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PRODUCING GOOD QUOTIENTS BY EMBEDDING INTO
TORIC VARIETIES

by

Jiirgen Hausen

Abstract. — Let an algebraic torus T" act effectively on a Q-factorial algebraic variety
X. Suppose that X has the Aa-property, that means any two points of X admit a
common affine open neighbourhood in X. We prove the following embedding theorem:
Let Ui, ...,Ur C X be T-invariant open subsets with good quotients U; — U; /T such
that the U, /T are Aa-varieties. Then there exists a T-equivariant closed embedding
X < Z into a smooth toric variety Z on which T acts as a subtorus of the big torus
such that each U; is of the form U; = W; N X with a toric open subset W; C Z
admitting a good quotient W; — W, /T. This result applies in particular to the
family of open subsets U C X that are maximal with respect to saturated inclusion
among all open subsets admitting a good Asz-quotient space. In the appendix to
this article we survey some general results on embeddings into toric varieties and
prevarieties.

Introduction

This article deals with toric varieties as ambient spaces in algebraic geometry. We
consider actions of algebraic tori 7' on a Q-factorial (e.g. smooth) algebraic variety X
and show that the problem of constructing good quotients for such an action extends
to a purely toric problem of a suitable ambient toric variety of X, provided of course
that X and the quotient varieties in question are embeddable into toric varieties.

Let us recall the basic notions and some background. A good quotient for the action
of an algebraic torus T on a variety X is a T-invariant affine regular map p: X — X//T
such that the natural homomorphism Ox /7 — p.(O x)T is an isomorphism. In
general, the whole X need not admit a good quotient, but there always exist nonempty
open T-invariant subsets U C X with a good quotient U — U/J/T. It is one of the
central problems in Geometric Invariant Theory to describe or even to construct all
these open subsets.
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194 J. HAUSEN

In the special case of toric varieties the above problem can be solved: Let Z be a
toric variety, and let T be a subtorus of the big torus Tz C Z. The description of Z
in terms of its fan allows to figure out explicitly all the toric open W C Z admitting
a good quotient W — W//T, see [9], [18] and also Section 1. Moreover, every further
open subset of Z admitting a good quotient by the action of T" occurs as a saturated
subset of one of these W. A different but also combinatorial approach for Z = P, is
presented in [3].

We shall show that in principle the general problem of constructing good quotients
for torus actions can be reduced to the toric setting by means of embedding. Of
course, in this approach one has to restrict oneself to embeddable spaces. In view
of Wlodarczyk’s theorem [20], this amounts to considering spaces Y with the As-
property: Any two points of Y admit a common affine open neighbourhood in Y.
Our main result is the following, see Theorem 2.4:

Theorem. — Let an algebraic torus T act effectively on a Q-factorial As-variety X,
and suppose that the T-invariant open subsets Uy, ..., U, C X admit good quotients
U; — U; )T with Ag-varieties U; JT. Then there exists a T-equivariant closed embed-
ding X — Z into a smooth toric variety Z on which T acts as a subtorus of the big
torus such that each U; is of the form U; = W; N X with a toric open subset W; C Z
admitting a good quotient W; — W, J/T.

This applies to the general problem: It suffices to consider the (T,2)-maximal
subsets of a given T-variety X, i.e., the invariant open subsets U C X that admit a
good quotient with an As-variety U//T and do not occur as a saturated subset of some
properly larger U’ having the same properties. Swigcicka showed that the family of all
(T, 2)-maximal subsets of X is finite [19]. Consequently, we obtain, see Corollary 2.6:

Corollary. — Let an algebraic torus T act effectively on a Q-factorial As-variety X .
Then there exists a T -equivariant closed embedding X — Z into a smooth toric variety
Z on which T acts as a subtorus of the big torus such that every (T, 2)-mazimal open
U C X is of the form U =W N X with a toric open subset W C Z admitting a good
quotient W — W/T.

Note that this generalizes the following result due to Swiecicka [19]: If the torus
T acts on a smooth projective variety X with Pic(X) = Z and U C X is (T,2)-
maximal, then there is a T-equivariant embedding X C P,, such that U = W N X
with a (7, 2)-maximal and hence T, -invariant W C P,.

The present article is organized as follows: In Section 1 we introduce the basic
notions and discuss some known results on good quotients for toric varieties. Section 2
is devoted to giving the precise formulation of our main result. In Section 3 we provide
the techniques for the proof of our main result which is performed in Section 4. Finally,
in the appendix, we survey some general results on embeddings into toric varieties
and prevarieties.

SEMINAIRES & CONGRES 6



PRODUCING GOOD QUOTIENTS BY EMBEDDING 195

I would like to thank the organizers L. Bonavero and M. Brion of the Grenoble
Summer School 2000 on Geometry of Toric Varieties for this successful event and also
for their hospitality.

1. Good quotients of toric varieties

In this section we discuss some well-known results on good quotients for subtorus
actions on toric varieties. As we shall need this later, we perform our fixing of termi-
nology in the more general setting of possibly non separated prevarieties.

Throughout the whole article we work over an algebraically closed field K. A toric
prevariety is a normal (algebraic) prevariety X (over K) together with an algebraic
torus Tx C X such that Tx is open in X and a regular action Tx x X — X that
extends the group structure of Tx C X. We refer to Tx C X as the big torus of X.
A toric variety is a separated toric prevariety.

