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Abstract. Principal comodule algebras can be thought of as objects representing principal
bundles in non-commutative geometry. A crucial component of a principal comodule alge-
bra is a strong connection map. For some applications it suffices to prove that such a map
exists, but for others, such as computing the associated bundle projectors or Chern—Galois
characters, an explicit formula for a strong connection is necessary. It has been known for
some time how to construct a strong connection map on a multi-pullback comodule algebra
from strong connections on multi-pullback components, but the known explicit general for-
mula is unwieldy. In this paper we derive a much easier to use strong connection formula,
which is not, however, completely general, but is applicable only in the case when a Hopf
algebra is co-commutative. Because certain linear splittings of projections in multi-pullback
comodule algebras play a crucial role in our construction, we also devote a significant part
of the paper to the problem of existence and explicit formulas for such splittings. Finally,
we show example application of our work.
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1 Introduction

Let H be a Hopf algebra (with bijective antipode), interpreted as a Peter—Weyl algebra of
functions on a quantum group. Principal H-comodule algebras can be loosely viewed as the
algebras of appropriate classes of functions on (non-commutative) principal bundles ([2] makes
the relationship explicit in the classical case). A crucial ingredient in the definition of principal
comodule algebra is a so called strong connection map. For some applications it suffices to prove
that a strong connection map exists, for instance when proving principality of a comodule algebra
(see, e.g., [17]). Other applications (see, e.g., [3, 13, 14, 18]), such as computing the associated
bundle projector or Chern—Galois character [5], call for an explicit formula for this map.

Piecewise principal comodule algebras [7, 12] is an interesting class of principal comodule
algebras for which a fair amount of examples recently appeared in the literature (see, e.g., [1, 4, 8,
10, 14, 15, 16, 17, 18]). They can be understood as being glued (constructed as a multi-pullback)
from simpler parts which are principal. In [12] (cf. the generalization in [18]) it was proven that
piecewise principal comodule algebras are, in fact, principal. The paper contains a derivation
of the explicit formula for a strong connection on a pullback of two principal extensions from
the “local” strong connections on pullback components and an appropriate choice of splittings
of the gluing maps. If the piecewise comodule algebra is a multipullback one can present this
multipullback as an iterated pullback, and then iterate the formula. Unfortunately, in practice,
already the second iteration of the formula from [12] becomes overly complicated.

*This paper is a contribution to the Special Issue on Noncommutative Geometry and Quantum Groups in
honor of Marc A. Rieffel. The full collection is available at http://www.emis.de/journals/SIGMA /Rieffel.html
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In the paper we derive, under the assumption of the co-commutativity of the Hopf algebra,
a much simpler strong connection formula (which does not need to be iterated, nor requires
putting the multipullback in the iterated form — the latter being complicated and error prone
by itself). While the assumption of co-commutativity limits severely the applicability of the
formula, it is worth pointing out that many of the known piecewise principal comodule algebras,
such as those considered in [1, 14, 15, 16, 18, 17] are either C(Z,,) or O(U(1))-comodule algebras,
hence our result could have been used to compute strong connections for these examples. The
strong connection formula presented in this paper was inspired (very loosely) by the proof of [22,
Theorem 3.3.2].

The plan of the paper is as follows: Section 2 contains some preliminaries about principal
comodule algebras and piecewise principality. In Section 3 we present the explicit formula for
a strong connection, and prove that it is indeed a strong connection, as long as the Hopf algebra is
co-commutative. Because the strong connection formula uses the colinear and unital splittings
of projections onto pieces, we devote Section 4 to the presentation of the explicit procedure
for constructing such splittings from the appropriate splittings of the gluing maps. Note that
Theorem 2 can be viewed as the strengthening of [6, Proposition 9] (cf. [19, Theorem 7]) —
instead of merely showing that, for each element in the multipullback component, there exists
an element in the multipullback projected to this element we explicitly construct the whole
(co-)linear and unital splitting.

As some of the splittings of gluing maps used in the construction of the splitting from Theo-
rem 2 are required to have fairly non-obvious properties, Section 5 is devoted to showing when
such a splittings are guaranteed to exist, as well as to their semi-explicit constructions. Lemma 1,
which links the existence of certain partitions of a vector space generated by a collection of
vector subspaces to the distributivity of the lattice generated by those subspaces, is crucial for
the results in this section.

Finally, in Section 6, we derive a formula for a strong connection on a non-commutative
sphere SHQM— introduced in [17] as a quantum Zs-principal bundle. To this end, and to provide
comparison, we use two methods — the one from [12] and the one introduced in this paper.

2 Preliminaries

2.1 Hopf algebra and comodule-related notation

We work over a fixed ground field K and, unless stated otherwise, all vector spaces are under-
stood to be K-vector spaces and the unadorned tensor product is understood to be the algebraic
tensor product over K. The comultiplication, counit and the antipode of a Hopf algebra H
are denoted by A, € and S, respectively. Let P be a right comodule algebra. We denote by
Ap: P — P® H the right H-coaction on P, and by

petl .~ {p S P’Ap(p) =pX 1H}

the subalgebra of coaction invariant elements. Instead of writing A’s and Ap’s we usually
employ the Heynemann—Sweedler notation with the summation symbol suppressed, e.g.,

A(h) =t hay®@hy,  Ap(p) = po) @ p)-

2.2 Principal comodule algebras

Let H be a Hopf algebra with bijective antipode, and let P be a right H-comodule algebra.
Then P is a principal comodule algebra if and only if there exists a linear map

(: H»P®P,  ((h)=L(h)" een)?
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(note the Sweedler-like notation with summation sign supressed) satisfying the following condi-
tions

(1) =1p®1p, (1a)
L(h) 1 e(h) P = (), (1b)
U(hay) ™ @ L(h)? :é(h)m®£(h)<2>(0)®€(h)<>(1), (1c)
S(hy) @ U(ha) @ e(h@))@ = L(R)M 1y @ €(h)V ) @ £(h) (1d)

Such a map, if it exists, is called a strong connection on P [5, 9, 11]. Strong connections are
usually non-unique.
2.3 Multi-pullbacks of algebras

Let J be a finite set, and let

{m: A — Ay = Aji}i,jeJ,i;éj .

be a family of algebra homomorphisms to which we will occasionally refer as “gluing maps”.

Definition 1 ([6, 20]). The multi-pullback algebra A™ of a family (2) of algebra homomorphisms
is defined as

AT = {(ai)ieJ e [TAi|7i(a)

iceJ

= 7 (aj), Vi,jeJ,i;éj}.

Definition 2 ([19]). A family (2) of algebra homomorphisms is called distributive if and only
if all of them are surjective and their kernels generate distributive lattices of ideals.

Let (ﬂ; A — Aij)?,je J.i#j be a farnily of surjective algebra homoAmorphisms. For any
distinct ¢, j, k we put A%, := A;/(ker7; + ker 7} ) and take []%, : A; — A% to be the canonical
surjections. Next, we introduce the family of maps

: Alk — Ajj/m; (kerw,i), [az];k — ﬂé(ai) + W}(ker 7).

