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Abstract. The paper is devoted to the Hamiltonian treatment of classical and quantum
properties of Liouville field theory on a timelike strip in 2d Minkowski space. We give
a complete description of classical solutions regular in the interior of the strip and obeying
constant conformally invariant conditions on both boundaries. Depending on the values
of the two boundary parameters these solutions may have different monodromy properties
and are related to bound or scattering states. By Bohr-Sommerfeld quantization we find
the quasiclassical discrete energy spectrum for the bound states in agreement with the
corresponding limit of spectral data obtained previously by conformal bootstrap methods
in Euclidean space. The full quantum version of the special vertex operator e~ in terms of
free field exponentials is constructed in the hyperbolic sector.
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1 Introduction

In connection with D-brane dynamics in string theory there has been a renewed interest in Liou-
ville theory with boundaries. Within the boundary state formalism of conformal field theory the
complete set of boundary states representing Dirichlet conditions (ZZ branes) [1] and generalized
Neumann conditions (FZZT branes) [2, 3] has been constructed, including an intriguing relation
between ZZ and FZZT branes [4].

While FZZT branes naturally arise in the quantization of the Liouville field with certain
classical boundary conditions, the set of ZZ branes, counted by two integer numbers, so far has
not found a complete classical counterpart. It seems to us an open question whether or not all
77 branes can be understood as the quantization of a classical set up. Thus motivated we are
searching for a complete treatment of the boundary Liouville theory relying only on Minkowski
space Hamiltonian methods.

A lot of work in this direction has been performed already in the early eighties by Gervais and
Neveu [5, 6, 7, 8], see also [9]. They restricted themselves to solutions with elliptic monodromy
representing bound states of the Liouville field. Obviously such a restriction is not justified
if one wants to make contact with the more recent results mentioned above. They also get

*This paper is a contribution to the Proceedings of the O’Raifeartaigh Symposium on Non-Perturbative and
Symmetry Methods in Field Theory (June 22-24, 2006, Budapest, Hungary). The full collection is available at
http://www.emis.de/journals/SIGMA /LOR2006.html
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a quantization of the parameters characterizing the FZZT branes [7, 8], which is not confirmed
by the more recent investigations [2, 3].

Our paper will be a first step in a complete Minkowski space Hamiltonian treatment of
Liouville field theory on a strip with independent FZZT type boundary conditions on both
sides, which for a special choice of the boundary and monodromy parameters become of ZZ
type. Concerning the classical field theory, parts of our treatment will be close to the analysis
of coadjoint orbits of the Virasoro algebra in [10]. As a new result we consider the assignment of
these orbits to certain boundary conditions. We also give a unified treatment of all monodromies,
i.e. bound states and scattering states, derive the related symplectic structure, discuss a free
field parametrization and perform first steps to the quantization.

2 Classical description
Let us consider the Liouville equation
(02 — 02) (7, 0) + 4m? (1) — (2.1)

on the strip o € (0,7),7 € R!, where o and 7 are space and time coordinates, respectively.
Introducing the chiral coordinates * = 7 + o, £ = 7 — ¢ and the exponential field V = e™%,
equation (2.1) can be written as

VOV -0,V V=m?  V>0. (2.2)

The conformal transformations of the strip are parameterized by functions £(x), which satisfy
the conditions

¢ (x) >0, E(z +2m) = &(x) + 27 (2.3)

Note that the function ¢ is the same for the chiral and the anti-chiral coordinates x — &(x),
Z +— &(z). This group usually is denoted by ]S\i?hr(S 1), since it is a covering group of the group
of orientation preserving diffeomorphisms of the circle Diff, (S1).

The space of solutions of equation (2.2) is invariant under the transformations

1
§'(x)¢'(T)
which is the basic symmetry of the Liouville model, and a theory on the strip has to be specified
by boundary conditions invariant with respect to (2.4).
The invariance of the Dirichlet conditions

V|U:0 =0= V|o:7r (2.5)

is obvious, but note that the corresponding Liouville field becomes singular ¢ — 400 at ¢ =0
and o0 = 7.

Taking into account that '(z) = £'(Z) at the boundaries, another set of invariant boundary
conditions can be written in the Neumann form

05V |o=0 = —2ml, 0oV |o=r = 2mr, (2.6)

with constant boundary parameters [ and r. We study the Minkowskian case and our aim is
to develop the operator approach similarly to the periodic case [11, 12, 13, 14, 15]. In this
section we describe the conformally invariant classes of Liouville fields on the strip and give
their Hamiltonian analysis; preparing, thereby, the systems for quantization.
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The energy-momentum tensor of Liouville theory

_ V@ 5 0uV(e3)

r V(z,z) ’ V(z, )

(2.7)

is chiral 9;T = 0 = 0, T. The linear combinations T + T and T'— T correspond to the energy
density £ and the energy flow P, respectively,

1 1
5 (0r0) + 5 (960)° + 2% — 0,
P =TT =0:p0pp — 02,

E=T+T=

The Neumann conditions (2.6) provide vanishing energy flow at the boundaries, which leads
to

T(r)=T(7) and T(r +2m) =T(7). (2.8)

The Dirichlet condition (2.5) allows ambiguities for the boundary behaviour of T and 7. In
this case we introduce the conditions (2.8) as additional to (2.5), which means that we assume
regularity of 7" and T at the boundaries and require vanishing energy flow there. Then, due
to (2.7) and (2.2), the field V', in both cases (2.5) and (2.6), can be represented by

