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Abstract — An elliptic plane is a complex projective plane V' equipped with an
elliptic structure E in the sense of Gromov (generalization of an almost complex
structure), which is tamed by the standard symplectic form. The space V* of surfaces
of degree 1 tangent to E (E-lines) is again a complex projective plane. We define on
V* a structure of elliptic plane E*, such that to each E-curve one can associate its
dual in V*, which is an E*-curve. Also, the bidual (V**, E**) is naturally isomorphic
to (V, E).

RésuméPlans elliptiques duaux). — Un plan elliptique est un plan projectif complexe
équipé d’une structure elliptique E au sens de Gromov (généralisation d’une struc-
ture quasi-complexe), qui est positive par rapport & la forme symplectique standard.
L’espace V* des surfaces de degré un tangentes & E (E-droites) est de nouveau un
plan projectif complexe. Nous définissons sur V* une structure de plan elliptique E*,
telle qu’a toute E-courbe on peut associer sa duale dans V*| qui est une E*-courbe.
En outre, le bidual (V**, E**) est naturellement isomorphe & (V, E).

Introduction

Let V be a smooth oriented 4-manifold, which is a rational homology CP?
(i.e. bo(V)) = 1), and let J be an almost complex structure on V' which is homologi-
cally equivalent to the standard structure Jy on CP2. This means that there is an
isomorphism H*(V) — H*(CP?) (rational coefficients) which is positive on H* and
sends the Chern class ¢1(J) to ¢1(Jp).

By definition, a J-line is a J-holomorphic curve (or J-curve) of degree 1. By the
positivity of intersections [McD2], it is an embedded sphere. We denote by V* the
set of J-lines.

Now assume that J is tame, i.e. positive with respect to some symplectic form w,
and also that V* is nonempty. Then M. Gromov [G, 2.4.A] (¢f. also [McD1]) has
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proved that by two distinct points x,y € V there passes a unique J-line L, , € V*,
depending smoothly on (z,%); also, for any given P € Gry (TV), the Grassmannian of
J-complex lines in TV, there exists a unique J-line Lp € V* tangent to P. Further-
more, V is oriented diffeomorphic to CP?, w is isomorphic to Awg for some positive A
so that J is homotopic to Jy. Finally, V* has a natural structure of compact oriented
4-manifold; although it is not explicitly stated in [G], the above properties of V*
imply that it is also oriented diffeomorphic to CP2.

Remark(J. Duval). — The dependence of Lp upon P is continuous but not smooth.
However, when p is fixed, the map P € Gry(T,V) ~ CP! - Lp has quasiconformal
components in any smooth chart of V* given by intersections with two J-lines. For
more details, see [D, p. 4-5].

Later, Taubes [T1, T2] proved that the hypothesis that V* be nonempty is un-
necessary, so that all the above results hold when J is tame. We shall call (V,J) an
almost complex projective plane.

Following [G, 2.4.E], these facts can be extended to the case of an elliptic structure
on V, i.e. one replaces Gr{ (T'V) by a suitable submanifold E of the Grassmannian of
oriented 2-planes é\;Q(TV). Such a structure is associated to a twisted almost complex
structure J, which is a fibered map from TV to itself satisfying J? = —Id but such
that J, is not necessarily linear.

An elliptic structure on V' gives rise to a notion of E-curve, i.e. a surface S C V
(not necessarily embedded or immersed) whose tangent plane at every point is an
element of F (for the precise definitions, see section 2). It will be called tame if there
exists a symplectic form w strictly positive on each P € E.

In Gromov’s words, “all facts on J-curves extend to FE-curves with an obvious
change of terminology”. In particular, let V be a rational homology CP? equipped
with a tame elliptic structure E so that (V,E) is homologically equivalent to
(CP2, Gr&(T'CP?)). Then one can define the space V* of E-lines (E-curves of degree
1), and prove that all the above properties still hold (see section 3). In particular, V
and V* are oriented diffeomorphic to CP2.

We shall call (V, E') with the above properties an elliptic projective plane. If C C 'V
is an E-curve, we define its dual C* C V* by C* = {Ly,c | v € C}. A more precise
definition is given in section 4; one must require that no component of C' be contained
in an E-line. The main new result of this paper is then the following.

Theorem — Let (V, E) be an elliptic projective plane. Then there exists a unique
elliptic structure E* C &Q(TV*) on V* with the following property: if C C'V is an
E-curve which has no component contained in an E-line, then its dual C* C V* is
an E*-curve.

Furthermore, (V*, E*) is again an elliptic projective plane. Finally, the bidual
(V**, E**) can be canonically identified with (V, E), and C**=C for every E-curve C.
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If F comes from an almost complex structure, one may wonder if this is also the
case for E*, equivalently if the associated twisted almost complex structure J* is
linear on each fiber. Ben McKay has proved that this happens only if J is inte-
grable, i.e. isomorphic to the standard complex structure on CP?: see the end of the
Introduction.

The theorem above enables us to extend to J-curves in CP? (for a tame .J) some
classical results obtained from the theory of dual algebraic curves. For instance,
one immediately obtains the Pliicker formulas, which restrict the possible sets of
singularities of J-curves.

Such results could be interesting for the symplectic isotopy problem for surfaces in
CP? [Sik2, Sh]. And maybe also for the topology of a symplectic 4-manifold X, in
view of the result of D. Auroux [Aur] showing that X is a branched covering of CP?,
provided one could rule out negative cusps in the branch locus.

Acknowledgements and comments. — The main idea of this paper arose from discus-
sions with Stepan Orevkov, to whom I am very grateful.

This idea has also been discovered independently by Ben McKay, who made a very
deep study of elliptic structures (which may exist in any even dimension for V') from
the point of view of exterior differential systems (see the references at the end and
also his web site). He uses the terminology “generalized Cauchy-Riemann equations”
and “generalized pseudoholomorphic curves”.

In particular, he proved that the submanifold FE giving the structure is equipped
with a canonical almost complex structure. He also gave a positive answer to a
conjecture that I had made (see Section 5): if the elliptic structures on V and on its
dual V* are both almost complex, then they are integrable (and thus V' is isomorphic
to CP? with the standard complex structure).