They are isomorphisms when 7}’s are epimorphisms.

Definition 3. We say [6, Proposition 9] that a family ( : A — Ayj)ije iz of algebra
epimorphisms satisfies the cocycle condition if and only if, for all distinct ¢, j, k € J,

1)« (kerwk) =m; (kerwk)
2) the isomorphisms ¢ZJ = (ij) Yo 7rk A] — Alk satisfy ¢Zk ¢ o #k

Observe that, for all distinct ¢, 7,k € J and any a; € A;, a; € Aj,

[ai];k‘: k([%]ik) < Wii([aj]gk):@ij([ai];k) < TF;-(CL@) 7T( )Gw(kerwfc). (3)

One can prove ([6], cf. [19], see also Theorem 2 in this paper) that the cocycle condition to-
gether with distributivity guarantees that all projections on components of a multipullback are
surjective (in fact all projections on submultipullbacks are surjective, but we will not make use
of that fact).
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2.4 Piecewise principal comodule algebras

Definition 4 (cf. [12, Definition 3.7]). A family of surjective algebra homomorphisms {7; : P —
Pi}ieqa,.,ny is called a covering [12] if and only if

1) ﬂie{l,...,N} ker m; = {0},
2) the family of ideals (ker m;);c (1,...,N} generates a distributive lattice with + and N as meet
and join, respectively.

Piecewise principal comodule algebras generalize the notion of (algebras of functions on)
classical spaces which are locally principal, but with respect to closed instead of open coverings —
hence the use of the term “piecewise” instead of “locally”.

Definition 5 (see [12, Definition 3.8]). An H-comodule algebra P is called piecewise principal
if there exists a finite family {m; : P — P;};c of surjective H-comodule algebra morphisms such
that

. PcoH

1) the restrictions m; — PP form a covering,

PpcoH

2) the P;’s are principal H-comodule algebras.

Note that, for all i € J, m;(P<°H) C Pe°H by virtue of right H-colinearity of ;. Hence, we
were allowed to consider ;| ..,z in the statement of Definition 5 as a map with codomain PfOH
without any additional assumptions.

By [12, Corollary 3.9] a piecewise principal comodule algebra is principal. Note that any
piecewise principal comodule algebra can be presented as a multipullback comodule algebra
with the gluing maps being comodule algebra morphisms [7].

3 Strong connection formula

In this section we present an explicit (and arguably simple) expression for a strong connection
on a piecewise principal H-comodule algebra where H is a co-commutative Hopf algebra. Re-
gretfully, the co-commutativity assumption is used crucially in the proof of the correctness of
the formula, and so we have little hopes of generalizing further the method which led to the
derivation of this strong connection formula.

Theorem 1. Let H be a cocomutative Hopf algebra. Let {m; : P — Pji}ico,.. ny be a piecewise
principal H-comodule algebra, and let {¢; : H — P; ® Pi}icqo,..ny denote a family of strong
connections on P;’s. For any i € {0,...,n}, let V; be an H sub-comodule of P; such that
li(H) CV;®@V; and let oy : Vi — P be a unital, colinear splitting of m;, i.e., mj o a; = idy;. For
brevity, denote fori € {0,...,n}, he H

0;(h) = e(h) — a; (€;(h) ") i (€;(h) ),
Ti(h) := 0i(h(1))0ix1(h(2)) - - On(Pn—iz1)),  Tny1(h) :=e(h).
Then the linear map £ : H — P ® P defined for all h € H by the formula

n

(h) = ai(tilh@)™) @ ai(bi(h) ) T (hz)
=0

1 a strong connection on P.

Note that, in particular, T,,(h) = 0,,(h), for all h € H. Note also that we consider splittings
from V;’s instead of splittings from P;’s because the former are much easier to construct.
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Proof. Note that any co-commutative Hopf algebra has bijective (in fact involutive) antipode.
We need to prove that the map ¢ defined in the theorem, satisfies all the properties (1).

First note that, by the colinearity of «;’s, colinear properties (1d), (1c) of ¢;’s and the co-
commutativity of H we have, that a;(£;(h)")a;(¢;(h){) is a coaction invariant element of P
for any j € {0,...,n} and h € H, and hence also T;(h) is a coaction invariant element of P for
any i € {0,...,n+1}and he H

In the penultimate equality we used co-commutativity of H to swap Sweedler indices (1) and ()
to be able to use the antipode property. In order to prove that ¢ is left colinear (equation (1d))
we use the left colinearity of ¢;’s and the right colinearity of «;’s

()W oy @ £(h) M ) @ £(h)

3 —

ai (Li(ha) ™) 1) ® @i (Li(R1)) ™M) 0y @ i (i(hay)®) Tisa (hzy)

S
Il
o

i(h))™ 1) @ ci(li(h1)) ™M () @ i (ti(h1)) ) Tiga (hz)

1
-
s 1 M:
o
()

S(hay) ® ai(Ci(hz) ™M) @ ai (b)) Tis1(he)

-
Il
o

= S(h1)) ® Ulhe)V @ L(hg)?.

The right colinearity (equation (1c)) of ¢ follows from the H-coaction invariance of T;(h)’s, the
right colinearity of ¢;’s, the right colinearity of «;’s, and the co-commutativity of H

((h) M @ £(h)) ) @ £(h)P q)

n

= Z oy (&'(h(l))ﬂ)) ® o (f,’(h(l))<2>)(0)Ti+1 (h2) ® o (gi(h(1))<2>)(1)
= ai(tilh)") @ ai(ti(ha)® ) Ti (b)) © lilha) @

= ai(Li(ha)™) @ i (Li(h))P) Ti1 (h2) @ hys)

Here, in the penultimate inequality we used the co-commutativity of H exchanging Sweedler
indices () and (3).
In order to prove that ¢ is unital (equation (1a)), note first that for any i € {0,...,n}

0;(1) = (1) — a; (L:(1) M) (L:(1)P) =1 — a;(1)ay(1) =1 -1 =0,
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because €, all ¢;’s and all «;’s are unital. It follows that 7;(1) = 0 for all i € {0,...,n}, and
T, 41 = € by definition, hence

n

(1) = ai(t(MW) @ a; (1)) Tia (1) = an (€a (D) @ g (6a(1)P) T (1) = 101,
=0

where we used again the unitality of «;,, and £,,.
Note now that for all i € {0,...,n}, and h € H

Ti(h) = Ti1(h) — i (Li(hay) ™) e (i(ha) ) Tiga (hz)).-
Indeed,

Ti(h) = 0;(h1)) Ti41(h2)) = €(ha))Tiv1(hez)) — i (Cilhy) M) ai (Gi(hy) P Tig1 (hez)
= Tiy1(h) — i (€i(ha)) ™) i (€i(hay) ) Tigr (Bay)-

By applying this formula to Tp(h) and keeping to expand with it the leftmost summand of the
resulting expansion we obtain easily

n

To(h) = e(h) = > ai(i(h) ™M) i (li(h1) ) T (hz))- (4)
=0

On the other hand, for all h € H and ¢ € {0,...,n}, as «; is the splitting of m; it follows that
mi(0:(h)) = e(h) — mi (i (li(h) ™)) i (i (6 (h)#))
= e(h) — £;(h)M4;(h)? = €(h) — e(h) = 0.
Hence
mi(Tj(h)) =0, forall i>j, i€{0,...,n}, heH.