A toric morphism of two toric prevarieties X, X’ is a regular map f: X — X’ that
restricts to a group homomorphism ¢: Tx — T'xs of the respective big tori satisfying
ft-z) = p(t)-x for all (¢,x) € T x X. Similarly to the separated case, the category
of toric prevarieties can be described by certain combinatorial data, see [1].

A good prequotient for a regular action G x X — X of a reductive group on a
prevariety X is a G-invariant affine regular map p: X — X//G of prevarieties such
that the canonical map Ox;q — p+(Ox)% is an isomorphism. A good prequotient
p: X — X//G is called geometric, if it separates orbits. If both spaces X and X//G
are separated, then we speak of a good or a geometric quotient.

Now, let X be a toric prevariety. As announced above, we consider actions of
subtori T of the big torus Tx C X. Concerning good prequotients of such subtorus
actions, the first observation is, see e.g. [1, Corollary 6.5]:

Remark 1.1. — If the action of ' C T'x has a good prequotient p: X — X /T, then the
quotient space X//T inherits the structure of a toric prevariety such that p becomes
a toric morphism.

In our article the following property of varieties will play a central role: We say
that a variety X has the As-property, if any two points z, 2’ € X admit a common
affine open neighbourhood in X. This notion is due to J. Wlodarczyk. In [20] he
proves among other things that a normal variety X admits a closed embedding into
a toric variety if and only if X is As.

The next statement is a simple, but useful toric version of [4, Theorem C]. It
shows that the As-property is in a natural way connected with good quotients of toric
varieties:

Proposition 1.2. — Let X be a toric variety with big torus Tx C X . For every subtorus
T C Tx the following statements are equivalent:
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196 J. HAUSEN

i) The action of T on X has a good quotient X — X JT.
i) Any two points x,x’ € X with closed Tx-orbit have a common T-invariant
affine neighbourhood in X .

Proof. — If the action of T on X admits a good quotient X — X /T, then the
quotient space inherits the structure of a toric variety and hence has the As-property.
Since the quotient map X — X /T is affine and T-invariant, it follows that X fullfills
Condition ii).

Now suppose that ii) holds. According to [4, Theorem C], we only have to show
that any two points of X have a common affine T-invariant neighbourhood in X. So,
given z,z’ € X, choose

z€Tx 2, 2 eTx 2
such that the orbits Tx -z and T'x -2’ are closed in X. By assumption, there exists a
T-invariant affine open U C X with z, 2’ € U. Consider the sets

S:={teTx; t2€U}, S i={teTx; t2 €U}

These are non empty open subsets of T'x and hence we have SNS’ # &. Let t € SNS’.
Then t~1-U is the desired common affine neighbourhood of the points z and 2. O

Finally, we characterize existence of good quotients in terms of fans. For the
terminology, see [8]. Let A be a fan in some lattice N, and let L C N be a primitive
sublattice. Then A defines a toric variety X, and L corresponds to a subtorus T of
the big torus Tx C X.

Up to elementary convex geometry, the following statement is a reformulation
of a well-known characterization obtained by J. Swigcicka [18, Theorem 4.1] and,
independently, by H. Hamm [9, Theorem 4.7]. For convenience, we present here a
direct proof in our setting.

Proposition 1.3. — The action of T on X admits a good quotient if and only if any two
different maximal cones of A can be separated by an L-invariant linear form on N.

Proof. — First suppose that the action of T has a good quotient ¢: X — X’. Then
X' inherits the structure of a toric variety such that ¢ becomes a toric morphism. So
we may assume that ¢ arises from a map of fans Q: N — N’ from A to a fan A’ in a
lattice N'.

Note that the sublattice L C N is contained in ker(Q)). Let Qr: Ng — Nj be the
linear map of real vector spaces associated to Q: N — N’. We claim that there are
bijections of the sets A™** and (A’)™** of maximal cones:

(1) Amax — (Al)max’ o — QR(U)y
(2) (A/)max N Amax7 O'/ N Q]}gl(a/) ) ‘A|

To check that the first map is well-defined, let o € A™2*, Then the image Qr(o)
is contained in some maximal cone ¢’ € A’. In particular, ¢(X,) C X,/ holds. Since
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PRODUCING GOOD QUOTIENTS BY EMBEDDING 197

q is affine, the inverse image ¢~ !(X,/) is an affine invariant chart of X, and hence
necessarily equals X,. Since ¢ is in addition surjective, we must have ¢(X,) = X,.
This means Qr(c) = o’. So we see that (1) is well defined.

To see that also the second map is well defined, let o/ € (A’)™**. The inverse
image of the associated affine chart X,» C X’ is given by the general formula

' (Xy) = U x-
TEA;Qr(T)C0o’

Since ¢ is affine, this inverse image is an affine invariant chart X, given by some cone
o € A. It follows that

o = cone(T € A; Qr(7) Co') = Qg (o)) NIA|.

We still have to check that o is maximal. By surjectivity of ¢, we see Qgr(c) = o’
holds. Now assume, that ¢ C 7 for some 7 € A™**. As seen above, Qgr(7) is a
maximal cone of A’. Since Qr(7) contains the maximal cone o/, we get Qr(7) = o’.
By definition of o, this implies 7 = . So, also (2) is well defined.

