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Abstract. The string equation of type (2,2g + 1) may be thought of as a higher order
analogue of the first Painlevé equation that corresponds to the case of g = 1. For g > 1, this
equation is accompanied with a finite set of commuting isomonodromic deformations, and
they altogether form a hierarchy called the PI hierarchy. This hierarchy gives an isomonod-
romic analogue of the well known Mumford system. The Hamiltonian structure of the Lax
equations can be formulated by the same Poisson structure as the Mumford system. A set
of Darboux coordinates, which have been used for the Mumford system, can be introduced
in this hierarchy as well. The equations of motion in these Darboux coordinates turn out to
take a Hamiltonian form, but the Hamiltonians are different from the Hamiltonians of the
Lax equations (except for the lowest one that corresponds to the string equation itself).
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1 Introduction

The so called ‘string equations’ were introduced in the discovery of an exact solution of two-
dimensional quantum gravity [1, 2, 3]. Since it was obvious that these equations are closely
related to equations of the Painlevé and KdV type, this breakthrough in string theory soon
yielded a number of studies from the point of view of integrable systems [4, 5, 6, 7, §].

The string equations are classified by a pair (g, p) of coprime positive integers. The simplest
case of (¢q,p) = (2, 3) is nothing but the first Painlevé equation

%um + Zu2 +x =0,

and the equations of type (2,p) for p = 5,7,... may be thought of as higher order analogues
thereof. Unlike the case of type (2,3), these higher order PI equations are accompanied with a
finite number of commuting flows, which altogether form a kind of finite-dimensional ‘hierarchy’.
This hierarchy is referred to as ‘the PI hierarchy’ in this paper. (‘PI’ stands for the first Painlevé
equation).

The PI hierarchy can be characterized as a reduction of the KdV (or KP) hierarchy. This is
also the case for the string equations of all types. The role of the string equation in this reduction
resembles that of the equation of commuting pair of differential operators [10]. It is well known
that the equation of commuting pairs, also called ‘the stationary Lax equation’, characterizes
algebro-geometric solutions of the KP hierarchy [11, 12]. The reduction by the string equation,
however, is drastically different in its nature. Namely, whereas the commuting pair equation
imposes translational symmetries to the KP hierarchy, the string equation is related to Virasoro
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(and even larger Wi ) symmetries [6]. In the Lax formalism of the KP hierarchy [13, 14, 15],
the latter symmetries are realized by the Orlov—Schulman operator [16], which turns out to be
an extremely useful tool for formulating the string equation and the accompanied commuting
flows [9].

The string equation and the accompanied commuting flows may be viewed as a system of
isomonodromic deformations. This is achieved by reformulating the equations as Lax equations
of a polynomial L-matrix (a 2 x 2 matrix in the case of the PI hierarchy). This Lax formalism
may be compared with the Lax formalism of the well known Mumford system [17]. Both systems
have substantially the same 2 x 2 matrix L-matrix, which is denoted by V'(\) in this paper. A is
a spectral parameter on which V() depends polynomially. The difference of these systems lies
in the structure of the Lax equations. The Lax equations of the Mumford system take such
a form as

GV (A) =[UMN), VNI,

where U()) is also a 2 x 2 matrix of polynomials in A. (Note that we show just one of the Lax
equations representatively.) Obviously, this is an isospectral system. On the other hand, the
corresponding Lax equations of the PI hierarchy have an extra term on the right hand side:

AV =[UN), VI +U'(N), U\ =UN).

The extra term U’(\) breaks isospectrality. This is actually a common feature of Lax equations
that describe isomonodromic deformations.

We are concerned with the Hamiltonian structure of this kind of isomonodromic systems. As
it turns in this paper, the PI hierarchy exhibits some new aspects of this issue. Let us briefly
show an outline.

The Hamiltonian structure of the Mumford system is more or less well known [18, 19]. The
Poisson brackets of the matrix elements of the L-matrix take the form of ‘generalized linear brac-
kets’ [20]. (Actually, this system has a multi-Hamiltonian structure [21, 22], but this is beyond
the scope of this paper.) The Lax equations can be thereby expressed in the Hamiltonian form

V(N = {V(N), H}.

Since the Lax equations of the PI hierarchy have substantially the same L-matrix as the
Mumford system, we can borrow its Poisson structure. In fact, the role of the Poisson structure
is simply to give an identity of the form

[UA), VN ={V(A),H}.
We can thus rewrite the Lax equations as
V(A ={V(A),H} + U'(N),

leaving the extra term intact. This is a usual understanding of the Hamiltonian structure of
isomonodromic systems such as the Schlesinger system (see, e.g., [23, Appendix 5]). This naive
prescription, however, leads to a difficulty when we consider a set of Darboux coordinates called
‘spectral Darboux coordinates’ and attempt to rewrite the Lax equations to a Hamiltonian
system in these coordinates.

The notion of spectral Darboux coordinates originates in the pioneering work of Flaschka and
McLaughlin [24], which was later reformulated by Novikov and Veselov [25] in a more general
form. As regards the Mumford system, this notion lies in the heart of the classical algebro-
geometric approach [17]. The Montreal group [26] applied these coordinates to separation of
variables of various isospectral systems with a rational L-matrix. Their idea was generalized
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by Sklyanin [27] to a wide range of integrable systems including quantum integrable systems.
On the other hand, spectral Darboux coordinates were also applied to isomonodromic systems
[28, 29, 30, 31].

We can consider spectral Darboux coordinates for the PI hierarchy in exactly the same way
as the case of the Mumford system. It will be then natural to attempt to derive equations of
motions in those Darboux coordinates. Naive expectation will be that those equations of motion
become a Hamiltonian system with the same Hamiltonian H as the Lax equation. This, however,
turns out to be wrong (except for the lowest part of the hierarchy, namely, the string equation
itself). The fact is that the extra term U’(\) in the Lax equation gives rise to extra terms in
the equations of motions in the Darboux coordinates. Thus, not only the naive expectation is
negated, it is also not evident whether those equations of motion take a Hamiltonian form with
a suitable Hamiltonian. This is the aforementioned difficulty.

The goal of this paper is to show that those equations of motion are indeed a Hamiltonian
system. As it turns out, the correct Hamiltonian K can be obtained by adding a correction term
AH to H as

K =H+ AH.

This is a main conclusion of our results. It is interesting that the Hamiltonian of the lowest flow
of the hierarchy (namely, the string equation itself) is free from the correction term.

Let us mention that this kind of correction terms take place in some other isomonodromic sys-
tems as well. An example is the Garnier system (so named and) studied by Okamoto [32]. The
Garnier system is a multi-dimensional generalization of the Painlevé equations (in particular, the
sixth Painlevé equation), and has two different interpretations as isomonodromic deformations.
One is based on a second order Fuchsian equation. Another interpretation is the 2 x 2 Schlesinger
system, from which the Garnier system can be derived as a Hamiltonian system for a special
set of Darboux coordinates. It is easy to see that these Darboux coordinates are nothing but
spectral Darboux coordinates in the aforementioned sense [28, 29], and that the Hamiltonians
are the Hamiltonians of the Schlesinger system [23, Appendix 5| plus correction terms. These
observations on the Garnier system have been generalized by Dubrovin and Mazzocco [31] to the
Schlesinger system of an arbitrary size. A similar structure of Hamiltonians can be found in a ‘de-
generate’ version of the Garnier system studied by Kimura [33] and Shimomura [34]. Actually,
this system coincides with the PI hierarchy associated with the string equation of type (2,5).

