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Abstract. A multi-Poisson structure on a Lie algebra g provides a systematic way to
construct completely integrable Hamiltonian systems on g expressed in Lax form 90X, /0t =
[Xx, Ay] in the sense of the isospectral deformation, where X, Ay € g depend rationally on
the indeterminate A called the spectral parameter. In this paper, a method for modifying the
isospectral deformation equation to the Lax equation 0X,/0t = [X, Ax] + 0AA/OX in the
sense of the isomonodromic deformation, which exhibits the Painlevé property, is proposed.
This method gives a few new Painlevé systems of dimension four.

Key words: Painlevé equations; Lax equations; multi-Poisson structure

2010 Mathematics Subject Classification: 34M35; 34M45; 34Mb5

1 Introduction

A differential equation defined on a complex region is said to have the Painlevé property if any
movable singularity of any solution is a pole. Painlevé and his group classified second order
ODEs having the Painlevé property and found new six differential equations called the Painlevé
equations. Nowadays, it is known that they are written in Hamiltonian forms

dg 9H;  dp  9Hy

(Py): —

,da _ OHy _ oy ~1,...,VL
dt op’ dt dq ’ J=LooV

Among six Painlevé equations, the Hamiltonian functions of the first, second and fourth Painlevé
equations are polynomials in both of the independent variable ¢ and the dependent variab-
les (q,p). They are given by

1

Hy = 5192 —2¢° — tq, (1.1)
1 1 1

Hom o2t _ 1,2 1.2

11 217 261 9 q aqg, ( )

Hyy = —pg* + p*q — 2pgt — ap + Bq, (1.3)

respectively, where «, 8 € C are arbitrary parameters. Another important property of the

Painlevé equations is that they are expressed as Lax equations. Let L) and A, be square

matrices which depend rationally on the indeterminate A called the spectral parameter. The

Painlevé equations are written in Lax form as
OL) 0A)

W = [L)HA)\] + Wa
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for some choice of Ly and Ay. This equation arises from the compatibility condition of the two
differential systems

ov ov

it S

ax A ot
Since the monodromy of the former system 0¥ /0\ = L)V is independent of ¢ if the equation (1.4)
is satisfied, (1.4) is called the isomonodromic deformation equation.

Another type of the Lax equation is of the form

00X
ot

which is called the isospectral deformation equation because the eigenvalues of the matrix X
is independent of ¢t. There are several systematic ways to construct isospectral deformation
equations [1]. In particular, a Lie algebraic method have been often employed. Let g be a Lie
algebra. On the dual space g*, there exists a canonical Poisson structure called the Lie-Poisson
structure. If g is equipped with a nondegenerate bilinear symmetric form, the Lie—Poisson
structure is also defined on g. Let P: T*g — T'g be the Poisson tensor and F': g — C a smooth
function. Then, the vector field PdF on g can be expressed as the Lax equation (1.5) with some
Xy, Ay € g [1].

It is notable that the isospectral deformation equation (1.5) is completely integrable for
most examples, although the isomonodromic deformation equation (1.4) is not in general; it is
believed that solutions of an isomonodromic deformation equation define new functions called
the Painlevé transcendents.

In Nakamura [17], a way to obtain the isospectral deformation equation (1.5) from the isomon-
odromic deformation equation (1.4) by a certain scaling of the time ¢ is proposed, which is called
the autonomous limit. She proved that the autonomous limits of 6-types of two dimensional
Painlevé equations and 40-types of four dimensional Painlevé equations are completely inte-
grable. Such relations of Painlevé systems with autonomous integrable systems are known
between Gaudin model and Schlesinger system, and also found in [13] (Painlevé-Calogero cor-
respondence).