V(z,z) = m[ap(Z)y(x) + 0(2)x(z) + ex(Z)¢(x) + dx(Z)x(z)] - (2.9)

Here ¢(z), x(x) are linearly independent solutions of Hill’s equation

V(@) =T(@)(x),  X'(x) =T(x)x() (2.10)

with the unit Wronskian

()X (2) — ' (z)x(2) =1, (2.11)

and the coefficients a, b, ¢, d form a SL(2,R) matrix: ad — bc = 1. With the notations

(2) e a (1)

equation (2.9) becomes V(z,Z) = m¥”T (z) AV (x). The periodicity of T'(z) leads to the monod-
romy property U(x + 2m) = MY(z), with M € SL(2,R). The Wronskian condition (2.11) is
invariant under the SL(2,R) transformations ¥ — SV, which transform the monodromy matrix
by M +— SMS~!. A special case is M = =4I, which is invariant under the SL(2,R) maps.
Otherwise M can be transformed to one of the following forms [10]

e™ 0 10
Mh_ﬂ:< 0 ewp>, p>0, Mp—i<b 1), b= 41,

cosm@ sinw6

M. ==+ ( —sinmd cosmh

> , 6<€(0,1), (2.12)

which are called hyperbolic, parabolic and elliptic monodromies, respectively. The matri-
ces A, M and the freedom related to the transformations ¥ — SW¥ can be specified by the
boundary conditions. First we consider the case (2.5).
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2.1 Dirichlet condition

The functions ¥?(7), x?(7) and ¢ (7)x(7) are linearly independent and the boundary condition
V0e=0 = 0 with (2.9) leads to a = 0 = d = b+ ¢. Then, we find

Vi(z,z) = m[p(z)x(z) — x(@)(z)], (2.13)
which corresponds to b = 1 = —c. Note that the behaviour of (2.13) near to the boundary
o ~ € is given by V = 2me + O(e?), the other choice ¢ = 1 = —b corresponds to negative V

near to 0 = 0 and has to be neglected. Applying the boundary condition V|,—r = 0 to (2.13)
and using the monodromy property we obtain ¥(x + 27) = +¥(x). Expanding V' now near to
the right boundary o ~ 7 — ¢, we get V = F2me + O(e3). Thus, the allowed monodromy is
U(z + 2m) = —U(z) only. After fixing the matrices A and M we have to specify the class of
functions ¢ and x, which ensures the positivity of V' in the whole bulk o € (0, 7).

Representing (1, x) in polar coordinates, due to the unit Wronskian condition, the radial
coordinate is fixed in terms of the angle variable (z)/2 resulting in

= 2 cos@ T) = 2 sing(x)
Vo) =\ g Ty @ =gy (2.14)

and by (2.13) the V-field becomes

2m 1
Ve 2 inliew) - e@). (2.15)
fx)(z) 2
The obtained monodromy of ¥(x) leads to {(x+27) = £(z)+27(2n+1) with arbitrary integer n,
but (2.15) is positive in the whole strip o € (0,7) for n = 0 only. Thus, {(z) turns out to be
just a function parameterizing a diffeomorphism according to (2.3). Equation (2.13) is invariant
under the SL(2,R) transformations ¥ +— SW. The corresponding infinitesimal form of {(z) is

&(z) — &(x)+e1+eacosé(x) + ezsiné(x) (2.16)

and the space of solutions (2.15) is identified with ITilEl?Jr(5’1)/§I/L(27 R).
The energy momentum tensor (2.7) calculated from (2.15) reads

s e L (E@Y (L@
T(0) = ~3€2@)+ Sea), with 5o = (5 ) - (5o ) (2.17)

and for {(r) = x it is constant T' = —i. The corresponding Liouville field is time-independent
wo = —log(2msin o), (2.18)

and it is associated with the vacuum of the system. The vacuum solution is invariant under the
SL(2,R) subgroup of conformal transformations generated by the vector fields 9, coszd, and
sin 0, and this symmetry is a particular case of (2.16) for {(z) = x. Therefore, the solutions
of the Liouville equation with Dirichlet boundary conditions form the conformal orbit of the
vacuum solution (2.18). The energy functional

™ 2w
E= /0 do(T(t+0)+T(t—0)) = /0 dxT(z) (2.19)

on this orbit is bounded below and the minimal value is achieved for the vacuum configuration [10].
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To get the Hamiltonian description we first specify the boundary behaviour of Liouville fields.
Due to (2.10), (2.11), (2.13), near to the boundaries V is given by

vzsz+§?Tuk3+0@%

and we find

o = —log 2me — ;TEZ + O(eh), Orp = —;TGQ +0(e*), (2.20)
1 4 1 4

Dyp=+ (=4 -Te | + O(e), D2 p=—= — T+ 0(). (2.21)
e 3 e 3

The signs + and — for 0,¢ correspond to the right (¢ = 7) and left (¢ = 0) boundaries and
the argument of 7" is 7 + 7 and 7, respectively. The Liouville equation (2.1) is equivalent to the
Hamilton equations obtained from the canonical action

S = /dT/ do |:7T([) - (;7‘(2 + % (8p0)? + 2m2e?? — 8§Ugo>] , (2.22)
0

with the Hamiltonian given by the energy functional (2.19). Note that 92, ¢ can not be integrated
into a boundary term due to the singularities (2.21).
The canonical 2-form related to (2.22)

w= /07r dodm(T,0) A dp(T,0) (2.23)

is well defined on the class of singular functions (2.20) and using the parameterization (2.13)—
(2.14), we find this 2-form in terms of the &-field (see Appendix A)

4
It is degenerated, but has to be reduced on the space f)\ilfer(Sl) / ﬁ(Q,R), where it becomes
symplectic.

— 08 (x) N O&(x) ] . (2.24)

One can of course also study the case with Dirichlet conditions on one and Neumann condi-
tions on the other boundary of the strip, say

Vl0g=0 =0, 0oV |o=r = 2mr.