This paper is organized as follows. In Section 2, we introduce the string equations of type
(2,p), and explain why they can be viewed as a higher order analogues of the first Painlevé
equations. In Section 3, these equations are cast into a 2 x 2 matrix Lax equation. Section 4
is a brief review of the KdV and KP hierarchies. In Section 5, the PI hierarchy is formulated
as a reduction of the KP (or KdV) hierarchy, and converted to 2 x 2 matrix Lax equations. In
Section 6, we introduce the notion of spectral curve and consider the structure of its defining
equation in detail. Though the results of this section appear to be rather technical, they are
crucial to the description of Hamiltonians in spectral Darboux coordinates. Section 7 deals with
the Hamiltonian structure of the Lax equations. In Section 8, we introduce spectral Darboux
coordinates, and in Section 9, identify the Hamiltonians in these coordinates. In Section 10,
these results are illustrated for the first three cases of (¢,p) = (2,3),(2,5), (2,7).

2 String equation as higher order PI equation

Let ¢ and p be a pair of coprime positive integers. The string equation of type (g, p) takes the
commutator form [4]

@, Pl =1 (2.1)
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for a pair of ordinary differential operators
Q=014 gd 2+ 4g, P=0E+[I 2+ -+

of order ¢ and p in one-dimensional spatial variable x (9, = 9/0x). In the following, we consider
the equation of type (¢,p) = (2,29 + 1), g = 1,2,.... We shall see that ¢ is equal to the genus
of an underlying algebraic curve (spectral curve).

The simplest case, i.e., (¢,p) = (2, 3), consists of operators of the form

3 3
Q:8§+u, Pz@i—}—iu@gﬁ—zum

where the subscript means a derivative as

ou d%u

UIZ%7 Upe = o2’

The string equation (2.1) for these operators reduces to the third-order equation

1 3
Zumz + iuux +1=0.
We can integrate it once, eliminating the integration constant by shifting x — x + const, and
obtain the first Painlevé equation
1 3

Jlar+ Zu2 +2=0. (2.2)

The setup for the general case of type (2,2g+ 1) relies on the techniques originally developed
for the KdV hierarchy and its generalization [35, 36, 37, 38]. The basic tools are the fractional
powers

2n+1
_|_7

Qn+1/2 — 8§n+1 5

w2+ Ry 0+

of Q = 92 + u. The fractional powers are realized as pseudo-differential operators. The coeffi-
cient R, 11 of ;! is a differential polynomials of u called the Gelfand-Dickey polynomial:

U 1 3

Ro=1,  Ri=g,  Ry=gum+ v,

1 3 5 5
R3 = 37271/:0:109:9: + Euumc + ﬁui + EUS,
For all n’s, the highest order term in R,, is linear and proportional to u(2"~2):
1
_ (2n-2) 4 ...
Ry = o2ntz U+

As in the construction of the KdV hierarchy, we introduce the differential operators
BQ?’H—l = (Qn+1/2)>07 n= 07 ]-7 ceee

where ()>0 stands for the projection of a pseudo-differential operator to a differential operator.
Similarly, we use the notation ( )< for the projection to the part of negative powers of d,, i.e.,

(Z ajag{) = Zajai, (Z CU(?%) = Za](?%
>0 <0

jeZ §>0 JEZ j<0
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These differential operators have the special property that the commutator with () is of order
zero. More precisely, we have the identity

[Bont1,Q] = 2Rpy10- (2.3)

Consequently, if we choose P to be a linear combination of these operators as

P=DBoji1+c1Byg1+-+cgBy (2.4)
with constant coefficients cy,. .., ¢y, the commutator with () reads
[Q, P] = —2Rg+17$ — 261Rg’$ — = 2CgR1’I.

The string equation (2.1) thus reduces to

2Ry110 +201Rg 0 + -+ 2¢cqR1 +1=0. (2.5)
This equation can be integrated to become the equation

2Ry41 +2c1 Ry + -+ + 2¢yR1 + 2 = 0, (2.6)

which gives a higher order analogue (of order 2g) of the first Painlevé equation (2.2).

When we consider a hierarchy of commuting flows that preserve the string equation, the
coefficients ci,...,¢y play the role of time variables. For the moment, they are treated as
constants.

3 Matrix Lax formalism of string equation

The string equation (2.1) is accompanied with the auxiliary linear problem

Q=XMp, Py =0x¢ (3.1)

with a spectral parameter A (0y = 0/0X). We can rewrite this linear problem to a 2 x 2 matrix
form [5] using various properties of the operators Ba,+1 and the Gelfand-Dickey polynomials R,,
[35, 36, 37, 38] as follows.

The first equation of (3.1) can be readily converted to the matrix form

where

¥= @i) UO()\)_</\EU (1)>

To rewrite the second equation of (3.1), we use the ‘Q-adic’ expansion formula

- 1
Bopi1 = Z <Rm6m - QRm,QE) Q™ (3.3)

m=0

of Boy,11’s. By this formula, Ba,11% becomes a linear combination of ¢ and v, as

- 1 1
B2n+1¢ = Z <mex - 2Rm,zw> = Rm()\)% - §Rm()‘)x¢a
m=0
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where R, () stand for the auxiliary polynomials
RN = XN+ RN 1+ . + R, n=0,1,..., (3.4)

that play a central role throughout this paper. Since P is a linear combination of Ba,11’s as (2.4)
shows, we can express P as

Py =aA) + (N

with the coefficients
BA) = Rg(N) + c1Rg—1(A) + -+ cgRo(N),  a(A) = —58(N)a- (3.5)

Moreover, differentiating this equation by x and substituting 1,, = (A—u)1, we can express P,
as

P, = (Plp)x = 7()‘)1/} - a()\)aﬂ/}x;

where
1) = AW + A= wBO) = ~380as + (A~ W), (36)

The second equation of the auxiliary linear problem (3.1) can be thus converted to the matrix
form

hp =V (N (3.7)

with the coefficient matrix

ah) BN
V) = (7(/\) —a(A)) ‘

The differential equation (3.2) in  may be thought of as defining isomonodromic deforma-
tions of the matrix ODE (3.7) in A with polynomial coefficients. The associated Lax equation
reads

02V (A) = [Uo(N), VIN] + TUg(N), (3.8)

where the last term stands for the A-derivative of Up(\), i.e.,

UL\ = 0xUo(N) = G’ 8) .

The presence of such an extra term other than a matrix commutator is a common characteristic
of Lax equations for isomonodromic deformations in general.
In components, the Lax equation consists of the three equations

9a) =N = A=wBR), BB = —2a(N),  Fr(N) = 2(A —wa(A) + 1.

The first and second equations can be solved for a(\) and (\); the outcome is just the definition
of these polynomials in (3.5) and (3.6). Upon eliminating «(A) and v(\) by these equations, the
third equation turns into the equation

58z = 20 = )N + waBO) +1=0 (39

for () only.
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Let us examine (3.9) in more detail. By the definition in (3.5), 5()) is a polynomial of the
form

B(N) = )\9+51)\g—1+...+ﬂg
with the coefficients

On =R, +c1Ryp_1+ -+ cpRo, n=1,...,4. (3.10)
Upon expanded into powers of A, (3.9) yield the equations

1

5671,3611 + 2U/8n,x + uzBp — 2ﬁn+1,z =0, n=1,...,9—1,
and

1

iﬂg,x:ﬂz + 2“6973; + Uxﬁg +1=0.

Recalling here the well known Lenard recursion formula

1 1
Rx,nJrl = ZRn,xxz + URn,x + §U:pRn> (311)
one can see that the forgoing equations for n = 1,...,g9 — 1 are identities, and that the latter

one is equivalent to (2.5).

4 KdV and KP hierarchies

We shall derive the PI hierarchy from the KdV or KP hierarchy. Let us briefly review some
basic stuff of these hierarchies [13, 14, 15]. Of particular importance is the notion of the Orlov—
Schulman operator [16] that supplements the usual Lax formalism of these hierarchies.
4.1 KdV hierarchy from KP hierarchy
Let L denote the Lax operator

L =0, +ud; " +uzdy?+ -
of the KP hierarchy. L obeys the Lax equations

anL - [BTL)L]’ Bn = (Ln)Z(Ja
in an infinite number of time variables t1,t,... (0, = 0/0t,). As usual, we identify ¢; with .
The KdV hierarchy can be derived from the KP hierarchy by imposing the constraint
(L*)<o = 0.

