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Abstract. Two effective methods for writing the dynamical equations for non-holonomic
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1 Preamble

The classical theory of non-holonomic dynamical systems, even in recent times, is treated in
a growing number of papers. Most of them require the use of modern differentiable and algebraic
structures which are not familiar to non-mathematicians working on concrete applications. On
the other hand, several papers are dedicated to the analysis of special non-holonomic mechanical
systems, quite interesting but treated with ad hoc methods. These are the reasons why I think
useful to propose a ready to use approach to the dynamics of non-holonomic systems, requiring
the knowledge of the basic notions of the vector calculus on the Euclidean three-space and on
tangent bundles only, and avoiding the use of cotangent bundles (Hamiltonian framework) and
jet-bundles.

In the present paper I illustrate two different, general, effective and concise methods for
writing the dynamical equations of a given non-holonomic system. These methods correspond
to the two ways of representing kinematical constraints: by parametric equations or by implicit
equations. They can be applied to linear as well as to non-linear constraints and lead to different
(but obviously equivalent) dynamical systems.

In order to make this paper self-contained, a straightforward approach to the Gauss principle
and to the Gibbs—Appell equations is illustrated. Our starting point will be the well under-
standable Newton dynamical equations for a system of massive points.

The tutorial character of this paper does not exclude the presence of some novelties.

Many articles and books have been consulted in writing this paper. To cite all them would
make the list of references quite long. On the other hand, such a long list would not fit with
the purposes of this paper. Anyway, I must mention the excellent recent books [2, 4], from
which I have got many useful hints. They are very well readable and advisable to non-experts
which would like to go into this matter in more depth, and to know its present developments
and applications.

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue “Integrable Systems and Related Topics”.
The full collection is available at http://www.emis.de/journals/SIGMA /kuznetsov.html
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2 Introduction

Let us consider a mechanical system with a well defined configuration manifold @,,. The di-
mension n of @ is the number of degrees of freedom of the system. Let us denote by ¢ = (¢°)
any (Lagrangian) coordinate system on @ and by (q,q) = (¢*,¢") the associated coordinates on
the tangent bundle T'Q. This tangent bundle is the space of the kinematical states.

A kinematical constraint is given by a subset C C T'Q). A special case is that of regular
constraint:

Definition 2.1. A kinematical constraint C' C T'Q) is said to be regular if

e ( is a submanifold of dimension n + m, m < n;
o for all ¢ € Q, F;, = C NT,Q is a submanifold of dimension m;

e the restriction to C of the tangent fibration 7¢g: TQ — Q is a surjective submersion’.

The constraint is linear if each Fj is a subspace (see Fig. 1).

Space of kinematical states T'Q)
(¢,4)

Constraint €

q

Configuration manifold ¢

Figure 1. A regular constraint is a fibration onto Q.

A regular constraint can be represented in two ways:

e Parametric representation: it is described by m equations,

' =¢'(q,2), (2.1)

where z = (2%), a = 1,...,m < nare called parameters. Note that (g, z) can be interpreted
as local coordinates on C'.
2

)

e Implicit representation: it is described by r = n — m independent equations

C%4q,q) =0, a=1,...,r (2.2)

'Tf this notion is not understood by the reader, he can look at the equivalent conditions (2.3) and (2.4) below.
The definition of regularity is taken from [10] and [6]. In [6] an extension of this definition is given: it requires the
existence of a submanifold @1 C @ such that C is a submanifold of T'Q; and the restriction to C of the tangent
fibration is a submersion. For our purposes we do not need to consider this more general case.

2This means that the differentials dC® are linearly independent at each point of C.
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In these two representations, the regularity of the constraint is represented by conditions
rank [! ] xm = m, rank [C'],xr =7, (2.3)
respectively, where

L oYt . 0C?
o 2T a - . 2.4
woz azaﬂ CZ aql ( )

Note that the regularity conditions may be not fulfilled at certain states, that we call sin-
gular states. They always occurs, for instance, for non-linear homogeneous constraints (see
Remark 7.5).

In the following, with the exception of special remarks, the constraints are assumed to be non-
linear. However, in the case of linear constraints, we shall assume — without loss of generality —
that the functions 9?(q, z) are linear in the parameters, so that ¥ = v’ (q) 2%, or that the
functions C%(q, ¢) are linear in the ¢, so that C* = C%(q) ¢'.

The leading idea of the first method is to consider the parametric equations (2.1) of the

constraint as a first set of dynamical equations, to be completed by a second set of equations of
the kind 2% = Z%(q, 2):

qi = W(Qa Z)7
32— 79(q, ). (2.5)

This is a first-order system of ODE’s. Once the initial conditions (qo, 20) are fixed, they give
a unique actual motion of the mechanical system. By actual motion we mean a physical
motion obeying to the constraints.

The explicit expressions of the functions Z“(q, z) depend of course on the given functions
¥¥(q,z). But they depend also on the dynamical principles we assume.

The Newton dynamical equation for a material point will be the only physical principle on
which we shall base our approach. Furthermore, we shall assume that the constraints are ideal
or perfect, according to a suitable mathematical definition: this means to accept a certain
constitutive condition on the constraint as a postulate. In this way, the Gauss ‘principle’ will
follow as a ‘theorem’ from the Newton equations of a system of particles.

The second method presented here is based on the implicit representation of the con-
straints. It is a revisitation, with improvements and simplifications, of the well-known Lagrange-
multipliers method. In this context we get the explicit expression of the reactive forces. This
is useful, in the concrete applications, for measuring the stress that the constraints have to
support.

These two methods lead to different first-order dynamical equations i.e., to different vector
fields:

e The first method (parametric representation) produces a vector field Z on the constraint
manifold C'. The integral curves of Z give all actual motions — see Fig. 2.

e The second method (implicit representation) produces a vector field D on the whole T'Q)
but tangent to C'. Only its restriction to C' has in fact a physical meaning i.e., only its
integral curves which start from a point of C' (and which will lie on C') represent actual
motions — see Fig. 3. As a byproduct, this method gives the explicit expressions of the
reactive forces, which can be estimated along any actual motion.
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TQ: (¢.4) " TQ:(q,4)

Q:(q) Q: ()

Figure 2. Parametric representation of C' — The Figure 3. Implicit representation of C' — The
vector field Z. vector field D.

3 Ideal constraints

At a microscopical level, a mechanical system is made of a collection of material points (P,,m,),
v =1,...,N. The position vector r, of each point P, in the Euclidean three-space is a func-
tion r,(q) of the chosen Lagrangian coordinates. A motion of the system is then represented
by a time-parametrized curve ¢° = ¢'(t) on @, and at each configuration ¢ € @Q all possible
velocities of the points are given by

qi’ (Ul) cR. (3.1)

VvV, = aiql
A kinematical state of the system is the collection of all pairs position-velocity (r,,v,) of the
points. The collection of all possible states is then the tangent bundle T'QQ of ). At any fixed
state the accelerations a, are given by

_ ry, o Or, dd
 0qt0q q oqt dt’

ay

(3.2)

Let us consider the parametric representation (2.1) of the constraint. Then the velocity and the
acceleration of each point, compatible with the kinematical constraint, are

vu(q, 2) glq‘l: i’
or, . . Or, [OY' . OY .
2 — Goyd J a
a(¢,2,%) 0qtoq vy oq’ (8q1 ¥ 920 >

Let us write these equations in the more compact form, according to the above-given notation:

v, (q,z) = Oiry, wi,
a,(q, 2, 2) = Oijry, Wbl + O, (WET + 0 2%). (3.3)

As we shall see, the additional parameters Z play a crucial role. Note that, at any fixed
configuration ¢ € @, the parameters z determine all kinematical states (g,v) compatible with
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the constraints. Intuitively, the parameters Z determine a small displacement from a state (g, §)
to another close state (¢, ¢’) (with the same configuration ¢). For a precise definition, let us
decompose the acceleration (3.3) into the sum

a, = ag, + aqy, 2%, (3.4)
where

ag, = Oy, Y7 + O, i, Ay = Oir, Y. (3.5)
We observe that the vectors agy, depend only on the state of the system. We say that

Definition 3.1. The second vector in (3.4)
W, = ag, 29, (3.6)
represents the virtual displacements of the point P, at the given kinematical state.