A first version of the present text was given in a preprint in August 2000 (Ecole
Normale Supérieure de Lyon, UMPA, n° 273), and on arXiv at the same time (math.
SG/0008234).

I thank the referee for the very careful reading of the text and the numerous
corrections.

Structure of the paper. — In section 1, we study elliptic surfaces in the Grassmannian
of oriented 2-planes of a 4-dimensional real vector space. In section 2 we study elliptic
structures on a 4-manifold, ¢.e. fibrations in elliptic surfaces in the tangent spaces. In
section 3 we define and study elliptic projective planes. Most of the statements and
all the ideas in these three sections are already in Gromov’s paper (see especially
[G, 2.4.E and 2.4.A]), except what regards singularities, where we give more precise
results in the vein of [McD2] and [MW].
In section 4 we prove the main result.
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In section 5 we give a special case of a more general general result of McKay: a
tame almost complex structure J on V = CP? such that the elliptic structure on V*
is not almost complex (and thus V* has no natural almost complex structure).

Finally in section 6 we prove the Pliicker formulas for E-curves and in particular
for J-curves.

1. Elliptic surfaces in a Grassmannian

1.A. Definition. Associated complex lines. — Let 7" be an oriented real vector
space of dimension 4. We denote by G(T') = Grs (T) the Grassmannian of oriented
2-planes. Recall that for each P € G(T), the tangent plane TpG(T') is canonically
identified with Hom(P, T/ P).

By definition, an elliptic surface in G(T) is a smooth, closed, connected and em-
bedded surface X such that for every P € X one has

TpX \ {0} C Isom4 (P, T/P).

Lemma — Let Py, P>, P; be three oriented real planes (R-vector spaces of dimen-
sion 2), and

¢:P1 —>Hom(P2,P3)
be a linear map such that ¢(Py ~ {0}) C Isomy (P2, Ps). Then there exists unique
complex structures ji, jo, j3 on Pi, Pa, Ps, making them complex lines, compatible
with the orientations, and such that the restriction ¢ : P — im(¢) is a complex
isomorphism onto Isomc(Pa, Ps), i.e.

(*) d(p1) o g2 = jzo dp(p1), #(jip1) = d(p1) 0 j2 = jz © d(p1).

Proof of the Lemma. — We prove the uniqueness first. Let ji, j2, j3 have the desired
properties. Let (p}, p?) be an oriented base of Py, and let

u=¢(p;) 'o(p7) € GLL(Py).

The hypothesis implies that u has eigenvalues a 4 ib with b > 0. Replacing p? by
(p? — api)/b, we can obtain that these eigenvalues are =i.

Note that u belongs to the plane P = ¢(pi)~![im(4)] C End(P2). This plane is
generated by Id and jo = é(p})~1é(j1p}), thus the fact that u has eigenvalues +i
implies jo = eu with ¢ = £1.

Thus j1p] = ep?, and since (pi, j1pi) and (pi, p?) are both oriented bases of P, we
have € = 1, thus

g2 = o(p1) " d(p),
1) =pi, 51 = -1,
js = o(p7) o p(p1) "

This proves the uniqueness.
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DUAL ELLIPTIC PLANES 189

Conversely, it is easy to see that these formulas define complex structures compat-
ible with the orientations, and that (x) is satisfied. (|

Applying this lemma, we obtain complex structures on TpX, P, T/P, making
them complex lines. We shall denote by

— jx,p the structure on TpX,
— jp and j the structures on P and T/P.

By the integrability of almost complex structures on surfaces, X inherits a well-defined
structure of Riemann surface.

1.B. Elliptic surfaces and complex structures. — The first example of elliptic
surface is a Grassmannian Gry (T) of complex J-lines for a positive complex structure
JonT.

We now prove that every elliptic surface is deformable to such a Gry (T). More
precisely, denote by J(T') the space of positive complex structures, and E(T") the
space of elliptic surfaces. Then the embedding J(T) — £(T') just defined admits a
retraction by deformation. In particular, X is always diffeomorphic to CP! and thus
biholomorphic to CP!.

To prove this, we fix a Euclidean metric on V' and replace J(7T') by the subspace
Jo(T') of isometric structures, to which it retracts by deformation. The space of 2-
vectors A2T has a decomposition AT = A%rT @ A2 T into self-dual and antiself-dual
vectors. The Grassmannian G(T') is identified with 53 x S2 C AZT x A2 T by sending
a plane P to (vV2(x Ay)y,V2(z Ay)_) where (z,y) is any positive orthonormal basis.
We denote by P = ¢(u4,u_) the plane associated to (u4,u_). Identifying T/ P with
P+, the canonical isomorphism

T,,S% x T, S? — Hom(P, P*)
sends (a4, a_) to A such that
A =+(E N (as +a)).

This can be seen by working in a unitary oriented basis of T', (e1, e2, e3, e4) such that
Ug = \%(el NegEezAey). This leads to unitary oriented bases of T, , SJQr and T, S2:

1 1
vt = E(el NesFea Aey), wt = ﬁ(el Neygtes Aes).

Still working in these bases, one gets
det A = —lay|* + [la—]?,

(beware the signs!). Thus an elliptic structure is given by a surface X C S% x 2
such that the projections p+ : X — S7 satisfy

— dp_ is an isomorphism at all points of X,
— |ldp+ o (dp—)~1|| < 1 at all points of X.
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Since X is closed and connected, p_ is a diffeomorphism from X to $% and X is the
set of points (a(u),u), where a : S — S2% is a smooth contraction.
Thus &(T') is homeomorphic to the space of smooth contractions from S? to itself.

Proposition([McK2, Proposition 1]). — A contraction of S? has an image contained in
an open hemisphere.

Corollary. — The space Contr(S?) of smooth contractions from S? to itself retracts
by deformation to the space of constant maps.

Proof of the proposition. — Let h be a contraction of $2. Then h must map some
pair of antipodal points to the same point, otherwise the map

z € S%— h(z) — h(—2) € R?

would satisfy f(—x) = —f(z) and f(x) # 0 for all z, contradicting the Borsuk-Ulam
theorem.