Under this constraint, Q = L? becomes a differential operator of the form
Qz@%%-u, u = 2uo,

all even flows are trivial in the sense that
OonL = [L*", L] =0,

and the whole hierarchy reduces to the Lax equations

02n+1Q = [Ban+1, Q) Bong1 = (Q"%), (4.1)
of the KdV hierarchy. By (2.3), these Lax equations further reduce to the evolution equations
32n+1u = 2Rn+1’z (4.2)

for u.
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4.2 Orlov—Schulman operator

The Orlov—Schulman operator is a pseudo-differential operator (of infinite order) of the form

o oo
M= nt,L" '+ 2+ v, L7,

n=2 n=1

that obeys the Lax equations

OnM = [By,, M| (4.3)
and the commutation relation

[L, M] =1. (4.4)

The existence of such an operator can be explained in the language of the auxiliary linear
system

Ld} = ZU}, anw = Bn¢a (4'5)

of the KP hierarchy. This linear system has a (formal) solution of the form

o [ee]
Y = (1 + Z wjzj> exp (:cz + Z tnz"> , (4.6)
j=1 n=2
One can rewrite this solution as

1 = Wexp (mz + Ztnz”> )

n=2

where W is a pseudo-differential operator (called the ‘dressing operator’ or the Sato—Wilson
operator) of the form

o
W = 1+ij8;j
j=1

that satisfies the evolution equations

oW = —(W -7 - W™ H oW (4.7)
and the algebraic relations

L=W-0,- W', B,=W. 0" - Ws,.
One can now define M as

M=W <Z nt, Ot + x) wt

n=2

which turns out to satisfy the foregoing equations (4.3), (4.4) and the auxiliary linear equation
My = 0,9. (4.8)

Remark 1. In the reduction to the KdV hierarchy, the 9, '-part of (4.7) gives the equation
Oonp1w) = —Ryyq. (4.9)

Since u = —2wj 4, this equation may be thought of as a once-integrated form of (4.2).
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5 PI hierarchy

We now formulate the PI hierarchy as a reduction of the KP hierarchy, and rewrite it to a 2 x 2
matrix Lax equation, as we have done for the string equation itself. The string equation and the
commuting flows of the PI hierarchy are thus unified to a system of multi-time isomonodromic
deformations.

5.1 PI hierarchy from KP hierarchy
To derive the string equation from the KP hierarchy, we impose the constraints [9]

(Q<0=0, (P)co=0 (5.1)

on the operators
1 o0 [o.¢]
Q=1L P= §ML_1 = Z nt, L2 + Z v, L2
n=1 n=1

This leads to the following consequences.

1. As it follows from the commutation relation (4.4) of L and M, these operators obey the
commutation relation [Q, P] = 1.

2. Under the first constraint of (5.1), Q becomes the Lax operator 92+u of the KAV hierarchy.
In the following, as usual, we suppress the time variables with even indices, i.e.,

tg=ty=---=0.

3. The second constraint of (5.1) implies that P is a differential operator (of infinite order)
of the form

1 ~ 2 +1
P = §(ML 1)20 = Z tont+1B2n41.
n=1
Therefore, if we set
2g+3 29 T 1’ 2g+5 2g+7 ) ( )
we are left with a differential operator of the form (2.4) with the coefficients ci,...,¢q

depending on the time variables as

_2n+1
2

cn = cn(t) ton+1, n=1,...,g. (5.3)

4. The auxiliary linear equations (4.5) and (4.8) imply the linear equations

Q=7 Py= 0w

These linear equations can be identified with the auxiliary linear equations (3.1) of the
string equation if we define A as

A\ =22
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We can thus recover, from the KP hierarchy, the string equation (2.1) of type (2,2g+1) along
with g extra commuting flows

Oon+1Q = [Ban+1, Q) Oon+1P = [Bant1, P, n=1,...,g.

We call this system the PI hierarchy. Let us mention that this hierarchy was first discovered in
a more direct way [4]. Compared with that approach, the approach from the KP hierarchy [9]
is more transparent.

Remark 2. This hierarchy thus contains g + 1 flows with time variables ¢, (= z), t3, ..., tog41.
The last flow in t2441, however, turns out to be spurious, i.e., can be absorbed by other flows
(see below). We shall suppress this flow when we consider the Hamiltonian structure.

5.2 Matrix Lax formalism of commuting flows

We can again use the @-adic expansion formula (3.3) of Bg,y; to rewrite the auxiliary linear
equations

82n+1¢ :BQH-i-lwv n= 17"')93
of the PI hierarchy to linear equations
Oan1% = Un (N9 (5.4)

for 7p. The matrix elements of the coefficient matrix

An(N) Ba(M)
‘M”:<mu>—mu9

are the following polynomials in A:
1
Bn(A) = Ru(N), A,(N) = —§Rn()\)z,
1

(3.2) can be included in these linear equations as a special case with n =0 (¢; = z).
As one can see by comparing these matrix elements with those of U, (\)’s defined in (3.5)
and (3.6), V() is a linear combination of Up(\)’s:

VN = UpN) + 1 (0Up1(A) + -+ + ()T (N). (5.6)

We shall consider implications of this linear relation later on.

Having obtained the full set of auxiliary linear equations (3.2), (3.7), (5.4) in a 2 X 2 matrix
form, we can now reformulate the commuting flows of the PI hierarchy as the isomonodromic
matrix Lax equations

BV = [Un(\), V] + UL, n=0,1,...,q, (5.7)

including (3.8) as the case with n = 0 (¢; = x). Note that the Lax equations of the higher flows,
too, have an extra term

Un(A) = O\Un(N)

other than the matrix commutator [U,(X), V(A)].
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5.3 Variant of self-similarity

Nowadays it is widely known that many isomonodromic equations can be derived from soliton
equations as ‘self-similar reduction’ [39, 40]. The transition from the KP hierarchy to the PI
hierarchy is actually a variant of self-similar reduction.

Recall that P is a linear combination of B),’s as (2.4) shows. This implies that the left hand
side of the auxiliary linear equation Py = 0\t can be expressed as

Pt = (Oag41 + c1(t)Oog—1 + - - - + ¢4(t)01) 9.
The auxiliary linear equation thus turns into a kind of linear constraint:
(D2g+1 + 1(t)Dog—1 + -+ - + ¢4(1)01)Y = O\. (5.8)

If we were considering the equation
[Q7 P ] =0

of commuting pair of differential operators [10, 11, 12], all ¢,’s would be constants, and (5.8)
would mean the existence of stationary directions (in other words, translational symmetries) in
the whole time evolutions of the KdV hierarchy. It is well known that this condition characterizes
algebro-geometric solutions of the KdV hierarchy.

In the present setting, where ¢,’s are not constant but variables as (5.3) shows, (5.8) may be
thought of as a variant of self-similarity condition. We can see some more manifestation of this
condition. For instance, V() satisfies the linear equation

(D2g11 + €1(t)Dog—1 + -+ + ¢4(t)01)V(A) = V'(N)

as one can deduce from the Lax equations (5.7) and the linear relation (5.6) among their
coefficients. Similarly, u satisfies a similar equation

(8294_1 +c (t)8gg_1 + -+ cg(t)al)u =1

as a consequence of (2.5) and (4.2). These equations show, in particular, that the ¢, 1-flow is
spurious.

Remark 3. (5.8) stems from the Virasoro constraints associated with the string equation. The
Virasoro constraints are usually formulated in the language of the 7-function [6]. Reformulated in
terms of v, the lowest one (the L_;-constraint) of those constraints becomes the linear equation

[e.9]

2n+1
Z 5 tont102n—19 = O\1).

n=0

This turns into the aforementioned constraint (5.8) if the higher time variables ta443,t2g+s5, . .-
are set to the special values of (5.2).