Remark 3.1. Note that the parameters 2% span all possible virtual displacements at a given
state. The mechanical meaning of wvirtual displacement, which is strictly related to that of
ideal constraint (Definition 3.2) would require a detailed discussion. We can skip it simply by
accepting equation (3.6) as a mathematical definition, since it will be justified first, by the fact
that with such a definition the Gauss principle becomes a consequence of the Newton dynamical
equations (Theorem 4.1) and second, by the fact that the reactive forces of ideal constraints are
not dissipative (Remark 3.3).

It is customary to associate the intuitive idea of ‘virtual displacement’ with that of ‘virtual
velocity’, as a limit of a ‘small’ displacement between two configurations’ of the system. Instead,
within the present context, a ‘virtual displacement’ is a ‘small’ displacement between kinema-
tical states (configurations plus velocities), so it is associated with the intuitive idea of ‘virtual
acceleration’. This viewpoint is in fact coherent with the philosophy of the Gauss principle,
which deals with accelerations.

We assume for the dynamics of each point (P,, m,) the Newton equation
mya, = A, +R,, (3.7)

where A, is the active force (due to external fields and internal interactions) and R, is the
reactive force: it has the role of making the constraint fulfilled.

Remark 3.2. The idea of ‘reactive force’ arises from the Newtonian philosophy, according
which any action deviating a point from the uniform rectilinear motion (in an inertial reference
frame) is a ‘force’, mathematically represented by a vector. Thus, the presence of a kinematical
constraint must be represented by a vector, called ‘reactive force’, to be summed to the ‘active
force’, which in turns represents the action of fields present in the space and independent from
the constraints (gravitational, electromagnetical, centrifugal, Coriolis, etc.).

Definition 3.2. Non-holonomic constraints are said to be ideal or perfect if
> R,ow, =0 (3.8)
v

for all virtual displacements w,,.
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We consider equation (3.8) as a constitutive condition for the constraint: it says which kind
of reactive forces the constraint is able to supply in order to be satisfied along any motion. It is
straightforward to check that for linear constraints, or simply for holonomic constraints (which
do not involve velocities), equation (3.8) reduces to the classical virtual work principle. The
validity of such a constitutive condition is a matter of theoretical and experimental analysis of
the behavior of the mechanical system one is dealing with.

Theorem 3.1. Let
or,
R; = R, -—, 3.9
> 9

be the Lagrangian reactive forces. Then the definition (3.8) of ideal constraint is equivalent
to the following equations,

R; ¢}, =0, (3.10)
Ri =\ C%, (3.11)

in the parametric and in the implicit representation, respectively.

Equation (3.11) means that the components R; are linear combinations of the functions
Ci(g,9)-

Proof. Put equation (3.6) and (3.5) in equation (3.8),

0=> Ry-am =Y Ry,-0r, ¢, 2% = Ry} 2°

This proves equation (3.10). By differentiating the identity C*(q,%(q,2)) = 0, we get the
following relations between the two representations,

Coyl, =0,  9iC"+Ciel =0, (3.12)
where
. oce i ; .0
i = g V] = 0, 0; = ag (3.13)
Due to the first identity (3.12), equation (3.10) is then equivalent to (3.11) [ |

Remark 3.3. Equations (3.13); and (3.11) show that the ideal constraints do not dissipate ener-
gy: the power of the reactive forces is zero (we are dealing with time-independent constraints).
See [3].

Remark 3.4. By a well-known process, we pass from the microscopical level to the ‘macrosco-
pical’ one i.e., to the Lagrange equations

d (0K 0K
R 3.14
dt <aqz> og it (3.14)
where
[ .
K= 3 9ii d ¢, 9ij = ;mu diry - Ojry. (3.15)

At the right hand side of the Lagrange equations we find the sum of the active Lagrangian
forces

or,
A; = A, —, 1
; 8qz (3 6)

and the reactive Lagrangian forces (3.9).
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4 The Gauss principle

At the microscopical level we introduce the quantity
A N2
my, <al, - V> . (4.1)
14 my

The active forces A, are known functions of the state (q,¢). Thus, due to the parametric
equations of the constraints, G becomes a function of (gq,z). Moreover, even for active forces
depending on the velocities, A, does not depend on 2,

0A,
oz
Thus, due to equations (3.4) and (3.5), along any motion satisfying the constraints we have
A, Oa, A,
820‘ my <ay — mu) "3 ;my <ay — s cagy- (4.2)
Furthermore,

0*G Oa,
W:Z 0'8 aau—zmuaﬁu aaV—Zmuwad}ﬁaru arzz—gm¢a¢ﬁ

Then, if we introduce the functions

Gag = 9ij U U, (4.3)
we get
0*G

Since the matrix [¢}] has maximal rank, the symmetric matrix [Gog] is regular and positive-
definite as well as [g;;].

Theorem 4.1. Assume the Newton equations my,a, = A, + R, for each point P,. Then, at
any state of any actual motion the quantity G takes a minimal value (Gauss principle) if and
only if the constraints are ideal.

Proof. Write the Newton equations in the form

A,
my, <ay - ) =R,.
my

Then, due to equations (3.4), (3.5) and (3.9),

aza ZR ZR cag, = R, (4.5)

This shows that for ideal constraints, see equation (3.10), the Newton equations imply

oG

S A—) 4.6

9z (4.6)
at any state along any actual motion. Due to equation (4.4), being [Gqg] positive, at the statio-
nary states for which equation (4.6) holds, the function G has a strong minimum. (ii) Conversely,
assume that the Gauss principle holds true. Then equation (4.6) is satisfied, so that from (4.5)

we get R; 1!, = 0. This means that the constraint is ideal (Theorem 3.1). [
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Remark 4.1. The vector A, /m, is the acceleration of the point P, in a free motion, free

from the constraints. Let us denote it by al. Asa consequence, the function G can be also

defined as
1
G = 3 zy:ml,(a,, — afj)Z, (4.7)

and Theorem 4.1 can be reformulated as follows:

Theorem 4.2. Let r,(t) and r{:(t) be two motions of the system P, such that for t = ty the
corresponding states coincide i.e.,

r,(to) =t (to),  vu(to) = v(to).
Assume that r,’j(t) is a free motion. Then, at this state, and for any motion compatible with
ideal constraints, the actual accelerations a,(ty), are such that G takes a minimal value.

Remark 4.2. For any arbitrary motion,

BI‘V .7 81‘1/ Yy 81‘11
= — a,, = " . J T
8(]2 q ) 14 6qzaq‘7 q q + 8(]2

Then, at any fixed state compatible with the constraints we have

q .

Vy

Due to the definition (3.15) of g;;, from (4.7) we get the so-called Lipschitz expression of the
function G:

G =595 (@ = 4@ — df)- (4.8)

Note that in this expression the Christoffel symbols are not involved.

5 The Gibbs—Appell equations

Let us go back to the definition (4.1) of the function G. If we introduce the functions

Si;;myag, S:;ZTiA sgﬁ;Ay-ay, (5.1)
then we have the decomposition
G=5+51— 5.
The function S is called the energy of the accelerations. We observe that
251 _
0z«
and that, due to the second equation (3.3) and the definition (3.16) of active Lagrangian force,
0% - S A v, = Aty
Thus,
oG 08 ;
D0 = Paa Ai Y.

Due to the Gauss principle (Theorem 4.1), this proves
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Theorem 5.1. The Gauss principle is equivalent to equations

25 _
gz T

where the function
S(q,2,2) Zmy (5.3)

is determined by the expression (3.3) of the accelerations, and
Ay = At (5.4)

Remark 5.1. Equations (5.2) are the celebrated Gibbs—Appell equations. The equivalence
between these equations and the Gauss principle is highlighted within the framework of the
parametric representation (2.1) of the constraints.