Obviously, the maps (1) and (2) are inverse to each other. We use them to find
separating linear forms. Let o1, 02 be two different maximal cones. Then the maximal
cones o} := Qgr(c;) of A’ can be separated by a linear form «’ on N’, i.e.,

Wiop 20, W]y <0, (W) ol =) nob=ofno.

Now consider the linear form u := v’ o Q). Then u is L-invariant, nonnegative on oy
and nonpositive on o. Using (1) and (2) we obtain:

ut Noi = Qg ((u)) N (Qg' (07) NIA])
—QRl((U’) No;) N A
= Qg (01 Noy) N|A]
= (Qz' () NA) N (Qz ' (02) N 1A

=01 MNos.

Now suppose that any two different maximal cones of A can be separated by an
L-invariant linear form on N. Let P: N — N/L denote the projection. We claim
that the projected cones Pg(c), where ¢ runs through the maximal cones of A, are
the maximal cones of a quasifan ¥ in N/L, i.e., this 3 behaves almost like a fan,
merely its cones need not be strictly convex.

To verify this claim, we have to find for any two of := Pr(01) and o} := Pr(02),
where 01, 09 € A™®* a separating linear form. By assumption, there is an L-invariant
linear form u on N that separates o1 and oy. Let «' denote the linear form on N/L
with 4 = v/ o P. Then v’ is nonnegative on ¢} and nonpositive on ¢. Moreover, we
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have

(Pe
(ut N (az + LR)
((ut
((c1 No2) + Ly
= Pr(o1 Nog)

N

Conversely, o} N o4 is obviously contained in (u')* Na}. So we checked that v’
separates the cones ¢} and o}. Hence our claim is proved, and we know that ¥ is
indeed a quasifan.

To proceed we need a further observation. For a given maximal cone o’ € 3, we
choose a maximal cone o € A with ¢/ = Pgr(0). We claim

Pyl(e)n A = U T = 0.

TEA;Pr(T)C0’

Only the inclusion “C” of the last equation is not obvious. To obtain it, let 7 € A
with Pr(7) C o’. Then any L-invariant linear form on N that is nonnegative on o is
necessarily nonnegative on 7. Thus 7 can not be separated from o by an L-invariant
linear form and hence is a face of . So the claim is proved.

Projecting ¥ along its minimal face gives a fan A’ in a lattice N’ and a map
N — N’ of the fans A and A’. By the second claim, the associated toric morphism
q: X — X' is affine. Now it is a standard conclusion that over the invariant affine
charts of X', the map ¢ is the classical invariant theory quotient for the action of T,
see e.g. [18, Section 3. O

2. Toric extension of good quotients

We come to the precise formulation of our main results. First consider the following
setting: Let Z be a toric variety and let T" be a subtorus of the big torus Tz C Z.
Assume that X C Z is a T-invariant closed subvariety and that U C X is an open
T-invariant subset admitting a good quotient p: U — U/J/T.

Definition 2.1. — A toric extension of U C X is an open toric subvariety Zy C Z
with a good quotient Zy — Zy /T such that U = Zy N X holds.
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Remark 2.2. — Every toric extension Zy C Z of the subset U C X gives rise to a
commutative diagram

U—C>ZU

/Tl G

UJ)T —— Zy T

where the lower horizontal map is a closed embedding. In particular, if such a toric
extension exists, then U//T is an Ag-variety.

Even if the quotient variety U//T is Az, one cannot expect that toric extensions
always exist. In the following example, we realize K2 \ {0} as an invariant subvariety
of a 3-dimensional toric variety such that the geometric quotient K2 \ {0} — Py of
the standard K*-action admits no toric extension:

Example2.3. — The toric variety X := K2 \ {0} is given by the fan in Z? with
maximal cones g1 := cone((1,0)) and g3 := cone((0,1)). The standard subtorus

T:={(tt); te K} CTx

of X corresponds to the sublattice Z(1,1) C Z2. The action of T on X has a geometric
quotient X — P;. We realize X as a T-invariant closed subvariety of a 3-dimensional
toric variety Z. In R3, let

71 := cone((1,0,—-1),(0,1,1)), 2 = cone((2,0,1), (=3,0,-1)).

As they intersect in {0}, these cones are the maximal cones of a fan. Let Z denote
the associated toric variety. The linear map F: Z? — Z3 given by

F(1,0):=(1,1,0),  F(0,1) :=(—1,0,0)

defines a toric embedding X — Z. So we can regard X as a T'x-invariant subvariety
of Z. Note that X intersects both closed orbits of the big torus Tz C Z, and that the
action of T on Z corresponds to the sublattice

F(Z-(1,1)) = Z2-(0,1,0) C Z?

It follows from Proposition 1.3, that the action of T' on Z does not admit a good
quotient. In particular, there exists no toric extension of X.

In view of this example, the question is the following: Let U be an invariant open
subset of an arbitrary variety X with an effective action of an algebraic torus 7', and
suppose that there is a good quotient U — U//T. Provided that X and U)/T are
Ag-varieties, can we realize X as a T-invariant closed subvariety of some toric variety
such that U becomes torically extendible?