If h(z) = h(—z) = y, then h(S?) = h(H,) U h(H_,) where H, is the closed
hemisphere centered on . Since A is a contraction, this implies that h(S?) is contained
in the interior of H,,. O

Proof of the corollary. — We define x(h) as the unique point at which the function
mp(x) = min (h(z), y)
yeS?2
attains its maximum M (h). The uniqueness comes from the fact that M (h) > 0 by
the proposition, and also the fact that h(S?) is contained in the interior of Hyppy- It
is easy to see that z(h) is continuous in h. Then the obvious retraction of H, ;) onto
its center will give the desired retraction of Contr(S?).

Since a constant map S? — S? corresponds to a Grassmannian Gr{(T) for some
J € Jo(T), this gives the retraction by deformation from £(T") to Jo(T). O

Remark — The proof of the corollary given in the preprint was wrong!

1.C. Twisted complex structure associated to an elliptic surface. — Let
X C G(T) be an elliptic surface. Then we have the

Proposition — The space T ~\ {0} is the disjoint union |Jpc x P ~ {0}.

Proof. — We use the representation X = {P, | u € S}, with P, = ¢((a(u),u),
a:S8% — 5% being a smooth contraction.
Let £ € T~ {0} be given. Then

EeP, <= ¢tN(a(u)+u) =0 €A (a(u) —u) =0.
We can identify £+ C T with A% via u — %(€ A u). Then
#(E A ((a(u) —u) = u+b(u),
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where b: S2 — S? is a smooth contraction. Thus there exists a unique u € S? such
that —b(u) = u, i.e. a unique P = P, in X containing &.

Thus if u, v are distinct points in S2, we have P, N P, = {0}. In fact P, and P,
are positively transverse (first occurrence of the positivity of intersections): indeed,
the inequality ||dal| < 1 implies ||a(u) — a(v)||? < |Ju — v]||? i.e.

(a(u), CL(’U)> - <U’a U> > 07
which is precisely the positive transversality of P, and P,. O

This enables us to put together the jp, P € X, to obtain a map J : T — T with
the following properties:

~J? =-Id,

— J is continuous, and homogeneous of degree 1,

— J is smooth away from 0 (by homogeneity, it is not differentiable at 0 except if
it is linear),

— for every € T ~\ {0}, J(z) is linearly independent of x, and J is linear on the
plane (x, J(x)).
Conversely, given J satisfying (i)-(iv), we can define a smooth surface X C G(T') by

X ={{z,J(z)) |z € T~ {0}}.

A straightforward computation gives that X is elliptic if and only if

— for every z € T~ {0} and € € (z, J(z))* ~ {0}), (z, J(z),&,dJ,.£) is an oriented
basis of T'. Clearly, J is linear if and only if it is a complex structure on 7. In that
case, we say that X is linear, or is associated to a complex structure on V.

1.D. Local form of an elliptic surface. — Let X be an elliptic surface in G(T),
and fix P € X. Identify T with C? such that

(i) P is sent to the horizontal plane H = C x {0},

(ii) the identifications P «» H and T/P « C?/H are complex-linear for the com-
plex structures defined in 1.A.
Then X is given near P by a family of planes of the following form:

Py = {(0z,0w) € C* | dw = Aoz + h(\)dz},

where h is a smooth germ (C,0) — (C,0) such that h(0) = 0. The tangent space
Tp, X is identified with the image of

£ e Cr——&ld + (dh(N) - §)o € Endr(C),

where ¢ is the complex conjugation. Thus the ellipticity translates to the inequality
|ldh|] < 1. Property (ii) becomes dh(0) = 0.

Remark — Denote by J the complex structure on 7. Properties (i) and (ii) imply
that P € Gr{T and TpGr{(TV) = TpX, cf. [G, 2.4.E].
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2. Elliptic structure on a 4-manifold. Solutions of F, E-maps and
E-curves

2.A. Definition. Twisted almost complex structure. — Let V be an oriented
4-manifold, and let G = Gry(TV) be the Grassmannian of oriented tangent 2-planes,
which is fibered over V with fiber G, = Gro(T, V).

By definition, an elliptic structure on V' is a smooth compact submanifold £ C G
of dimension 6, transversal to the fibration G — V, such that each fiber E, is an
elliptic surface in Gry (T,V).

Denote by £(T'V') the space of elliptic structures on V and J(T'V) the space of
positive almost complex structures on V. The map J — GrlJ(TV) gives a natural
embedding from J(T'V) to £(TV). These are both spaces of sections of a bundle on V,
with respective fibers £(T,V) and J(T,V). Since E(T,V) retracts by deformation
to J(T,V), E(TV) retracts by deformation to J(T'V'). In particular, every elliptic
structure defines a unique homotopy class of almost complex structures on V. Thus
the Chern class ¢i(E) = ¢1(TV, J) € H%(V,7Z) is well defined.

Finally, the twisted structures J,, v € V, can be put together to give a twisted
almost complex structure on V, i.e. a fiber-preserving map J : TV — TV such that
all the J, have the properties (i)-(v) of 1.C. It is continuous on TV [in fact locally
Lipschitz], and smooth away from the zero section. Conversely, a map J with all these
properties clearly defines an elliptic structure.

Clearly, J is linear if and only if it is an almost complex structure on V. In that
case, we say that E is linear, or is associated to an almost complex structure on V.

In the remainder of this section we consider an oriented 4-manifold V' equipped with
an elliptic structure E C G = Grs (TV). If S is an oriented surface and f: S — V is
an immersion, we denote by 7 : § — G the associated Gauss map.

2.B. Immersed solutions. Local equation as a graph. — By definition, an
immersed solution of E is a C' immersion f : S — V where S is an oriented surface
and v¢(S) C E.

Let v € V and P € E, be fixed. We describe a local equation for germs of immersed
solutions of F which are tangent to P at v, or more generally which have a tangent
close enough to P. Choose a local chart (V,v) — (C2,0) such that the properties of
1.D are satisfied for E, and P. Then the elliptic structure on E near H is given by a
family of planes

P, = {(82,0w) € C? | 6w = \dz + h(z,w, \)dz}.

