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1 The Korteweg—de Vries solitonic spin chain

In a series of papers [9, 10], we described a direct relation between soliton solutions of integrable
hierarchies and lattice gas systems (e.g., Coulomb gases on two dimensional lattices). The latter
models can be reformulated also as some Ising spin systems with a non-local exchange. In
particular, the grand partition functions of specific N-site Ising chains for some fixed values
of the temperature were shown to coincide with the tau-functions of N-soliton solutions of the
Korteweg—de Vries (KdV) and Kadomtsev—Petviashvili (KP) equations.

We would like to complete here the consideration of [9] and investigate a critical phenomenon
appearing in these models in the zero temperature limit. The N-soliton solution of the KdV
equation uy + Uzy, — 6uu, = 0 has the form [1, 11]

u(z,t) = —20%log v (, 1),

where 7y is the determinant of a NV x N matrix M,
2\/kikj (o 0,)
T~ = det M, Mi; = 6i + ik el0it0;
Qi:k‘ix—kft—i—ﬁgo), i,j=1,2,...,N.

The parameters k; describe amplitudes of solitons, 9 / k; are the zero time phases of solitons,
and sz are their velocities. The tau-function 7 admlts the following Hirota type representa-
tion [7]:

Z exXp Z AZJ/MM] + Z Oipt; | (1)

n;i=0,1 1<i<j<N

*This paper is a contribution to the Vadim Kuznetsov Memorial Issue ‘Integrable Systems and Related Topics’.
The full collection is available at http://www.emis.de/journals/SIGMA /kuznetsov.html
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where the soliton phase shifts A;; are expressed in terms of the spectral variables k; as

Ay — ki~ kj)?

N (k‘l + ]fj)z‘
As remarked in [9] for 0; = 0 this 75 defines the grand partition function of a lattice gas
model with the chemical potential (90 and p; being the filling factors of the lattice sites by
molecules. The constants A;; describe interaction energy of the molecules.
Substituting in (1) p; = (0; +1)/2, where o; = £1 are other discrete variables, one can pass
from the lattice gases to Ising spin chains [3]:

N
1 1
P
™ =e Zn, @—42141‘]'—!-22:19]',
J:

1<j
where
1
In = —BE =
N Z € ) 6 kTﬂ (2)
o;=*%1
N
E = Z Jijo'io'j — ZHZO'l (3)
1<i<j<N =1

Here, J;; are the exchange constants, H; is an external magnetic field, 7" is the temperature,
and k is the Boltzmann constant:

1 1, 1 &
BJij = —3Ay,  BHi=30i+7 ;j Aij.
J=1

T coincides thus with the partition function of a one-dimensional Ising chain with the specific
non-local exchange. A similar situation holds for the KP hierarchy and some other partial
differential or difference nonlinear integrable equations.

From the thermodynamic point of view, it is interesting to understand the N — oo behaviour
of these “solitonic” statistical mechanics models. In general there are infinitely many free
parameters, and it is difficult to classify qualitatively different cases. An interesting class of
models is related to the so-called self-similar potentials [12]. These potentials are characterized
by the g-periodicity constraints kj; s = gk; and 9§(BM = 9](-0)
0 < g<1,and M is a positive integer. Exchange constants satisfy in this case the constraints
Jivmj+m = Jij. For M =1, this translational invariance takes the simplest form J;; = J(i — j)
with k; forming one geometric progression, k; = k1¢° !, ¢ = e 2%, where k; and a > 0 are free
parameters. More precisely,

, where ¢ is an arbitrary parameter,

A;; = 2log | tanh a(i — j)|.

The KdV coordinate x and time ¢ describe a part of the magnetic field H; decaying exponen-
tially fast for ¢ — oo because ¢ < 1. Only the values of constants 050)
the leading asymptotics of the partition function in the N — oo thermodynamic limit. Neglect-
ing this (z,t)-dependence, we come to the constraint H;; s = H;, which is just the homogeneity
condition for M = 1. In principle, it is possible to compute the N — oo asymptotics for the
partition function for arbitrary M-periodic magnetic fields, but in [9] only the M = 1,2 cases
were considered.