Our main result gives a positive answer to this question if X is Q-factorial, i.e.
if X is normal and for any Weil divisor on X some multiple is Cartier. In fact, we
prove even more:
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Theorem2.4. — Let X be a Q-factorial As-variety with an effective regqular algebraic
torus action T x X — X, and suppose that Uy,...,U,. C X are T-invariant open
subsets admitting good quotients p;: U; — U, )T with As-varieties U; JT. Then there
exists a T-equivariant closed embedding X — Z into a smooth toric variety Z on
which T acts as a subtorus of the big torus such that every U; C X has a toric
extension.

The proof of this theorem is performed in Section 4. Our motivation for the above
statement is its application to maximal sets with good quotients. Let us recall briefly
the basic notions, see [19, Definition 4.3]:

Let the algebraic torus T act on a variety X. An inclusion U’ C U of invariant open
subsets U', U C X is called T-saturated if for every x € U’ the closure of the orbit T-x
in U’ is also closed in U. An open invariant subset U C X is called (T, 2)-mazimal if
it admits a good quotient with an As-variety U /T and there is no open U’ C X with
these properties containing U as a proper T-saturated subset.

Remark 2.5. — Every open subset U’ C X admitting a good quotient with U’ /T an
Ag-variety is of the form U’ = p~Y(V), where p: U — U//T is the good quotient of
some (7T',2)-maximal open U C X and V' C U//T is an open subset.

This observation reduces the study of good quotients with quotient spaces having
the Ag-property to the study of (T, 2)-maximal subsets. As an immediate consequence
of Theorem 2.4, we obtain the following generalization of [19, Proposition 6.2]:

Corollary 2.6. — Let X be a Q-factorial As-variety with an effective reqular algebraic
torus action T'x X — X. Then there exists a T -equivariant closed embedding X — Z
into a smooth toric variety where T acts as a subtorus of the big torus such that every
(T, 2)-maximal U C X admits a toric extension.

Proof. — By [19, Theorem 4.4] there exist only finitely many (7', 2)-maximal open
subsets U C X. Thus the assertion follows from Theorem 2.4. O

3. Ample groups and linearization

The proof of the embedding theorem 2.4 is based on the techniques introduced
in [11, Section 2]. We recall in this section the basic notions and results adapted
to our purposes and provide some additional details needed later on. We work here
in terms of Cartier divisors instead of using line bundles as in [11]. The idea is to
generalize the notion of an ample divisor to what we call an “ample group of divisors”.

Let X be an arbitrary irreducible algebraic variety. Denote by CDiv(X) the group
of Cartier divisors, and let A C CDiv(X) be a finitely generated free subgroup. For a
divisor D € A let

.AD = OX (D)
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denote the associated invertible sheaf on X. Given two sections f € Ap(U) and
f" € Ap/(U), we can multiply them as rational functions and get a section ff’ €
Ap+p/(U). Extending this operation, we obtain a A-graded Ox-algebra

A= P Ap.

DeA
Remark 3.1. — The algebra A is reduced and locally of finite type over Ag = Ox.

Now, we can glue the canonical maps Spec(A(U)) — U, where U ranges over small
affine neighbourhoods U C X, to obtain a variety and a regular map

X := Spec(A), X — X.

Note that A = ¢.(Og). We call X the variety over X associated to the group
A C CDiv(X). It comes along with a torus action: The A-grading of the Ox-algebra
A defines a regular action of the algebraic torus

H := Spec(K[A])

on X such that for each affine open set U C X, the sections Ap(U) are precisely
the functions of ¢~1(U) that are homogeneous with respect to the character y? €
Char(H). The following is standard:

Remark 3.2. — H acts freely on )?, and the map g¢: X > Xisa geometric quotient
for this action.

We turn to equivariant questions. Let G denote a connected linear algebraic group
and assume that G acts by means of a regular map G x X — X on the variety X.
Recall that a G-sheaf on X is a sheaf F together with homomorphisms

FU) = Flg-U), s—gs

that are compatible with restriction and fulfil eg-s = s for the neutral element eg € G
as well as g'g-s = ¢’-(g-s) for any two g, g’ € G. The structure sheaf Ox becomes in
a canonical way a G-sheaf of rings by setting

g-f(x) = flg~"x).

Note that a G-sheaf structure on an Ox-module or an Ox-algebra requires by
definition compatibility with the above canonical G-sheaf structure on the structure
sheaf Ox.

Definition 3.3. — A G-linearization of a finitely generated free subgroup A C

CDiv(X) is a graded G-sheaf structure on the associated A-graded Ox-algebra A
such that for every G-invariant U C X the representation of G on A(U) is rational.
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Note that for any G-linearization of a subgroup A C CDiv(X) the induced G-sheaf
structure on the (invariant) homogeneous component Ay = Ox of the associated A-
graded O x-algebra A is the canonical one. We list below some statements on existence
of G-linearizations.

Proposition 3.4. — Suppose that X is smooth in codimension one and that the finitely
generated free subgroup A C CDiv(X) consists of divisors with G-invariant support.
Then there is a canonical G-linearization of A given by

Ap(U) — Ap(g-U),  g-f(x):=f(g "-x).

