). Indeed, as for the proof of uniqueness which misses in Theorem 2,
even in a formal study of the solutions, we have to deal with singularities of
type ‘x% that we cannot bound with Hardy’s inequality. Moreover, the use of
Marcinkiewicz (or Lorentz) spaces as in reference [5] is not directly appropriate
here because of the properties of V;. o

At last, the following formal adjoint system

1 1
10+ Ap + Vop+Vip = <|u]2*|x’)p+2i <Im(up)*x|>u—2iu VVy-o
p(T) = uwT) —w

d?o oVp _ _ A%
M T oy ga WD)~ 2 [ Rel@Vu) Fo e = VIVIA)(a) e
_ do
o) =0, “2(r)=0

is such that we have
T T
(41) Re/ 2(T) (uw(T) —w) = —Im/ oViup —/Q-VéVl(a) .
R3 0JR3 0

Eventually, if 6, denotes the Dirac mass at point @ € R3, and using (40) and
(41), we prove that the bilinear optimal control V; is the solution of a partial
differential equation defined by variational formulation: VJ§Vi € H

T

r(Vi,6Vi) g = / T/]RSIm<u(t,x)p(t,x))évl(t,x) dz dt — /0 <Q(t)-V6a(t),5V1(t)> dt |

0
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