Since 0 < |tanha(i — j)| < 1, we have J;; = —A;;/43 > 0, which corresponds to an antifer-
romagnetic Ising chain (a similar picture holds for M > 1). Although we have a long distance

are therefore relevant for
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interaction, its intensity falls off exponentially fast, and the absence of phase transitions in such
systems at non-zero temperatures is well known [5]. It appears, however, that there exists a spe-
cial limit leading to a nontrivial critical phenomenon in this model. Indeed, we consider the limit
a — 0% or ¢ — 17. The phase shifts A;; « J;;/kT then diverge. We can take nevertheless as
the true exchange constants Ji7" = J;; (¢1—q) and as the true temperature kT}en = kT (¢~ —q).
For the self-consistency of the temperature definition, we should renormalize the magnetic field
as well, H < h/(¢~! — ¢), and assume that h is finite.
As a result, the interaction energy of any spin “in the bulk” with all others,

(oo}
ren _
E Jij 0j,
j:_ooﬁéi

is finite for ¢ — 1~ (or @ — 0™). Indeed, the maximal value of this interaction energy is

- .
1— ¢ (43 9)o0
max = lim 4a > o JL%“ P> Og‘1+qf Bam0" " g )es
j=—00,#0 J=—00.#0
00 m
We use the notation (a7 q)oo = H (1 — aqk) and (a17 <oy Om; q)OO = H (a]7 Q)oo
k=0 =1

For the following considerations, we need theta functions [2]

q) - Z(_l)nq(n+l/2)2€(2n+1)iu _ iql/467iu (qZ7 621'1/7 q2€72i1/; q2)
neZ

92(% q) _ Z q(n+1/2)2€(2n+1)iu — q1/46—i1/ (q2, _621'117 _q26—2i1/; qQ)OO’

oo’

neZ

n? 2niv 2 2iv —2iv, 2
=3 q" e = (¢, —qe®, —qe ;%)
neL

2 . . Y
94(1/7 Q) = Z(_l)nqn 627”1/ = (q27 q62“/7 qge 2“/; qz)oov
nez

where ¢ = ¢™7, Im(7) > 0, and their modular transformations
O1(v/7,4) = —ivV—ire” /"0 (v,q),  Oa(v/7,q) = V—iTe"” " 04(v, q),
O3(v/7,4) = v—ire™’ /" 04(v, q), 04(v/7,4) = vV—ire™’ /"0y (v, q),

where § = e~™/7 and \/—ir is positive for purely imaginary 7. Using these formulas, we obtain

(@05 _ 00,47 86047 _ a5 2 (@05
(—¢: 03 02(0,¢"2)  (—i7)04(0,4"/?) (—i7) (325 9)%
where ¢ = 2™ = ¢ 2 and § = e 2™/ = e~ 2/ As a result,
2
T
Emax PYZ) )
283 < 00

and F; < Fpax. The limit o — 0 corresponds thus to an infinitely small and infinitely long-range
nonlocal interaction model at a low value (zero) effective temperature.

There are some other interesting limits. For instance, for ¢ — 0 and finite h, we obtain the
high temperature nearest neighbor interaction spin chain, J{j‘?“ X 0i41,j, Tyen — 00. For finite H,
this limit corresponds to the non-interacting spins. The solitonic interpretation describes thus
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only a two-dimensional subspace of parameters (T, H, q). For fixed ¢, the temperature T is also
fixed, and we can set the “KdV temperature” equal to g = 1.

Using the Wronskian representation for 7, the leading asymptotics of Zy for N — oo was
determined in [9] for the M = 1 translationally invariant model and a homogeneous magnetic
field. Namely, Zny — exp(—NpSf1), where the free energy per site f; has the form

2 4. 4 o hBH 1 2
Bf1(q. H) = log 23T oo O SH 1 | avios (160~ grant® o11)
(% ¢?)o AT Jo
() = (e @eiq)s L 6iv/2q)
(¢te™, qre™;qh)2, 4sin®(v/2)  "03(v/2,¢%)

The total magnetization of the lattice takes the form:

m(i) =~ 21—y L 4N (o3} = (1 - 1/7r v > tanh BH, (4)

OH  N—oo N & 7 Jo 1+d(v)cosh?BH
where
0i(v, ¢*)
div)= 2227 _ 1.
V)= %0,

The function m(H) grows monotonically with H and reflects qualitative predictions of the
general theory of 1D systems with the fast decaying interactions [5]. However, the limit oz — 0
with the renormalized exchange and magnetic field breaks down the corresponding necessary
conditions, and we obtain a non-trivial critical phenomenon.