Starting again with (2.13), the boundary condition at o = , together with the unit Wronskian
forces the trace of the monodromy matrix to be equal to 2r. Thus for |r| < 1 one has elliptic
and for r > 1 hyperbolic monodromy (r < —1 is excluded by arguments of the next section).
Then an analysis similar to the one above gives for —1 <r <1

2m Q x) —E(Z
mﬁ 2[5() £(2)],

with r = coswf. The related energy momentum tensor is

0 o
T(2) = ~"-€2(x) + S (a)

The result for » > 1 is obtained by the replacement § = ip with real p.
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2.2 Generalized Neumann conditions

To analyze the Neumann conditions (2.6) we first construct the fields corresponding to constant
energy-momentum tensor 7'(x) = Tp and then obtain others by conformal transformations. It
appears that this construction covers all regular Liouville fields on the strip.

For Ty = p?/4 > 0 convenient solutions of Hill’s equation are

Y(x) = cosh(pz/2), x(z) = isinh(p:c/2).

The related monodromy is hyperbolic. To get it in the normal form (2.12) one has to switch
to corresponding exponentials. The form chosen allows a smooth limit for ¢ and x to the
parabolic and elliptic cases below. The corresponding V-field (2.9), which obeys the Neumann
conditions (2.6), reads

2m

Vo(z, & (ucoshp(r — 79) + Lcoshp(o — ) + r cosh po), (2.25)

- psinh 7p

where

u=u(l,r;p) = \/l2 + 72 + 2lr cosh p + sinh? 7p, (2.26)

and 79 is an arbitrary constant. The positivity of the V-field (2.25) imposes restrictions on the
parameters of the theory. One can show that if [ < —1 or r < —1, then the positivity of (2.25)
fails for any p > 0; but if { > —1 and r > —1, then (2.25) is positive in the whole bulk o € (0, 7)
for all p > 0.

For Ty = 0 we can choose () = 1, x(x) = z and obtain

21+l7"
l+r

Vo= % (I+7r) (02 —(r— 7'0)2) —7l(20 —m)—7 (2.27)

This case corresponds to the parabolic monodromy. The positivity of (2.27) requires [ > —1,
r > —1 and | +r < 0. Note that (2.27) is also obtained from (2.25) in the limit p — 0, if
I+ 7 < 0. Among these parabolic solutions there are two time-independent solutions

Vo =2mo and Vo = 2m(m — o),

which correspond to the degenerated cases of (2.27) for [ = —1, r = land | = 1, r = —1,
respectively.
For Ty = —6%/4 < 0 the pair

P(x) = cos(fz/2), x(z) = %sin(@x/2),

has elliptic monodromy and the V-field becomes

2
Vo = mn (ucosO(t — 1) + Lcosf(o — m) + rcosbo), (2.28)

"~ fsinnd

with v = wu(l,r;10) = \/l2 +1r2 4 2lr cosmd — sin? 7f. Due to oscillations in o the positivity
of (2.28) in the whole bulk fails if § > 1; hence, 6 < 1.
Other restrictions on the parameters come from the analysis of the equation

I 4+ 1% + 2lr cosmh — sin® 7 = 0, (2.29)

which defines an ellipse on the (I,7)-plane. The ellipse is centered at the origin, its half axis
with length /1 £ cos w6 are situated on the lines r =1 = 0. It is tangential to the lines | = —1
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Figure 1.

and r = —1 at the points B and C with the coordinates B = (—1, cos ) and C' = (cos 7, —1) .
The curve BC' in Fig. 1 indicates the corresponding arc of the ellipse. The positivity of V-field
(2.28) requires (I,r) € Qapc, where Q4p¢ is the ‘triangle’ bounded by the lines | = —1, r = —1
and the arc BC.

Having so far discussed which values of I and r are allowed for given 6, we now turn the
question around. We start with (I,r) somewhere in the triangle ADE, then all 6 obeying

0<0<06.(,r)
with 6. (l,r) defined by
cosmly, = —lr + /(1 — 12)(1 — r2), 0<0, <1 (2.30)

are allowed!. For 6 = 0, the V-field is time-independent

2m

Vo = [lcosb.(oc —m)+rcosbo]. (2.31)

O, sinmh,
For 0, = 1, the arc BC degenerates to the point A and the Liouville field (2.31) becomes
the Dirichlet (ZZ) vacuum (2.18). Thus, for the critical values of the boundary parameters
[ =r = —1 the Neumann (FZZT) case contains the ZZ case.

The above analysis shows that the admissible values of the boundary parameters are [ > —1,
r > —1 and for a given (I,r) obeying these constraints there are the following restrictions on Ty

l4+7r>0 = Ty >0,
l+r=0 and [#+1 = Tp>0,
l4+r=0 and [=+£1 = Ty>0,

02(1
[+7<0 = TOZ—*(4’T).
Thus, we have all three monodromies if (I,r) is inside the triangle ADFE, and only hyperbolic
monodromy if (I,7) is outside of it. In the first case (2.28) is a continuation of (2.25) from
positive to negative Ty and for Ty = 0 it coincides with (2.27).