Remark 5.2. The quantities A, can be computed by writing the the virtual power of the
active forces:

W= A,w, =Y Ay-0iry )}, 2% = A0, 2% = A, 3. (5.5)

6 The explicit form of the Gibbs—Appell equations

Both sides of the Gibbs—Appell equations (5.2) are functions of (g, z, ). Let us solve them w.r.to
the variables 2¢. To this end, it is crucial to observe that by using the second equations (3.3)
we get for the function S (5.3) the expression

1 .
5 Gij W 1% Zazﬁ Z my 81]1‘1, Oty ' W Za + So,

where Sy is a function dependent on (g, z) only. Then, this function is not involved by the
Gibbs—Appell equations and S can be replaced by

1 i a 1,17 el
S =5 0 Vauh kD Ot Oy UG £ (6.1)

Now we show that this new function S, assumes a very interesting expression. Let us introduce
the functions

fzgk E muauru OkTy.

Since

Sijk = Zmu (Ojry, « Opry) — Zmu (0jry - Orry) = 0igjk — Sikys

by a cyclic permutation of the indices we get
Eijk + Eikj = OiGjk, ki + &jik = OjGkis Ekij + Ekji = OkGij-
By summing the first two equations and subtracting the third one, since ;5 is symmetric in

the first two indices, we get ;i = [';;x, where

1
= (0igjk + 0j9ki — OrYij)

Liji = 3
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are the Christoffel symbols of the metric tensor g;; (the coefficients of the Levi-Civita connec-
tion). As a consequence, if we recall the definition (4.3) of Gag, the function S, (6.1) can be
written as

S, = %Gaﬂ 2258 4 Ty pipTopk 22,
and the Gibbs—Appell equations (5.2) assume the form

Gag 2° + Dijr Vil = A, (6.2)
Then we can prove
Theorem 6.1. The Gibbs—Appell equations (5.2) are equivalent to equations

2% = GYP(Ag — Ty ¥'I0), (6.3)
where [G*P] the inverse matriz of [Gag).

Proof. Indeed, as we remarked in Section 4, the matrix [Gg] is regular. If we apply the inverse
matrix [G*P] to equations (6.2), then we get equations (6.3). |

Equations (6.3) are the explicit form (or normal form) of the Gibbs-Appell equations (5.2).

7 The dynamical equations of the first kind

By setting

="
dt’

3 =

equations (6.3) together with the constraint equations (2.1) build up a first-order differential
system, in normal form, in the unknown functions ¢'(t) and z(t):

dg’

o = V' (22),
dzo o
= G (A~ Ty ' 0I). (7.1)

Hence, we can summarize the results so far obtained in the following

Theorem 7.1. Let Q be the configuration n-manifold of a mechanical system, with local La-
grangian coordinates ¢ = (q'). Let TQ be the tangent bundle of Q with canonical coordinates
(q,4) = (¢*,¢"). Let C C TQ be a submanifold representing kinematical time-independent con-
straints. Assume that the constraint submanifold C is locally described by parametric equations
¢* = ¥'(q, z) with m < n parameters z = (z%), such that the n X m matriz

vl = [54]

has mazximal rank m. If the constraints are ideal, then the actual motions are represented
by functions q° = q'(t) satisfying the differential system (7.1)3, where Ty are the Christoffel
symbols of the metric tensor g;; associated with the kinetic energy K = %gij i’ and Ay = A; YL,
where A; are the Lagrangian active forces.

3 Any solution of the differential system (7.1) is of course a set of functions ¢’(t) and 2°(t). But, after the
integration, we can get rid of the functions z“(t).
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Remark 7.1. The dynamical system (7.1) is the first-order system associated with the vector
field Z on the constraint submanifold C, whose components (Z°,Z%) w.r.to the coordinates
(q,z) are given by

7' =g, 2),

Z% =GP (Ag — Tiju w7 0p). (7.2)
The Z< are the ‘vertical components’ of Z w.r.to the projection onto (). The actual motions are
the projections onto @) of the integral curves of Z.

Remark 7.2. This theorem provides a first ‘recipe’ for writing the dynamical equations for
non-holonomic systems with linear or non-linear ideal constraints:

1. Choose Lagrangian coordinates (¢*), write the kinetic energy of the system K = % gij 4'd’,
and extract the n x n matrix [g;;].

2. Choose parametric equations ¢ = 9%(q, z) of the constraints, compute the m x n ma-
trix [¢? ], and check its rank. If the constraints are initially expressed by implicit equations,
then use (for instance) the method illustrated in Remark 7.3 below for finding parametric
equations.

3. Compute the m x m matrix [G,g] = [gijl/;g¢%], and the inverse matrix [G*’] = [G o]~ 1.4

4. Write the Lagrange equations of the free motions (i.e., with only active forces A;) in the

form

9ij @ = Li(q,q) (7.3)
(note that the formal expression of L; is L; = A;(¢,d) — Thri ¢ ¢%) and compute

Zi(q:2) = Li(g,¥) = Ai(g,¥) — Thralq) ¥ 9" (7.4)

5. Compute Z, = Z;)!, and Z% = GoB Z3.
6. Write the dynamical system

dqi i

=Y (g, 2),

dz“

— =7 . .
= = 7%(¢,2) (75)

Remark 7.3. When the constraint submanifold C C T'Q) is described by a system of implicit
independent equations of the kind

C%q,q) =0, a=1,...,r, r=mn-—m, (7.6)

then we have to transform these equations into parametric equations. The choice of the pa-
rameters z is completely free and it is only a matter of convenience, depending on the explicit
concrete form of the dynamical equations (7.5) we get. Anyway, since the matrix [%] does not
have the maximal rank, equations (7.6) can be solved w.r.to m of the n Lagrangian velocities ¢,
say — up to a reordering — w.r.to ¢, a = 1,...,m. This process leads to considering as param-
eters these Lagrangian velocities: z® = ¢“. It works very well for linear or affine constraints,

where equations (7.6) have the form

C(q) 4" — bi(q) = 0.

Another possible choice of the parameters, for the linear constraints only, is that related to the
use of quasi-velocities or quasi-coordinates — see for instance [9].

“Note that according to this recipe we do not have to compute the inverse n x n-matrix of [gi;], but only the
inverse of [Gag), whose dimension is m < n.
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Remark 7.4. For the analysis of the qualitative (or quantitative) behavior of a non-holonomic
mechanical system (like stability, equilibrium states, small oscillations, numerical integration,
etc.) we can apply to Z all the known theorems about dynamical systems. For instance, a first
integral is a function F'(q, z) such that

OF OF
¢ — 4+ Z¢ — =0. 7.7
V02 G+ 2% ) o (7.7
Remark 7.5. The singular points of the dynamical system (7.1) are the solutions (g, z) of the
simultaneous equations

V' (q,2) =0,
Z%(q,2) = Z;i ¢}, = 0. (7.8)

In the case of a homogeneous quadratic constraint, ¥(q, z) = %¢;ﬂ(q) 222" equations (7.8)
become

Vas(a) 22" =0,
Zihg 2 = (7.9)

being 1!, = gﬁ(q) 28, This shows that, whatever ¢ and Z;, singular points are given by z® = 0.
But for 2% = 0 the matrix [1/!] does not have the maximal rank, since all its elements vanish.
Hence, at these singular points the constraint C' is not regular.

Remark 7.6. The geometrical picture of the above results gives an intrinsic meaning of the
objects we have introduced. Any vector v € T'C' can be represented by a sum

v = 0" 8; + vV g,

where 9; = 3/0q" and 9, = 0/92“ are interpreted as pointwise independent vector fields on T'C:
at each point x of C they span the tangent space T,,C. The vectors 9, are ‘vertical’ i.e., they are
tangent to the fibers Fj, of C. Hence, we call v® the vertical components of v, while we call V!
the basic components. For instance, the basic components of Z are Z° = (g, z) and the
vertical components are Z%. The functions 1, have the role of transforming Latin components,
labeled by Latin indices h,i,j, k, ..., into Greek components, labeled by Greek indices a, (3, . . ..
For instance, when it is applied to a one-form (covariant vector) Z; dq’, we get a vertical one
form Z, dz®, and when it is applied to the covariant metric tensor g;;, we get a metric tensor G,
on the fibers of C, so that, by raising the indices of Z, by the contravariant metric G*%, we get
a vertical vector field Z% 0.