We substitute in (4) BH = h/(¢~! — q), h > 0, and take the limit o — 0. Since

e8]

0i(v,a®)  Oi(v/m,@®) (BT qteT2v/mgh2,

iv.a®) _ 03(v/1,@%) _ (=T —gte T )3

. o .
where g = ¢™7/2 = ¢720 G = ¢~ T/2T — =7 /8¢ e have

(1 +62i1//7'>2(1 +€2i(lj7ﬂ')/‘l')2 ) eh/2a
(1 — e2iv/7)2(1 — e2ilv—m)/7)2 -

h
x(v) = 01{12% d(v) cosh? o= lim

a—0

— Lim (6721'1//7 +62i(uf7r)/7—) el 0<uv<m

a—
Substituting this result in (4) and using relation lirrb tanh(h/4a) = 1, we obtain
—>
2 ("% 4
m(h)=1-= / ———
™ Jo 1+ X(V)
For 0 < v < 7/2, we have

0, if h/m<v<m/2,
x(v) = .
oo, if 0<wv<h/m,

for h < w2/2, and x(v) = oo, for h > 72/2. The final result therefore can be represented in the
form

w/2 )
1_/ dv="2h, i |h| <2,
h/m ™

1, if |h| > 7w2/2.
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We have an obvious point of non-analyticity of m(h) or of the free energy fr(h) at the cri-
tical value of the magnetic field heye = 72/2, such that the magnetic susceptibility y(h) =
B~ tdm(h)/dh has a jump at it (i.e., we have the phase transition of the second order). This is
a typical phenomenon in the systems with long-range interaction, where the mean field approxi-
mation gives exact values for the one-point correlation functions (see, e.g., [3]).

2 The mean field approximation

In the mean field theory, one considers a few degrees of freedom (usually, just one) of a taken
system in an effective mean field of the remaining part of the system. This effective or mean
field depends itself on the analysis of the one-body dynamics. As an example, we consider the
general spin chain with energy (3) and the mean magnetization at the i-th site of the lattice

S oiePE
_ 01,02,...
(0i) = TS oBE
01,02,...
Instead of calculating the above sums, we stick to the i-th spin and evaluate its contribution to
the energy as

Ei(0;) = —oiH;, (5)
where

Hi=~Y Jijlo;) + Hi (6)
j#i

is an effective mean magnetic field at the i-th site created by the external field H; and the rest
of the system oc ) J;;(0;).
J#L
In the one body problem (5), the configuration space consists of two states o; = +1, and
therefore
BH; _ ,—BH; -
eﬁHi -+ e_ﬁHi

(o3) =

Substituting the values of effective fields (6) in the last equation, we obtain a system of tran-
scendental equations for mean values of all spins

(0;) = tanh 3 —ZJZ‘J‘<O']‘> +H;|. (7)
J#i
We consider now the translationally invariant system J;; = J(i — j), H; = H. In such a system,

all mean values of the spins are the same in the thermodynamic limit, (o;) = (o), and from (7),
we obtain

(o) =tanh B [ =Y J(i—j){o)+ H | =tanh B(=J(o)+ H),  J=>_ J(j).
i#i J7#0

The solution of this equation is an intersection of graphs of two functions: y = z and y =
tanh 8(—Jz + H). We consider two different cases.
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1) A ferromagnet in the zero magnetic field: J < 0, H = 0. Our system of equations
has only the trivial solution z = y = 0 for §|J| < 1 and three solutions x = y = 0 and
x =y = +m for §|J] > 1 and some 0 < m < 1. The latter nontrivial solutions describe the
spontaneous magnetization m at the temperatures smaller than the critical value 1/8ci = |J|
(the tanh(—p@Jz)-function becomes steeper at the origin as [ increases and starts to intersect
the line x = y in two additional points as its slope exceeds the critical value).

2) An antiferromagnet, J > 0. The only solution at H = 0 is the trivial solution x =y = 0.
We consider now the zero-temperature limit 3 — oo. In this case, the tanh-function transforms
to the sign-function, and we obtain

y:x’ s n(x)_ 1, -’B>0,
y=sgn(—Jxr+ H), & Sl -1, x<0.