The conformal orbits, generated out of these fields with constant T'(x) = T can be written

as

[N

m (§'(z)¢'(2))
psinh 7p

(e r)e(g(ac)—f(a_c))p/Q +(le™ + T)e(f(:i)—ﬁ(r))pﬂ)’ (2.32)

V(z,z) = (u(l, 7y p)e” E@HE@IPI2 |y (1 s p) E@HE@)P/2

where p = 2y/Tj and {(z) is the group parameter on the orbits. The parameter 7 is absorbed
by the zero mode of £(z).

!Note that (2.30) is the larger root of equation (2.29) for cosmf. The smaller root corresponds to the case
when the point (I, r) is on the ellipse but does not belong to the arc BC.
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The energy-momentum tensor for (2.32) is given by
T(z) = To&*(x) + Se(). (2.33)

Here S¢(x) is the Schwarz derivative (2.17), which defines the inhomogeneous part of the trans-
formed T'(z). Note that there are other orbits, either with Ty < —%, or those, which do not
contain orbits with constant T'(x) [10]. Using the classification of Liouville fields by coadjoint
orbits, one can show that the orbits (2.32) with T > —i cover all regular Liouville fields on
the strip. One can also prove that the energy functional (2.19) is bounded below just on these
orbits only [10]. Thus, boundary Liouville theory selects the class of fields with bounded energy
functional and, therefore, its quantum theory should provide highest weight representations of
the Virasoro algebra.

The Hamiltonian approach based on the action (2.22) is applicable for the Neumann condi-
tions as well. Indeed, the boundary conditions (2.6) are equivalent to

(050 —2mle?) |o=0 = 0 = (Opp + 2mre?) |g=rn

and its variation yields 0,(d¢) — (0,9)0¢|s=0,r = 0, which cancels the boundary term for the
variation of (2.22). The Legendre transformation of (2.22) and the integration of 92_¢ into the
boundary terms leads to the action [2]

S = /ClT/ da% [(0r0)* — (0p)? — d4m?e*?] — 2m/d7' {leW(T’O) + T€¢(T’ﬂ):| : (2.34)
0

Note that for [ = —1 or/and r = —1 the V-field vanishes at the boundary for 7 = 7y and one
can not pass to (2.34), due to the singularities of e?.

The canonical 2-form (2.23) can be calculated in the variables (T, ) similarly to (2.24) and
we obtain (see Appendix A)

2w 27 2w " /
w =y /\/0 dxf'(x)(sf(x) + T(]/O dméf’(x) A 8€(z) + 1/0 dmw

In the context of Liouville theory this symplectic form was discussed in [16], where it was
obtained as a generalization of the symplectic form on the co-adjoint orbits of the 2d conformal
group. Note that the form of (2.35) does not depend on the boundary parameters [ and r. This
dependence implicitly is encoded in the domain of Ty: if ({,7) is inside the triangle ADE, then
Ty > —02, (2.30); and Tp > 0 if (I,7) is outside the triangle. The symplectic form (2.35) provides
the following Poisson brackets

(o, €)= g0 {60, €W} = g1 (Smh (2vTo A, ) A(w)) |

. (2.35)

sinh (QW\/ﬁ) m

where \(z,y) = £(x) — £(y) — me(x — y) and €(x) is the stair-step function: e(z) = 2n + 1, for
x € (2mn, 2n + 27), which is related to the periodic d-function by €'(z) = 25(x).
From (2.36) we obtain

(1), €)} = € @0~ y),
{T(@), T(0)} = T'W)é(e — ) ~ 23 ) + 35" (x ~ ),

(2.36)

which define the conformal transformations for the fields £(x) and T'(x).
Using the Fourier mode expansion for £(z)

E(x) =z + Z Epeine

nez
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and the first equation of (2.36), we find that 27§, is the canonical conjugated to Tj
{Ty,27&} = dno- (2.37)

For Ty < 0 the variable oo = 2/—1p& is cyclic (o ~ a + 27), since the exponentials in (2.32)
become oscillating. By (2.37), « is canonical conjugated to 76, where 6§ = 21/—Tj.

This allows a remarkable first conclusion concerning quantization. Semi-classical Bohr—
Sommerfeld quantization of 0 yields 6, = —hn/m + 0.(l,r), which implies a quantization of Ty

h? h 1
24+ —0.(l,r)n — 193, (2.38)

1
Ty), = — =62 = —
(To)n = =300 = = =7 + 5,

with integer n as long as (Tp), < 0. As shown in Appendix B, this spectrum with the iden-
tification h = 27b? and the trivial shifts n? — n(n + 1), (To)n — (Tp)n + 1/4 agrees with the
quasiclassical expansion of the spectrum derived in [3] by highly different methods.

After this short aside we start preparing for the full quantization of our system. The variables
(&, p) are not suitable for this purpose due to the complicated form of the Poisson brackets (2.36).
A natural approach in this direction is a free-field parameterization with a perspective of cano-
nical quantization.