6 Building blocks of spectral curve

6.1 Equation of spectral curve

We now consider the spectral curve of the matrix V(). This curve is defined by the characte-
ristic equation

det(ul —V(\) = +detV(A) =0
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or, more explicitly, by the equation

W2 = h(X) = a(V)? + BOYY(N).
Since a(\), B(A),v(A) are polynomials of the form

a(\) = a4 ay,
BN = A9+61Ag L+ B,
V) = X4y X g,

h()) is a polynomial of the form h(\) = A29T! + ... and the spectral curve is a hyperelliptic
curve of genus g.

The spectral curve plays a central role in the algebro-geometric theory of commuting pairs
[11, 12]. In that case, the flows of the KdV hierarchy can be translated to the isospectral Lax
equations

Oan1V(A) = [Un(X), V(N)] (6.1)

of the same matrix V(\) as we have used thus far (except that ¢,’s are genuine constant).
In particular, the polynomial h(\) (hence the spectral curve itself) is invariant under time
evolutions:

Bons1h(N) = 0.

This system (6.1) is called ‘the Mumford system’ [17].

In contrast, the polynomial h(\) for the matrix Lax equations (5.7) of the PI hierarchy is
not constant in time evolutions. Straightforward calculations show that the ¢-derivatives of h(\)
take non-zero values as

Oont1h(N) = Tr U, (NV(N).
For instance, the lowest equation for n = 0 (f; = x) reads

The spectral curve thus deforms as x and t2,4+1’s vary. Obviously, the extra terms U/, (\) are
responsible for this phenomena. This is a common feature of isomonodromic Lax equations.

6.2 Some technical lemmas

As we shall show later on, the coefficients of terms of higher degrees in the polynomial h(\)
have a rather special structure. We present here a few technical lemmas that are used to explain
this fact.

The following lemmas are concerned with the KdV hierarchy rather than the PI hierarchy.
In the case of the KAV hierarchy, the matrices U, (\) are defined for all nonnegative integers
n=20,1,2,....

Lemma 1. There is a 2 X 2 matrix

C(1+007h)  o(Y
2 = <w1 +o) 1+ O()\—l))

of Laurent series of \ that satisfies the equations
Oon+1P(N) = Up(N)P(A) — P(N)A"A, n=0,1,2,..., (6.2)

where

(0D,
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Proof. Let 1(z) be the special solution, (4.6), of the auxiliary linear equations. In the case of
the KdV hierarchy, this is a function of the form v (z) = w(z)e¢®®), where

[e.e] o0
w(z) =1+ ijzfj, &(z) = Zt2n+132n+1 (t; = z).
7=1 n=0

The associated vector-valued function

9= (350) = Goute) s ute1a) <

satisfies the auxiliary linear equations

Bons1p(2) = Un(Nap(z) (A= 22)

with the same coefficients Uy, (\) as in (5.4) but now defined by (5.5) for all nonnegative integers
n=0,1,2,....

Moreover, since A remains invariant by substituting z — —z, 1p(—z) is also a solution of these
linear equations. Thus we actually have a 2 x 2 matrix-valued solution

w(z) w(=2)

(=) $(-2))= <zw(z)+w(z)x —zw(—z)+UJ(—Z)x> (6? e—2<z>>'

We now consider

B0 = ($(2) $(—2)) <1 1 >‘1 _ <¢<z>+w<—z> w<z>—¢<—z>>,

z —Z 2 2z

which is also a matrix-valued solution of the foregoing linear equations. Note that the matrix
elements are even functions of z (hence functions of A). Moreover, ¥(\) can be factorized to the
product of

and

By plugging
U(A) = ®(A) exp (Z t2n+1A2n+1>
n=0

into the auxiliary linear equations, ®(\) turns out to satisfy the equations
Doni1®(N\) = Uy (N)D(X) — (N AT

which are nothing but (6.2) because of the identity AZ"T! = A"A. [
Now let us introduce the matrix

U\ = D(NAD(N) L
As a consequence of (6.2), it satisfies the Lax equations
Oon+1U(N) = [Un(N),U(N)], n=0,1,2,.... (6.3)

The following lemma shows that we can use U(\) as a kind of generating function for U, (\)’s
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Lemma 2. The matrixz elements of

A B
v = (rm —A(A)) ’

are Laurent series of A of the form
AN =00", BN =1+001""), T =Ax+0\,
that satisfy the following algebraic conditions:
Au(N) = ("AMN)ge Ba(d) = (A"B(V)-,
L(A) = (A"T(V)) 5 = Bas, n=0,1,..., (6.4)
AN+ BN = A, (6.5)
where ( )>o stands for the polynomial part of a Laurent series:
Z aj)\j == Z aj)\j.
jez so 20
Proof. Rewrite (6.2) as
Un(A) = Oons1®(N) - DN 7H + B(MNATAD(N) ™! = Gop 1 ®(N) - (V)L + XU (N),

and compare the polynomial part of both hand sides. U, () is a matrix of polynomials, and the
first term on the right hand side is a matrix of the form

o o) O
Ornt1®() - @A) = <82n+1w1+0(>\_1) O(A—1)>'

Thus, also by recalling (4.9), (6.4) turns out to hold. (6.5) is an immediate consequence of the
definition of U(\) and the identity det A = A. |

Remark 4. Since B, () is equal to the auxiliary polynomial R,,(\) defined in (3.4), the second
equation of (6.4) implies that B()) is a generating function of all R),’s:

BOA)=1+RAN P+ RN 24,

The lowest (n = 0) part of (6.3) is not a genuine evolution equation. In components, this
equation reads

AN =T(\) — (A —w)B(\),  8,B(\) = —2A(N),
8:0(\) = 27 — w)A(N). (6.6)

The first two equations can be solved for A(\) and T'(\) as

AN =3B T = ~3B(Mar + (A~ wB(N).

The third equation thereby reduces to

5B — 20— B\ + wB(Y) = 0. (6.7)

It is easy to see that this is a generating functional form of the Lenard relations (3.11).
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Remark 5. If A(\) and I'(\) are eliminated by (6.6), (6.5) becomes another generating func-
tional formula

| =

(B(A).)? +B()) (—;B(A)m + (- u)B(A)) -\ (6.8)

of relations among R,’s. (6.8) may be thought of as a once-integrated form of (6.7). If expanded
in powers of A\, (6.8) becomes a sequence of relations that determine R,, recursively without
integration procedure. This is an alternative and more practical way for calculating R,’s.

6.3 Detailed structure of h(}\)
We now turn to the issue of h()\). Let us recall (5.6). In components, it reads
a(A) = Ag(A) + cr(t)Ag—1(A) + -+ + ¢g(t) Ao (),
BA) = By(A) + c1(O)By-1(A) + - - 4 ¢4 (£)Bo(N),
YA) =Tg(A) + c1(®)Tg-1(A) + - + cg(H)To(N).
We can thereby express h(\) as
g
h(A) = ZOCm(t)cn(t)(Ag—m(/\)Ag—n(A) + Byom(MTg-n(X)),
where it is understood that co(t) = 1. Moreover, since (6.4) implies that
AN = XAV +0AYH,  Bu(\) = A"B(\) +0(\ Y,
Lu(A) = A"T(N) = Rpg1 + O,

we can further rewrite h(\) as

g
hA) = D emBea(HA (AN +BAT(V))
m,n=0
g9
=2  em(t)Rgi1-mA? + O(N 7).
m=0

We can now use (6.5) and (2.6) on the right hand side. This leads to the following final result.

Theorem 1. Up to terms of O(N9™1), h()\) can be expressed as

h(A) = N9 4261 (A% + (2c2(t) + 1 ()N + (2¢3(t) + 2c1 () ea(t) A2 + - -

g g—1
+ ) em(t)eg-m(®ATT + (Z Cm(t)egi—m(t) + a:) A+ O, (6.9)
m=0 m=1
In particular, the coefficients of X297 ... X9 in h(\) do not contain u,ug, .. ..