The purpose in the present paper is opposite; a way to construct the isomonodromic defor-
mation equation (1.4) from the isospectral deformation equation (1.5) will be proposed. Let g
be a simple Lie algebra over C. Consider the set of g-valued polynomials of degree n

— A\,

= [X, Ax], (1.5)

g = { X0 = XoA" + XA+ X | X, € g},

with the indeterminate A. This set g, is equipped with a structure of a Lie algebra by a certain
Lie bracket. At first, the isospectral deformation equation (1.5) on g, is constructed with the
aid of the bi-Poisson theory of Magri et al. [9, 14, 15, 16]. Isospectral deformation equations
obtained in this method are shown to be completely integrable (Theorem 2.4). Next, we restrict
the equations onto a symplectic leaf. Let ¢1,...,on be Casimir functions of an underlying
Poisson structure on g,. A symplectic leaf S is defined by the level surface of them as

S :={p; = aj(const)|[i=1,...,N}.

Restricted on the leaf S, the isospectral deformation equation (1.5) becomes an integrable Hamil-
tonian system. Since the matrix X, € g, depends on the parameters «a := (o, ...,ay), it is
denoted as Xy = X)\(t, a).

Now suppose that there exists a parameter, say «;, such that the following condition holds

X DAy

da, (t,a) = e (1.6)
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Equation (1.5) is put together with equation (1.6) to yield

8X>\ 8X)\ . 8A>\

Define the Lax matrix Ly by
L)\ = X/\(t7 O‘)‘aj:ta

where the parameter «; satisfying the condition (1.6) is replaced by ¢t. Then, the above equation
is rewritten as the isomonodromic deformation equation (1.4).

Remark that the isomonodromic deformation equation (1.4) is equivalent to the zero curvature
condition of the connection 1 form Lyd\ + Axdt on a vector bundle over the (¢, \)-space, while
the condition (1.6) is the exactness condition of the connection 1 form Xyd\ + Ayxdo;.

This method is demonstrated for the following three cases (I) g = s[(2,C), n = 2, (I) g =
sl(2,C), n = 3 and (III) g = s0(5,C), n = 1. For the case (I), the first, second and fourth
Painlevé equations (1.1), (1.2), (1.3) will be obtained in Section 3.

More generally, for g = sl(2, C) with general n, it seems that one can obtain several Painlevé
hierarchies of dimension 2n — 2, including the first Painlevé hierarchy (P1), [11, 12, 18],
the second-first Painlevé hierarchy (Prri)m [5, 6, 11, 12], the second-second Painlevé hier-
archy (Pyr2)m, and the fourth Painlevé hierarchy (Pry),, [10, 11]. They are 2m-dimensional
Hamiltonian PDEs of the form (m =n —1)

8qj o 8Hl 8pj _ _8H,~
ot; N apj7 ot; N 8(]]"
Hi :H’i(qla"'vqﬂ%pla"'7pﬂ’L7t17"')tm)

consisting of m Hamiltonians Hy, ..., H,, with m independent variables t1, ..., t;,. Whenm =1
(the case (I)), (P1); and (Pry); are reduced to the first and fourth Painlevé equations, respec-
tively. Both of (Pr.1)1 and (Pyr2)1 coincide with the second Painlevé equation, while they are
different systems for m > 2. When m = 2 (the case (II)), Hamiltonians of (P1)a, (P1r.1)2, (P11-2)2
and (Pyy)2 are given by

Hi = 2pop1 + 331 + 4i — G2 — @3 — tin + t2(q} — q2),
(P1)2 Hy = p? + 2pop1qa — @F + p3age + 3¢3q2 — 20143 (1.7)
+t1(q} — @) + t2(taqr + q1q2 — P3),

Hi = 2p1pa — D3 — p1G3 + g5 — t1pa + tap1 + 2041,
(Pr1)2 Hy = —p? + p1p3 + p1p2@® + 2p1q1q2 (1.8)
+ tip1 + ta(tap1 — p1a} + pip2) — @(2p2gi + 2g2 + 2taqn ),

Hi = pip2 — p1@? — 2p1g2 + p2q1q2 + @143 + got1 + t2(q1g2 — p1) + aq,

(Pr1.2)2 Hy = p} — p1p2q1 + p3g2 — 2010102 — P243 + 43¢5 (1.9)
+ t1(q1g2 — 1) — ta(prag1 + @3 + qat2) + apa,

Hy = p? 4 pip2 — p1qi + P2a1q2 — P23 — tip1 + tapaqz + aqe + B,

(Prv)2 Hy = pipaqi — 2p1p2g2 — D392 + P21 43 (1.10)

+ pagaty + t2(P1p2 — P2d3 + p2gata) + (p1 — q1q2 + gata)o — Bp2,

respectively, with arbitrary parameters o, € C. These systems will be obtained from the
case (II) g = sl(2,C), n = 3 in Section 4. In our method, such Hamiltonian PDEs are obtained
if there are several Hamiltonian systems written in Lax form (1.5), and if there are several
parameters satisfying (1.6); such parameters will be replaced by distinct times ¢, o, .. ..