Proof. — By our assumption on X, we may view CDiv(X) as subgroup of the Weil
divisors of X. Suppose that D is a G-invariant prime divisor, and let x € X be a
smooth point. Fix g € G and let ®: Ox , — Ox 4., denote the homomorphism of
stalks induced by the map X — X, y — g 1'-y. For a germ f, € Ox,, we can
compute the vanishing order of its translate:

OrdD,g'I(g'fx) = OrdD,g'I((I)(fw)) = Ordg—1~D,g—1g-w((I)71((b(fx))) = OrdD,x(fx)'

As the prime cycles of a given D € A are G-invariant, it follows that for any section
f € Ap(U) the translate g- f is a section of Ap(g-U). Moreover, setting W :=
U ~ Supp(D) for a given G-invariant U C X, we have a G-equivariant injection
Ap(U) — Ox(W). This implies that the representation of G on A(U) is rational,
e.g. apply [13, Lemma p. 67] to the trivial bundle on W. O

Proposition 3.5. — Let X be normal, and let A C CDiv(X) be a finitely generated free
subgroup. Then we have:

i) There exists a G-linearizable subgroup A’ C A of finite index.

ii) If G is factorial, then the group A C CDiv(X) is G-linearizable.

Proof. — We begin with some general preparing observations. Consider an arbitrary
D € CDiv(X), and choose an open cover i = (U;);e; of X such that D is represented
on each U; by some f; € K(X). This gives rise to a cocycle

&ij = filf: € Z' (U, 0%).

Let L¢ be the line bundle over X defined by the cocycle £&. We consider G-
linearizations of L¢ in the sense of [13, Section 2.1] and work with the following
description of such G-linearizations in terms of local data: For i,j € I, let

Uiy = 1{(9,2) € Gx Us;; g-x € U}

Having in mind that L¢ is the gluing of the products U; x K, we see that a G-
linearization of the line bundle L¢ is locally of the form

Uiij) x K = Uj x K, (9,2,t) — (g-2, g 5 (g, 2)t)
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with certain functions a(; jy € Of, x(Ug,j)). These functions satisfy the following
compatibility conditions:

Sik(@)awn(9,7) = a9, 2)&i(g-x), if (g,2) € Uy N Uy,
(99, %) = au (g, 2)agr(d,92), if (9,2) € Uuy), (9'59-2) € Ugpy.-

In fact, it turns out that the G-linearizations of L¢ correspond to such families of
functions. Now suppose that E € CDiv(X) is a further Cartier divisor, defined on U;
by functions h; € K(X). Let n € Z' (4, O%) be the associated cocycle.

Given families o ; ;) and f; ;) satisfying the above conditions with respect to the
cocycles § and 7 respectively, the products a; ;)3 ;) define a G-linearization of the
line bundle L¢ + L,, := Lg¢y,. Similarly, the family a(_i}j) provides a G-linearization of
—Lg = Lg—l.

Now, the sheaf of sections of L¢ identifies canonically to the sheaf Ap associated
to D. Thus a G-linearization of the line bundle L¢ induces a G-sheaf structure on
Ap, namely

(9:f)(@) = g-(flg~" ).

This is compatible with products: given f € Ap(U) and h € Ag(U), we can use the
local description of the G-linearizations in question in terms of families of functions
to verify

g-(fh)=1(g-f)(g-h).

We prove now assertions i) and ii). Choose a basis D1,..., Dy, of the group A.
Then there is an open cover i = (U;);er such that all Dy, are principal on the U;. As
above, we associate to each divisor Dy a cocycle & € Z1(U, O%).

According to [13, Proposition 2.4], for some n € N, we can fix a G-linearization of
every line bundle L := L¢r. In the case of a factorial G, this can even be done with
n = 1, see again [13, Remark p. 67]. As explained above, the respective products of
the local data define a G-linearization of every linear combination a1 L1+ - -+ @y L,
where a; € Z.

Let A’ C A be the subgroup generated by the divisors D), := nDy, k =1,...,m.
The G-linearizations of the bundles a1 L1+ - -+ a, L., carry over to G-sheaf structures
of the homogeneous components Ap/, D’ € A’. Note that on Ay = Ox we get back
the canonical G-sheaf structure.

Using the fact that the G-sheaf structures of the Ap/ are compatible with multi-
plication, we see that they make the A’-graded Ox-algebra A’ associated to A’ into
a G-sheaf. Finally, [13, Lemma p. 67] implies that for any G-invariant open U C X
the representation of G on A’(U) is in fact rational. O

We need a condition on a finitely generated free subgroup A C CDiv(X) ensuring
that X = Spec(A) is quasiaffine. This is the following:
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Definition 3.6. — We call a finitely generated free subgroup A C CDiv(X) ample
if for each z € X there is a divisor D € A and a section f € Ap(X) such that
X=X ~\ Supp(D + div(f)) is an affine neighbourhood of z.

This generalizes the classical notion of an ample divisor in the sense that such a
divisor generates an ample group.

Remark 3.7. — Suppose that a connected linear algebraic group acts on a normal vari-
ety X. Then every ample group A C CDiv(X) admits G-linearizable ample subgroups
A’ C A of finite index.