Let Ip(A\) denote the part of h()) consisting of A29%1, ... N9, and I1,..., I, the coefficients
of A1 .. 1:

h(\) = Io(\) + LA+ + 1,
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We have seen above that Ip(\) is a kinematical quantity that is independent of the solution
of the PI hierarchy in question. In contrast, the remaining coefficients I,..., 1, are genuine
dynamical quantities.

In the case of the Mumford system (6.1), these coefficients Ii,...,I, are Hamiltonians of
commuting flows. More precisely, it is not these coefficients but their suitable linear combina-
tions Hy, ..., H, that exactly correspond to the flows in #1,%3,.... We shall encounter the same
problem in the case of the PI hierarchy.

7 Hamiltonian structure of Lax equations

We use the same Poisson structure as used for the Mumford system [18, 19]. This Poisson
structure is defined on the 3¢+ 1-dimensional moduli space of the matrix V(A) with coordinates
a1y 0g, By Bgs Y1y -+ -y Yg41- 1t is customary to use the tensor notation

(VVevwr= > {Va\\),Vea(N)} Eap ® Eeq,
a,b,c,d=1,2

where E,; denote the usual basis of 2 x 2 matrices. The Poisson brackets of the matrix elements
of V(A) can be thereby written in a compact form as

VOO V()Y =V @I+I @ V), r(A—p)]+[VN) @ I—I & V (), Ex @ Earl,

where 7(A — p) is the standard rational r-matrix

P
T(}\*/‘I/) :r, P: Z Eab@Eba.
K a,b=1,2

This is a version of the ‘generalized linear brackets’ [20]. More explicitly,

{a(A), a(w)} =0, {B(N),B(w)} =0,

0,8} = T o, = - 1920,
B0 =22 =2 00,50} = ~2a00) + 2a(0) (7.)

We can convert the Lax equations (5.7) of the PI hierarchy to a Hamiltonian form with
respect to this Poisson structure. This procedure is fully parallel to the case of the Mumford

system.
A clue is the Poisson commutation relation
Vip
VOV h} = [V, T2 4 5. (79

which can be derived from (7.1) by straightforward calculations. One can derive from this
relation the Poisson brackets {V(A), I,+1} as follows.

Lemma 3.
{VA), Ins1} = [Va(A), VN, (7.3)

where Vy,(\) is a matriz of the form

Vn(/\) - <'7n(/\) _an(/\))



Hamiltonian Structure of PI Hierarchy 17

with the matriz elements

an(A) = (\"7a(A) e Ba(A) = (A"IB(N) 5,
Ya(A) = (/\nig’Y(A))zo—ﬁn_H, n=0,1,...,9g — 1.

Proof. I, ;1 can be extracted from h(u) by a contour integral of the form

d
Loy = }{ M'Nn_gh(ﬂ)a
271

where the contour is understood to be a circle around p = oo. The same contour integral applied
to (7.2) yields the Poisson bracket in question:

Hon=g _lvon ?{duu”"‘/(u) B
Ok = § o)) = Voo, f 520 .
Let us examine the matrix
du p" =9V (p)
n )\ - — - .. ~ ____________ n E .
V) = = § g

Since this type of contour integral gives, up to signature, the polynomial part of a Laurent
series f(A) as

d
Fan S (50).

Vi (X) can be expressed as
Vn(A) = ()‘nigv()‘))zg - 5n+1E21-

The statement of the lemma follows from this expression of V(). [

Actually, this result is not what we really want — we have to derive [U,(A), V(A)] rather than
[Va(A), V(N)]. Here we need another clue, which is the following linear relations among Uy, (\)’s
and V,,(\)’s.

Lemma 4.
Vo(A) = Uo(N),
Va(A) =Un(A) + c1(t)Up—1(A) + -+ - + en(t)Uo(N), n=1,...,9g—1. (7.4)

Proof. The linear relations (3.10) among 3,,’s and R,,’s imply the linear relations

Bn(A) = Bn(A) + c1(t) Rn1(A) 4 -+ + ca(t) Ro(X)
= Bn(A) + c1(®)Ba1(A) + -+ + cn(t)Bo(N)

of the auxiliary polynomials. On the other hand, a(\) and () s are connected with 5()) as

o) = —580e ) = 580N + (A~ w)BOV,

Expanding these relations in powers of A and picking out the terms contained () and v, (),
one can see that a,(A\) and ~,()\) are linearly related to A,(\)’s and T',(\)’s with the same
coefficients as

an(N) = Ap(A\) + et (D An_1(A\) 4 - + en()Ao(N),
() = Ta(A) + 1 (a1 (A) + -+ + ()T (N).

These are exactly the linear relations presented in (7.4) in a matrix form. [
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In view of this lemma, we define new Hamiltonians Hj,...,H, by the (triangular) linear
equations
I = Hy, Lot :Hn_H—|—Cl(t>Hn—|—--~—|—Cn(t)H1, n=1...,9g—1. (75)

Note that Hy41 is not defined (because I441 does not exist). The foregoing formula (7.3) of the
Poisson brackets of V' (\) and I,,’s can be thereby converted to the form

{V(A); Hnt1} = [Un(A), V()]

that we have sought for. We thus eventually obtain the following result.

Theorem 2. FExcept for the tagi1-flow, the matriz Lax equations (5.7) of the PI hierarchy can
be cast into the Hamiltonian form

DotV = {V(N), Hop1 }+UL(N),  n=0,1,...,9—1, (7.6)

with the Hamiltonians defined by (7.5).

Remark 6. As regards the excluded tog41-flow, the polynomial h(X) obviously contains no
candidate of Hamiltonian. If we naively extrapolate (7.5) to n = g, we end up with the linear
relation

0=1Ig11 = Hypr +cr(t)Hy + - +¢y(t) Hn

of the Hamiltonians. In a sense, this is a correct statement, which says that Hy11 is not an
independent Hamiltonian.

Remark 7. Ij()) is a central element (i.e., a Casimir function) of the Poisson algebra. To see
this, note that the right hand side of (7.2) is of order O(p9~1) as y — oo. This implies that the
terms of degree greater than ¢ in h(u) have no contribution to {V(A), h(x)}, in other words,

{V(A), Io(w)} = 0. (7.7)

This means that Ip(u) is a Casimir function. This fact is in accord with the observation in the
last section that Ip(\) does not contain genuine dynamical variables.

Remark 8. I,,’s are Poisson-commuting, i.e., {I;,I;} = 0. This is a consequence of another
basic Poisson relation

which, too, can be derived from (7.1) by straightforward calculations (or by a standard r-matrix
technique).

8 Spectral Darboux coordinates

The construction of ‘Spectral Darboux coordinates’ is also parallel to the case of the Mumford
system. These coordinates consist of the roots Ai,..., A\, of 3(\) and the values p1, ..., g of
a(A) at these roots of B(\):

g
B =TI =), m=aly), J=1,....9
j=1

To avoid delicate problems, the following consideration is limited to a domain of the phase space
where \;’s are distinct.
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Aj and p; satisfy the equation of the spectral curve:
2
My = h(Aj)-

We thus have a g-tuple (A, ,uj)?:l of points of the spectral curve (in other words, an effective
divisor of degree g) that represents a point of the Jacobi variety of the spectral curve. In
the case of the Mumford system, the commuting flows are thereby mapped to linear flows on
the Jacobi variety [11, 12, 17]. The case of the PI hierarchy is more complicated because the
spectral curve itself is dynamical. If one wishes to pursue this approach, one has to consider
the coupled dynamics of both the divisor and the underlying spectral curve; unlike the case of
isospectral problems, this does not reduce the complexity of dynamics of the original nonlinear
problem. Actually, this is not what we seek for. We simply borrow the idea of spectral Darboux
coordinates to describe the Hamiltonian structure of the system in question.

As it follows from (7.1) by a standard procedure [20, 26, 27], these new variables satisfy the
canonical Poisson relations

A A} =0, {wj, iy =0, g e} = djg-

On the other hand, they Poisson-commute with Iy()),

{)‘j’ IO()‘)} =0, {:UJ"IO()‘)} =0,

because () is a Casimir function as (7.7) shows. Thus A;’s and p;’s may be literally called
‘Darboux coordinates’.