4 H. Chiba

We will find other 4-dimensional Painlevé systems with Hamiltonian functions

H(11,20) = —Piq1 — 2p1G7 + 2p1g2 — 21022 — 2P2q142

+ (2p1q1 + 2p2g2)t + (202 + 2B2)q1 + 2B2p1 + 2B3p2, (1.11)

H( 1412 =P1— D3 — 201142 — p2d5 + 2B3q2 + 2B5q1 + pat, (1.12)
73 11 1 le%)

Hcosgrove = —4p1p2 — 2p3¢1 — o5t i + S —aqig - 2(12 —at - g (Q1 + 5 ) @, (1.13)

where «;, 5; € C are arbitrary parameters (the subscripts for parameters are related to the
weighted degrees so that the Hamiltonian functions become quasihomogeneous, see below). The
first two systems will be also obtained from the case (II). As far as the author knows, these
systems have not appeared in the literature. The last one Hcosgrove Will be obtained from the
case (III) g = s0(5,C), n = 1 in Section 5. If we rewrite the system as a fourth order single
equation of ¢ = y, we obtain

y" = 18yy” + 9(y')? — 24y + 16t + oy <y + ;a> . (1.14)
This equation was given in [7], denoted by F-VI, without a proof that it has the Painlevé property.
Since this system is obtained as the isomonodromic deformation equation in this paper, this
equation actually enjoys the Painlevé property. In [7] it is conjectured that this equation defines
a new Painlevé transcendent (i.e., it is not reduced to known equations). Another expression of
the Hamiltonian function of the same system is

8
"o (L15)

9 80 , 8
0 — g + 665 — 8qut + - 5

18 1
3P0~ 1601~ 13 9

H =2
Cosgrove p1p2 — 13

a2q1
The corresponding Hamiltonian system is also reduced to (1.14).

Note that all of the Hamiltonian functions above are polynomials in both of the independent
variables and the dependent variables. Furthermore, they are semi-quasihomogeneous functions.

In general, a polynomial H(xy,...,x,) is called a quasihomogeneous polynomial if there are
integers aq, ..., an, and h such that
H(A%zy,...,\"ay) =N'H(zy,... z,) (1.16)

for any A € C. A polynomial H is called a semi-quasihomogeneous if H is decomposed into two
polynomials as H = HY + H™ where HT satisfies (1.16) and H” satisfies

N(X“a:l, L ATTy) ~ O(Ah), |A| = oc.

The integer wdeg(H) := h is called the weighted degree of H with respect to the weight
wdeg(x1,...,2y) := (a1, ...,a,). For example, if we define degrees of variables by wdeg(q, p,t) =
(2,3,4) for Hy, wdeg(q,p,t) = (1,2,2) for Hyy and wdeg(q,p,t) = (1,1,1) for Hyy, then Hamil-
tonian functions have the weighted degrees 6, 4 and 3, respectively (Table 1). The weights for
four dimensional systems above are shown in Table 2. In this paper, these weights are naturally
obtained from a suitable definition of weights of entries of a matrix X, € g, and the spectral
parameter A. In particular, the weights of the Hamiltonian functions are closely related to the
exponents of simple Lie algebras because the Hamiltonian functions are essentially Ad-invariant
polynomials of simple Lie algebras. See [2, 3, 4] for the detailed study of the weights of the
Painlevé equations.
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Table 1. Weights for two dimensional Painlevé equations.

[ [ wdes(q,p,t) [ wdeg(H) |

PI (27374) 6
P (1,2,2) 4
PIV (17 17 1) 3

Table 2. Weights for four dimensional Painlevé equations.