Note 7.1. I did not find equations (7.1) in the recent and old articles I have consulted. In fact,
it is rather surprising that the simple idea of considering the parametric representation of the
constraints as a part of the dynamical equations does not appear in the major textbooks and
treatises on non-holonomic mechanics. Only recently this idea appeared in a paper of Massa and
Pagani [8]. Their general approach, which is based on the jet-bundle theory and deals with time-
dependent constraints, leads to the introduction of the vector field Z. The elementary approach
presented here is of course quite different and leads, for instance, to different expressions of the
vertical part of Z. Our equations (7.1) should be compared with equations (3.5b) and (3.15)
of [8]. The difference is that the second equation (7.1) is written in terms of the Euclidean
vectors F,, v,,, while equation (3.15) of [8] Z is written in terms of the Lagrange equations, but
still in an implicit form.
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Remark 7.7. For linear constraints, the approach presented here is more general than that
of Caplygin — see [9], Ch. III, § 3, where the coordinates ¢' are divided into two groups, say
(g%, q%), with a=1,...,mand « = m+1,...,n. The constraint equations are assumed to be
of the form

§* = i,
a

where the coefficients b5 and the Lagrangian L are assumed to be independent from the coor-
dinates (¢).°

8 The dynamical equations of the second kind

About the method for writing the dynamical equations of a non-holonomic mechanical system
so far illustrated two remarks are in order:

e It lies on a parametric representation of the constraint C' (however, the vector field Z does
not depend on the chosen parametrization).

e [t does not give any information about the reactive forces.

Here, we propose an alternative method for writing the dynamical equations which is based
on any implicit representation of C' by a system of independent equations

C%(q,q) =0,

and which provides a way for evaluating the reactive forces.
The Lagrange equations (3.14) — see Remark 3.4 — are equivalent to the dynamical system

dgt .
— — 4,
X = j;i (8.1)
a — T d" " + A"+ RS,
on the tangent bundle T'Q) of the configuration manifold Q. Here, A" = g A; and R} = g A\, cy
are the contravariant components of the Lagrangian active and reactive forces, respectively.
The label A points out that the reactive Lagrangian forces depend on the a priori unknown
Lagrangian multipliers A = (\,), according to Theorem 3.1 and equation (3.11).
For a better understanding of what we are going to do, it is useful to consider the following

Definition 8.1. We say that a vector V on T'Q) is vertical if it is tangent, at each point where
it is defined, to the corresponding fiber of T'Q). This is equivalent to say that it has the form

(8.2)

As a consequence, the vertical part of the vector X is given by

(44 7T L

5In the history of the non-holonomic systems we can find the famous equations of Maggi, Volterra, Voronec
and Caplygin, dealing with linear constraints. The comparison of these equations with our approach is left to the
reader, who can find a detailed discussion in in [9], Ch. 3. A neat illustration of the non-holonomic dynamical
equations, with the essential classical and recent bibliography, can be found in the book [2].
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where the active and reactive forces are represented by the vertical vectors

0

o’

Hence, the vector X is decomposed into the sum
Xy =Xg+ A+ Ry, (8.3)

where X represents the geodesic flow,

diqi =g

X =4 4 (8.4)
di: i shosk
i hed 4 -

We can consider Xy = Xg+A+R,) as a family of vector fields, depending on the Lagrangian
multipliers. However, it is a remarkable fact that we can obtain an explicit form of them, as
functions of the kinematical states (g, ¢) only.

Theorem 8.1. Let [G™] be the symmetric matriz defined by
G = g Cecl. (8.5)

Let [Ggp] = [G®]7L be its inverse, and C* = g Cj. If the constraints are ideal, then the
Lagrangian multipliers and the Lagrangian reactive forces are well determined functions of (q,q):

Na(g, ) = Gap (CY (T d" ¢ = A7) = OC") (8.6)
Ri(q. ) = Gy O (CY (T}, 4" ¢ = A7) = ¢ 9,C") . (8.7)
Proof. First of all, we observe that the matrix [G%] is regular, since the vector fields C® are
independent. Hence, the inverse matrix [G ) is well defined. In order to satisfy the constraints,

the vector field X must be tangent to the constraint submanifold C'. This condition is expressed
by equations

(X, dC =0, (8.8)
to be satisfied at least on C'. In components, these equations read

§' 0;C" + (A" =T} ¢" " + R)) Cf =0,
i.e.,

R'C} = Cf (T ¢" ¢ — A") = ¢ 9,0°.
Note that the right hand side

A%(q,q) = CF (Thy 4" 4" = AT) = 4" :C* (8.9)

is a known function of (g, ¢). Then equation Rin‘ = A assumes the form X\, C}' CJZ-’ g7 =A% ie.,
Ay G = A, By applying the inverse matrix [G 3] we get equation (8.6) and equation (8.7). M

The explicit form (8.7) of the reactive forces allows us to state
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Theorem 8.2. The actual motions of a mechanical system with reqular and ideal non-holonomic
constraints represented by a submanifold C C T'Q are the integral curves based on C' of the vector
field

D =X¢ + A +R, (8.10)

where the components R® of the vertical vector R are defined by (8.7). If we introduce the symbols

ﬂ_ij - Gabcai ij’ Cai - gij C_?? C; = Guw Cbi, (8.11)

then the explicit expressions of the first-order differential system associated with D and of the
reactive forces are

dqi ¥
- = 4q,
D= ji (8.12)
d% = (9" —7Y) (4 = Doy ¢" ¢*) — ¢ 9;0° €,
and
R’ = 7 (T " 4 — Aj) — ¢ 9;C° C, (8.13)
respectively.

Remark 8.1. This last theorem provides a second ‘recipe’ for writing the dynamical equations
for non-holonomic systems with linear or non-linear ideal constraints:

1. Choose Lagrangian coordinates (¢*), write the kinetic energy of the system K = % 9ij qtq?,
extract the n x n matrix [g;;], and compute the inverse matrix [¢¥/].

2. Take the constraint equations C%(q,q) = 0 and compute, in the order, the following ma-
trices:

[C4] = [aa(qu ] (seek the singular states),
Cc = (g7 Cf),

G =[G = [gV Cf CY) = [C™ ),

Gab] - [Gab]—l’

gl] _ 7_‘_'1‘]]’

o . [0Ca
o:C] = [W’]’
[0,C° C;

3. Write the Lagrange equations for the free motions in the form
9ij @ = A — Thri 4" ¢",
and keep in evidence the functions

Li(g,4) = A — Ty ¢ ¢~
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4. Compute the vector
D'= (g7 —m) Lj — ¢ 9;C° C.

5. Write the differential system (8.12),

@_ql
D= ;l?i

q .

— =D,

dt

6. Tts solutions ¢(t), ¢*(t), with initial conditions belonging to C, describe the actual motions
of the system.

7. Evaluate the reactive forces along any actual motion by means of equation (8.13),
R'= —aYL; — ¢ 0;,C"C.. (8.14)

Remark 8.2. The case of single constraint equation C(q,§) = 0. In this case the above-
given recipe can be applied by setting a = b = 1. Items 1 and 2 of the general recipe still hold.
However, since some of the above matrices reduces to scalar functions or to vectors, the index 1
can be omitted or replaced by x:

. |[oC
[Ci] = [8(11} )
[C] =97 Gy,
G = [g” Cl CJ] =" Ci7
ci=Gtc,
[7] = [C"Cll = GO ],
g7 — 7],

oC

0;,C = o
;0 1),

Then, follows items 3—7 of the general recipe.

9 Illustrative examples

As shown above, for writing the dynamical equations of a non-holonomic system we can apply
two methods: the first method is established by Theorem 7.1 and the corresponding recipe is il-
lustrated in Remark 7.2; the second method is established by Theorem 8.2 and the corresponding
recipe is illustrated in Remark 8.1.

Let us see how these two methods work by concrete examples. We begin with two paradig-
matic and simple examples of linear non-holonomic constraints, the ‘skate’ and the ‘wvertical
rolling disc’. Then, we shall consider two more demanding examples: ‘two co-azxial rolling discs’
and ‘two points with parallel velocities’. This last one is a genuine non-linear non-holonomic
system.