Solving these equations is rather easy. The function sgn(zx) is shifted by H/J from the origin
along the z-axis. When |H/J| < 1, it intersects with the line y = = by its vertical part, and the
magnetization equals to H/J. When |H| exceeds J, the line y = x intersects with one of the
horizontal branches of sgn(z), and the magnetization becomes equal to £1. The magnetization
is thus a continuous piecewise linear function of H consisting of three parts: two constant
(o) = +£1 for |H| > J and the linear piece (o) = H/J connecting them through the origin. In
our KdV-solitonic model, we denoted BH = h/(q~! — q) and Epax = (¢~ — ¢)J. In the limit
q — 1, we have Epa. = 72/23 and (o) = H/J = 2h/7?, which leads to the exact value of
the critical magnetic field heye = 72/2. Such a qualitative behaviour of the system is obvious:
when the external field exceeds the interaction energy between spins, they all flip in the field
direction.

The mean field approximation is known to give exact one-point correlation functions (e.g.,
the magnetization) for systems with the long-range interaction (as our ¢ — 1 limit). It might
be non-suitable, however, for the two point correlators (e.g., (c;0;)).

We consider now the M-periodic chain. For general (not necessarily solitonic) M-periodic
chain, it is reasonable to introduce multi-index exchange J"™™ (i — j), where i — j is the distance
between the cells and 1 < n,m < M are the respective internal cell indices for the n-th and
m-th sublattices. In our particular solitonic KdV case, we have

1
BJ(i) = —5 108

knqi - km

m ) JU(i) = J (—1)7 (8>

and the energy

E= Y Jmi-ioPe™+ ST i oo™+ N HMe ™.
1,JEZ, nF#m 1,JEZ iF#]j,n 1€Z,n

In the latter sum the magnetic field is also M-periodic, H, Z-(n) =H®, inhomogeneous only inside

the cells. The analysis similar to the M = 1 case yields from (7) the following system of M
equations for M unknowns (o(™):

(™) = tanh 8 (-ZJ"m<U(m)) —i—H(")) , n,m=1,..., M.

In these equations,

Jm= 3" gy, =306, n#m.

i€Z,%0 i€z
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In the zero-temperature limit, we have

(™) = sgn (ZJ”m<0(m)>+H(")> , n,m=1,..., M, 9)

m

where sgn(z) is the sign-function.
In the solitonic case (8), the M x M matrix J = J™" is symmetric with the constant diagonal:

Z ‘ E—A, Jr = T = 2ﬂz

ZEZ 1#£0

(10)

kng +k ‘

For M = 2, we have J'?2 = J?! = —B and
(o) = san(A(0V) + Blo®) + H),
(0®) = sgn(B(cW) + A(c®) + H?)).

If we take the uniform magnetic field H 1) = H® = H, these equations become symmetric
in 0 and ¢® and have the solution (c) = (¢™) = (¢(?)) stemming from one equation

(o) =sgn((A+ B)(o) + H).

For the completely uniform magnetic field, there exists thus a solution when the spins flip
simultaneously for both sublattices for sufficiently large magnetic fields.

Simultaneous phase transition exists for all sublattices in the uniform field H® = ... =
HM) = H, when (¢) = ... = (¢/M)) and all spins in all sublattices are aligned simultaneously
for a sufficiently large H. As seen from (9), such a solution exists, if > J™™ are equal, which
is certainly true for M = 2 because of the permutational symmetry. But it may be not so for
M > 2. For instance, in the solitonic case (10) for M = 3, we have

1—¢ kig' — ky kiq' — ks
ZJlmoc Z log A —l—Zlog.i —I—Zlog.i ,
i€2,70 I+¢] = kg’ +ka| i kg’ + ks
1-¢ kaq' — ka kaq' — k3
ZJQmoc Z log : —i—Zlog.i +Zlog.7 ,
T L+q'| = kag' + k1| = kog' + ks
1—¢' ksq' — k1 k3q' — ko
S 3 tow| 4 Yo [ S|
i€2,20 I+¢] = kaq' + ki i€z ksq" + k2

These three sums are certainly different for 0 < ¢ < 1, and in the limit § — oo (which we
cannot reach within the solitonic interpretation for ¢ < 1), the magnetization would become
a piecewise linear function of H of a more complicated form than in the M = 1,2 cases. In our
model, however, the zero temperature is reached by multiplication of the above sums by ¢! —¢
and taking the limit ¢ — 1~ (or @ — 07). All three sums become then equal yielding the same

magnetization as in the M =1 and M = 2 cases.