’ H wdeg(q1,p1,92,02) ‘ wdeg(t1,t2) ‘ wdeg(Hy, Ha) ‘

P1)2 (2,5,4,3) 6,4 8,10
(P1r1)2 (1,4,3,2) 4,2 6,8
(Pri2)2 (1,3,2,2) 3,2 5,6
Prv)2 (1,2,1,2) 2,1 4,5
Hi100) (1,1,2,0) 1 3

H 1419 (—1,4,1,2) 2 1
Hosgrove (2,5,4,3) 6 8

2 Settings

2.1 Lie—Poisson structure on g,

We define a multi-Poisson structure on a certain Lie algebra following Magri et al. [9, 14, 15, 16].

Let (g,[-, -]) be a simple Lie algebra over C. Consider the set of g-valued polynomials of degree n
gn = {X0 = Xo\N"+ )N+ + X, | X € gy

with the indeterminate A. The bracket defined by

[XAaYA]n = [Xna Yn] + )‘([Xna Ynfl] + [anl’yn]) +oee
+ A" ([Xo, Y] + [X1, Y] + -+ + [Xin, Yo))

introduces the structure of a Lie algebra on g,. Note that [X,Y)], coincides with [X},Y)]
expanded in A\ and truncated at degree n.

It is known that the dual space g* of any Lie algebra g is equipped with a canonical Pois-
son structure called the Lie—Poisson structure. If a nondegenerate symmetric bilinear form
n: g x g — Cis defined on g, it induces a Lie-Poisson structure on g. For functions F,G: g — C,
the Poisson bracket on g is defined by {F,G}(X) = n(X,[VF(X),VG(X)]), where VF(X) € g
is defined through (dF)x(Y) = n(VF(X),Y). To give the Lie-Poisson structure on g,, we
define a nondegenerate symmetric bilinear form 7 on g, by

(X, Yy) : ZTr (XiVns)

by which g, is identified with its dual. For a smooth function F': g, — C, define the gradient
VF € g, through (dF)(Y)) = n(VFE,Y)), and define V,;F' € g by
VF = (Vo F)N" + (Vo  F)A 4 1 Vo F.

Using them, the Lie-Poisson bracket on g, is given by

{Fv G}O = 77(ka [VFv VG]n)
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= Tr(Xo - [VoF,VoG]) + Tr (X1 - ([VoF, V1G] + [V1E,VoG])) + - -
+ Tr (X, - ([VoF, VoG] + -+ -+ [V, F,VoG)]))

= —Tr(VoF - ([Xo, VoG] + [ X1, ViG] + - - 4+ [ Xy, Vo,G])) — - -
TV F - (X1, VoG] + [Xn, V1G)) — Tr(VF - [Xon, Vo))

The Poisson tensor (bivector) Py: T*g,, — T'g, is defined so that

1=0

This implies
—(PodG)o = [X(), VOG] + [Xl, VlG] + -+ [Xn, VnG],

—(PoydG)p—1 = [Xn-1, VoG] + [ Xp, V1G],
—(PodG)y = [Xn, VoGl.

The following expression is useful

[Xo, -] [X1, -] ... [Xn, ']) ( VoG
[anla ] [Xna ] anlG
[VQG,XU] + [VlG, Xl] + -+ [VRG, Xn]

B [V()G, anl].‘k [le,Xn]

[VOG7 Xn]
It is also represented as a matrix as follows. Let A = A(X) be a representation matrix of the
mapping

T*g(~g) — g, dG — [X, V@], G: g—C, Xeg
with respect to some coordinates on g (here VG is the gradient on g). By the definition, —A is
a Poisson tensor of the Lie-Poisson structure on g. Since A(X) is linear in X, A(X)) is expanded

as A(X)) = \"A(Xo) + A" TA(X) + -+ + A(X,,). Putting A(X;) = A;, Py is represented as
an (n + 1) dim(g) x (n 4 1) dim(g) matrix

Ay ... A1 A,
A ... A,
Po=—-1 . .
An
In what follows, suppose dim(g) = d, rank(g) = h and let my,..., m; be exponents of g.
Let (y1,...,yq) be coordinates on g. It is known that the Casimir functions of the Lie—Poisson

structure on g (i.e., a function ¢ satisfying {F, ¢} = 0 for any F': g — C) are the Ad-invariant
polynomials denoted by ¢;(y1,...,vyq4), ¢ = 1,...,h, and they satisfy deg(yp;) = m; + 1.