For Ty = p?/4 > 0, free-field variables can be introduced similarly to the periodic case [15]

1 mu(l,r;p)

pé(r) 1 ’
=1 — —log —————. .
2 * 2 0g ¢/(z) 2 8 psinh 7p (2.39)

¢(r) =

Here the z-independent part given by the last term is chosen for further convenience, for u(l, r; p)

see (2.26). The field ¢(x) obviously has the monodromy ¢(z + 27) = ¢(z) + mp, which allows

the mode expansion
q

i Z an  _ing
—e
VA o n
The integration of (2.39) yields

1 muA,(x)
= —log — 2~ 2.40
@) p ©8 2 sinh? ™ ( )

where A, () is the integral of the equation A} (x) = 2sinh mpe??®) with the monodromy property
Ap(x + 27) = €™ A,(z) and it can be written as

27
Ap(x):/o dye2®@ty)=mp,

The free-field form of (2.35)

27 1 1
w = dzd¢/ (z) A op(x) + 0p A 6(0) = Sp A g+ o Y ~8an Ada_,
0 24 s n

follows from the direct computation and it provides the canonical brackets
1 .
{6(2),¢(y)} = Je(z—y),  or  {pat=1 {an,am} = indpimpo. (2.41)

Note that these brackets and (2.40) lead to (2.36).
The energy-momentum (2.33) takes also a free-field form with a linear improvement term

T(x) = ¢"(x) — ¢" (), (2.42)
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and by (2.41) we have

{T(x),¢' (v)} = ¢"()d(z —y) — ¢ (Y)&' (x — y) +1/26" (x — y). (2.43)

Inserting (2.40) into (2.32), we find

V = e W@+o@) [1 4+ mbyAy(z) + mepAy(Z) + mPd,Ap(z)Ap(T)] (2.44)
with
le=™ +r le™ +r u?(1,7;p)
p= o T e dp= g (2.45)
2sinh” 7p 2sinh” 7p 4sinh® 7p

The field ® = ¢(x) + ¢(Z) is the full free-field on the strip. It satisfies for all allowed values
of [ and r the standard Neumann boundary conditions 9,®|,—9 = 0 = 9,®P|,—, and has the
following mode expansion

) an _
— —e

VLS n

n#0

O(1,0) = % +p7 + T cosno,

Since p > 0, A,(x) and Ap(z) vanish for 7 — —oo. Therefore ®(7,0) is the in-field for the
Liouville field: ¢(1,0) — ®(7,0), for 7 — —o0.

The chiral out-field is introduced similarly to (2.39) replacing p by —p and its mode expansion
can be written as

_ 4 _px n —inx
¢0ut($) 27_[_ 2 + \/E’r;) n € Y

The relation between in and out fields

muA,(x
our() = 0(@) — log ZolZ),

2sinh“ 7p
defines a canonical map between the modes (p, q;a,) and (G, —p, a,). Quantum mechanically
this map is given by the S-matrix and finding its closed form is one of the basic open problems
of Liouville theory.

3 Canonical quantization

In this section we consider canonical quantization applying the technique developed for the
periodic case [11, 12, 13, 14, 15]. Our discussion has some overlap with [9]. But in contrast to
their parametrization in terms of two related free fields we use only one parametrizing free field.
We mainly treat the hyperbolic case. The quantum theory of other sectors can be obtained
by analytical continuation in the zero mode p, choosing appropriate values of the boundary
parameters (I,r).

The canonical commutation relations

[Qap] = 1h, [ama a;kz] = hmomn (m >0, n> 0)7

are equivalent to the chiral commutator

[0(2), ¢(y)] = —e(x —y), (3.1)
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and have a standard realization in the Hilbert space L?(R) ® F, where L?(R.) corresponds to
the momentum representation of the zero modes with p > 0 and F stands for the Fock space
of the non-zero modes a,,. We use the same notations for classical and corresponding normal
ordered quantum expressions, which, in general, have to be deformed in order to preserve the
symmetries of the theory. The guiding principle for the construction of quantum operators
are the conformal symmetry and infinite dimensional translation symmetry generated by ¢'(x).
A semi-direct product of these symmetry groups is provided by the Poisson bracket (2.43), which
quantum mechanically admits a deformation of the central term. This implies a deformation of
the coefficient in front of the linear term in the energy-momentum tensor (2.42)

T(x) = ¢*(z) — n¢" ().

The related Virasoro generators satisfy the standard commutation relations with the central
charge ¢ = 1 + 12mn?/h. The deformation parameter 7 is fixed by conformal properties of
free-field exponentials. Using the decomposition ¢(z) = ¢o(x) + ¢4 (z) + ¢—(x), with

pT )

q a: mn ¢ an _inx
)= —+—, Tr) = — E —e ", _(z) = E —e ,
(bO( ) or ) ¢+( ) \/En>0 n ¢ ( ) \/En>0 n

a free-field exponential is introduced in a standard normal ordered form
22¢(x) _ 20¢0(7) 200+ () 2Ad—(2)
Requiring unit conformal weight of €2?(*) one finds n = 1 + b2, with 27b? = h.