In particular, m;(To(h)) = 0 for all ¢ € {0,...,n} and h € H. It follows that To(h) = 0 for all
h € H because (;_okerm; = {0}, as {m; : P — Pi}ic{0,..n} is a covering. The last fact is an
immediate consequence of [12, Theorem 3.3] and [12, Corollary 3.7].

Combining this with the equation (4) we obtain that for all h € H

n
LR M) =" ai (£i(hay) M) i (€i(h1)) P ) Tiga (he)) = e(h),
i=0
i.e., ¢ satisfies equation (1b) as needed. [

The expression for a strong connection provided in the above theorem requires the unital and
colinear splittings of projections 7; to be given. The existence of such a splittings is guaranteed by
the [12, Lemma 3.1] and [12, Theorem 3.3], but the mere existence does not suffice for someone
desirous of finding the explicit formula. The proof of [12, Lemma 3.1] involves constructing
a unital and colinear splitting of surjective comodule algebra map =« from a unital and linear
splitting of restriction of 7 to the subalgebra of coaction invariant elements (which always exists)
utilizing the strong connection. Hence, we cannot use even the slight simplification provided by
the proof of [12, Lemma 3.1].

In practice, we expect that in many simpler cases, the appropriate splittings will not be
difficult to guess. However, for our result to be more widely applicable in practice, we will
examine the explicit construction of colinear and unital splittings of multipullback comodule
algebra projections on components which does not assume the existence of a strong connection
on a multipullback comodule algebra (recall that a piecewise principal comodule algebra can
always be presented as a multipullback).
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4 Colinear splittings of piecewise principal comodule algebras

The result presented in this section allows to explicitly construct linear (colinear when approp-
riate) and unital splittings of projections on components of a multipullback (comodule) algebra.

Theorem 2. Suppose that a family (2) is distributive and satisfies the cocycle condition. More-
over suppose that there exists two families ag,ﬁ; c Ay — Ay, 1,5 € J, § # i of linear (colinear)
splittings of 7r§~ ’s such that all B; ’s are unital and for all distinct i, j,k € J we have

oz;- (Wé(ker 71,)) C kermj,. (5)
Leti € J, let |[J| =n+1 and let k : {0,...,n} — J be a bijection such that kg = i, where we
denote k; = K(j) to easy the notation. Then a unital and linear (colinear) splitting a; : Ay — A™
of mj + AT — A; can be given explicitly, for any a € A; as a;(a) := (a;)jes, where a; := a and
Uiy = e, for any 0 <m <n. The collections {a£m+1}0§k§m C Agpyrs for 0 <m < n are
defined by the following inductive formula

ay, oy = B (me L (axy)),

k+1 ._ k - I{m+1( Herl( k ) _ RE+1 )
a’ﬂerl T al{erl al{kJrl Trﬁk+1 a’lierl Tr’fm-ﬁ—l(a/{k#»l) (6)

for0 <k < m.

Proof. It is clear that because all the maps involved in the definition of «; are unital and
linear (colinear if need be) then also «; is linear (resp. colinear). The proof of unitality is
slightly more subtle and it requires a simple induction. Pick some bijection « : {0,...,n} — J
where ko = i. Define (a;)jes := ;(1). We need to show that a; = 1 for all j € J. Indeed,
arx, = a; = 1 by definition. Suppose we have proven that a; = 1 for all 0 < j < m < n. Then

using the equation (6) we get agmH = Bra ™ (0, (ano)) = ,':c’)”“(wl’:gnH (1)) = 1 as both @0 |
and B4 are unital. Suppose now that we have proven that aﬁm o =1lforal0<k<m.
Then, equation (6) yields
k1 k m m k K
a’ﬂerl - anm+1 - a:kﬂl (ﬂ-:k++11 (aHerl) - W”fnt-ll (a’ik-kl))
=1—agrat (mimat (1) — et (1) =1 — a1 (0) = 1.

Now it remains to show that a;(a) € A™ for all a € A;. The inductive proof essentially follows
the steps of the proof of [6, Proposition 9]. We will show that for any 0 < m < n we have

i (aw,) = mit(an,),  forall j1e€{0,...,m}, j#L (7)

For m = 0 this condition is emptily satisfied. Suppose we have proven the above condition for
some m. In order to demonstrate it for m + 1, we prove by induction that for any 0 < k < m,
where m < n, we have

Tt (an,) = Tt (ag ), forall 0<j<k. (8)
If £ = 0 then substituting the definition of agm ., yields (as Bt is a splitting of et

0
7.(-II:(T)H+1 (alim+1) = ﬁ:6n+1 (Bg(”)nJﬁ1 (7T23n+1 (aﬁo))) = W:gfwrl (a’NO)‘

Suppose now that we have proven condition (8) for some 0 < k < m. Pick any 0 < j < k. Then
by (inductively assumed) condition (7) and equation (3) we have

[aﬁj]:£+1’€m+l = zinﬁf;rl ([aﬁk+1]25:}n+l>' (9)



8 B. Zielinski

Then it follows that

by condition (8)
[ k ]Km-l»l and equjtion (3 ¢Km+l'§j ([ ]"{j )
U1 ) kjrige i = Kk+1 Ol Kmt1kk41
by the cocycle

by equa:tion 9) ¢nm+1nj( KjKk41 Kk41 )) con(ition ¢nm+1nk+1 ([

([ars] K1)
Kk+1 Km+1 RE4+11RjEm+1

amk+1]njnm+1

This equality, again by equation (3), is equivalent to the following condition

k
ﬂ,’j;’fll (aﬁm+1) — W:f,ffl (a,{kﬂ) S WZ;"lel (ker 71',’:;”+1).