Let ; := (2j1,...,%;4) be coordinates on the j-th copy of g (coordinate expression for Xj)
and (zg, ..., x,) coordinates on g,. We define the weighted degrees of variables to be

wdeg(x;) = wdeg(zj.o) = J, wdeg(A) = 1.
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Then, X is quasihomogeneous (homogeneous in the weighted sense) of wdeg(X,) = n. Substi-
tuting Yo = 20,0A™ + 1AL + - + Ty o into 9;(y1, ..., ys) and expanding it in A provide

©i(Y1, .-, Yd) = piolo, ... ,a:n))\(miﬂ)" + @i1(zo, ... ,a,’n)/\(miﬂ)rh1 + .-
+ ©i (mi+1)n (T05 -+, Tn), i=1,...,h,

which defines polynomials ¢; ; on g, satisfying

deg(pij) =mi+1,  wdeg(pi;) = j
Proposition 2.1.

(1) wi; depends only on (xg,...,x;) for0<j<n-—1.

©ij (20,71, -+ s Tn) = Pi (my41n—j (Tns - -, T1,T0)-
For each i, j, o, the derivative 0p; j11/0%y o ts independent of k =0,...,n.
For each t, j, the gradient Vip; j1 is independent of k =0,...,n
For each i, j, k, the equality

a%, k1 Opij—1 _
ZA j ZA 3xjo o

holds.

(vi) The Casimir functions of the Lie—Poisson structure Py on g, are
goi,(mrkl)nfja izla“'vha ij,...,n
Proof. (i) and (ii) follow from the definition of ¢; ;.

n
(iif) For yo = > A" *ay o, we have

k=0
i+1
Opi = g 0 (mz—i_:)n)\(mi+1)nj .
aya aya a:ﬂk‘pé =0 Pid
(mi+1)n min+k
B O

8$ha axha

For the last equahty, we used part (i) combined with part (ii). Thus we obtain

m;n

8¢1 E::rmn ]8¢L}+k
Yo axk@

Since the left hand side is independent of k, so is each coefficient of A"~/ in the right hand
side. Part (iv) immediately follows from (iii).
(v) The first equality is a consequence of part (iii). Since ¢;(y) is a Casimir function of

the Lie-Poisson structure on g, Ady; = 0, where A is a matrix defined before. Substituting
n

y= 3 \"Fg; yields

k=0
Yy = &Ek
= Z/\min—j-i-n—lA Opijtk mfl \mintn—j ZA 0¢ijtk—1 L
, oxy, Ozy,

This proves the second equality of (v).
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To prove (vi), it is sufficient to show

Ao oo A1 A\ (095 (mi41)n—j/ 00
Ao Ay, 8¢i,(mi+1)n—j/8x1 _
Ap, 8¢i,(mi+1)n—j/axn
for j =0,...,n. This is verified with the aid of part (v). [

Example 2.2. For g = sl(2,C), we have d = 3, h = 1 and m; = m; = 1. Denote a general
element X, € g, as

Xy =NXo+ NI X+ + X,

:)\n<u0 v0>+)\n1<u1 vl)_’_”'_’_(un fUn>'
wo —UQ wp —Uul Wn —Un

Let (uj,v;,w;) be coordinates on the j-th copy of g and (ug, v, wo, . . ., Un, Un, w,) coordinates
on g,. Then,
10F oF 0
58711/] 8wj Uj —wy
Vil=\| or 1or | A=|"w ) 28]’
g 29 W —2u
61}]‘ 2 8uj J J

The Casimir function on g is given by ¢; = ¢ = u? + vw. Then, the functions ©Yij = @; are
defined by expanding

(Vg + -+ un) + (A0 + -+ + v) (N + - - + wy)

in A. This gives

P = Z (ukul—i-vkwl), 7=0,...,2n.
k-+l=j
Note that they are coefficients of —det X,. The Casimir functions of g, are given by ¢; for
j=mn,...,2n.
2.2  Multi-Poisson structure on g°
In general, a manifold M is called a bi-Poisson manifold if