Our aim is to construct the vertex operator corresponding to the Liouville exponential (2.44).
Building blocks for this construction are the chiral operators

Y(x) = e, (3-2)

Ay(r) = / T fe Poa) 264 (42 20 (42), (3.3)
0

x(x) = ¢ (x)Ap(x). (3.4)

The operators ¢(z) and A,(z) are obviously hermitian and the p-dependent shift of ¢g in (3.3)
is motivated by hermiticity of x(z) (see (C.9)). The unit conformal weight of e2¢(*) provides
zero conformal weight of A,(z) and, therefore the conformal weights of the operators ¢ and x
are the same, like in the classical case. Exchange relations of these operators and their classical
counterparts are derived in Appendix C. It is important to note that these relations for the %
and x fields are the same

(@) (y) = e WDE Y () (), (3.5)
x(@)x(y) = e " WD)y (y)y(2). (3.6)

Based on (2.44), we are looking for the vertex operator V in the form
V(w,z) = e [p(@)y () + By (@)x(2) + Cox (@)1 (z) + Dypx(@)x(2)],

with p-dependent coefficients B,, C, and D,. The phase factor e "/8) provides hermiticity
of the first term of V-operator, which corresponds to the in-field exponential. The last term
describes the out-field exponential, respectively.

To fix By, C, and D, we use the conditions of locality and hermiticity

V(r+o,7—0),V(r+od,7—0")] =0, V¥x,z) =V(z,z). (3.7)
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The analysis of these equations can be done effectively with the help of exchange relations
between the 1) and x operators. There are two kind of exchange relations. The first exchanges
the ordering of the arguments z and y

s (%4 1/2) ) () dsin(h/2) e

x(@)y(y) = ' WD) [ X(y)w(x)] , (3.8)

sinh mp sinh 7p

and another the ordering of x and v fields

X(@)(y) = DG
sinh 7p o e(mp—ih/4)e(z—y)
[sinh (mp — iny) Y WIX(@) = isin(h/2) S s

w(x)x(y)] . (39

Applying these relations to (3.7) we obtain a set of equations for the functions B, Cp, D,. They
relate the values of these coefficients with shifted arguments and we have found the following
solution of these equations (see Appendix D)

lbe_(ﬂp_ihﬂ) + 7

B, = .10
P T sinh mpsinh(mwp — ih/2)’ (3.10)
lbe(wp—i-ih/Z) +ry
= A1
Cp = m 2sinh p sinh(mp + ih/2)’ (3:.11)
D~ — m% | (1 2 +r2 + 2l25rb COSh'(ﬂ'p + zh/2)) . (3.12)
4 sinh 7p sinh(7p + ih) sinh*(7p + ih/2)

The parameters my, I and 7, arise in the solution as p independent constants. Comparing
these expressions with their classical analogs (2.45), we find a naturally interpretation of my,
and (lp, ) as a renormalized mass and renormalized boundary parameters, respectively.

To cover parabolic and elliptic monodromies, one has to investigate analytical properties (in
the variables p, I, rp) of the vertex operator V. Work in this direction is in progress.

4 Conclusions

For Minkowski space Liouville theory on the strip we have performed a complete analysis of
classical solutions regular in the bulk of the strip. These solutions, falling into conformal co-
adjoint orbits of the energy-momentum tensor [10], can be parameterized by the constant energy
density Tp of the lowest energy solution in the orbit and an element £(x) of the conformal group
of the strip.

Depending on the parameters [ and r, describing the conformally invariant generalized Neu-
mann boundary conditions (FZZT branes) on the left and right boundary of the strip, the
solutions have elliptic, parabolic or hyperbolic monodromies. Avoiding singularities in the bulk
requires [,r > —1. Solutions with elliptic monodromy correspond to bound states, those with
hyperbolic monodromy to scattering states. For [ +r > 0 all positive values of Ty are allowed,
the monodromy is then always hyperbolic. For [ 4+r < 0 negative energies above a threshold de-
pending on [, r and elliptic monodromy are allowed as well as all positive energies and hyperbolic
monodromy. The peculiarities of zero energy and parabolic monodromy have been touched, too.

For [ or r = —1 and certain related Ty the Liouville field develops a controlled singularity on
the boundaries, just realizing a Dirichlet condition (ZZ brane).

For the Hamilton description of the system the Poisson brackets and the canonical two form
has been expressed in terms of the variables T and &(x). To prepare the system for quantization
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an alternative description in terms of a free field has been given, similar to the corresponding
construction for the Liouville field theory on a cylinder [11, 12, 13, 14, 15].

We could get a first estimate of quantum effects by discussing semi-classical Bohr—Sommerfeld
quantization. The bound state energy levels become quantized and the spectrum agrees with
the corresponding quasiclassical limit of the spectrum gained in [3] by conformal bootstrap
techniques in Euclidean space.

Finally we have constructed the quantum version of the degenerated exponential of the Liou-
ville field e~%. The quantum deformation of the weights in its representation in terms of free
field exponentials has been fixed by requiring locality and hermiticity.

There is an obvious schedule for further investigations. From the free field representation
of e~% in the hyperbolic sector one can read off the reflection amplitude. Its poles should give
information on the full quantum bound state spectrum. With the quantum e™% at hand one can
construct generic correlation functions following the technique used for the periodic case [17].
We also hope to fully explore the limiting ZZ case within the canonical quantization.

A Calculation of 2-forms

A.1 Dirichlet condition

Equation (2.15) leads to the following parametrization of the canonical coordinates

p(7,0) = 5 log € ()¢ (7) ~ logsin  €(x) ~ £(z)] ~ log2m
@), €@ €@ -€@) e e

8l

1
o0 2@ 2 '3

(T, 0)

The canonical form (2.23) can be represented in the form w = wy + wp + w1, where

[ (@A)
=1 [ a0 | DR o) noeta).
L (@A

while w; turns to a boundary term, since it is represented as an integral from a derivative by o.
The 2-form w; vanishes due to the monodromy properties of £. Using the doubling trick as
in (2.19), we rewrite the sum wp + o into (2.24).