In illustrating examples of application of a theory it is not customary, in general, to provide
detailed calculations — which usually are left to the reader. Here, however, it is worthwhile to
disregard such a custom in order to compare the effectiveness of the two methods (mainly the
length of the calculations) applied to a same mechanical system.
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9.1 The skate

This mechanical system is made of a homogeneous rod (material segment) sliding without friction
on a plane®. The configurations of the skate are determined by the Cartesian coordinates (z,y)
of the center of mass (i.e., of the segment) G and by the angle 6 of the rod w.r.to the a-
axis. The configuration manifold ) is R x S; and natural ordered Lagrangian coordinates are
(', 4% ¢%) = (x,y,0). The velocity vg = [#,9] of the mass-center is constrained to be parallel
to the rod. This constraint is then represented by a single equation:

sinf — ycosfh = 0. (9.1)

The kinetic energy is given by K = 1 m (i% + %) + 2 1 0, where m and I are the mass and the
moment of inertia w.r.to G (i.e., w.r.to the line orthogonal to the plane through G, respectively.

(i) First method. Since dim(7T'Q) = 6 and dim(C) = 3, we need two parameters (2!, 2?) for
describing C. We can consider the parametric equations

i =z cosb, y = 2! siné, 0 = 2.

Then, we compute the necessary matrices and vectors:

m 0 0
[.gl]]_ 0 m 0,
0 0 I
W)= eost, aima, A, = | 00 0

This matrix has maximal rank everywhere: the constraint is regular.

1

ci-[3 ) wi-[4 3]
Since,

the Lagrange equations for the free motions g;; G = Ai — Tpii " ¢° read
mi = A, mij = Ao, 16 = As.
HGHCG, Lz = Al(qa Q)v ZZ = AZ(Q?lb) and

i 5 Aj cosf + Az sinf
[Za] = Wja Zz] = ! A ?
3

The dynamical equations are

dz 1

— =z cosf 1

dt ’ dz 1 .
—=— (A 0+ A 0

@:leme o m( 1 cosf + Ay siné),

dt ’ dz? As

o dar T

ar -~ C

5Quite similar classical examples are that of two material points linked by a massless rigid segment [5], p- 23
and 63, and the Caplygin sleigh [9], Ch. 111, § 3, Examples 2 & 5, and Ch. V, § 4. Another example of this kind
is examined in [4], § 4.1 & § 4.2.
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(ii) Second method, for a single constraint equation — Remark 8.2: C'= @sinf — g cosf = 0.

Wﬂ{g r
0

[Cy] = [gch} = [sinf, —cosf, 0],

o3k o
~N= O O

[CZ] - [gz‘j Cj] _ |:Sln9 - cos @ 7 O:| 7

m
G=C'Ci=—,
A m
[C] = G LCY = [sinf, —cosf, 0] = [Cy],
- o 1 sin? 0 —sinf cosf 0
[79] = G7LC'C] = = | —sinf cosf cos? 0 01,
m 0 0 0
- - 1 cos? 6 sinf cosf 0
[ — 7] = — | sinf cosf sin? 0 01,
0 0 m
[0;C] = {g;] =10,0, & cosf+y sinf],

[¢7 9;C C!] = 6 (i cos® + ¢ sinf) [CY).

Since

[81{

. R oK
8ql:|_[mx’my"[0]’ |:

9 Z:| [ 9 9 ]7
the Lagrange equations read

m:'é:Al, my:AQ, Ié:Ag.

Hence, L; = A;. We have all the ingredients for computing the vector D' = (¢ — 7/) L; —
¢ 0;C Ct:

D' = cos (Ay cos@ + Ay sinf) — 0 (& cosf + 4 sinb) sin,
5 sind : » .

D* = - (Ay cos@ + Ay sinf) + 0 (& cosf + ¢ sinf) cosb,

D3:%A3,

and the differential system (8.12) reads

dx ) dt  cost

o= %= (A; cosf + Ag sinf) — 0 (& cosf + ¢ sinf) sinb,
dy . dy _ sinf . » o
= = . (A1 cosf + Ag sinf) + 6 (& cosf +  sinf) cosb,
ae . ]

=0, ﬁ:IilAg.

dt dt
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9.2 The vertical rolling disc

A material disc of radius R running on a plane is kept perpendicular to it by massless and
frictionless devices. The configuration manifold is Q4 = R? x S; x S;, with coordinates
(', ¢%, ¢ ¢*) = (x,9,0,%), where (z,y) are Cartesian coordinates of the center P of the disc
(i.e., of the point C' in contact with the plane), 6 a rotation angle of the disk around its axis,
and v an angle giving the orientation of the axis (see Figure 4, with § = ;). Constraint: the
disc rolls on the plane without sliding. Let (i,j, k) be the unitary vectors associated with the
(x,y, z)-axes. The unitary vector k is associated with the oriented angle ¢. Let u be the unitary
vector associated with the oriented angle 8. Then, u = cosvy j — sinvy i. The angular velocity
w is given by w = fu + ¥ k. The velocity ve of the point C' is given by ve = vp + w x PC,
where PC' = — Rk. Hence,

ve=di+9j—(@u+¢k)x Rk=di+7j— R0uxk.
Since u x k =cosyj x k —sinyi x k, we get
ve=di+9j— RO (costhjxk—singpixk)=ii+gj— RO (costpi+sinej)
= (& — RO cos)i+ (§— RO siny)j.
The kinematical constraint vo = 0 is then represented by the following two linear equations
Cl'=4—Rcosyf =0,
C? =y — Rsinyd = 0. (9.2)

(i) First method. Assume that the center of mass of the disc coincides with its geometrical
center. Then the kinetic energy is given by

K = §m(#® +§°) + 3 (467 + BY?), (9.3)

where m is the mass, A and B are the moments of inertia w.r.to the axis of rotation and
a diameter, respectively. Thus,

m 0 0 0
o moo
gl =10 0 A o
0 0 0 B

From the constraint equations (9.2) we get the parametric equations

i = R cos 2", ézzl, (9.4)
y = R sin 2t @Z}:z2. .

Thus,

["] = [R cosy 2zt , Rsing 2, 2!, 27,

i1_ | Rcosyp Rsiny 1 0 _ ) .
[a] = 0 0 01 (v =1, 2, index of line).

This matrix has maximal rank, thus the constraint is regular. It follows that

Gap = g = mpLh + my2yf + AvSv] + Byivs,
G11 = mipipl + my?y? + Aydyd + Byt = mR? cos® ¢ + mR?sin? ) + A = mR*+ A,
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Giz = m iy +mivs + Agivs + Byivs =0,
Gz = m gy +my3y3 + AYSY3 + By = B,
mR?>4+A 0
1
—s— 0
[Gaﬁ] _ | mR?+ A )
" B
Since,
oK . . oK
I == y ) A 6 B - =
[841] [md, my, A0, By, [8q1} [0,0,0, 0],
the Lagrange equations for the free motions g;; G = A; — Tpii " G read
mi=A1, mi=A,,  Ab6=A;, By = A4
This shows that L; = A;. Hence, Z; = A;(q,v), and
= Aj R costy+ As Rsiny + A
AR e G
4
A1 R costp + A R sin) + As
o o mR? 4+ A
[2°] = [G* Z5) =
Ay
B
Thus, the dynamical equations are
d
d—f = R cost) 2",
dy . 1 dz' 2 -1 :
a:Rsmwz , g = (mR*+ A)"" (A1 R cosy + Az R sine) + A3),
9.5
dfg _ Zl d22 _ B—l A ( )
dt ’ dr 4
dip - 5
at

(ii) Second method. Recall the constraint equations (9.2). Then,

o= |5 | -

a4t

1 0 —Rcosy 0
0 1 —Rsing 0]’

% 0 —%cosw 0

0 — B singp o]’
%+R72COS2¢ %sinwcoszp
RTQsinz/Jcosz/J %+Ifsin2¢]

2
G = det[G*] = i? T

R a-1_ m2A
mA’ mR2 + A’
%2 sin? ¢ — R72 sin ¢ cos }

sin v cos Y % + %2 cos?