Here (z,w, A) belongs to a neighbourhood of 0 in C3, and P, ,, ) represents a plane tan-
gent at the point of coordinates (2, w). The map h is a smooth germ (C3,0) — (C,0)
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such that

(1)
Ds3h(0,0,0) = 0.

A germ of surface S C V passing through P with a tangent plane close enough to P,

can be written as a graph w = f(z), where f : (C,0) — (C,0) satisfies

(2) % = h(z,f(z), %)

Remark — This equation with the property || Dsh|| < 1 is the general (resolved) form
of an elliptic equation C — C, ¢f. [V]. It implies the existence of a local immersed
solution of F with any given tangent plane, and even with an arbitrary “compatible”
k-jet (an easy proof can be given by a suitable implicit function theorem, modifying
slightly the proofs given in Chapter V or VI of [AL]), and also that each solution is
of class C*.

{|D3h(z,w,)\)| <1 (V(z,w,\),

2.C. Conformal parametrization, F-maps. — Let f: S — V be an immersed
solution of E. Since every tangent plane P, = df,(7.S) has a well-defined complex
structure jp_, this induces a canonical almost complex structure jr on S, i.e. a natural
structure of Riemann surface. In other words, every (immersed) solution of E admits
a natural conformal parametrization.

If S is a Riemann surface, we say that an immersion f : S — V is a conformal
solution of E if it is a solution and j; is the canonical almost structure on S. This is
equivalent to the equation
(3) df. oi = Jy o df..

We can now eliminate the immersion condition and define an E-map as a C!' map
f:8 —V, where S is a Riemann surface, which satisfies (3).

Note that since J is only Lipschitz, the fact that EF-maps are smooth is not com-
pletely obvious at this stage. But the arguments of [AL, chap. V or VI] imply that
if f is a nonconstant local E-map, then df has only isolated zeros and the Gauss
map s can be extended continuously. And also that there exist E-immersions with
an arbitrary given 2-jet, satisfying suitable compatibility conditions.

2.D. E-maps as pseudoholomorphic maps. — Op= d7r1§1 (P), where PEECG
and 7 : G — V is the natural projection. It is characterized by the property that
every Gauss map vy : S — E associated to an E-map (not locally constant), is tangent
to ©. The construction of [G, section 2.4] can be generalized to give the

Proposition — There exists a unique almost complex structure J on O, such that
every Gauss map v : S — E associated to an E-map is J-holomorphic (or is a
J-map), i.e. it is of class Ct, tangent to © and satisfies

4) dy. 01 = Jyyody,.
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Proof. — For every X € Op~\ Fp there is an E-map f : S — V and a vector u € TS
such that dv,(u) = X where v is the Gauss map associated to f. Thus necessarily

Jp.X = dry. (i),

which implies the uniqueness.
To prove the existence, it suffices to show that (dvy,(u) = 0 = dv,(iu) = 0): this
follows from (3) by differentiation. O

Remarks

(i) McKay [McK1, McK2] has explained how to define a canonical structure .J on
TFE extending J. Tt can be characterized by the existence of local coordinates (z, w)
on V and (z,w,\) on E as before, with the additional properties

D1h(0,0,0) = D2h(0,0,0) = 0 (thus Dh(0,0,0) = 0),
tr(D3h)(0,0,0) = 0.
In other words, h is of the form
h(z,w,\) = aA? + bA° + O(IN|(12] + [w])) + O(12]? + [w]® + |A]®).

(ii) The differential drp : TpG — P is complex linear on O p, and jp‘FP = jE,.P
with the notation of 1.A.

Let y: S — E bea j—map whose image is not locally contained in a fiber. then
the map f = m o~ satisfies (3) and is not locally constant. Thus its Gauss map vy is
well-defined and one has vf = «. Thus (f — ~f) gives a bijection between E-maps
and j—maps not locally contained in a fiber.

Corollary. — FEvery E-map is smooth.

Proof. — We know already that v is smooth away from singularities of f. If z is such
a singularity, then since ~ satisfies (4) away from z and is continuous at z, it is smooth
everywhere. Note that it implies that every E-map is smooth. O

2.E. General FE-curves, compactness theorem. — Using the conformal
parametrization, we can now define an F-curve as a J-curve C in E which is “almost
transverse” to F. To make this definition precise, one has

(i) to choose a definition of J-curve, for instance a stable J-curve in the sense of
Kontsevich.

(i) to say what “almost transverse” means: essentially that no nonconstant com-
ponent has an image contained in a fiber, or that it is transverse to F' except on a
finite subset.

One then obtains topological spaces of E-curves. We shall not give any details here
since the only spaces of E-curves we shall consider will consist of curves which are
embedded in V. The space of embedded E-curves will be considered as a subspace of
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the space of smooth surfaces in V: recall that this is a smooth Fréchet manifold whose
tangent space at S is the space of sections of the normal bundle N(S,V) =TsV/TS.
We shall also use the following notions of individual E-curves:

— a primitive (or irreducible) E-curve is the image C = f(S) where S is a closed
and connected Riemann surface, f is an E-map which does not factor f = f; om with
7 a nontrivial holomorphic covering, As in the case of J-curves, the image determines
(S, f) up to isomorphism.

— an E-cycle (ala Barlet) C = > n;C; where the C; are distinct primitive E-curves
and the n; are positive integers,

— analogous local versions of these.

One expects a compactness theorem for E-curves, analogous to the one for pseu-
doholomorphic curves: roughly speaking, it should say that (if V' is compact) a set
of E-curves is relatively compact if their areas in V' are uniformly bounded. If one
replaces “areas in V” by “areas in F of the Gauss maps”, then such a result follows
from

~ the compactness theorem for .J on TE (cf. the remark (i) in 2.D),
— the fact that the conditions “tangent to ©” and “almost transverse to F” are
closed conditions (the last one, under suitable homological assumptions).

However, it is not clear that an area bound in V gives an area bound in £. Gromov
[G, 2.4.E] says that the Schwarz lemma is still valid for E-curves under an area
bound in V', but I do not understand the proof. Anyhow, here we shall only need the
compactness theorem for E-lines, which we shall prove in section 3.