(i) there are two Poisson brackets { , }o and { , }1, and

(ii) the linear combination { , }o+¢{, }1 is also a Poisson bracket for any ¢ € C.
See [9, 14, 15, 16] for applications of bi-Poisson manifolds to integrable systems. Here, we
introduce a bi-Poisson structure on g, following [14]. The shift operator X — X, defines an

automorphism of g,, with a parameter ¢t € C. It induces a deformation, denoted by { , }, of the
Lie—Poisson bracket { , }o. Let

{, k=1, }o+t{, }1+~--—|—t"+1{, b1+
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be its expansion. Magnano and Magri [14] proved that each { , };, ¢ = 0,...,n + 1, and their
any linear combination satisfy the axiom of a Poisson bracket. Hence, g, has n + 2 compatible
Poisson brackets and it becomes a multi-Poisson manifold. Their Poisson tensors are

0 0 0 e 0
0| -4 -4y ... —-A,
b= : : . )
0 _An—l _An
0| —A,
0 0 0 0 0
0 Ag
Pk+1 = 0 AO Ak*l ) kzlv 7n_17
0 _Ak+1 _An
0 —A,
010 0 0
0 Ao
Pn+1 = 0 AO Al
0 AO An72 Anfl

(Py is the same as before). Let g% be a submanifold of g,, defined by zg = const;

g = {XA = XN+ X\ 4 X X = Const} C gn.

Since the first row and column of Pi,..., P, are zero (i.e., o = (z0,1,...,%0,4) are Casimir
functions of them), the restrictions of them on g% define a multi-Poisson structure on g%, whose
brackets and tensors are again denoted by ({ , };, P;). The tensors are given by

A Ay ... —A,
Pl = : )
_An—l _An
_An
Ag
| Ao Ap—1 _
Pk+1_ _Ak+1 _An ) k_17 I ]-7
—A,
Ao
Ag Ay
Pn+1 =
AO An72 Anfl

Fori=1,...,hand j =1,...,(m; + 1)n, define functions 1; ; on a° by

7/%,]‘(3317 cee 7xn) = (pi,j‘g% = @i,j‘zo:const

(we do not define v; g because ;¢ is constant on a%).
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Proposition 2.3.

(1) Casimir functions of Piy1 are; j,i=1,...,h, forj=1,2,... k and for j = m;n + k + 1,
mn+k+2,...,(m; + 1)n.

(i7) Casimir functions of the combination APgy1—Py are; j,i=1,...,h, forj=1,2,... k-1
and for j=mn+k+1,mmn+k+2,...,(m; + 1)n, and

NP g X g - itk G =1,

(iii) Let F: g° — C be a smooth function. The differential equation for the vector field (APy1—
Py)dF is expressed in Lax form as

d
%XA = [X, Vi F], Xy =\"Xo+ N1X) 4+ X,

(iv) Define the function G ; to be
Gikj=—N "k + N 721+ + Yigerjo1).
Then, the equality
Pyoprdi g = Prd)i it j—1 = (APry1 — Pr)dGi g j

holds for i =1,...,h, 3 =1,...,mn and k = 1,...,n. In particular, the vector field
Py 1di); ;45 1s independent of k and the equation for it is expressed in Lax form as

d
720 = X, ViG]
(v) The vector fields Pyy1di; p1j fori=1,...,h and j =1,...,myn commute with each other

(note that it is zero when j ¢ {1,...,m;n}).

Proof. (i) and (ii) can be verified by a straightforward calculation with the aid of Proposi-
tion 2.1(v). To prove (iii), note that the vector field Py 1dF is written as

(X0, -] ViF
[Xo,-] ... [Xu_1,-] V. F

P dF: 9
k1 —Xirts -] . —[Xn, 1| | Vet F
—[X, -] Vv, F

and similarly for P,dF. Using them, write down the equation of X for the vector field (AP —
Py)dF. For example, the equation for X is dX/dt = A\[Xo, Vi.F] — [Xo, Vk—1F]. Summing up
the equations of A" 77X j proves the desired result.