+

=%
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1 R . 2 3
(CF] = [Guy C¥] = G 7(72 I sin? ¢)) B s;nwcos¢ s ! |
S sintpcosy (m + I cos?y) xC3 0
where
1 R? R
3_ (4 - 2 _ _iv v
*Cy = (m + 1 sin 1/1) ( Cosw> ( smzpcosw) ( 1 smzb)
R R® R3 R
= cos 1 — 12 sin“ ¢ costr — sin®¢costh = — p— cos v,

2

*CS = <—i2 sin@bcosw) <—i coszﬂ) + (; + % cos? w> (—j sinzﬁ)
2

= <—R2 s1n¢cos1/1) (—R cos¢> <r}1 +i cos? ¢> <—Z sim/)>

:—MSHH,/).
Hence,
L(i.{.%zsjn%ﬁ) ——251n1/)cosw —m—COS¢ 0
cil=ct] "
a
—R—Zsinwcosw %(%—f—%zcos%b) ——smw 0

Let us compute 7% = C% CJ = 7. Let us set 7 = G 7. Then,

ar G+ B sin?y) - — g singeosy a0

2 . 2
(] = gL — g singeosy oy (o + A cos?y) w0
7r =

>|<7T31 *7l'32 *7733 0

wrdl *rd2 0 0

where

serld = % <; + }j sin? ¢> <—Z cosqb) + <_n}i24 sinlbcosw) <—i sinz/;)

1/1 R R R R
= < +Z sin w> <_A cosw> + - sin” 1 cosy = oy cos 1,

2 2
w2 = <_n]jA sinwcoszp) (—i coszb) + % <; + % cos? zp> <—i sin1/z>

R
= —m Slnl/).

It follows that

- 2 . 2 7
ﬁ(%—f—%sm%b) —%smwcosw —m—ilcosw 0
2 . 1 1 2 .
] B snveosy A (B costy) sy 0
[TFJ]_G ) ’
— g COSY — g Sy 0
I 0 0 0 0 ]




22 S. Benenti

- 2 . 2 . T
%—#(%%—%sm%ﬁ) %smwcosw %cosw 0
R2 G 1 (1, R? 2 R
(gl — 7] = G meg sinpeosy - o (G G cos™y)  pag sing 0
. 2
—méf 4 cos —mfj 5 sin % — —ng 0
i 0 0 0 ¢
— 2 . 2 . T
G- b+ Bty Emvess sy o
2 2 .
m2A 7711%2,4 sin 1) cos 1 %—#(%—F%COSQW m];‘A siny 0
C mR24+ A ) )
m};A COS,LZ} m};A Sln’(vb % - 7§A2 0
i 0 0 0 & |
[ R? cos?) R? sinycostp R cost) 0 |
. R?sintycosyy  R%Zsin?ty R sing 0
= 2
mRS + A R cos R sinvy 1 0
o : o mea

Recall once more equations (9.2). Then,

0 00 Rsinyd

o= |5 |
9 110 0 0 —Rcosvb

] ) [qz aica] =

Rsinwéi/}
— R cost 0 .
Let us set X¢ = ¢ 0,C° C:. Then,
1 ) .. (1 (1 R* . R? .
GX = (Rsinyb0y)| —|—+ —sin“¢ | | + (=R cosp0) [ ——— sintp cos v
m\m A mA
. . 3 . . . . 2
_ B b+ I s = B sngdy (14 ™
m? mA m?

A

m2A
GX*=(R sinwél/}) <_n]j124 SiIll/JCOST/J) +(—R C()Sfl/)éf(/‘)) <; <;L + ]jf cos21/;>>
=B ot~ 2 cospi = PO oy,
GX3=(R simbé@ <—Tﬁ4 cos1/1> +(—R coswéd}) (_rril sin¢) =0,
GX* = (R siny 01))(0) + (=R costp )(0) = 0.

. _ 2
Since G~! = #Q_AFA, we get

4 y 4 L [RmR?*+A4) . .. R(mR?>+A) -
1 [2] Q. ] 1 _
(X' =[¢’0,C*C;] =G [mQA siny 0, Y] cosypf, 0,0

:R9¢[Sinw, —cosv, 0, 0].
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Now we are able to compute the components D = (g — 77) L; — ¢7 9;C* C? of the vector D:

1 .
1 2 2 2 .
D :m(AIR cos“p+ Ao R smwcosw—i—Achosw)—Rﬁw sin 1)
R cosy . ST
=R A (A1 R cos® + Ag R sint) + Az) — RO 1) sin ),
1 ..
2 2 2 i 2 .
D :m(AlR sin ) cos ) + As R® sin ¢+A3Rsm1/})+R9¢ cos Y
R sin) ) ..
= 1A (A1 R cosy + Ag R sint) + Ag) + RO cos,
1
3 .
D = m (AlR COS'(#“FAQR Slnw—i—A;;)
1 .
== m (Al R COS’Qb + AQR Sln?!] +A3),
Ay
D' =",
B
The resulting dynamical system (8.12) is
d dt R cost . _—
dif:gb’ E—m(Achosqb—i—AgRsmw—l—Ag)—R9¢ sin 1,
dy dy  Rsiny AR . .
29y — = + A2 R + A3)+ RO )
= =1 it mR2+A( 1 R cosv 2 R sin® 3) P cosp 0
dg . do 1 '
7 , o mR2+A(A1Rcoszp—i—AgRsmz/J—i-Ag),
dt it B’
By introducing the new variables
R*+ A R*+ A
x-mErA, A 9 R+ A),
R R
it assumes the more compact form
CiTX:X Cii—t:COS¢(A1RCOS¢+A2RSin1/)—|—A3)—@¢ sin 1),
t )
vy . ay L
E:Y’ %:sinw(Achosw—i—AgRsinzp—i—Ag)—i—@w cos,
o . 56 (9.7)
Ezea E:(Achosw+A2Rsin¢+A3),
W_g A
dt it B
Note that in these new variables, by considering also
Z' = (mR* + A) 2,
the differential system (9.5) obtained by the first method reads
dX
ar =cosyY Zl,
dy az?
— =siny 2%, —— = A R cost+ Ay R siny + As,
@ — Zl d2’2 _ BflA '
dt ’ dt 4
b _

_z7
dt
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The two systems (9.7) and (9.8) are in perfect agreement.
The above detailed calculations show that for the rolling disc the first method is much shorter
than the second one.

9.3 Two co-axial rolling discs

Two identical material discs of radius R running on a plain are joined by a massless common
axis, along with they can slide without friction. The configuration manifold is Q¢ = R? x S; x
S1 x S1 x R, with Lagrangian coordinates (¢*, ¢%, ¢>,¢*, ¢°,¢%) = (x,y,01,02,%,a), where (z,y)
are Cartesian coordinates of the center P; of one of the two discs, 6; and 0, are the angles of
rotations around the common axis, 1 is the angle giving the orientation of the axis, and a is the
distance between the centers (see Fig. 4).

Figure 4. Co-axial rolling discs.

Constraint: the discs roll on the plane without sliding. For each disc this constraint is
represented by linear equations of the kind (9.2),

T1 —Rcos¢é1 =0, a'sg—Rcosz,Z)ég =0, (9.9)
y1 — R siny 6, =0, 2 — R siny 62 = 0.
However, the coordinates of the two centers are related by equations
To = x1 + a sin, Yo = Y1 — a COSY.
By differentiating these equations we get the link between the velocities,
B9 = &1 +a costh Y +sin a, Yo =11 + a sin ¢ — cos1 a. (9.10)

By inserting these relations into equations (9.9), with 1 = z and y; = y, we get the final
constraint equations
z—R coswél =0,
§— Rsiny, =0,
i+a cost i) +sing a— R costp By =0,
§+a siny i — costp a — R sine) 6y = 0.

(9.11)

Since for a single rolling disc the first method is faster, we limit ourselves to apply the first
method to the case of two discs.
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Equations (9.11) show that the constraint submanifold C' C T'Qg has dimension 12 — 4 = 8.
Hence, we need two parameters z* for the parametric representation. Let us choose 2! =6 and
2? = 6. This means to solve the linear system (9.11) w.r.to (i,9,,a). The result is

=R cost) 2, a=0,
y =R siny 2!, —
w—R(z — Y, 0y = 22.