A.2 Neumann conditions

The general solution (2.32) can be written in the standard Liouville form

_ 1+ m?F(x)F(z)

14 = ;
V' (2) F'()
with
p&(x) 4 [P _ p&(z) 4 [P
Flo _ ue '—i- e —i—r’ F(z _ ue '—i— e —i—r' (A1)
2sinh p 2sinh 7p

Applying the same technique as before, we express the canonical form (2.23) in terms of parame-
terizing F' and F' fields

+ B.T.

1 [7 SE"(x) NOF'(x)  OF"(Z) AOF'(Z)
I

YTy F2(z) F2(3)
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with the boundary term

_OF'(z)AOF(z) 1 F'(z) =
B.T. = T E) 551 <F’(az)> A Slog(1 +m?*F(x)F(z)) +

Then, using (A.1) and the monodromy properties of ¢-field we get (2.35).

B Comparison of quasiclassical quantization
with the corresponding limit of the conformal
bootstrap spectrum

First we write our formula (2.30) for 6, (l,r) in a form more suitable for the comparison with [3].
Denoting [ = l;, 7 = Iy and defining ¥; in (0,7) for |[;] < 1 by

l; = cosv;
we get
) U
9*([,7’) = ! + 2 —
T

This brings (2.38) in the form

R? 5 h (V1 + D9 (01 +92)? 91 +92 1
<T0>"—‘47T2”+2w<w‘1>”‘ e (B.1)

The dictionary to compare our normalizations of the Liouville field, the mass and boundary
parameters ¢, m, [; with that of [3] (¢r, i, pj) is

™
¢ = bor, m?® = pmb?, lj = \/;bpj.

According to [3], the state space of Liouville theory on the strip is the direct sum of highest
weight (Ag = B(Q — (),Q = 1/b + b) representations of the Virasoro algebra. There is a con-
tinuum contribution 8 € Q/2 + iR*, and depending on the boundary parameters a discrete
contribution [3] characterized by

1
ﬁ:Q—|Ji|+nb—|—ﬁg<%, (B.2)
where n, i are non-negative integers and o4 = i(sg £+ s1) with
cosh(2mbs;) = \p}\/sin(wlﬂ). (B.3)
1

The evaluation of (B.3) in the quasiclassical limit b — 0 expressed in our boundary parameters [;
(for |;| < 1) gives
.arccos l; 9
Sj t 27h + ( ) ( )
Inserting this into (B.2) one first notices that for small enough b the option 7 # 0 is switched
off. On top of this, in this limit only the choices o and arccosl; € (0,7) obey the inequality
n (B.2). Altogether this leads to

2
b2An: —b4n(n+1)+b2 <M_1> n— (191_"192) n 191—}—192.

s 472 2m
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After the identifications i = 27b? and (1), = b*A,, this agrees with (B.1) up to the trivial shift
by —1/4 and the replacement n(n+ 1) — n?, valid for large n and common for the quasiclassical
approximation. The continuous spectrum in [3] corresponds to the our solutions with hyperbolic
monodromy.

Although not touching the issue of quantization for the Dirichlet case in this paper, we
nevertheless can add already one interesting observation concerning the spectrum of Ty. From
Subsection 2.1 we know that classically there is only one value for T allowed. It is Ty = —1/4,
if on both sides of the strip Dirichlet conditions are imposed, and Ty = —(arccosr)?/(47?) for
Dirichlet on the left and generalized Neumann with parameter r on the right. With the just
derived translation rule Ty = b>A — 1/4 this corresponds to the conformal dimensions of highest
weight states of the contributing Verma modules A = 0 and A = s + 1/(4b?), respectively.
This agrees in leading order of b with the full quantum result via conformal bootstrap reported
in [1, 18] for the (1,1) ZZ brane. Note that s; defined according to [3] in our equation (B.4)
differs by a factor 1/2 from s in [1, 18].

C Exchange relations

C.1 Poisson brackets algebra of chiral fields
In this appendix we use the method applied in [19]. The chiral field ) (z) = e~?(®) is the classical

analog of the operator (3.2) and the canonical Poisson brackets (2.41) are equivalent to

(), 0)} = ez — (), (1)

which quantum mechanically becomes (3.5).
The operator (3.3) corresponds to the field A,(x) = f027r dze?®W+2)=P and its Poisson bracket
with the v-field reads

(@A) = —g0ie) [ I (=2 1), (c2)
Due to the stair-step character of the e-function the following identity holds

e(a+0b) —e(a) —e(b) = 1, (C.3)
and since cosh 7p + sinh mp = e*™, we find

coshmp  em™lez—y—2)—c(z—y)+e(2)]

oy —2) = —) — C4
(v —y—z)=co—y) —e) sinh 7p sinh 7rp (C.4)
Inserting (C.4) into (C.2) and using that the function 2¢(y + z) + wpe(x — y — 2) is periodic in z,

we can shift the integration domain in the last term and obtain

1 hr o~ pe(z—y)
{¥(@), 4w} = 5 (zfjhwjj —cla - y>) V() Aply) — G () Ap(a). (C.5)
By (C.1) and (C.5) the field x(x) = ¢(z)Ap(z) satisfies the relation
1 fcoshmp 1 e~ Tpe(z—y)
W@} = 5 (ST Jelo =) ) 00 X0) — G (@Ol