These Darboux coordinates Aj, iu; and the coefficients of N2 N in Ig(A) = A2 4.
give an alternative (local) coordinate system of the 3¢ + 1-dimensional Poisson structure on the
space of L-matrices with the original g + g + (¢ + 1) coordinates ~;, 3;, v;. To reconstruct the
L-matrix V() from these new coordinates, we use the familiar Lagrange interpolation formula

AN A=A
that holds for any polynomial f(A) = fiA\91 + -+ f; of degree less than g. Since
B _ 080 _ 0B,
A=A O\j a)\

this formula implies the formula

Z ﬂ/ aﬂn (8.2)

for the coefficients of f(\) as well. Note that 3,’s are understood here to be functions of \;’s
(in fact, they are elementary symmetric functions). We apply this formula (8.2) to a()) and
obtain the explicit formula

g aﬁn
Z /B/

that recovers ay,’s from A;’s and p;’s. In a similar way, we apply (8.2) to the case where

- znj LA = h()\) — Ip(N),
n=1
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and find the expression

I u? aﬁn
8.3

of I,’s in terms of \;’s, u;’s and Iy(A). For instance,

In these formulas, () is understood to be the polynomial

Io(A) = A2HE 4261 (DA% + (2e2(t) + 1 ()*)AP 71+ (2e3(t) + 261 (E)ca ()N 72 + -

9
+ Z Cm(t)cg—m( )\gH (Z cm(t)Cg+1—m )+x>/\g.
m=0
Once a(A) and h(\) are thus reconstructed, we can recover y(\) as
h(A) — a(V)?
"N =55

It is convenient to rewrite the foregoing formula (8.3) slightly. Recall the auxiliary polyno-
mials

Ba(N) = A"+ BN b B,

Lemma 5.

B _

8)\ = —fFn-1(Nj), n=1,...,g. (8.4)

Proof. Start from the identity

PO _ BN B B
O\j A — )\j A=)
and do substitution
A" — )\? n—1 n—2 n—2 n—1
_ﬁnA_)\j = = Lu(N"TTE AT NTEAE AT

for each term on the right hand side. This leads to the identity
B

a)\] = —)\971 _ (A] + ﬂl))\972 . — (A‘?_l +/61)\?—2 4ot ﬂg_l)
—XTE = B AN T2 = = B (N)),
which implies (8.4). =

By these identities, we can rewrite (8.3) as

g9 2
1; — Io(A))
Tt =3 B0, n=0d gt
=1 I
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(For notational convenience, n is shifted by one). We can derive, from these formulas, a similar
expression of the Hamiltonians H,, i introduced in the last section. Recall that 3,’s are con-
nected with R,’s by the linear relation (3.10). It is easy to see that the auxiliary polynomials
Bn(N), too, are linearly related to the auxiliary polynomials R, (\) as

Bn(A) = Ry(X) +c1(t)Rp—1(A) + -+ - + cn(t) Ro(N).

Comparing this linear relation with the linear relation (7.5) among I,,’s and H,,’s, we find that
the Hamiltonians H, 1 can be expressed as

g 2
1; — To(A)
Hy1 = L — "R, (\)), n=20,1,...,9g— 1.
2 G0y e

Note that R,’s in this formula have to be redefined as functions of A; that satisfy the linear
relations (3.10):

Ry = 1 — ai(t), Ry = By — c1(t)B1 + c1(t)* — ca(t),

In particular, these Hamiltonians are time-dependent, the time-dependence stemming from both
Ip(A) and R, (N).

This is, however, not the end of the story. As it turns out below, these Hamiltonians (except
Hy = 1) do not give correct equations of motion in the Darboux coordinates \;, p;. Correct
Hamiltonians are obtained by adding correction terms to H,,’s.

9 Hamiltonians in Darboux coordinates

9.1 Equations of motion in Darboux coordinates

Let us derive equations of motion for A;’s and p;’s from the Lax equations (5.7). In components,
the Lax equations take the following form:

Danr1a(N) = Bu(A)7(A) = BOTW(A) + AL (N,
D1 B(N) = 2A,(NB() — 2B, (\)a(A) + B, (),
D17 (N) = 20, (Na(h) — 24, (N (N) + T (). (9.1)

To derive equations of motion for A;’s, we differentiate the identity 3(\;) = 0 by top41. By
the chain rule, this yields the equation

Don18(N)[a=x; + 8/ (Aj) 02417 = 0

By the second equation of (9.1), the first term on the right hand side can be expressed as
Don18(N)a=x; = —2Bn(N)a(Nj) + By (A) = —2u;Bn(A) + B, (A)).

Thus the following equations are obtained for A;’s:

2u;Bn(A;)  BL(A))
Dopga Ny = —2 202 I 9.2
N TG00 ) 02
To derive equations of motion for p;’s, we differentiate u; = a(\;) by ta,41. The outcome is
the equation

Donyitty = Oanr10(N)|a=r; + & (Nj)Dan i1
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By the first equation of (9.1), the first term on the right hand side can be expressed as

Oan10(N)x=r; = Ba(A)7(4) + AL (A)).

The derivative 02,41, in the second term can be eliminated by (9.2). We can thus rewrite the
foregoing equation as

Oty = 219 W;{fj )“J‘)WW)Bn(Aj) - W FAL).

Note here that the numerator of the first term on the right hand side is just the value of h/(\)
at A = )\ji

W (A7) = 2a(Xj)a (Ag) + B (M) v(Ag) + BOG)Y (Ag) = 2u50/ (Ng) + B/ () (Ag)-
Thus the following equations of motion are obtained for s;’s:

R(Aj)Bn(Aj) o' (A)BL(N)

82n+1uj = ﬂ/()\]) - ﬁ/()\]) +A;1(>‘J) (93)

9.2 Why Hamiltonians need corrections

We now start from the Hamiltonian form (7.6) of the Lax equations and repeat similar calcu-
lations. In the case of isospectral Lax equations, such as the Mumford system, this procedure
should lead to a Hamiltonian form of equations of motion for the spectral Darboux coordinates.
In components, (7.6) consist of the following three sets of equations:

Oans10(A) = {a(N), Hpy1} + Ay (N),
aQn—‘rlB()‘) = {B(A)7Hn+1} + le()‘)a
Oan+17(AN) = {7(N), Hpy1} + I (A). (9.4)

We again start from the identity
0= D2nt18(Nj) = Dans18(N)x=n, + B'(Aj)D2nt 1A,
and consider the second equation of (9.4), which implies that
Don18(N)a=x; = {BN), Hnv1}a=x; + B ().
To calculate the first term on the right hand side, we use the identity
0={B(Nj), Hns1} = {BO), Hn1}a=n, + B/ ()N Hna }-

Thus the following equations of motion are obtained for A;’s:

B, ()
OomirAj = {Nj, Hypr} — 57((Aj)) (9.5)

In much the same way, we can derive the following equations of motion for p;’s:

o/ (A7)BL(A5)

Oant1pty = {pj, Hp1} — T A0 + AL (N)) (9.6)
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These results clearly show that H, 1 is not a correct Hamiltonian. If we could find a correct
Hamiltonian, say K, 1, the equations of motion would take the canonical form

Om+1Aj = {Aj, Kni1}, Oont1tty = {5, Knt1}-

(9.5) and (9.6) fail to take this form because of extra terms on the right hand side. These terms
stem from the extra term U}, ()\) in the Lax equations (5.7). When we say (5.7) is ‘Hamiltonian’,
we ignore the presence of this term. It, however, cannot be ignored if we attempt to formulate
the Hamiltonian structure in the language of the spectral Darboux coordinates A; and f;.

The case of n = 0 is exceptional. Since Bo(A) = 1, the extra terms on the right hand side
of (9.2) and (9.3) disappear. Therefore

9 2
15 = Lo(A))
H=I= [
Z; B'(Aj)
‘]7
is a correct Hamiltonian for the equations of motion for the t;-flow (namely, the higher order
PI equation itself). Note, however, that the extra term Uj(A) in the Lax equation still persist.