Because the above relation “is an element of” holds for an arbitrary 0 < j < k it implies
immediately that

Em+1 ( k o “k-&-l Hm+1 Km+1
Tt (a,{mﬂ) Tyt a,{k+1 Tt kerwﬁj ) (10)
0<j<k
Then
by condition (10)
Km-+1 Km+1 k _ k1 Km+1 m Hm+1 Km+1
a”k+1 (ﬂ-likﬂ (anm“) W“m-s-l(a’fkﬂ)) € a“kJrl ﬂ-HkH kerﬂﬁj )
0<5<k
by 1nJect1v1ty of a,;;":'ll by equamon
Km+1 Km+41 Km+1 fim+1
m g (ﬂmk“ (kerw,{j )) ﬂ ker 7r;
0<j<k 0<j<k
that is
EmA41 (o Kmitl (K _ Nk+1 ﬂ nm+1
a”k+1 (ﬂ-likﬂ (a”7n+1) W“m-%l a’fk+1 kerﬂ-
0<j<k

The above equation implies immediately, that for all 0 < < k

qrfim1 (akz+1 ) _ ,n-:lm+1 (ak ) — fma1 (O/ﬁmﬂ (ﬂ-’ierl (ak ) _ W:s:1 (ank+1)))

KRl Km+1 Km+1 Kl Kk+1 Kk+1 Km+41
_ Hm+1( k ) _ Kl
- 7Tlﬂ alim+1 Trfﬁm+1 (aﬁl)7

where, in the second equality we used the inductive assumption. Moreover, using the fact that
aipt! is a splitting of "' we obtain

“m+1( k+1 ) — Hm+l( k ) _ Hm«l»l( “m+1( Hm«l»l( k ) _ 2 BE+ ))
Thrr1 \Phpmia L Thr1 \Yrpr1 Trgrr \Qkmqr Thim41 (a"‘kﬂ)

k k
- W:Zﬁl (aﬂmﬂ) - (Wg;nﬁl (aﬂmﬂ) - 7[-:];“:-11 (aﬁkﬂ)) = Tr:];lt-ll (aﬁkﬂ)
which ends the proof. |

At this point, the skeptical reader might be excused for doubting the applicability of Theo-
rem 2. Indeed, while the existence of unital and linear splittings 6§’s of 7r§~’s follows immediately
from the surjectivity of 7rji»’s, and the existence of colinear splittings is assured (and assisted in
explicit construction) by [12, Lemma 3.1] if all the A;’s are principal comodule algebras, it is
not clear how to find the linear splittings oz;'» satisfying equation (5) nor that they exist at all in
general case. Fortunately, the results from the next section, interesting in their own right, not
only assure the existence of splittings a} satisfying equation (5) under no stronger assumptions
than those of Theorem 2, but they also provide the method of their (semi)-explicit construction.
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5 Colinear splittings of principal comodule algebras

5.1 Partitions of sets

Let A be a set and let A;, i € J be a fixed finite family of subsets of A. For any I' € 27 we
denote for brevity

Ap =) Ai. (11)

el

Obviously Ar, NAr, = Ar,ur,. Also Az = A by convention. It is easy to see that A;’s generate
a partition {Br}peos of A (ie., all Br’s are disjoint and A = (Jpqs Br) such that

Ap = U Brv, forall I e2’.
I’e2t |TCIY

Indeed, the partition can be described explicitly, for all I' € 27 by the formula

Br:={zcA|lVieJ zxec A &icl}

5.2 Partitions of vector spaces

Let now A be a vector space and let A;, i € J be a fixed finite family of vector subspaces
of A. Ar, for any I' € 2/ is defined as in equation (11). We want to define a linear counterpart
of an associated partition {Br}r defined above for sets. Similarly to plain sets, vector sub-
spaces can be ordered by the set inclusion, and the resulting ordered set is a lattice, with
subspace intersection (V4 NV3) serving as infimum and subspace sum (V; + V3) playing the role
of supremum. The problem is that this lattice is not, in general, distributive. It turns out that
the assumption that the subspaces A;, i € J generate a distributive lattice is pivotal for proving
our desired result, stated immediately below:

Lemma 1. Let A be a linear vector space and let A;, i € I be a finite family of vector subspaces
of A generating a distributive lattice. A has a linear basis B = UFEQI Br, where Br C Ar,
I € 21, such that subsets Br are all disjoint and satisfy the following property

AF = Span U BF/ (12)
Ie2!l, 1720

for allT € 21,

Proof. First fix a linear order < on 2! subject to the condition
Dl = Ty<TIy  forall I';,Tye2l. (13)

It is immediate that the minimal element in this order is I and maximal is &. Note the following
property of < which will be used later

> = TUuUl'>DT, forall I, IV e 2. (14)

Indeed, assume I' > IV. TUIY D T always, so we need just to show that the equality leads
to contradiction. Suppose that ' UTY = I'. This is equivalent to I' D I which implies by
equation (13) that I' < T’ contradicting the assumption I' > T".

The sets Br, I' € 2! can be generated inductively (with respect to <) as follows
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1) By is some linear basis of Ay,
2) Br, for I' > I, is chosen as a maximal subset of Ap such that | Jp . Br is linearly inde-
pendent.

It is immediate by construction of Br’s that B := |Jpcor Br is a linear basis of A and that all
Br’s are disjoint. Also by construction, By C Ar, I' € 27 whenever I' C I, which implies that
half of property (12) is trivially satisfied:

Span U Br | C Ar
IVe2! T/OT

for all T € 2/, Finally, it is immediate that

Ar C Span U Br|. (15)
el V<D

We will prove the second half of property (12) by induction on <.
1. I is minimal in 27 with respect to <. Then by definition of B; we have

Ar = Span(Bj) = Span U Br
I'e2! 121

2. Suppose we have proven equation (12) for all I < T'. For any a € A, denote by {ar(a)}rear

the unique family of vectors such that a = Y ar(a) and that ar(a) € Span(Br) for all T' € 2/
re2f
(they are unique because B is a basis and Br’s are disjoint). By (15) ar/(a) = 0 whenever

a€Ar and IV > T, i.e.,

a= Z ar(a), for all a € Ar. (16)
IVe2!, T/<T

Let a € Ar. Define v := a — ar(a). By equation (16)

Arsv = Z ars(a) € Z Arv,

I’e2! /< I7e2! T/«
hence
by distributivity of lattice
generated by A;’s
ve ArN E A = ' E Arngr
I’e2!, I/« I’e2l T/<T
by equation (14) by inductive assumption,
Fcrur’ifIV¥ <D as IV < TifIVDOT
C g A C Span U Br
I’e2! T/oT I’e2! T/oT

It follows that

a = ar(a) + v € Span(Br) + Span U Br | = Span U Br
Ive2! I/5T IVe2! 1/2o0

as needed. [ |
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The following result is a common knowledge:

Lemma 2. Let m: A — B be a linear map, and let {A;}icr be a finite family of vector subspaces

of A. Assume that ker N ( > Ai> =Y (kerm N A;). Then
iel iel

w(ﬂAZ) =\ 7(4).

icl el

Lemma 3. Let 7 : A — B be a linear epimorphism, and let {A;}icr be a finite family of vector
subspaces of A such that {A;}icr U {ker} generates a distributive lattice of vector subspaces.
Then there exists a linear splitting o : B — A of w such that a(mw(A;)) C A; foralli € 1.