3 The BKP solitonic spin chain

Another Ising chain model solved in [9] appears from the multisoliton solution of the KP equation
of B type, i.e. the BKP equation [4]. The corresponding partition function has the same form (2),
where the exchange constants are

By I Ay, (ai —a;)(bi — bj)(a; — bj)(bi — ay)

e g

s (@i + ) (b + by)(ai + b)) (b + ;)




8 I.M. Loutsenko and V.P. Spiridonov

For a; = b; = k;/2, this model coincides with the KdV-inspired model at the twice lower value
of the temperature obtained after the change 6 — 20.
The translational invariance of this spin chain, J;; = J(i — j), yields

ai=q¢"',  bi=bd"l,  g=e
where we normalize a; = 1 and assume that 0 < ¢ < 1 as before. This gives the exchange

1. tanb®a(i—j) — (b—1)?/(b+1)?
OJig =~ loa coth? (i — j) — (b—1)2/(b+ 1)

where the parameter b is restricted to three regions (because of the b — 1/b invariance): either
—1 < b < —q (the ferromagnetic chain, J;; < 0), or ¢ < b < 1 or [b|] = 1, b # —1 (the
antiferromagnetic chain, J;; > 0).

In the thermodynamic limit N — oo, the free energy per site for the homogeneous magnetic
field H; = H takes the form [9]:

) ab 3 b; oo 1 o
(¢,4,bq,9/b;q) +/ dvlog|2p(v)|,
4 0

—BIH) = Jloe e b e

where

o) = cosh2BH 4+ "GV ((b‘lei”,qbe‘i”;q)oo (bei”vqb‘le‘i”;q)oo> '
9)

(—e™, —qe™™; (b1, ab; @)oo (b,ab 5 @)oo
Taking the derivative with respect to H, we find the magnetization
1 [7 dv
Hy=(1-- tanh 26 H 11
m(H) ( 7r/0 1+d(u)cosh2ﬂH> anh 26, (11)
where
9 g1/2 1/2
d(V) _ 01(¢/ »d ) 02(”) q ) (12)

02(0,¢*%) O1(v +¢/2,4"%) — 01 (v — ¢/2,4"/?)

with b = e®. For real ¢ we have |b| = 1, the choice ¢ = iy, 0 < v < 2a, yields ¢ < b < 1, and
for ¢ = ™ + iy, we have —1 < b < —q. The limit b — 1 describes the magnetization for the
“KdV-spin chain” at the twice lower value of the temperature. A simple test of this expression
consists in the choice b = —1 corresponding to the non-interacting spins, J;; = 0. In this case
d(v) = 1, and we obtain m(H) = tanh SH as it should be for the free system.

We substitute now ¢ = e 2 and H = 2h/(q~! — ¢) in (11) and consider the limit o — 0F.
The factor 2 in front of h was chosen for coincidence of this model with the the KdV spin chain
with the effective replacement 3 — 23 (i.e., the twice lower value of the temperature). We apply
the modular transformation to theta functions in (12) and obtain

d() = 22102 0 ) 02(v/7,3"?)
04(0,G/2) e 520, <V+;_b/2,ql/2> _ i, (”‘f/{qug)’

2mi/T e 2m

where 7 = ia/m and § = e~ */e_ Denoting

. 4qh
x(v) = ilﬂ% d(v) cosh T2
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we therefore obtain

_mo TP m(2v—m) h
() = lim %e 2a(1—6a)(1—e B )Ea '
a—0 6_%(1+%)_% (1 _ 627r7“+;/>/2) _ 6_%(1_%)+L2 (1 _ 6271—7’/_:/2)

In the region ¢ = ivy, 0 < v < 2a, we have

h__wv
a o«

L sin(ry/20)(1 R,
x(v) = lim 2sin((7/2 — v)y/a)

Since 0 < v/a < 2, the sin-factors do not influence the asymptotic behaviour, and for 0 < v <
/2, we find x(v) = 0 for h/m < v < 7/2 and x(v) = oo for v < h/m. As a result, we obtain
m(h) = 2h/7? for |h| < w2/2 and m(h) = 1 for |h| > 72/2. This is the same picture as for the
“KdV-chain”, as it should be because the limit v — 0 assumes the limit v — 0 or b — 1.