To find a closed form of the Poisson brackets

21
(o), Ap(p)} = [ dse?Her b el s ) (C.6)
0
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in terms of the A,-field, we use the identity

ex—y+z—2)=elx—y)+e(z) —e(z)

eTPCY) teta—y— e _ €Y oy —e(a)
sinh 7p 2sinh 7p
eﬂpe(z’) , e™P €(z) , ,
7 pmplele—ytz—2)—e(z—y+2)] _ © 7 —mple(a—ytz—2)—e(z—y—2")]
+ 25i1r1h7rp6 2 sinh ﬂ'pe ’ (C.7)

which follows from (C.4). The contributions of the last two terms of (C.7) in the integral (C.6)
cancel each other and provide the result

e~mPele—y) eTPe(z—y)
P

{A4p(2), Ap(y)} = e(x — y) Ap(z) Ap(y) + A (y)-

2 sinh p ~ 2sinh T

The calculation of the Poisson brackets between y-fields is now straightforward and we end up
with

(@) X)) = el — px@X)

which indicates that the fields ¢ and x are related canonically.

C.2 Operator algebra

First note that the exchange relations of g-exponentials and p-dependent functions is

e f(p) = f(p+ iah)e™. (C.8)

An intermediate step towards the exchange relations between the ¢ and y operators is a calcu-
lation of the quantum analog of (C.5). Due to (3.1) and (C.8), from (3.2)—(3.3) we have

2
W(2) Ay(y) = /0 d2e20W2) o= (rp=ih) (1) i/ 2)ele—y=2). (C.9)

To rewrite this equation as an exchange relation, we use the identity
sinh mrpe’ (M 2e(@—y—2)—e(z=y)+e(2)]

= sinh(7p — ih/2) + i sin(h/2) el @Y=z —lzmy)+e)] (C.10)

based on (C.3). Inserting e'("/2)<(@=y=2) from (C.10) into (C.9) we obtain
sinh 7p
sinh (mp + ih/2)

sinh (mp 4 ih/2)

Y(x)Ay(y) = DY) Ap(y) ()

+ isin(h/2) Ap(2)Y (),

which for x = y yields
() Ap(x) = Ap(2)i(2).

The derivation of the exchange relation between the 1) and x operators (see (3.4)) is now straight-
forward and we obtain

| sinh (mp — ih/2) e~ mPe(r—y)

b(z)x(y) = e’y X(y)(x)+isin(h/2) P(y)x(z) | (C.11)

sinh 7p sinh 7p
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The exchange relation (3.8) is derived in a similar way and (3.9) follows from (C.11) and (3.8)
by simple algebraic manipulations.

The next step is the exchange relation between the Aj,-operators, which is obtained in the
same manner and in a symmetrized form it reads

Ap(l‘)Ap(y)efi(h/Q)f(w*y) _ Ap(y)Ap(x)ei(h/me(xfy)

sin(h/2 elmptime(z=y) e (mptihele—y)
= isin(h/2) m p\Y _m »7)

This finally provides (3.6).

D Locality and Hermiticity of V-operator

The locality condition (3.7) is equivalent to the symmetry of the product V (e, —0) V (o', —0’)
under o < o’/. Let us collect the terms with a given power N of the y-field. The number N
changes from 0 to 4. There is only one term with N =0

Coor = e~ M hp(—0)ip(0)1p(—0" (o),

which is symmetric due to (3.5). The case N = 4 is similar because of (3.6).
For the terms with N = 1 we use the exchange relation (3.9), moving the y-field in each term
to the right hand side. Replacing then x by 1A, we find the following structure

AVC, 0 Ap(0) + AP Cy o Ap(—0) + AP Cp 0 A (o) + AV C o0 Ap(—0”). (D.1)

with p dependent coefficients Al(jl)7 e ,AI(,4). The symmetry of (D.1) requires Al(jl) = AI()?’) and
Ag) = A}(,4). These conditions lead to the equations
ei(h/2) sinh (7p — ih/2) B g e~ ™ sin(h/2)

sinh(7p — ih) | sinh(7p — 3ih/2) " “sinh(wp — 3ik/2) P’
B sin(h/2)e™ /2 B e~ "/2) sinh (7p 4 ih/2)
—ih/m = sinh(mp —ih) ~* sinh(mp — ih)
which are simplified for the linear combinations

X, = sinh (7p + ih/2) Cp — sinh (7p — ih/2) By,

Y, = —e" ™ sinh (7p + ih/2) C), + €™ sinh (mp — ih/2) By,

Bp—ih/ﬂ' =

CP CP ’

in the form
Xp—iﬁ/w = Xp, Y;J—ih/ﬂ =Y.
Thus, with X, = 2L and Y, = 2R, where L and R are arbitrary complex numbers, we find

. Le™™ + R o Le™ + R
P sinh psinh(rp — ih/2)’ P sinh wpsinh(mp + ih/2)

The hermiticity condition (3.7) puts restrictions on the parameters L and R. Making use of
the exchange relations (C.11) and (3.8), one finds a relation between B, and C), and their
complex conjugates, reducing the freedom of two complex parameters to two real ones. With an
additional free real parameter from D, we finally obtain with real {;, r, and my (3.10) and (3.11).

Due to the symmetry between the 1 and x fields, the case N = 3 gives the same result as
N =1

The analysis of the case N = 2 can be done similarly, but now with the known B,, C, and
for D), we end up with (3.12).
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