2.F. Singularities of F-curves and positivity of intersections. — Here we
extend to E-curves the result of M. Micallef and B. White [MW] (see also [Sik1]):
we prove that a E-curve, possibly non reduced, is C!-equivalent to a germ of standard
holomorphic curve in C2. It implies the positivity of intersections for E-curves, in
particular the genus and intersection formulas.

Such a result could be proved by showing that such a surface is quasiminimizing
in the sense of [MW], but we prefer to use more complex-analytic arguments as in
[Sik1].

We use the chart of 2.B to write the equation in intrinsic form, i.e. as a graph
over the tangent space. If the curve is non singular, this is the equation (2) where
h satisfies (1). Now, consider a germ of non-immersed E-map F : (C,0) — (C?,0)
with horizontal tangent at the origin. Then equation (3) and the similarity principle
[Sik1] (proposition 2; cf. also [McD2]) give the existence of a € C* and k € N, k > 2,
such that

flz)= (azk, 0) + 0271,(zk+1).
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Here we use a notation from [MW, Sik1]: g(z) = Oq1_(z**1) means

9(z) = O(M1), dg(2) = O(2%), d®g(2) = O(* 1),
(Va < 1) d?gis a-Holder with Holder constant O(|z[F~1=2).

Thus we can reparametrize the curve by setting pri o F(z) = t*, where z + t is
a C! local diffeomorphism. We obtain a map t + (t*, F(t)) where F is of class
C?17 = Nac1Ch®, with F(t) = Og1- (t**1) (cf. [Sik1, proposition 4]). The fact that
the image, viewed locally as a graph satisfies (1), means that F' satisfies
oF k-1 1 OF

(5) T =k : Wﬁ)'
Note that this makes sense also at the origin.

Next, we show that the “difference” of two such germs satisfies the similarity prin-
ciple. More precisely, we have the following generalization of [Sik1, prop. 5]:

h(tk, F(t)

Proposition — Assume that F' and G satisfy (5) with the same value of k, and are
not identical as germs. Then there exists a € C* and £ € N* £ > k such that
F(t) - G(t) = at’ + 011 ().

Proof. — Set u = F — (G, and take the difference of the two equations on F' and G.
Using Taylor’s integral formula and setting

(s 106 o
t.3) = (.60 + suth o (5 +5%5)).

we get

ou ou
i A(t) - u(t) + B(t).a,

where
1 1
A(t):/o KT Doh(7(t, 5))ds, B(t):/o KT Dsh(7(t, 5))ds.

The properties of h, F' and G imply that A and B are of class C'~, and || B[z~ < 1.
Then the proposition follows from a variant of proposition 2 in [Sik1]. O

Finally, one proceeds exactly as in [Sik1] (inspired by [M'W]) to deduce from this
proposition the

Proposition — Let E be a germ of elliptic structure on C? near 0 such that the hor-
izontal plane H = C x {0} belongs to Ey. Let f; : (C,0) — (C%,0), i = 1,...,7, be
germs of E-maps, all tangent to H at 0. Then there exist
— a local C' diffeomorphism ¢ : (C2,0) ~— (C2,0), with support in an arbitrarily
small sector
Se = {(z,y) € C* | |yl < elzl},
— local diffeomorphisms u; : (C,0) — (C,0), tangent to the identity,

such that all the maps ¢ o f; ou; are holomorphic.
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If the tangents to the f; are not the same, we cannot in general expect to find
a differentiable chart on V' in which the image becomes holomorphic: there is an
obstruction already at the linear algebraic level. However, by superposing the diffeo-
morphisms given by the proposition we easily obtain a Lipschitz chart:

Theorem — Let f; : (C,0) — (V,v), i = 1,...,r, be germs of E-maps through
the same point. Then there exists a germ of Lipschitz oriented homeomorphism
¢ : (V,v) — (C2%,0) such that all the maps ¢ o f; o u; are holomorphic.

Proof. — We may assume that (V,v) = (C2,0). Let (P;), j = 1,...,r, be the different
tangent planes to the f; at v, and let I; C {1,...,r} be the indices corresponding to
the branches with tangent P;.

The P; are not complex linear in general, but there exists a Lipschitz oriented
homeomorphism h of C? such that the h(P;) are complex linear, thus there exist a
family of complex linear A; such that

(Vj) Ajh(P;) =C x {0}

Furthermore, we may assume that h is smooth [even linear] on a sector S; around P;.
Then we can apply the proposition to Ajhf;, i € I;: there exists a C! diffeomor-

phism ¢; : C2 — C?, such that ¢; A;hf; is holomorphic with horizontal tangent for

i € I;. Moreover, we may assume that the support of ¢; is contained in A;h(S;).
Then the desired homeomorphism is given by

O

_ A;loqﬁjoAjohonSj,
h elsewhere.

From this theorem, one deduces the positivity of intersections. More precisely, one
can define

— a local intersection index (C,C"), € N* for two germs C' and C’ of E-cycles at
the point v without common component. It is equal to 1 if and only if C and C’ are
smooth at v, with distinct tangents

— a local self-intersection number 6, (C) € N (number of double points in a generic
deformation equitopological at the source). It is equal to 0 if and only if C' is smooth
at v.

One then has the intersection and genus (or “adjunction”) formulas

Theorem

(i) If C and C" are two E-cycles without common components, then CNC" (inter-
section of the supports) is finite and the homological intersection is given by

C-C'= Y (C.C),.

veCnNC’
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(ii) If C is an irreducible E-curve of genus g, then it has a finite number of singu-
larities, and its genus is given by

C-C—c(E)-C
g= 5 +1—ZU:5U.

Assume that (V, E) is homologically equivalent to (CP2?, Ey). Thus there is a
well defined degree map Hy(V;Z) — Z (an isomorphism modulo torsion, but not
necessarily an isomorphism at this stage). Define an E-line as a primitive E-curve
C C V of degree 1. Then since an E-line satisfies C.C' =1 and ¢;(E) - C = 3, we get
the

Corollary. — FEvery E-line is an embedded sphere, and two distinct E-lines intersect
transversely in one unique point.