By an affine closure of a quasiaffine variety ¥ we mean an affine variety Y con-
taining Y as an open subvariety. The constructions and results of [11, Section 2] are
subsumed in the following:

Theorem 3.8. — Let G be a linear algebraic group and let X be a G-variety. Suppose
that A C CDiv(X) is a G-linearized ample group and let X denote the associated
variety over X.

i) X is quasiaffine and the representation of G on (9()?) induces a regular G-
action on X such that the actions of G and H commute and q: X — X becomes
G-equivariant.

i) For any collection f1,..., fr € A(X) satisfying the ampleness condition, there
exists a (G x H)-equivariant affine closure X of)? such that the f; extend to regular
functions on X and ¢~ *(Xy,) = Xy, holds.

4. Proof of the main result

We come to the proof of Theorem 2.4. We shall need the following observation on
linearizations:

Lemma4.l. — Let an algebraic torus T act regularly on a normal variety X, and
suppose that A = Ao ® A1 is a finitely generated free subgroup of CDiv(X). If Ay and
A1 are T-linearized, then these linearizations extend to a T-linearization of A.

Proof. — Given D € Ay and E € A;, we make the Ox-module Ap; g associated to
D + FE into a T-sheaf: On small open sets U C X, each section f of Ap,g is of the
form f|y = fof1 with fo € Ap(U) and f1 € Ag(U). For t € T set

t-flo = (& fo)(t-f1)-
Then the local translates ¢- f|y patch together to a well defined translate ¢- f. This
makes the Ox-module Apy g into a T-sheaf. Note that these structures extend to a
T-sheaf structure of the graded Ox-algebra A associated to A.
We still have to show that for a given T-invariant open U C X the representation
of T on A(U) is rational. For this, choose a non-empty affine T-invariant open subset
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V C U, use e.g. [16, Corollary 2]. Since the restriction A(U) — A(V) is injective, it
suffices to verify that the T-representation on A(V) is rational.

But this follows from the facts that for any D € Ay and any E € A; we have an
equivariant isomorphism

Ap(V) ®ow) Ae(V) — Ap+e(V), fo® f1— fofi

and the tensor product of two rational representations is again a rational representa-
tion. O

Proof of Theorem 2.4. — For each index i, cover the quotient space Y; := U, /T by
open affine subsets V;1, ..., Vi,, such that every pair y,y’ € Y; is contained in some
common V;;. Let D;; € CDiv(X) be effective Cartier divisors with

Uij == p; '(Vij) = X ~ Supp(Dy;).

Let Ag C CDiv(X) denote the subgroup generated by the D;;. Then we find a
finitely generated group Ay C CDiv(X) such that Ag N A; = 0 holds and for any two
x,x’ € X there is an effective D € A := Ag @ Ay such that X \ Supp(D) is a common
affine neighbourhood of x and z’.

Let A denote the graded Ox-algebra associated to A and let X = Spec(A) be the
associated variety over X. Recall that the map ¢x: X—>Xisa geometric quotient
for the action of H := Spec(K[A]) on X. Since A is in particular ample, the variety
X is quasiaffine, see Theorem 3.8.

We use Propositions 3.4 and 3.5 to linearize the group A = Ay & A;. Every
D € Ag has T-invariant support and hence its sheaf Ap = Ox (D) is T-linearized by
t-f(x) :== f(t~1-2). Since T is factorial, we can choose a T-linearization of A;. By
Lemma 4.1 these linearizations extend to a T-linearization of A.

According to Theorem 3.8, the representation of 7' on O()A() = A(X) induces a
regular T-action on X that commutes with the H-action and makes qx: X—>Xa
T-equivariant map. Our next task is to construct an appropriate (T x H)-equivariant
affine closure X of X.

Viewed as regular functions on X, the canonical sections fij = 1€ Op,,;(X) are
T-invariant and H-homogeneous. Choose effective Fjy, ..., E,, € A such that every
pair z,z’ € X has a common affine neighbourhood of the form V; := X \ Supp(E;).
Then every g; := 1 € Og,(X) is a H-homogeneous regular function on X.

According to Theorem 3.8, we find a (T' x H)-equivariant affine closure X of X
such that the above functions f;; and g; extend regularly to X and we have

ﬁij = q_;(l(Ul) = Yfij? ‘//\l = q;(l(‘/l) = Ygl.

Now choose (T x H)-homogeneous generators hi,...,hs of the algebra O(X).
Thereby make sure that the first hq,..., hi generate the ideal of the complement
X ~ X. Then we have a (T x H)-equivariant closed embedding

X — K", x = (hi(x),..., hs(x), f11(2), ..., frn, (),
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where n := s+ mny + -+ n, and T x H acts diagonally on K”. In the sequel we
regard X as a closed subvariety of K”. Then the functions h; and f;; are just the
restrictions of the respective coordinate functions z; and z;;. Set

7= U T". 2.

T”<zﬂ)?;£®

This Z is the minimal open toric subvariety of K™ containing X. Moreover, the
set X is closed in Z. This follows immediately from the fact that by our choice of Z,
X and the embedding X — K" we have:

X=XnEK:,U---UK.), ZcK:uU---UKZ.