Equation @ = 0, a = constant, exhibits the intuitive fact that, under the pure-rolling con-
dition, the distance a between the two discs remains constant. Hence, we can reduce the
configuration manifold Qg to Q5 = R? x S; x S; x Sy, with coordinates (¢',¢%, ¢%,¢*, ¢°) =
(x,y,01,02,1). The last equations reduce to

. 1
=R cosy z,

L 6y = 2,
y—lzsmwz : 91 o (9.12)
=22 - 2, T
with a = constant. Then,
1= |Rcosyz', Rsiny 2!, E 22— 2Y, 2, 22
[0 -
and
o) Rcosyp Rsiny —£ 1 0
[Wh] = [a a] = - : (9.13)
? 0 0 o 0 1

This matrix has maximal rank, thus the constraint submanifold C' is regular. The kinetic energy
of the system is the sum of the kinetic energies of the two discs. According to equations (9.3)
and (9.10),

K = gm(if +37) + 5 (A0F + BY?) + 5 m(i3 + 43) + 5 (463 + BY?)
= gm(i + 97 + 35 +93) + 5 (A0] + BY?) + 3 (A03 + By?)
=%m(sfs?+y%+(¢1+a cos ) 1)” + (41 + a sinw¢)2)+§(9%+9%)+3¢2
= %m(j:%%—y%—kx'%—i-(f cos? Y h? + 2a @ cosw¢+y'%+a2 sin? ) 1?
+2agn siny ) + 4 (03 + 63) + By
- %m<2jﬁ+2y%+a2 B2+ 204 (&1 cost + g simp)) + 462 + 62) + By
=m (? + 9%) + (92+92) + (3ma 24 BYY?r+mav) (& cosyp+ g sin).
Thus,
2m 0 0 0 ™% cosy
0 2m 0 0 %% siny
[9i] = 0 0 A0 0
0 0 0 A 0
T5rcosy Trsinyg 0 0 ma® + 2B
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Moreover,

Gap = 9ij Vb 1% = gu1 VL Vb + g WL V5 + g3 W3 U5 + gaa v U + 955 ¥ U]
+ 29124 V5 + 2013 Y U5 + 291404 V5 + 2015 Yo UG + 2923 V5 U + 202400 s
+ 2925 V2 V5 + 2934 Y3 UG + 2935 V5 V3 + 2945 Y
= 2m g ¥ + 2m % U + Avg U + Avg U + (ma’ + 2B) vg v
+ ma cos ) wz + ma sin 2 wg,
Gu = 2m i 1 + 2m i O + AT YT + Avi i + (ma® + 2B) ¥7 ¥
+ ma coswlﬁ w? + ma Sin@Znﬁ% d)i’

2 2
= 2m R? coszw+2mR2 Sin2¢+Af2+A:2mR2+A<1+§2>,

Gao = 2maby ¥y + 2map3 5 + AYs 3 + Ay vy + (ma® + 2B) 5 ¢35
2
+ ma cos s Y5 + ma sin s Y5 = A% + ma® + 2B,
Gz = 2myi g + 2mypf 3 + Ay 3 + Ayt ¥y + (ma® + 2B) ¢ 5

+ ma cos i Y5 + ma sin) 2 Py

R? R?
= — Aﬁ 4+ ma cosy R cosy + ma siny R siny = maR—Aﬁ,

and we obtain

G 2mR? + A (1 + f—i) maR — A%
afB] =
maR—A%2 Af—;+ma2+2B

It follows that

2 2 2712
G = det[Gop] = [2mR2 + A <1 + R2>] [A R—Q + ma® + QB] - [maR — ARQ}
a a a

RrR* R? R* R?
=2mA — + 2m2R%a® + 4mR%B + A? — + ma’A +2AB + A2—4 + maQA—2
a a a a
R? 9 R* R3

+ 2AB—2 —m2a’R2 - A 4+ 2mA—
a a

at
R2

= — (2mAR2 + A% + ma?A + 2AB + 2mAaR — m2a* + 2m2a* + 4ma23)
a
+ A (ma® 4 2B)

= — (2mAR2 + A% + ma®A + 2AB + 2mAaR + m*a* + 4ma23) + A (ma® 4 2B)
= — (m(24AR* + a®A + 2AaR + 4a°B + ma*) + A* + 2AB) + A (ma® + 2B).

We observe that the determinant GG is a constant. The inverse matrix is
AE 4t ma®+2B A —maR

(G = G~
AL —maR  2mR+ A (1+1)

From the expression of the kinetic energy,

K=m(@*+9%) +4 (07 +03) + (3ma®+ B)¢* + may (& cosyp + 9 siny),
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we obtain
[ 2max + ma coszﬁzﬁ 1
oK 2my+mqs1nww
9 | = Aby
1 Aby
| (ma® 4 2B)Y + ma(i costp + g singp) |
and
0
[BK] 0
o |~ X
4 0

map (1 costp — & sinp)
The Lagrange equations for the free motions are

2ma + macoswlﬁ — masinwz/}z = Ay,

2my+masinw1ﬁ+macosw¢2 = Ao,

Afy = As,

Aby = Ay,

(ma® + ZB)ql} + ma(Z cosp + §siny) — ma(Esiny — ¢ cos ¢)¢
= ma@b(g) cos) — xsinv)) + As.

They show that

L1 = A + masin ¢,

Ly = Ay — macos 12,

L3 = As,

Ly = Ay,

Ls = As + may (g cosyp — & sint)) + ma(x siny — g costp) ih = As.

Thus, due to the parametric equations (9.12),

Zy = A+ mTR2 (22 — 21)? sin, Zy = Ay — me (22 — 21)? cosp,
Z3 = As, Zy = Ay, Z5 = As.

Let us compute Z, = Z; 1 — recall (9.13):

Zy = (A1 + mTR2 (22 — 21?2 sinp)Rcos v + (Ay — m52 (22 — 2% costp)Rsiny
- L&A+ A4
= A1 R costp + Ay R sin — §A3+A4 = R (A cos®p + Ag siny) — éAg) + Ay,
Zy =8 A3 + As.
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Thus, the dynamical equations (7.5) associated with the vector field Z are

dzx

E:Rcosqﬁzl,
d
d—j = R siny 2%, dz!

—— = R(Aj costp+ Ay sinep — L Az) + Ay,
dp R, o, dt ¢
df—*(z _Z)a dz2
L LR
o, at e BT
7_2'7
dt
dfy 4
a7

9.4

Two material points P; = (x1,%;) and Py = (2, y2) running on the Cartesian plane R? = (z,y)
are constrained to have parallel vector-velocities vi and vo. This is an example of non-linear
non-holonomic constraint, since it is expressed by the quadratic homogeneous equation

Two points with parallel velocities

C =192 — 229 = 0. (9.14)

The configuration manifold is Q4 = R* with ordered Lagrangian coordinates
(¢',¢%, 6%, ¢") = (@1, 91,22, 92).

The kinetic energy is K = %ml (@2 +9%) + %mg (43 + 3). Hence,

mi 0 0 0
oo om0 o0
gl =10 0 my 0

0 0 0 m

(i) First method. Since dim(Q)) = 4 and dim(C) = 7, for a parametric representation of the
constraint @1 2 — 22 71 = 0 we need three parameters (2!, 22, 23). Let us consider the parameters

(29) = (21,22, 2%) = (p, 0,0) and the parametric equations

1 = p cosb, T9 = 0 cosb,

Y1 = p sinb, 19 = osinb.