Proof. Let B := (Jpor Br be a linear basis of B satisfying conditions guaranteed by Lemma 1
with respect to the family {B;};cr, where B; := w(A4;). Note that Lemma 2 implies that B;’s
generate distributive lattice of ideals because A;’s generate distributive lattice of ideals. For all
I' € 27 such that Br is non-empty we define a(b) for all b € Br, to be an arbitrary element of
71(b)N Ar. Note that 7=1(b) N Ar is non-empty (so that this choice is possible) as b € Br # @,
and, Br = m(Ar) by Lemma 2. The map « : B — A thus obtained is clearly a linear splitting
of m. For any i € I consider any b € B;. Then, by Lemma 1, b € Span({Jpcor |ieT Br), and hence

a)e > DY (m'@)nAr) < > ArC A |
re2! |iel' b eBr re2! |ier

Finally, we argue that we can generate a colinear splitting (with appropriate properties) from
the linear one on the coaction invariant subalgebra:

Lemma 4. Let A be a principal H-comodule algebra, let m: A — B be an H-comodule algebra
surjection, and let {A;}ier be a finite family of ideals in A which are subcomodules, such that
{A;}ier U{kerw} generates a distributive lattice. Define for all i € I

A= A0 At Bii=n(4),  BPY:=B°"nB,.

Suppose that there exists a linear map o : BOH s A©H gych that

WOQCOH _ idBcoH, acoH(BiCOH) C A§0H7 forall 1€ 1.

Let £ : H— A® A be a strong connection on A. Then the following formula
a: B— A, b a® T (boym(£(bay) ™)) (b))

defines a right H-colinear map satisfying
Toa =Iidg, a(B;) C A, forall 1€ 1.

Proof. The fact that o defined above is a colinear splitting of 7w follows immediately from
the proof of [12, Lemma 3.1]. It remains to show that a(B;) C A; for all i € I. Indeed, let
b € B;. Because of the left colinearity of ¢ (equation (1d)) it follows easily that b(o)ﬂ(ﬂ(b(l))<1>) ®
E(b(l))@ € B°H @ A (cf. proof of [12, Lemma 3.1]), and because B; is an ideal and also a right
H-subcomodule, it follows also that bigym(£(b1)) V) ®£(b(1))'? € B;® A, hence by m(£(b)) M) &
K(b(l))@) € B @ A. Therefore

a(b) = aCOH(b(o)w(Z(b(l))<1>))€(b(1))<2) € a® (B A C AT A C 4. ]
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Let us now put together all the steps needed to construct a strong connection on a piecewise
principal comodule algebra using the results presented in this paper. Let H be a co-commutative
Hopf algebra. Suppose that P is an H-comodule algebra which is piecewise principal with respect
to a finite family {m; : P — P;};c; of surjective H-comodule algebra morphisms. Then by [12,
Corollary 3.7] the family {m; : P — P;};c is a covering. Hence, by [6, Proposition 3], it follows
that P is isomorphic with the multipullback P™, where the gluing morphisms are defined, for
all i,5 € J, i # j, by

7r§ : Py — P;j .= P/(kerm; + ker;), mi(p) — p + ker m; + ker 7;. (17)
Obviously 7r§-’s are surjective. Note that ker 7r§ = m(kern;) for all 4,5 € J, i # j. Hence, as
ker 7;’s generate a distributive lattice of ideals (see above), it follows by Lemma 2 that, for all
i € J, also ker 7r§-’s generate a distributive lattice of ideals. It is also immediate (see, e.g., [6,
Remark 2]) that the family (17) satisfies the cocycle condition (Definition 3). Before we can
use Theorem 2 to construct splittings of m;’s needed by Theorem 1 we still need to construct
splittings a;., B; : Py = P, i,je€J,j#iof 7r;-’s with appropriate properties. The H-colinear
splittings 5} : P;j — P; can be constructed using [12, Lemma 3.1] as all the P;’s are principal
by assumption. Similarly, using Lemma 4 we can construct H-colinear splittings aé Py — B
of 7r§’s satisfying aé(wﬁ(ker mt) C ker 7t for all distinct 4,4,k € J from a family of linear maps

(O‘COH); L ot — PijH, i,j € J,i# j satisfying

(7o) 0 (@ M) =idpon, () (7)) (ker (xH)})) S ker (xH), (18)

where we denoted by (7r°°H ); : PiCOH — P{;F’H , 4,7 € J, 1 # j the appropriate restrictions of 7T§’S
to the coaction invariant subalgebras. Note that by [12, Lemma 3.1] all the (7% # );’s are surjec-
IR
) . J
Using o’s and BJZ-’S we can now construct H-colinear and unital splittings of 7;’s using Theo-

rem 2 and utilize them in the explicit construction of a strong connection given by Theorem 1.

tive. Then Lemma 3 gives a semi-explicit construction of (a®)%’s satisfying properties (18).

6 Example

In [17] a new non-commutative real projective space ]RP% and a non-commutative sphere SH%T
were introduced, by defining C(RP#) and C(S3;) as a particular triple pullbacks of, respectively,
three copies of the Toeplitz algebra 7 and the tensor product 7 ® C(Zs3). The algebra C (SH%T)
has a natural (component-wise) diagonal coaction of the Hopf algebra C(Zs), and it was proven
in [17] that the subspace of invariants of this coaction is isomorphic with C(RP%). Moreover,
it was demonstrated that C(S3;) is a piecewise principal (hence principal) C/(Zs)-comodule
algebra. However, the paper [17] does not present an explicit formula for a strong connection.
Because C(Zs) is co-commutative and C(S3;) is defined as a triple pullback algebra, our main
result is applicable. In this section we will present the comparison of computations of a strong
connection on C(SHQM-) using two methods: the first one uses the strong connection formula
from [12] and the other one uses Theorem 1. The reader will see that, while application of
the formula from [12] is trivial in case of double pullbacks, already for triple pullbacks the
computations becomes fairly unmanageable. Also note that, in many cases, the values of strong
connection formula on generators of the Hopf algebra are easily guessable, and then the values
on arbitrary Hopf algebra elements can be computed using well known recursive formula. Here
the Hopf algebra C(Zsy) has linear basis consisting of 1 and wu, where u is the single generator
such that u? = 1, so that it suffices to find the value of a strong connection on u without any
need for recursion. However, guessing the value of a strong connection on u is nigh impossible.
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We will start with recalling the definition of the comodule algebra C' (5112@7’)' Our presentation
will be very brief (mostly lifted from [17]), though sufficient to understand what follows, and will
hardly include any geometric intuitions behind C(S2.). Also, because the definition of C(RP%)
is irrelevant for the strong connection computation, we omit it entirely. Therefore, the reader is
recommended to read the full account from [17].