2.G. Linearization of the equation of F-curves; automatic genericity

We consider here embedded E-curves, i.e. smooth surfaces S C V satisfying SCE
where S is the Gaussian lift. Following (G, 2.4.E] we linearize this “equation” at S,
obtaining an equation dgf = 0 where Jg acts on sections f : S — N = TsV/TS,
the normal bundle, with values in Q%'(S, N). Here J = jig (cf. 1.A) is the natural
complex structure on .

One can obtain explicitly this equation by using the equation (2) in local coordi-
nates. The compatibility of the complex structure on C? with the structure on N
means that D3h(z,0,0) = 0. Thus the linearization of (2) has locally the form

of
5
i.e. the operator O has the form 9 = 9+ R where 9 is associated to a holomorphic

structure on N and R is of order 0. Thus one can apply to it the arguments of [G,
2.1.C] (c¢f. also [HLS]):

Dyh - f =0,

Proposition — If c1(N) > 2g — 2, i.e. ¢1(E).S > 0, then O is onto. Thus the space
M4 of connected embedded E-curves in the class A € Ho(V;Z), if nonempty, is a
smooth manifold if ¢1(E).A > 0. Its real dimension is

21 (N)-S+1—g)=24-A+ (c1(E)-A—A-A)=A- A+ (E)- A

Also, M4 is oriented since the homotopy ker(0 + R;) gives it a natural homotopy
class of almost complex structure.

Now assume that (V, E) is homologically equivalent to (CP2, Ey). Then the space
of E-lines is the disjoint union of the M4 for all A € Ho(V;Z) of degree 1. For such
classes, we have ¢1(F) - A = 3 thus the proposition applies:

Corollary. — The space of E-lines V*, if nonempty, is naturally a smooth oriented
4-manifold.
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Extensions — Since ¢;(E) - A = 3 we can still impose on S a condition of complex
codimension 1 or 2, and keep the automatic genericity (cf. for instance [B]). In
particular:

(i) Let £ be the space of E-lines through a given v € V: it is an oriented smooth
surface in V* when nonempty. Note that it can be identified with an open subset of
the projective line Gy (T,,V). Also, £ depends smoothly on v.

(ii) Let £, be the space of E-lines through two given points v,w € V: when
nonempty, it is a point L, ,, which depends smoothly on (v, w). This is the case for
some open subset U1 C V x V ~ Ay.

(iii) Let £} = be the space of E-lines with a given tangent plane P € E: again,
when nonempty, it is a point Lp which depends continuously on P. This is the case
for some open subset Uy C E.

3. Tame elliptic projective planes

By definition, a tame elliptic projective plane (V, E) is a 4-manifold equipped with
a tame elliptic structure, homologically equivalent to (CP?, Ey). Note that we do not
require a priori V to be diffeomorphic to CP2.

3.A.
Proposition — Let (V, E) be a tame elliptic projective plane. Then

(1) by two distinct points x,y € V there passes a unique E-line L, ., and for any
giwen P € E there exists a unique E-line Lp tangent to P.

(ii) V is oriented diffeomorphic to CP%, E is homotopic to Ey, and any taming w
is isomorphic to Awg for some A > 0.

Proof. — Assume first that the space V* of E-lines is nonempty.

(i) It suffices to prove that V* is compact: this will imply that the open sets Uy
and U, defined at the end of 2.G are also closed, so Uy =V x V N Ay and Uy = E,
which proves (i).

The compactness of V* will follow from the compactness theorem for J. F irst,
there exists a taming € for J: as usual in the theory of symplectic bundles, we set
Q) = 7w 4+ « where « is a closed 2-form on E which is positive on every fiber. Such
a form exists since H2(E) — H?(V) is onto: this is true since it holds for in the
standard case V = CP2?, E = Ej and that our case is homologically standard.

Furthermore, let A € Hy(E;Z) be the homology class of the Gauss lift of E-lines.
Then A is Q-indecomposable, i.e. not equal to a sum A = A; + Az with w(A4;) > 0.
This can again be seen in the standard situation [in that case, a holomorphic curve C
in the class A is always a section s(L) over a line L in CP?; if C' is not the Gaussian
lift of L, then there exists vg € CP2 \ L such that s(v) is the tangent to the line [vgv]
for every v € L.
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The Q-indecomposability and the compactness theorem of [G]| imply that the
space M of rational J-curves in the class A is compact, and since V* is homeomorphic
to a closed subset of M it is also compact.

(ii) Fix three lines Lo, L1, Loo. We deform E so that it remains tamed by w, the
L; are still E-lines and E comes from a complex structure isomorphic to the standard
one near L% . This is possible, using Darboux-Givental and the contraction &, — 7.

We shall find a diffeomorphism ¢ : V' — CP? which sends them to the z-axis L3,
the y-axis L§ and the line at infinity LY.

Let vg, v1 be the intersections Lo N Leo, L1 N Loo. Let v € V N\ Lo,. Then the
E-lines vgv and v1v meet Lo and Ly in z(v) and y(v) respectively. Identifying Lg
with L3, Ly with L?, we define ¢(v) to be the intersection of voz(v) and viy(v). We
obtain thus a smooth map ¢ : V \ Lo, — CP? ~ LY

Exchanging the roles of V and CP?, we obtain 1 : CP? \. LY — V \ Lo, which is
the inverse of ¢. Since everything is standard near L, one can extend ¢ to Lo, and
¥ to LY.

The fact that w is isomorphic to Awg results from Moser’s lemma.

Finally, we prove that V* is indeed nonempty. This follows from the almost complex
case proved by Taubes [T1] [T2], since E can be deformed among tame elliptic
structures to an almost complex structure, and V* remains a fixed compact manifold
during the deformation. O

3.B. Conversely, as shown by Gromov, one has the

Proposition([G, 2.4.A']). — Assume that V* is compact and nonempty. Then there
exists a taming symplectic form w.