(iv) Since A", + - -+ + Vi mn+k is the Casimir of APy — P, we have

(APiy1 — Pe)dN™ "y + N™" Uy kg + -+ + Yimantk) = 0.

Expanding this yields the first equality. The second equality is confirmed by a straightforward
calculation.

(v) Due to Part (iv), we can assume that k = n. Because of the property [P, +1dF, P,+1dG] =
P,1+1d{G, F'} of a Poisson bracket (the left hand side is the Lie bracket for vector fields), it is
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sufficient to show the equality {1 j/, ;i j}nt1 =0for i, =1,... hand j,j' =1,...,(m;+1)n.
When j =1,...,n, it is trivial because 1; ; is the Casimir of P, ;1. Next, we have

{0 e+ N 1+ A Vit menctks Vi fnl
= (dN™ "y g+ N by ki1 4+ Vi k)s Pas1dWi )
= (dA™ Py + N N+ Y mnk)s Prr1di g g)
= (dA™ Py g + A W 1 4+ Y mink) (APt — Pe)dGi )
= —(dG k., (ANPps1 — Pp)d(N™"y g+ N My g + 4 Vi minr)) = 0.

This provides

{ir ks Vit tnt1 = - = {¥iminth Vit tnt1 = 0,
forany k=1,...,n and any j = 1,..., m;n, which completes the proof. |

Theorem 2.4. Suppose that the constant xq for the definition of g° is chosen so that the
functions {1; ;}i; are functionally independent. Then, the vector field Pyy1di; i, which is
independent of k, is completely integrable in the Liouville sense for any i and j.

Proof. Recall dim(g) = d and rank(g) = h. Thus, dim(g!) = nd. Since Py has nh Casimir
functions, the dimension of a symplectic leaf S of Py is n(d—h). On the leaf S, the vector fields
{Pry1dii 45 }i,; define n(d — h)-dimensional Hamiltonian systems, among which nonzero vector
fields are for ¢ = 1,...,h and j = 1,...,m;n. Further, these nonzero vector fields commute
with each other and they are linearly independent due to the assumption. The number of the
nonzero vector fields is

h

1 1 1
me = i(dim(g) —rank(g))n = §n(d —h) = B dim(S).
i=1
Hence, the Liouville theorem shows that the vector fields are integrable. |

In what follows, we suppose the above assumption; the constant xg for the definition of g%
is chosen so that the functions {¢; ;};; are functionally independent. That is, the differentials
{dw; ;}:; are linearly independent except for finite points.

2.3 Symplectic reduction

The next purpose is to perform a symplectic reduction [9, 14, 15, 16].

Theorem 2.5. The h-dimensional distribution D defined by
D = span{Pydy; 1 |i =1,...,h}
is integrable in the Frobenius sense. The vector fields Pydi; . are linear fori=1,..., h.

Proof. The first statement follows from Proposition 2.3(v). Since Pydi); i, is independent of k,
we obtain Pydi;, = Pidi; . Since wdeg(v;1) = 1, dip1; is a constant, while P; is linear in
(.T}l,...,.%'n). B

The differential equation for Ppdi;;, = Pidi; 1 is given by

d
@X,\ = [X\, V1Gi11] = [Vivi1, X))
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Since V11); 1 is independent of A, this is decomposed as

d
£Xk—[v1¢z1,Xk] E=1,...,n.

In coordinates, it is expressed as

dxy, 5’1/1@1 o
= M), k=ln (2.1)

Let us consider the orbit space 7: g% — g%/D, which is a smooth manifold if points on g¥ at
which dim(D) < h is removed if necessary. The Marsden—-Ratiu reduction theorem [9] states
that the orbit space g, Y/D is again a multi- Poisson manifold with compatible Poisson tensors
denoted by P, ..., Pyy1. They are defined by P, = m, Pyr*. Let { }k and { , }} be Poisson
brackets associated with Py and Pk, respectlvely For a function F on g which is constant along
each integral manifold of D, a function F' on g, 0/D is well-defined through Fom=nm*F=F.
Conversely, for a function Fon g% /D, we can find a function F on g¥, which is constant along D,
such that F om = F. Then, {, }} is given by {F, G}k om ={F,G}.