6.1 A pullback quantum sphere

We consider the Toeplitz algebra 7 as the universal C*-algebra generated by an isometry s, and
the symbol map given by the assignment o: T > s — u € C(S!), where @ is the unitary function
generating C(S'). The following two maps

Ty x T3 (k1) 2 m(GR3648) ¢ 61 [ 7y 5 (1, k) 22 ein(—ik—3h+1) ¢ g1
and their pullbacks

51 C(SY) — C(Zo) @ C(I),  65: C(S') — C(I) ® C(Zs).
feature prominently in the definition of C'(S3,). We will denote for brevity o; := d} o0, i = 1,2.
The definitions of the J;’s seem completely arbitrary. In fact, as shown on the picture [17] below,
each of these maps is meant as the parametrisation of two appropriate quarters of S*

Si(—1,1) = 7 51(1,1) = e'F

;5T
4

51(*1, 71) =e'

We view S! and I as Zs-spaces via multiplication by +1. Then Zo x I and I x Zy are Zo-
spaces with the diagonal action. Accordingly, C(I), C(S'), C(Z3) ® C(I) and C(I) ® C(Zs) are
right C(Zs)-comodule algebras with coactions given by the pullbacks of respective Zg-actions.
Denote by u the generator C'(Zsa) given by u(+1) := £1. Then the assignment s — s®u makes T
a C(Z3)-comodule algebra. (This coaction corresponds to the Zs-action given by a7 (s) = —s.)
It is easy to verify that the maps d;, i = 1,2, are Zg-equivariant, so that their pullbacks 4;’s are
right C'(Zy)-comodule maps. Also, since the symbol map o is a right C'(Zz)-comodule map, so
are o;’s.

The construction of C' (SH%T) can be seen as the quantum version of constructing the topolog-
ical 2-sphere by assembling three pairs of squares to the boundary of a cube. In the quantum
version the algebra 7 @ C(Zs) replaces the pair of squares. Explicitly, the algebra C (SHQM—) is
defined in [17] to be the following triple pullback of three copies of T ® C(Zs2)

To ® C(Zs2) Ti @ C(Zs2)
01®idi \Lm@id
O(Z2) @ C(1) © O(Z) <5— O(Z2) ® (1) © O(Z),
To ® C(Zs2) T2 @ C(Zs2)
Uz®idi \Lm@id

C(I) ® C(Z2) @ C(Z2) <5— C(Z2) ® C(I) @ C(Z),
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Ti ® C(Zy) T2 ® C(Zs)
o’z®idi \Lo’z@id
CI)® C(Zz) @ C(Z3) e C(I) ® C(Ze) ® C(Za),
where the isomorphisms ®;; are defined by the following formulas, for all h,k € C(Z3) and
peC()
Pn(h@p@k) =k@pRh, Ppa(h@p®k)=pRk®h,
D (pRhRE):=pRk®h.

We view the algebras T ® C(Z2), C(I) @ C(Z2) ® C(Z3) and C(Zs) ® C(I) ® C(Zs2) as right
C(Z3)-comodules with the diagonal C/(Zz)-coaction. The coaction of C(Zs) is defined on C(S3)
componentwise.

6.2 Construction of certain auxilliary elements

Both constructions of strong connections will require the existence of elements ¢; € o] l(u ®
loy) €T, ¢2 € 0y 1(10( n ®u) C T with certain additional properties. These elements will
play the crucial role in the construction of appropriate splittings required by both methods.
More explicitly, we have the following:

Lemma 5. There exist elements ¢1,p2 € T satisfying

p(¢1) = ¢1 @ u, p(¢2) = ¢2 @ u, (19a)
o1(¢1) = u® 1o, o2($1) = 1 @ Lo(z,), (19b)
o2(d2) = 1oy @ u, o1(¢2) = 1oz, @ 2, (19¢)
(1—¢3)(1—¢7) #0, (19d)
where 17 € C(I) is an an identity map 17(t) =t and p: T — T @ C(Zs2) is a right coaction.
Proof. First we define auxiliary maps ¢1, ¢2 € C (S1) by the formulae
220 if ge[Z, 2], 1 if 6elf,3F],
vy ~1 if 6e [, 57 oy 4—-20 if 6e[3F, ]
i0 44 b i0 4>4 b
e’) = e”) = 4 20
(&) 196 if ¢l ], A= 0T pepmm, 0
1 it §e[T, %], 198 if e l[lx,
One immediately verifies that
él)é? : 5t — [_17 1]7 ggl(_z) = _92)1(2% &2(_’2) = _92)2(2)‘ (21)
(i.e., p(d1) = 1 ® u and p(d2) = ¢p2 ® u) and that
$1061 =u® e, $20 082 = Lo @ u,
P10 =1 ®lo,), G200 =1log,) @1 (22)

Using equation (21) and the standard properties of comodules, one proves that because the
symbol map o is a surjective right C(Zz) comodule map and u is grouplike, we can choose
elements ¢; € T, i = 1,2, such that o(¢;) = $;, and p(¢i) = ¢; @ u, thus verifying the
properties (19a). That thus chosen elements ¢1, ¢ satisfy the properties (19b) and (19¢) follows
immediately from equations (22).
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The last condition of the lemma is an easy consequence of the properties of the representation
of a Toeplitz algebra on a Bergman space (see, e.g., [23, Theorem 2.8.2]). However, we provide
an alternative elementary proof to make the presentation self-contained. Unfortunately, o((1 —
$3)(1 = ¢?) = (1 — $2)(1 — ¢?) = 0, so we cannot prove that vector (1 — ¢3)(1 — ¢2) € T is
nonzero by considering the properties of its image in C(S') under o and we must work directly
in 7. We will use the flexibility afforded by the fact that conditions (19a), (19b) and (19¢) do
not fix completely elements ¢; € 7. We will show that even if (1 — ¢3)(1 — ¢2) = 0 for our
initial choice of ¢;’s, there exists a family {¢2.tn}tcr nen of deformations of ¢ such that the
conditions (19a), (19b) and (19c¢) are still satisfied for all pairs (¢1, ¢2.tn) and there exist n € N
and ¢ € R such that (1 — ¢3,,,)(1 — ¢7) # 0.

Let z be a partial isometry generating 7, and let p : T — T ®C(Z2) be a right C(Zz)-coaction.
Define, for alln € N, t € R

G2t = P2 + tE,, where E,==z (z”(z*)" - z”+2(z*)"+2) . (23)

Because p(z) = z ® u, we have p(¢2.tn) = ¢2:4n ® u and because o(E,) = 0, we have o(¢p24n) =
<;32, hence all of the conditions (19) are satisfied, and for all £ and n we can use ¢ ,, instead of ¢o
in the formula (33) defining a strong connection on C(S37). Assume that (1— qﬁg;t’n)(l —¢?) =0
for all £ € R and n € N. We will show that this assumption leads to contradiction. Using
equation (23) elements (1 — gb%;t’n)(l — ¢?) can be explicitly written as

(1—¢3) (1 — ¢3) — (Bngo + 2Bt — (En)?(1 — ¢3)t2.