Note that the torus H acts freely on 7. Consequently this action has a geometric
prequotient gz : Z — Z with a smooth orbit space Z = E/H Remark 1.1 tells us
that Z is again a toric prevariety and ¢z is a toric morphism. Moreover, the properties
of a geometric prequotient yield a commutative diagram

I

X—Z
where the lower horizontal map is a closed embedding. Note that T acts on Z as a
subtorus of the big torus Tz C Z making this embedding equivariant. In the sequel
we regard X as a subvariety of Z, and show that Z is the desired ambient space.

The first thing to check is that Z is separated. To verify this, it suffices to construct
for any two closed orbits B, B’ of the big torus Tz C Z an affine open subset W C Z
which intersects both orbits B and B’ non trivially, see e.g. [11, Corollary 4.4].

So, let B, B’ C Z be closed Tz-orbits. Since qz: Z—Zisa geometric prequotient,
the inverse images ¢, ( ) and g, (B') are closed T"-orbits of Z. By definition of Z,
we find points z,z’ € X with qz(z) € B and q(2') € B'.

For one of the above functions g; € O(X), we have 2,2’ € X,. This g is the
restriction of some H-homogeneous polynomial g, € K[T1,...,T,]. Let

/I/IZ::KEZ, A::/I/Vl\é.

Then ﬁ/\l is an open affine H-invariant subset of K™ containing V= X, as a closed
subset. Since also A is a closed H-invariant subset of /I/I7l and we have AN 171 = @,
the good quotient Wl — /I/I7l//H separates A and ‘A/l

Thus we find an H-invariant function h € O(W\l) that vanishes along A but satisfies
h(z) = h(z') = 1. Consequently, removing the zeroes of this function h from W, ylelds
an H-invariant open affine neighbourhood W C Zof z and 2. Now, W = QZ(W) is
as wanted and our claim is verified.

SEMINAIRES & CONGRES 6



PRODUCING GOOD QUOTIENTS BY EMBEDDING 207

To complete the proof we still have to show that all the open subsets U; C X admit
toric extensions. For this, let U; := ¢x' (U;) and define

Z‘ = U T 2.
Wﬂﬁl;ﬁg

Then each Z is an open T™-invariant subset of Z. Moreover, we have ﬁi =Xn Z
Again this holds because by our choice of Z;, X and the embedding X — K" we have

U=Xn(K: U---UK! ),  Z;CcK’ U---UK?

Zin; *
ing

We shall show that Z admits a good quotient for the action of T' x H. Once this

is settled, the proof is complete: The image Z; := qz(Z;) is an open toric subvariety
of Z. Moreover, U; = X N Z; holds, and there is a commutative diagram

21%21//(T><H)

e

Z;

Ve

One easily checks that the induced map Z; — Z; /(T x H) is a good quotient for
the action of T on Z;. That means that Z; C Z fulfills the desired conditions of a
toric extension of the open subset U; C X.

Thus, the remaining task is to show that the action of T x H on Z has a good
quotient. For this we use Proposition 1.2: It suffices to verify that any two points
of Z; having closed T"-orbits in Z; admit a common (T x H)-invariant affine open
neighbourhood in Z.

So, let 2,2’ € Z; with T"-z and T"-2' closed in Z;. By the definition of Z; there
exist elements ¢, € T™ and an index j such that

t-z € Uij, t'.2 e Uij.
The set Wi; := K7, is an affine T"-invariant neighbourhood of z and z'. Moreover

ﬁij equals X N Wij and hence is closed in W” The complement A := Wij ~ Z is a
closed T"-invariant subset of W;; with ANU;; = &. Consider the good quotient

o: /Wij —>/I/I7¢j//(T x H).

This is a toric morphism of affine toric varieties, see e.g. Remark 1.1. The images
o(Ui;) and o(A) are disjoint closed subsets of W;; /(T x H). In particular, it follows

o(t-z) € o(A), o(t'-2") & o(A).
2

Since A is T"-invariant, we see that neither o(z) nor o(

—

lie in 0(A). Consequently,
there exists a (T x H)-invariant regular function g € O(W;;) such that

gla=0, g(z)=g(x) =1
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holds. Thus, removing the zero set of g from Wij yields the desired common (7' x H)-
invariant affine open neighbourhood W C Z; of the points z and 2’. O

Appendix: A little survey on embedding theorems

This appendix is independent from the previous sections. We collect some general
results concerning embeddings into toric varieties and prevarieties. The little survey
begins with two classical statements on embeddings into the projective space P,,.

Let X be an irreducible algebraic variety over an algebraically closed field K. For
a Cartier divisor D on X, we denote by Op its associated invertible sheaf. The set
of zeroes of a section f € Op(X) is

Z(f) = Supp(div(f) + D).

Following [6, Section 4.5], we call an effective Cartier divisor D on X ample if
every « € X has an affine neighbourhood of the form Xy := X \ Z(f) with a section
f € Onp(X) where n > 0.

Theorem A.1 ([6, Théoreme 4.5.2]). — For a wvariety X the following statements are
equivalent:

i) There exists an ample Cartier divisor on X.
ii) X admits a locally closed embedding into a projective space P,,.

Given a quasiprojective variety X, it is often important to find embeddings X — P,
that are compatible with respect to further structure on X. We concentrate here on
regular actions

GxX—X, (9,2) — g-x

of algebraic groups G. A G-action on the projective space P, is called linear if in
homogeneous coordinates it is given by g-[z] = [0(g)z] with a regular representation
0: G — GL(n +1,K).