2 w2 2 52 .
= v5 =I5+ ¥5, and 0 is

The meaning of the parameters is the following: p? = v? = i? + 92, o
the angle of the two vector velocities w.r.to the z-axis. Then we find:

2

‘ cos @ sin 6 0 0
[Ve] = 0 0 cos 6 sin 6 (v index of line),
—psinf pcosf —osinf o cosl |
) ) mi 0 0
[Gagl = lgij bathl = | 0 mo 0
0 0 mp?+mao?
S -
— 0 0
ma 1
G = 0 — 0
ma )
Y et
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Since,

[8[(

oK
agt

| =10 0. 0.0

] = [mid1, miy1 , mada , Malol,

the Lagrange equations for the free motions g;; G = Aj — Tppi ¢ ¢° read
my &1 = Ay, m1 1 = As, mo Iy = As, ma ij2 = Ag.
They show that Z; = A;. Hence,

Aq cos + Ay sinf
[Za] = WéZz‘] = As cosf + Ay sinf
p(Az cosf — Ay sinf) + o (A4 cos — Az sinb)
[ Aq cosf + As sinf

m
A Ay si
[Zo‘]i[GO‘ﬁZg]: 3 cosf + Ay sin6

m
p (Ag cosf — Ap sinf) +20 (A4 cos@ — Az sinf)

myp? + moo?

and the differential system associated with Z is

d:El

WZPCOSG, dp Ay cosf + Ap sinf

dy1 _ g dt mi ’

E_psm , dfo’iAg cost + Ay sinf

@_ 9 dt - mo ,

7 = 0 cosb, ﬁ_p(AQ cosf — A Sin0)+0(A4 cosf — As sin@)
% = osinf, dt Mgt +myo”

(9.16)

(9.17)

where the Lagrangian active forces are in general known functions of (x1,y1,x2,y2) and (p, 0, 0).
In the special case of an inclined plane we have A1 = my g, A3 = mag, Ao = A4 = 0, and

the system (9.17) becomes

dxrq

—— = p cosb, d
dt 4
oF 0
%—psinﬁ dt .
dt ’ do
dzy , o =g cosb,
E—O’COS, dgi 0 1p+m20_
dys a9 mip? + moo?’
—= =osinf
dt ’

(9.18)

Note that the last three equations are separated from the first four. This occurs in general
when the Lagrangian active forces do not depend on the position of the point, but only on their

velocities. For equal masses mq = msg, we have a further simplification:

dey = p cosf

bt S ’ J

dt —p:gcosﬂ,
@—pSiHG di

dt ’ do

dry , a9 cost
E—O’COS s do B 0 o
dys = —9sin e
—= =osind,

dt

(9.19)
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(ii) Second method for the single constraint equation (9.14). In this case,
[Cil =92, —d2, —41, @]

does not have the maximal rank for vi = vo = 0. This is a singular state for whatever
configuration (see Remark 7.3); the set of the singular states is the zero-section of T@Q. Moreover,
since

1
e (1) 0 0
PR N
o o L o |’
S
0 0 0 P
we have:
o[ Y2 ) v d
[Cl]:[gwoj]:[7_v _>:|>
ma miq mo mo
22 .2 22 -2 21K
_ Ty tyy | T yr 1 mimg
G = + = , G = )
mq meo mimo 2K
; 1| 92 T I
[Cl]:Gl[y7_>_ya:|a
mq ma meo meo
[ e e 192 ]
m% m% mims9 mi1mso
@292 @5 Tagy a1l
[7'[' ] - . . . ) .. 9
_ Yiy2 Y122 Y1 1
mq 1me9 mq mo9 m% m%
T1Y2 12 Ty li
1 19 mims m% m%
— 1 -
— 0 0 0
mi
B 0O — 0 0
m
g — 7] = b
0 0O — 0
ma
0 0 0
L mo
[ CZay2 W2 192 ]
m% m% mimso mimso
T2y i3 Zoyy  didy
mi mo m% m% mi1mo m1 me9
2K iy e Ui @ |
m1 1me9 m1 me9 m% mg
T1Y2 T1@2 iy ﬁ
mi1mo mime m% m%
gl - n_ L maygy 1 1_m23'/§ 2K—m292:m1($%+y%)+m2$%
m; 2Km;  my 2K 2m1 K 2m1 K ’

g2 = 2 = m1my TaYa Mo T2y
2K m% 2m1 K ’
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13_ 13 _ Tame i iy
g 2K mimo 2K ’
M_ 4 _Mamg 31y D
g 2K mims 2K ’
g B 1 mgpdf 1 1 med3\ _ 2K —mgd3 _ ma (it +9i) +ma i3
ma 2K mq ma 2K 2 ma K 2 ma K ’
93 _ 23 _ _™Mama a1 Ialn
g 2K mimo 2K ’
gz4 g2 mime T1T2  T1T2

2K mq mo9 N 2K7

migt\ _ 2K —magd  ma (i3 +93) +maif

2K 277’L2K 277’L2K ’

34034 Mame 151 madig

g 0K m2  2ma K’

a1 m it 1 1_m156% :2K—m19‘c%:m2(:'c§+y%)+m1y%
mo 2K mo mo 2K 2m2K 2m2K ’

[0,0]=1[0,0,0,0, [9;,CCL=]0]

As in this case L; = A;, we have

D' = (g4 —x) Lj - 7 0,C CL = (g7 — 7) L; = (g7 — x) 4
1 mi (22 + 9?) + mo i3 Mg ©a . .
D1:2K<A1 (&1 d) +mo 2+A222y2+A3y1y2—A4:c1y2>,
mi mi
) . 9, .9 -9
D2 _ - (Al m27§12y2 —|—A2m1 (1'1 +:’lel) + mo Y5 _ Ag ftZyl _|_A4 i’ll.'2> ,
, 1 . . ma (#3 4+ 93) +madf | madiin
D® = — | A19192 — Asd2y1 + A3 + Ay ;
2K ma m2
1 .o .9 ) -2
DY — e ( A1d190 + Asdido + A:sm1 T + A4m2 (%3 + §3) + ma yl) )

ma m2

Then the dynamical system (8.12) reads

diy 1 my (22 + 97) + mo 3 ma ToY2 .. ..
dxy — iy I = 5K (Al (# 5111) : +A27y + A3 9192 — As 192 | ,
da

. . . .2 .2 .2
dyr . dgp 1 PRLLCEE B! (@1 + 1) + ma s Mo - A id
o Y a2k \U T + A2 iy 3T2Y1 + Ag 1122 ),
dry . dio 1 ma (23 + 93) + my i3 my @191
—-=d2, == Ao — Asion + A 2~ 22 LA ——=
gt gt QK( 19192 2T2Y1 + A3 . + Ay . ;
w2 _ . dy 1 mi 1Y mo (22 + 93) + mq 97
dt Y2, 492 = — | — A1d190 + Asi1d9 +A371 191 + Ay 2( 2 y2) L9 .

dt 2K mo meo

For two points running on an inclined plane,

my (2 4+ 93) + ma (i3 + §192) my (3 + 93) +ma (&7 + 1152)
my (23 + 93) + ma (&3 + 93) my (7 + 97) + ma (&5 + 93)
D2 =g ‘ m29:52 (Y2 — ?)1‘) . Di =g _m {Ul (1 — y2) _
ma (&% + 97) + ma (33 + 93) ma (&7 +97) +mo (5 + 93)

D'=g , D=y

Y
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For equal masses, m; = mao,

Dlzgi%+y%+$‘%+y192 D — i%+y%+ﬂf%+y1yz
@+ + 33+ 95 @+ 97+ 33+ 95

9 &2 (G2 — 91) 4 &1 (91 — U2)

D _gl"2+'2+.’t2+'2’ D _g.2+.2 ) N
11Tyl 5+ Y3 i+ Yy + 15+ Y3

Note 9.1. It is easy (and obvious) to propose examples of non-linear constraints: it is sufficient
to choose any set of non-linear independent equations C%(q,q) = 0. However, any example
of a non-linear constraint remains meaningless unless we know how to realize it physically by
means of realizable devices. The famous Appell-Hamel example gives a matter of discussion
(see [9], Ch. 4, § 2). Indeed, in order to be really a non-linear device, a certain distance of the
Appell-Hamel device must be infinitesimally small. This fits with the thought of Hertz: non-
linear constraints can be realized by passing to the limit  — 0 of certain physical quantities z
(masses, lengths, etc.) in devices realizing linear constraints.

The same kind of problem arises in trying to ‘realize’ two mass-points moving with parallel
velocities. A tentative project has been presented in [1]. In fact, for an effective project, we
have to invent devices for

1. Realizing a mass-point.

2. Realizing a parallel transport on the plane.

3. Transforming the direction of the velocity of a point into a solid segment.
4

. Applying forces of special kind to the points (the weight is of course always present).

This research is a work in progress. Updated information will be found on my personal web-page.
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