If (1 - qﬁg;t’n)(l —¢?)=0forallt € R and n € N then the above polynomials in ¢ are identically
zero for all n € N, which implies in particular that coefficients at t? must be zero, i.e., that

E2(1-¢3)=0, forall neN. (24)

Consider now the faithful representation R : 7 — H of the Toeplitz algebra 7 on a Hilbert
space H spanned by an orthonormal basis |n), n € N, where the partial isometry z is represented
as a right shift, i.e., R(z)|n) = [n + 1) for all n € N. One easily proves that

R(E®)|m) = 6mnln+2),  forall m,n€N. (25)

Equation (24) implies that R(E2)R(1 — ¢2)¥ = 0, for all n € N and ¥ € H. But then it follows
from equation (25) that R(1—¢?)¥ = 0 for all ¥ € H, i.e., that R(1—¢?) = 0. But R is faithful,
hence (1—¢?) = 0. On the other hand, o(1 —¢2) = 1 —¢? # 0. Hence we reached contradiction.
It follows that we can choose ¢; and ¢2 so that all conditions (19) are satisfied. [

6.3 A strong connection. Method 1

In this subsection we construct a strong connection on the C(Zz)-comodule algebra C (S%m—) by
repeated application of the formula stated in the proof of [12, Lemma 3.2]. Let P be a fibre

1 1
product of P; LN Pio R P; in the category of right H-comodule algebras. Assume that the
maps 7r§- are surjective and that ¢; : H — P, ® P;, i = 1,2, are strong connections. Then the
formula [12, Lemma 3.2]

0(h) = (L(h)®, f3 (0 (R)M)) @ (01(h)P, f3 (€1(R)P))
+ (0, (e(h1)) = f3(C1(hay) M) f3 (1 (hay) ) ba(R2)) ™)
® (f2(La(h@)®), L2(hea)) @) (26)
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defines a strong connection ¢ : H — P ® P. Here f;-' = M;- o 7T§~ and ué is any unital colinear

splitting of ﬂ'g, i # j. Note also that we use the convention that, if (1 @ () = E T; ®y;, then
7

(D, z0) @ (22,22 := S (24, 2:) @ (s, vi), and similarly for coproducts. Observe that for

1
C(Zz)-comodule algebras it is enough to compute the value of a strong connection for h = wu,
where u is the group-like generator of C'(Zs) because strong connections are unital and linear,
i.e., it is sufficient to use the following equation

(u) = (L)W, f3 () M) @ ()P, f3 ((u)))
+ (0, (1= f3 (1)) 3 (€1(w) @) ) 2 () ) @ (fF (La(u) ), la(w)@). (27)

Note that it is sufficient to know the values fJ’(a:) only for a set of elements x € P; which actually
appear in the above formula and which (because of bi-colinearity of strong connections) can be
assumed to be linearly independent and satisfy p(z) = = ® u, i.e., one needs only to solve the
following equations with unknowns f; () € P; (where p denotes the coaction)

p(fj(@) = fi@)©u, = (fj(x) = (). (28)

As the formula (26) assumes the comodule algebra to be presented as the ordinary (double)
pullback, we need to convert the triple-pullback defining C (SH%T) to an iterated pullback and
apply the formula recursively. Since all the maps C(RP#) — T; @ C(Zs3) are surjective [17], we
can apply [21, Lemma 0.2 and Proposition 1.3] to present C (Sﬁfr) as a desired iterated pullback

C(Sa7)

e

(T ®C(Z2))o

C(Z2) @ T @ C(Z2)

P

Here

ap =01 ®id, Bi(x) = (B2 0 (01 @ id))(2), (P12 © (02 @ id))(2)),
az = o1 0 (01 @id),  Pa(z,y) = ((02 @1d)(2), (02 @ 1d)(y))-

We will first compute a strong connection £y : C(Z2) — Py ® P; on Py — the fiber product
of To® C(Zsz) and T1 @ C(Z2) (see (29)). We use the particular choice of the strong connections
¢y and ¢ on trivial pieces Ty ® C(Z2) and T; ® C(Zz) given by

bu)=(1u)®(1eu), h)=(18u)e(1du).
Substituting the above formulae in (27) yields a glued strong connection on P;

lor(u) = (1®u, ff1ou) ® (1@u, f{(1®u))
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+(0,1e1-fleouwfleouw))(leou) (fflou),leu). (30)

Let us write for brevity a := f{(1®u), b := f3(1 ® u). By diagram (29) and equation (28)
elements a,b € T ® C(Zz) are any solutions to the following equations

pla) =a®@u,(0; ®id)(1 ®u) = (Po1 o (01 ®id))(a),
p(b) =b®u, (0’1 &® ld)(b) = (@01 o (0’1 &® 1d)>(1 &® U,)

Substituting the definition of ®g; simplifies the above system of equations to

pla) =a®u, pb)=b@u, (1®id)(¢=usl®l, (1®id)}) =uelx]l,
and it is easy to see that one of the solutions is

a=¢1®1, b=¢1 ®1.

Here and in what follows ¢ and ¢9 are elements of 7 satisfying all the conditions (19). Substi-
tuting the above solution into (30) yields the following strong connection on P;

lor(u) = (10u, 0 @1) @ (1Qu,¢1 @1)+(0,(1—¢2) @u) @ (¢1 ®1,1® u) (31)

Now, we apply the formula (26) to the second iterated pullback in the diagram (29)

To @ C(Zs)
\ / Bi(z) = ((Poz 0 (01 ®id))(z), (P12 © (02 ® id))(z)),
P Ba(z,y) = ((02 ®id)(z), (02 ®id)(y)).

where Q C (C(I)®C(Z2) @ C(Z2)) ® (C(I) ® C(Z2) ® C(Z2)). We choose the strong connection
on P; given by equation (31), and on 73 ® C(Z2) given by

lHu)=(1®u)® (1 u).

Substituting these into formula (27) yields a strong connection on C (SRT)

(u) = (La(w)™M, 61 (L2(w)M)) @ (a(w) ), 3 (C2(u)®)))
+ (0, (1@ 1,1® 1) = f (€2() ) S (€2() ) o (w) D)
® (9 (o1 (w) @), Lor (u) )
=(1ou fhl®uw)® (1o, ffileu)
+(0,(1eL,101) - (fA(1leuw))) (1o ud 1))
@ (£ ((1@u,¢®1),(1®u ¢ ®1))
+(0,(1eL1e1) - (o)) (0,(1-éf) @u)
© (fP((¢1 © 1,10 u), (61 ®1,10u)), (32)
where f3 : T ® C(Z2) — Pi, f3' : P — T® C(Z2) are any linear, unital, right C(Zs)-
comodule maps satisfying B2 o f& = B1, B1 0 f91 = B2. Denote for brevity (ag, a1) := f3 (1 @ u),

b= 1®u,¢1®1)), c:= fl((¢1®1,1®u)). It follows that we need to solve the following
system of equations for ag, a1, b, ¢

plag) = ap ® u, (<I>02 o0 ® id))(l ®u) = (o2 ®id)(ap),
plar) = a1 ® u, (<I>12 o (o2 ® id))(l ®u) = (o2 ®id)(ay),
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p(b) =b®u, (o2 0 (01 ®1id)) (b) = 02(1) ® u,
(P12 0 (02 ®1d)) (b) = 02(61) @ Lo(zy),
plc) = c®u, (®oz 0 (01 ®id))(c) = 02(d1) @ 1o(zy),
(<I>12 o0y ® id))(c) =02(1) ® u.