Theorem A.2 ([14], [16, Theorem 1]). — Suppose that a connected linear algebraic
group G acts regularly on a normal quasiprojective variety X. Then X admits a
G-equivariant locally closed embedding into some P, where G acts linearly.

Our intention is to present generalizations of these two classical results to non
quasiprojective varieties X. So, in this setting, the ambient space P, has to be
replaced with more general objects:

A toric prevariety is a normal (possibly non separated) algebraic prevariety Z over
K together with regular action Tz x Z — Z of an algebraic torus Tz such that for
some zg € Z the orbit map T — Z, t + t-zy is an open embedding.
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Theorem A.3 ([20, Theorem C]). — Ewery normal variety X admits a closed embedding
into a toric prevariety Z.

Similarly to the separated case, the category of toric prevarieties can be completely
described in terms of combinatorial data. For an introduction to this we refer to [1].
Concerning embbedings into separated ambient spaces we have:

Theorem A.4 ([20, Theorem A]). — For a normal variety X the following statements
are equivalent:

i) Any two points of X have a common affine neighbourhood in X.

ii) X admits a closed embedding into a toric variety Z.

We call a variety X with Property A.4 i) for short an As-variety. There exist exam-
ples of normal varieties that don’t have this property and hence cannot be embedded
into separated toric varieties:

Remark A.5

i) The normal surfaces discussed in [12] are not As.
ii) The Hironaka twist is a smooth threefold that is not A, see e.g. [15, p. 83].

For several algebro-geometric constructions it is convenient to embed an arbitrary
singular variety X into a smooth ambient space. This requires some condition on X,
namely divisoriality in the sense of Borelli [5]:

Theorem A.6 ([11, Theorem 3.2]). — For an irreducible variety X the following state-
ments are equivalent:

i) X is divisorial, i.e., every x € X has an affine neighbourhood of the form
X N\ Supp(D) with an effective Cartier divisor D on X.

ii) X admits a closed embedding into a smooth toric prevariety Z having an affine
diagonal map Z — Z X Z.

Here the last condition on Z means just that for any two affine open subsets
U,U’ C X their intersection U N U’ is again affine. We say that a prevariety having
this property is of affine intersection. The nonseparatedness of such a space is rather
mild.

Remark A.7

i) There exist three dimensional toric varieties that don’t admit nontrivial effective
Cartier divisors and hence cannot be embedded into smooth toric varieties, see e.g. [7,
Example 3.5].

ii) The normal surfaces discussed in [12] admit neither embeddings into Q-factorial
toric prevarieties nor into toric prevarieties of affine intersection.

Again, it is interesting to know, when one can reckon on a separated ambient space.
The criterion is related to Wlodarczyk’s As-property:
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Theorem A.8 ([11, Corollary 5.4]). — For an irreducible variety X, the following state-
ments are equivalent:

i) Any two points x,2’ € X have a common affine neighbourhood of the form
X \ Supp(D) with an effective Cartier divisor D on X.
ii) X admits a closed embedding into a smooth toric variety.

We say that a variety satisfying Condition A.8 i) is 2-divisorial. Simlarly, one can
define k-divisoriality also for k > 2 and obtains analogous embedding results, see [11,
Theorem 5.3].

Remark A.9. — There exists a toric variety that is divisorial but not 2-divisorial,
see [2, Proposition 4.1].

Now we turn to equivariant embeddings, i.e. generalizations of Theorem A.2. Let
G be an algebraic group. First we have to generalize the notion of a linear G-action
on the ambient space:

Suppose that a subtorus H C (K*)" acts freely on an open toric subvariety U C K".
Then there is a geometric prequotient g: U — Z for this action, and the quotient space
Z is a toric prevariety of affine intersection. Conversely every smooth toric prevariety
of affine intersection is of this form, see [1, Section 8].

Assume moreover, that an algebraic group G acts on K" by means of a representa-
tion ¢o: G — GL(r,K) such that U is G-invariant and the actions G and H commute.
Then we call the induced G-action on Z linear.

Theorem A.10 ([11, Theorem 3.4 and Corollary 5.7]). — Suppose that a connected linear
algebraic group G acts regularly on a normal variety X .

i) If X is divisorial then it admits a G-equivariant closed embedding into a smooth
toric prevariety Z of affine intersection where G acts linearly.

i) If X is 2-divisorial then it admits a G-equivariant closed embedding into a
smooth toric variety Z where G acts linearly.

An application of this result is that every Q-factorial toric variety admits a toric
embedding into a smooth one, see [11, Corollary 5.8].

Remark A.11

i) The Hironaka twist [15, p. 83] shows that Theorem A.10 does in general not
hold for disconnected groups G.

ii) The standard K*-action on the complete rational curve with a node shows that
some condition like normality on X is necessary in Theorem A.10.

Of course it would also be interesting to have equivariant versions of Theorems A.3
and A.4. The only statement in this direction I know so far is:
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Theorem A.12 ([10, Theorem 9.1]). — FEwvery normal K*-variety admits a K*-equivari-
ant closed embedding into a toric prevariety where K* acts as a subgroup of the big

torus.
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