Proof. — Using a positive volume form v on V* (identified with a smooth mea-
sure dv), define a 2-form w by Crofton’s formula:

/Sw:/*lnt(S, L)dv(L)

for every oriented surface S C V. Here, Int(S, L) is the algebraic intersection number,
which is defined for almost all L € V*. O

Let us give a more explicit definition of w. First, fix v € V' and denote by £} C V*
the subset of E-lines containing a given v € V', which is a submanifold diffeomorphic
to CPL.

Proposition — There is a canonical isomorphism
Vo, NyL — NpLC,

between normal bundles.
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Proof. — Choose an E-line Lt different from L at v. If 6L € T,V*, let (L;) be a
path such that %t:OLt = 6L, and set
d
p(6L) = | — (LN L) € T,V.
dt ) 1o

Dually, choose a point w € L different from v. If jv € T,,V, let (v;) be a path such

that %t:o”t = v, and set

d

o) = | — L, »€TV".
v(ov) (dt>t_0 " -

Then clearly, ¢ induces the desired isomorphism v, ;, and % its inverse.
We can now define a morphism

s: T,V — (L, N(L;, V™))

by composing

Vy,L
T,V s N, L y NLL:, LecLr

Thus for X,Y € T,V and L € L}, s(X)(L) and s(Y)(L) are elements of NpL3.
Lifting them to X,Y € T, V*, we see that

v(X,Y) = Lgigv € N°TFV*

(interior products) is independent of the lifts. Varying L € L, we obtain a 2-form on
L% which we denote by v(s(X),s(Y)), and we set

w(X,Y):/E v(s(X),s(Y)).

It is easy to see that it is positive on F and satisfies Crofton’s formula. This formula
implies that w is closed, which proves the proposition. O

4. Proof of the main result
4.A. Definition of the dual structure. — We set
E*={T.L;|veV,LeL]}.
This is clearly a submanifold fibered over V*, the fiber at L being
E; ={TLL; |v e L}.

It is equipped with a natural distribution of codimension 2, © p- = drx*~1(P*). Note
also that E* is naturally diffeomorphic to E via ¢ : T,L — Tp L}, in fact both are
naturally diffeomorphic to the incidence variety

[={(w,L)eVxV*|velLl={(wL)eVxV*|LecL:
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This variety is equipped with two natural fibrations p: I — V, p* : I — V*. It also
has one natural distribution. Indeed, by differentiating the condition (v(t) € L(t)),
one obtains the

Proposition — If (dv,0L) € T, 11, then (dv € T, L < 0L € TLLY).
Thus one can define the distribution D C T'I by
Dy =dp "(T,L) = dp* " (TLL}).

We then have a commutative triangle

(1, D)
P
(E,0) ? » (B*,0°

where y(v, L) =T, L and v*(v, L) = T L.

)

4.B. Proof that E* is elliptic. — Let us fix (v, L) such that v € L, and define
P=T,L, P*=T.L
Then there are natural embeddings
i:TpE, — Hom(T,L,N,L),
T TP*EZ I HOID(TLET), NLET,)
By the ellipticity of E, i(p) is an oriented isomorphism if p # 0. We want to prove
the same property for i*(p*). This will follow from
— the existence of canonical isomorphisms TpE,, =~ P*,: Tp- E} ~ P, N,L =~ N L}
(this last we know already); thus 7 and * become morphisms P* — Hom(P, N) and
P — Hom(P*,N),
— the formula
i*(p)(p*) = i(p")(p)-
To prove this, we define local charts on V, V* and G:
1) We start with a chart ® : V' — T, L x N, L, such that

(L) =T,L x {0},
®(Lt) = {0} x N, L,
pry 0 d®y 1, = 1d,
pry o d®,, = natural projection.
2) We define a chart ¥ : V* — T L} x NLL: such that ~1(a, 0) passes through
v and ¥~1(0, 3) is “horizontal”. More precisely, ¥~!(a, 3) is given in the chart ® by

an equation
y:fa,ﬁ(x)a xETvLa yENvLa
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such that
Jop(x) = vo,L(B),
faa,O(O) = 07
g;’o (0) = i(a).

In the last equation, a € T L} = P* is interpreted as an element of TpFE,, so that
i(o) € Hom(T, L, N, L).
3) Finally, let P"* € E}\I'Q(TLV*) close to P*, we define x(P"*) € Hom(T L, NLLY)
as the unique h such that
dV,(P"™*) = graph(h).

End of the proof. — Let w = ® !(z,0) be an element of L close to v. Then
U—Y(a, B) € £, if and only if f, g(z) = 0, thus TrL}, is given by

{(50,00)| 2220y 20005,
i.€.
plaol@) ago(f) lao-00r + v.1.(68) = 0.

In other words
—1 (0fap()
TLLE) = v | =220 ).
i) = v} (e
Thus, the tangent space of E} at T7L} is identified with the image of the morphism

-k —1 82fa70(x)

1 = I/U,L o W|(a7z):(070) : TUL I HOHI(TL,CT), NLﬁT))
Since Qfogi;(x)h:o = i(a), one has
82fa70(x)

“orda @n=00 =1
thus
i*(§)(6a) = i(6a)(§), (& 0a) € T,L x T Ly,
Since E, is elliptic, i(da) is invertible and orientation-preserving if da # 0. Thus one
can identify the oriented planes TpL}, T,L and NpL} with C so that i(d«) is the
multiplication by da. Then i*(€) is the multiplication by &, thus it is invertible and
orientation-preserving if £ # 0, which means that E7 is elliptic. O

4.C. Proof that V* is oriented diffeomorphic to CP2. — One could prove it
similarly to the proof for V. The simplest proof however is to remark that the space
of elliptic structures on V = CP? which are tamed by wy is contractible. For each F
in this space, we obtain an oriented manifold V which varies smoothly with E, thus
keeps the same oriented diffeomorphism type. Since for Ej associated to Jy one has
Vi, = CP?*, the standard dual projective plane, this proves the result.
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4.D. Tameness of E* and identification (V*)* = V. — For each v € V, the
surface £} C V* is an E*-curve of degree 1, i.e. an E*-line. Moreover, for two distinct
points L, L' € V* there exists a unique v € LNL', equivalently a unique £ containing
L and L’: this means that the E*-lines are precisely the £, and thus that E* is tame
and V** = V. The equivalence (v € L < L € L) implies that E** is identified to E.