Simplification of the right column of the above equations using equation (19) yields
(o2 ®@id)(a0) = o) ®u® 1@y,  (2®id)(a1) = 1o @ u® 1oz,
(0’1 & ld)<b) =uQ® 10(1) & 10(22), (02 ® 1d)(b) =17 ® 10(22) ® lC(Zz)a
(o1 ®@id)(c) = 1o(zy) @1 ® lo(zy), (02 ®@id)(c) = 1o ® u® Loz,

Using equation (22) again, one easily verifies that one of the solutions can be given as

(a0, a1) = (¢2 @ Lo(zy), 2 @ Lozy)), b= ¢1® 1oz, c=¢2® lo(zy)-

Substituting this particular solution to the formula (32) for ¢(u) yields

l(u)=13u,(p2®1,0201)) @ (1@ u,(p2 @1,y ®1))
+(0,(191L,101) — ((p2® 1,2 ®1))*) (1 @ u, 1 ® 1))
R (1 ®1,(1®u,¢1®1))
+(0,(101L,101) = ((p2® 1,62 ®1))%)(0, (1 — ¢7) ® u))
@ (P2 ®1,(d1 @1,1®u)).

Simplifying, removing unnecessary parentheses and rearranging terms so that C(S3,) C (To ®

C(Z2)) ® (Th ® C(Zs)) ® (T2 @ C(Z3)) yields finally

lu) = (p2® 1,020 1,10u) @ (P2 ® 1,02 @ 1,1 @ u)
+(1-¢3)@u, (1-¢3)p1 ®1,0) @ (1@ u,¢1 ®1,¢1 @ 1)
+(0,(1-¢43)(1—¢}) ®u,0) @ (p1 ® 1,1 @ u, o @ 1). (33)

3
Write £(u) = Y l; ® r; where
i=1

h=(eldpel,10u), = (p2®1,p2®1,1®u),
=((1-¢)@u,(1-¢3)nr®1,0), rn=>010u¢®l¢ 1),
l3:(a( _¢2)( _QS%)@U)O)’ T3:(¢1®171®U,¢2®1)-

According to [5, Theorem 3.1} if both {l1,l2,l3} and {r1,r2,73} are (separately) sets of linearly
independent vectors then

pij = rilj, p:= (pij) € M3(C(RPZ)), P’ =p,

is a projector for an associated line bundle. Hence, in order to use this result, we need to prove
that zeros are the only solutions to equations

3 3
Z Ty = 0, Z ﬁzlz =0. (34)
i=1 i=1

The first of the abqve (:Jqualities implies that a1 g2 @14+l @u+a3p; ®1 = 0, hence immediately
ag = 0. Because {¢1, #2} = o({¢1, #2}) (equation (19)) are linearly independent in C(S'), which
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can be checked easily by direct computation using equation (20), also {¢1, ¢2} must be linearly
independent in 7, hence a; = a3 = 0. The second equality in equation (34) can be expanded as

Bida @1+ 21— ¢3) ®u =0, (35)
Brgo @1+ Pa(1— ¢3) o1 @ 1+ B3(1 — ¢3) (1 — ¢3) ®u =0, (36)
Bl @u=0. (37)

It follows immediately from equation (37) that 8; = 0. Then because (1 — ¢3) = 1 — ¢2§ #0
(see equations (19) and (20)) we have also 1 — ¢3 # 0, and so, by equation (35), 32 = 0. Finally,
equation (36) and equation (19d) implies that 83 = 0.

6.4 A strong connection. Method 11

In this subsection we construct a strong connection on the C(Zg)-comodule algebra C(Sﬁm—)
using the formula given in Theorem 1. As in the previous subsection ¢1,¢s € T denote some
chosen elements satisfying all the conditions in (19). Also as before, the strong connections
on the three copies of C'(Zz)-comodule algebra (with diagonal coaction) 7 ® C(Zz) which are
components of C (SﬁT) are chosen as given by the formulas

li(u) = Lla(u) = L3(u) = 17 @u,  l(le,)) = (lem,)) = 63(1oz,)) = 17 ® Lo,
In order to use the formula from Theorem 1 we need the appropriate colinear and unital splittings
from the linear subspaces generated by the legs of ¢;’s into C(SH% ). The reader will easily
verify that the maps a; : Span{ly ® u, 17 ® 1g(z,)} — C(SE7), i = 0,1,2 defined by setting
ai(lr @ 1oz,)) = Logsz, for i = 0,1,2, and by setting

ao(l7 @ u) == (17 @ u, ¢1 ® Loz,), 1 © Lozy)),

a1(17 @ u) == (¢1 ® Loy, 17 @ u, ¢2 ® 1o(z,)),

(17 @ u) == (2 @ Loy d2 ® Loy), 1T @ u).
Incidentally, the above formulas were not guessed but derived using the degenerated version of
the construction from Theorem 2 in which the relevant parts of a’’s were obtained utilizing ¢;
and ¢2. By luck, the corrections in which the splittings 5} could have been used turned out to
be unnecessary — hence it was also unnecessary to derive 6;»’5 using the methods from Section 5.

Let us denote for brevity v; := a;(17 ® u), as well as omit subscripts indicating the algebra
the unit elements belong to. Let us note that because u? = 1 we have

1-ad=(1-¢H)®1,0,(1-¢3)®1), 1-ai=(1-¢3)®1,(1-¢}) @1,0).
Then the straightforward application of the formula from Theorem 1 yields
lu)=ap@ap(l—ai)(1—a3) + a1 ®@a1(l—a3) + as ® as
+(01©L10u,d2®1)® (¢1(1 —¢3) @1, (1 - ¢3) ® u,0)
+ (02 @ 1o@zy): 92 @ Lozy), 1T @ 1) @ (2 @ 1oy d2 @ Lozy), 1T @ u).
Note the similarity of this formula to the formula (33) obtained using the other method in the
previous subsection. This similarity is understandable, because (not excluding the possibility of
some general link, as yet unexplored by the author, between the two methods used) the common
feature of both particular computations is that by construction, both strong connection formulas
were expressed using the limited set of elements: ¢1, @2, 17 € T, and 1¢(z,),u € C(Zs).
We leave to the reader analogous computations as those at the end of the previous subsection,

which prove that both left and right legs of the above strong connection are linearly independent
(when taken separately).
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