Remark 9. Another consequence of the foregoing calculations is that the Poisson brackets
of H, 41 and the Darboux coordinates (in other words, the components of the Hamiltonian
vector field of H,1) are given by

211;Bn (M) W (Aj)Bn (X))
\i, Hy :g’ . H, — \yymmity)
Consequently, the Poisson brackets of 1,11 and the Darboux coordinates turn out to be given by
2158 (N)) h,()‘)ﬂn(A)
Ajs In = , : ) s In = ) =3
{ J +1} /6/()\]') {/”L] +1} /3/()\],)

One can derive these results directly from the Poisson brackets (7.1) of the matrix elements
of V(A) as well.

9.3 Corrected Hamiltonians

We now seek for correct Hamiltonians in such a form as
Kn+1 = Hn+1 + AEln-‘,-l-

Correction terms AH,, 1 have to be chosen to satisfy the conditions
B.(A)) a’(A)B, ()
B(A) B'(Aj)

We can convert this problem to that of I,,41’s, namely, the problem to identify the correction
term to Ipq1’s:

{Nj, AHpa} = -

{nj, AHp 1} = — + AL (A)).

AIn+1 = AHn+1 + Cl(t)AHn + -+ Cn_1<t)AH1. (97)

The conditions for to Al, 1 read

N, Al = — 5%(())\\5))’ {g, Alya} = —W +ai(A)
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or, equivalently,

OAI ' (N O0AI ") BN
n+1 _ _ﬁ’r,z( ])’ n+1 _ Od( ]/)671( _7) _ a{ﬂ()\]) (98)
Opj B'(Aj) 2¥ B'(A5)
This slightly simplifies the nature of the problem.
The goal of the subsequent consideration is to prove that a correct answer to this question is

given by
9 /
A
AIn+1:—§ M (9.9)

Obviously, the first half of (9.8) is satisfied; what remains is to check the second half.
We can use the following lemma to reduce the problem to each term of the sum in (9.9).

Lemma 6.

e 0B, (A)
) = —
A=) @) = B(\) O

i 08" (N)
Zﬁ’ O\

Proof. By the Lagrange interpolation formula (8.1), a(\) can be expressed as

[k ()
Z 5’ 5>\k '

Applying the projection operator (A"79 - ) to both hand sides yields another identity

Mk aﬁn )
Zﬁ’ ONe

The statement of the lemma follows by differentiating both hand sides of these identities and
by setting A = A;. |

Because of this lemma, checking the second half of (9.8) can be reduced to proving the
following identity:

0 B 1 <5§L(>\j)35'(/\) _5541()\)>
o\ B'(Mk)  B() \B'(N;) Ok Ok

Note that this is a genuinely algebraic problem (related to elementary symmetric functions).
We prepare some technical lemmas.

A=)

NNgh

(9.10)

A=)

Lemma 7.
8 Bn 1 OBn  OBn ‘ 8 Bn
= — — k =0. 9.11
INONe A — M (aAj 8)\k> U£R. e (0.11)
Proof. Differentiate
BN
=— A=A
AN, g( 2
once again by A;. If j # k, this yields the identity
PO T aoayo SN 1 (90 90
ONjON ik A=) (A= Xg) Aj = A\ OA o\, )’

proving the first part of (9.11). Similarly, if j = k, the outcome is the identity 823(\)/0N2 = 0,
which implies the rest of (9.11). [
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Lemma 8.

/ _ _% B aﬁnfl o 851 n— 1
B (\) = o ~ M (9.12)

Proof. (], (\) can be expressed as

BN =nX" 4 (n=DBAN2 4+ By
= (A" BN Bmt) e A AT A
= Bn—1(A) + Ba—2(MA + -+ + Bo(N).

Upon substituting A = A\; and recalling (8.4), (9.12) follows. [
Lemma 9.
aﬁ;z()\k) o 1 aﬁn()‘k) / .
oot = (e mon) Gk,
aﬁqlmo‘k) - 1 /"
%) 280, (9.13)

Proof. If j # k, (9.12) and (9.11) imply that

) __ P O, O
By NN ONON T ONONH
1 (8, o, 08 091\ 0
_Aj—Ak<aAj aAk>+ +<ax 8)\k>)\’f
1 0B | OBn-1 351 ne1
_AjAk<aAj+ ox, et gy
_ 1 aﬁn 8ﬁnfl aﬂl n—1
Aj)\k<8>\k M) VR W
Obviously,
0B OBn—1 3ﬁ1 n-1_ 9Bn(Ak)
oy T g o

and by (9.12),

OBn | OBn— 351 nel_
a)\k + N A+ - a)\k)\ =B, (Ak)-

Thus the first part of (9.13) follows. If j =k, (9.12) and (9.11) imply that

06, (Ak) _ OBn1 5 9Pn—2 9/
8>\k 8>\k Ok a)\k

On the other hand, differentiating the identity
Bu(N) = Ba1(X) + B2 (WA + -+ Fo(M)A"
(which has been used in the proof of (9.12)) yields

Br(A) = Br1(N) + Bra (WA + -+ B (A"
+ Bna(A) + 280-3(MA + -+ (n — 1) Bo( M)A 2.

Apt

M= = (=15
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One can eliminate the derivatives 3/,_;(\),...,31(\) by the preceding identity itself. The out-
come reads

Z()\) = Q(ﬂan()\) +26—3(MA+ -+ (n— 1)/30()\))\71—2).
Upon substituting A = A\, and using (8.4), one finds that

8ﬁn71 8ﬁn72 8ﬂl -2
_ 0Pn2y (= 1) 22 an2),
( e T Tan Mt o DT A

The last identity and the foregoing expression of 93] (\g)/OAr lead to the second part
of (9.13). |
Using these lemmas, we can calculate both hand sides of (9.10).
Let us first consider the case of j # k. The left hand side of (9.10) can be calculated by the
Leibniz rule and (9.13). Note here that the formula (9.13) for n = g takes such a form as

98" (\k) _ B'(N)
F) VD VDY

because By(Ar) = B(Ag) = 0. The outcome of this calculation reads
0 B() 1 9Bn(Ak)
ON; B'(Ae)  BAR)A = Ak) 0N

As regards the right hand side of (9.10), we can use (9.13) to calculate the derivatives in the
parentheses as

9p"(\)
N

_ o8y _ BN)

A=\ a>\k - )\k—AJ7

J

96,(N) C0BN) 1 (0B Ly
vl R vt rerel G v L)L
Consequently,
1 9Bn(Xj)

1 (ﬂ;(%) op' AN 86&@))
B \ By o I\,

Ny B'(Ak)(Aj — Ak) O
Since (8.4) implies that

aﬁn()\j) o _825n+1 o aﬁn()\k)

B2y NN O

we eventually find that (9.10) holds for the case of j # k.
The case of j = k can be treated in much the same way, and turns out to be simpler. The
left hand side of (9.10) can be calculated as

0 Bn(Ak) _ 185(A) — 158,(M)B"(Ak)
OXe B'(Ag) 208 M\) 2 B2

The derivatives in the parentheses on the right hand side of (9.10) can be expressed as

aﬂ,()‘) _ 86/()‘16) _ N _ _1 1"
D Ly, 0N B (k) = =587 (M),
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96,(N)
O\

_ 857/1()‘) 1" _ l 1"
Y - 8)\k - n(>‘k) - _2571()‘76)

Thus (9.10) turns out to hold in this case, too.
We have thus confirmed that (9.9) does satisfy (9.8). Note that (9.9) corresponds to the
correction terms

g /
iR, (A
AHn-&-l = - %/(}\(j)])

=1

for Hy,11 by the linear relation (9.7), because 3,(\)’s and R],(\)’s are linearly related with the
same coefficients as 3,(\)’s and R, (\)’s. These results can be summarized as follows.