4.E. Dual curves. — Let J be the restriction to T'I of (J, J*), where J and J* are
the twisted almost complex structures associated to F and E*: it is an almost complex
structure, whose images by v and v* (notations of 4.A) are J and J*, the complex
structures on © and ©* associated to F and E*. Thus the map ¢ : (E,0) — (E*, ©%)
is a (J, J*)-biholomorphism.

Now let C' = f(S) C V be an irreducible E-curve (or an irreducible germ) not
contained in an FE-line. Let v : S — E be the Gauss map, which is j—holomorphic.
Then v* = ¢povy: S — E* is j—holomorphic and not locally constant, thus it is the
Gauss map of an E*-map f*: S — V*. By definition, C* = f*(S5) is the dual curve
of C: it is again an irreducible E*-curve (or germ), not contained in an E*-line, and
of course one has C** = C.

5. Nonlinearity of the elliptic structure on V*

Here we construct a tame almost complex structure .J on V' = CP? such that the
elliptic structure E* on V* is non linear. Equivalently, the twisted almost complex
structure is non linear.

In fact, McKay [McK1] proved that it is always the case if J is non integrable,
thus solving a conjecture that I had made in the preprint. More precisely: if J; is
linear, then the Nijenhuis torsion of J vanishes on L. In particular, if £ and E* are
both linear, then E is isomorphic to the standard elliptic structure on CP?, associated
to the standard complex structure.

His proof uses the theory of exterior differential systems to define invariants whose
vanishing characterizes the linearity or the integrability. Presumably, an example of
the type given below could be shown to exist always as soon as J is non integrable,
and thus we would obtain a more concrete proof of the result of McKay.

In our example, we impose on J the following properties:

— it is standard outside
Uo = (A(2) N A1) x A(2) C C? c CP?,

— it is wg-positive,
— for a € C small enough, the J-line L(«, o) passing through the point (0, ) with
the slope o has an intersection with Uy given by the equation

1
Y= faalr)=a+ar+ gp(x) -,
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where p : C — [0, 1] takes the value 1 on U3 = A(1) x A(1) and 0 outside Uy. Note
that the factor 1/5 guarantees that a — fo o(z) is an embedding for |z| < 2 near 0.

One can find such a J under the form

9= (o)

where b(z,y) € C and o is the complex conjugation. Then L(a,a) N U is J-
holomorphic if and only if

8 o,
b, foal)) = 222

().

Since a — fo,o(x) is an embedding near 0 for |x| < 2 and the second member vanishes
for |x| close to 2, one can find a smooth b(z, y) with support in Uy, satisfying the above
equality for |z] < 2 and « small enough.

We now prove that J; is not linear. Note that on U;, we have J = Jy and
L(a, o) N Uy is given by

1
Y= faal®)=a+az+ gax?

Let L be the J-line L(0,0), which is the x-axis. Recall that for each v € L the
subspace T, L} C TrV* is preserved by Jj, which is linear on it. The global linearity
of J} is equivalent to the following:

(VE&neTLV) §+neTLly — Jr(§) +Jr(n) € TLL,.

Consider on L the points vg = 0 and v; = co. Then we have a direct sum T, V* =
TpLy ®TrL: . Then fix aw # 0 and consider the path ¢ € [0,1] — ~(¢) = L(ta, ta) €
V*, and write its derivative at t =0 as

Yy=&+n £eTLLly, TLLL.

It belongs to Ty, L} where v = lim;_,o(y(t) N L). Identifying L with CP!, this means
that v is the solution of the equation

1
a—l—av—l—gEU?:O.

If we change « to ia, £ and n are changed to J*(§) and J*(n) (essentially since Jp is
standard near 0 and o), thus Jj (&) + J;(n) € T L}, where w is the solution of

1
oz—|—o<w—3§w2=0.

Thus w # v, which means that J; is not linear.
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6. Pliicker formulas for E-curves

We follow the classical topological method in algebraic geometry, cf. for instance
[GH, p. 279].

Let C = f(S) C V be an irreducible E-curve, not contained in an E-line, and
let C* C V* be its dual. We compute the degree d* of C*, which is the number of
intersection points of C* with an E*-line, i.e. the number of points of C' such that
the tangent line L, C contains v. This number is to be interpreted algebraically, but
for a generic v it is equal to the set-theoretic number.

Let L be an E-line disjoint from v, then the central projection V' \ {v} — L along
E-lines through v induces an “almost holomorphic” branched covering C' — L of
degree d, in the sense that each singularity has a model z — z*: this is a consequence
of the positivity of intersections. Let S be the normalization of C, then the number
of branch points of the induced covering S — L is d* + k where k is the algebraic
number of cusps, i.e. the algebraic number of zeros of df if f is a parametrization
of C. Thus we have the Hurwitz formula 2 — 2g = 2d — (d* + k), where g is the genus
of C, i.e.

d*=2d+2g—2—k.
In particular, if C' has only 6 nodes and & cusps, we have 2g — 2 = d(d — 3) — 2§ — 2k
thus we get the first Pliicker formula

d* =d(d—1)— 26 — 3.

As in the classical case, the other Pliicker formulas follow from this and the genus
formula, with the fact that an ordinary bitangent (resp. flex) of C' corresponds to a
node (resp. cusp) of C*.

This implies restrictions on the possible sets of singularities going beyond the genus
formula. For instance, if C' has only nodes and cusps, then another form of Pliicker
formula is

k=29g—2+42d—d".
Ifd=5and g =0 we get kK = 8 —d*, and since d* > 3 we have k < 5: not all 6 nodes
of a generic rational curve can be transformed to cusps.

In general, if C is rational with only nodes and cusps, we get Kk = 2d — 2 — d* <
3d, which implies that the space of rational J-curves is, at the point C, a smooth
manifold of the expected dimension (equal to d(d + 3) over R): this follows from the
generalization of the automatic genericity proved in [B].
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