In a similar way, for ¢ = 7+ iv, 0 < v < 2a, and a — 0, we find b — —1, i.e. the trivial
situation of free spins. The most interesting behaviour appears in the region 0 < ¢ < , for
which we find

2 [7/2 dv
m(h)‘l‘w/o @)’

) = 0, if h/(m—9)<v,
) {oo, it v <h)(m— o).

As a result,

2h ) (m — @)
h) = ——— f hl < ———=
miny =2t < T
and m(h) = 1, if |h| > w(m — ¢)/2. The critical value of the magnetic field, for which we have
the phase transition,

et = + 209,

2
depends explicitly on the parameter of the model ¢, and for ¢ = 0, we obtain the previous result.
The Ising spin systems associated with the multisoliton solutions of integrable nonlinear equa-
tions provide thus the models with phase transitions already in their simplest one-dimensional
spin chain realizations.

It is interesting to analyze consequences of the antiferromagnetic nature of the exchange. We
take for this the KdV-inspired Ising chain and apply different magnetic fields to the odd, Hy,
and even, Hs, sites. The corresponding magnetization for the odd sites sublattice was derived
in [9]:

dft 1<
Modd(H, Ha) = —2——— = lim — “(03; 1)

dH1 P—>00pj:1
tanh BHy 1 [T d
— tanh g1, — 20 2/ T . :
cosh® BHy 7 Jo  %00) _ tanh BH| tanh SH,

62 (v,q?)
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The magnetization for the even sites sublattice is obtained after permuting H; and Hs in this
expression. Obviously, if we take the alternating magnetic field H; = —Hs = H, then the total
magnetization is equal to zero, though the sublattice magnetizations remain non-trivial:

I d
modd(H) =11+ / 00 v tanh GH.
TS0 Gty cosh® BH + sinh? BH
1 ’

However, after substituting 8H = h/(¢~! — q) and taking the limit o — 0, we see that our zero
temperature critical phenomenon disappears: megq(h) = 1 for h > 0 and meqq(h) = —1 for
h < 0, similar to the free spins system.

4 Conclusion

As shown in [10], soliton solutions of integrable hierarchies with the complex values of spectral
variables are connected to the intrinsic Coulomb gases on two dimensional lattices with some
nontrivial dielectric or conductor boundaries. In this picture, the Coulomb interaction energy
between two charges and their effective images created by the boundary conditions plays the
role of the soliton phase shifts, the coordinates of charges coincide with the spectral parameters
of solitons, and the external electrostatic field is expanded in some series with the coefficients
playing the role of integrable hierarchy times. This transparent relation serves as a clue for
building new Coulomb lattice gas models exactly solvable at some fixed temperatures. The
latter temperatures are also related to the random matrix models [6, 9, 10], but we do not
discuss here applications of the described phase transition within these interpretations.

Our phase transitions are of a rather simple nature. In the lattice gas language, the transition
in the M = 1 periodic case describes the situation when the lattice is filled to its limit, i.e. the
number of particles equals to the number of sites, and no more particles can be added to the
system. In the M-periodic case, such transitions may happen separately, when each sublattice is
filled completely one by one, or simultaneously, for an appropriate choice of parameters. Their
qualitative features can be found from the mean field theory. There are several interesting
questions which would be interesting to analyze in the future, like influences of the hierarchy
times on the thermodynamical quantities, understanding of our systems beyond the “solitonic”
temperature values, investigation of the higher correlation functions, and so on.
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another deeply regrettable loss in the FSU scientific community, which was possible, probably, to
prevent in other circumstances.
V.P. Spiridonov

I have met Vadim first when I have been pursuing my PhD studies at the Centre de Recherches
Mathématiques in Montréal. At that time, Vadim was a postdoctoral fellow there. I remember
him as an open-heart person, frank and honest, very enthusiastic and completely devoted to the
problems he did and had in mind. Always full of energy, he showed the keenest interest for many
questions of science and life. To meet Vadim was very interesting to me.

I.M. Loutsenko
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