Theorem 3. Equations of motion (9.2) and (9.3) can be cast into the Hamiltonian form

Oms1Aj = {Aj, Kni1}, Oont1tty = {5, Knt1}-
The Hamiltonians are given by
g 2 g
i — Io(X) 1 Ry (A))
Kyl = JiRn()\A)_ LAt (AN A
=2 B'(A5) ! ; B'(A5)

Jj=1

10 Examples

We illustrate the results of the preceding section for the cases of ¢ = 1,2,3. For notational
simplicity, we set tag11 = 0. Consequently, ¢;(t) disappears from various formulas.
10.1 g=1

The case of g = 1 corresponds to the first Painlevé equation itself. There is no higher flow (other
than the excluded exceptional time t3). In this case, everything can be presented explicitly as
follows.

1) B(A) is linear and a(A) does not depend on A:

BA) =X+ [, a(A) = ay,

1
Bi=Ri=-, alz—&z—*uz-

2 2 4

2) The Darboux coordinates A1, pu1 are given by

u 1

A== = 5 m = a(A) = — U

3) h(A) is a cubic polynomial of the form

h(N) =To(\) + 1, Io(\) = X2 + 2.

4) The Hamiltonian K is equal to Hy = I;. As a function of the Darboux coordinates, I;
can be expressed as

I =2 — N} — 2\,

which coincides with the well known Hamiltonian of the first Painlevé equation.
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102 g=2

This case corresponds to the two-dimensional ‘degenerate Garnier system’ studied by Kimura [33]
and Shimomura [34]. A higher flow with time variables ¢3 now enters the game. This variable t3
shows up in the description of relevant quantities through

3
C9 (t) = *t3.

2
For instance, the linear relations between (3,’s and R,,” now read
B = Ry, B2 = Ry +ca(t).
Though slightly more complicated than the previous case, this case, too, can be treated explicitly.
1) B(A\) and «(A) are quadratic and linear, respectively:
BN) = X+ BiA + B, a(A) = o\ + ao.
2) The Darboux coordinates A1, Ao, pi1, o are defined as
BA) = (A= A1) (A= A2), p1 = a(Ar), pa = a(Ag).
3) h()) is a quintic polynomial of the form
h(A) = Io(\) + id+ To,  Io(A\) = A% + 2ca(H)A + 2.

4) We still have the simple relations Hy = I; and Hs = Iy between H,’s and I,,’s. They are
redefined as functions of the Darboux coordinates by the linear equations

L+ 1= M% — Io(/\l), Iy + 15 = ,u% — Io()\g).
More explicitly,

13 — Io(M1) N 5 — Io(A2) I — i — I(A1), 5 — Io(A2)
A1 — A2 Ao — Ay 2 A=Ay 2 A2 — A2

I = Al.

The correct Hamiltonians K, Ko are given by

U1 w2

1 1 2 2 VI VS Ve W

Remark 10. Kimura and Shimomura studied this system as isomonodromic deformations of
a second order scalar ODE rather than the 2 x 2 matrix system. In the present setting, their
scalar ODE corresponds to the equation

9 oy

— A)— AN =0

that can be obtained from (3.7) by eliminating the second component of . The coefficients p; ()
and py(A) are given by

AW ey
BN’ B
Remark 11. Actually, Kimura and Shimomura considered two Hamiltonian forms for their de-

generate Garnier system. One of them is defined by the aforementioned Hamiltonians K, K.
The other one is derived therefrom by a canonical transformation, and has polynomial Hamil-

p1(A) p2(A) = —h(N) —'(N) +a

tonians.
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103 g=3

The case of g = 3 is more complicated than the preceding two cases. Here we have two higher
flows with time variables ¢3, t5. They are connected with ca(t) and c3(t) as
5 3

CQ(t) = §t3, Cg(t) = §t5.

h(A) is a sextic polynomial of the form
h(X) = Ig(\) + A2 + I\ + Is.

A new feature of this case is the structure of Ip(\):
To(N) = A7+ 2¢2 ()N + 2¢3(0) A + (c2(t)? + ) A3,

Note that the coefficient of A3 is now a quadratic polynomial of the time variables. Of course, if
we consider the general case (6.9), this is a rather common situation; the first two cases (¢ =1
and g = 2) are exceptional.

11 Conclusion

We have thus elucidated the Hamiltonian structure of the PI hierarchy for both the Lax equa-
tions and the equations of motion in the spectral Darboux coordinates. Though the extra
terms U, ;(A) in the Lax equations give rise to extra terms in the equations of motion for
the Darboux coordinates, these terms eventually boil down (somewhat miraculously) to the
correction terms AH, 1 in the Hamiltonian.

The correction terms AH,,,1 are identified by brute force calculations. It is highly desirable
to derive this result in a more systematic way. As regards the Garnier system, such a systematic
explanation is implicit in the work of the Montreal group [28, 29], and presented (in a more
general form) by Dubrovin and Mazzocco [31]. Let us recall its essence.

As mentioned in Introduction, the Garnier system is equivalent to the 2x2 Schlesinger system.
The L-matrix of the Schlesinger system is a 2 x 2 matrix of rational functions of the form

N A
vy =) : _Jt‘.
j=1 J

The matrix A; takes values in a two-dimensional coadjoint orbit of sl(2,C). This orbit, as
a symplectic leaf, carries special Darboux coordinates &;, 7;. A; can be thereby written as

P ( 2€j77j2 B £ )
T\ 0 —gny)
where 0; is a constant that determines the orbit, and may be interpreted as a monodromy
exponent at the regular singular point at A = ¢;. The Lax equations can be converted to a
Hamiltonian system in these Darboux coordinates {;, 7;. Since the spectral Darboux coor-
dinates Aj, p; are connected with these Darboux coordinates by a time-dependent canonical
transformation, the Hamiltonians in the latter coordinates have extra terms.

Unfortunately, this beautiful explanation of extra terms does not literally apply to the present
setting. The relevant Lie algebra for this case is not s1(2, C) but its loop algebra s1(2, C)[\, A7},
coadjoint orbits of which are more complicated.

A similar idea, however, can be found in the recent work of Mazzocco and Mo [41] on an
isomonodromic hierarchy related to the second Painlevé equation. They start from the Lie-
Poisson structure of a loop algebra, and convert the Hamiltonian structure on a coadjoint orbit
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to a Hamiltonian system in Darboux coordinates by a time-dependent canonical transformation.
It will be interesting to reconsider the present setting from that point of view.

Another remarkable aspect of the work of Mazzocco and Mo is that they present another
set of Darboux coordinates alongside the spectral Darboux coordinates. Unlike the spectral
Darboux coordinates, these coordinates are rational functions of the dynamical variables in the
Lax equations; this is a desirable property in view of the Painlevé property of the system.

Actually, borrowing their idea, we can find a similar set of Darboux coordinates Q,,, P, for
the PI hierarchy as

Opn ak
8ﬂk n’

M=

Qn = ﬁg-{—l—ny Pn =

e
Il

1

where pj stands for the k-th power sum

g
Dk = Z )\?
=1

(Note that pg’s and [3;’s are related by the generating functional relation

Zpik — _log BA)
k=1

Xk YA

so that py’s may be thought of as polynomial functions of 3;’s.) One can prove, in the same
way as the case of Mazzocco and Mo, that Q,, P,, do satisfy the canonical Poisson relations. In
fact, they turn out to satisfy the stronger relation

g g
D dAj Adpy = dQn A dPy,

j=1 n=1

which implies that Q,, P, are connected with the spectral Darboux coordinates A;, u; by
a time-independent canonical transformation. In particular, the canonical transformation yields
no correction term to the transformed Hamiltonians. Namely, K, i’s persist to be correct
Hamiltonians in the new coordinates Q,, P, as well. Moreover, employing the Lagrange in-
terpolation formula, one can see that K,41’s are polynomials in these coordinates (and the
time variables). We thus obtain a generalization of Kimura’s polynomial Hamiltonians for the
degenerate Garnier systems [33].
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