Because of Proposition 2.3(v), v;; is constant along each integral manifold of D and the
projection {/;” is well-defined. The projected vector field is given by ﬁkd@j = Ty (Prdi); ;).

It is convenient to realize g/D as a submanifold of g°. Let o: g2/D — g% be a smooth
section. The image o (g% /D) is a submanifold of g2 which is diffeomorphic to g% /D. In Propo-
sition 2.6(iii) below, g /D is identified with a submanifold in this manner.

Proposition 2.6.

(i) Casimir functions of JSkH are {/;i,j; it =1,...,h, for j = 1,2,...,k+ 1 and for j =
mn+k+1mn+k+2,...,(m;+ 1)n.

(1) Casimir functions of the combination )\ﬁlﬁ_l — ng are Ji,j’ i=1,...,h, forj=1,2,...k
and for j=mn+k+1,mmn+k+2,...,(m; + 1)n, and

NI o AT g e =

(iii) For a smooth function F: g% /D — C, there exist scalar-valued Junctions By, ..., By g0 /D
— C such that the equation for the vector field (API@+1 Pk)dF is expressed in Lazx form
as

h

h
d ~ ~ ~ ~ ~ ~ ~ ~
700= [X0LVeF] = 38 [X0, Vi ] = | X0, ViF = 3 BiVidhia |

) =1

where X = X)\]g%/D and Vi F = (ka)’g%/D-
(iv) Define the function élkj to be
Ging=—(N""Pik + N 21+ + Pipgjn).-
Then, the equality
Pry1dti jorj = Podti jrj1 = (APoy1 — Pr)dGi

holds fori=1,....h, j=2,....min and k=1,... n.

(v) The vector fields f’k+1dlzi7k+j fori=1,... handj=2,...,m;n commute with each other
(note that it is zero when j ¢ {2,...,m;n}).
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Proof. (i) J” forj=1,...,kand j =mn+k+1,...,(m;+ 1)n are Casimir of ]5k+1 because
they are Casimir of Pjy1. For 9; x41, we have

{F $ipir by = 1B i1 bhsr = (dF, Poprdibi ) = (Padify ) (F).

The right hand side becomes zero because F' is constant along D.
(ii) The first statement (on JZJ) is trivial because they are common Casimir of Py 1 and Py.
The last function )\mi”_lizi7k+1 + .-+ is a projection of the function given in Proposition 2.3(ii).
The results of (iv) and (v) are projections of those of Proposition 2.3(iv) and (v).
To prove (iii), g° /D is identified with a submanifold of g0 as above. Put F = 7*F. We have
to calculate the projection of the vector field [ X, Vi F] onto g% /D (see Proposition 2.3(iii)). At

first, we restrict the domain to g% /D as
(X2 ViFllgop = [X/\’g%/lh (ka”g%/D] = [Xx, ViF].

Since this is not tangent to 7(g% /D), we calculate the projection of it according to the decompo-
sition T'gY) = T'(g%/D) & D. Then, (iii) follows from the fact that the distribution D is spanned
by the vector fields of the form [X, V11;1]. |

2.4 Isospectral deformation to isomonodromic deformation

Now we have (m;n — 1)h distinct vector fields on g% /D

Jj=2: Pld{/;i,Q == ﬁk+1dlzz',k+2 == Nn—i—ld{/;i,n—&-%
Jj=17J: ﬁld%,j == ﬁk+1d1zi,k+j == ~n+1d1Zi,n+j,
j=min:  Pidimm = = Pop1d®ijamm = - = ~n+1d%,(mi+1)n.

They are (nd — h)-dimensional integrable systems. For fixed k, a symplectic leaf of the Poisson

structure Py is given by a level surface of Casimir functions as
S = {{/;” =y (const)|i=1,...,h, j= 1,...,k,j:mm+k,...,(mi+1)n}.

Restricted on the symplectic leaf, the vector fields become (nd—mnh—2h)-dimensional completely
integrable Hamiltonian systems of the form

IO d ~ N
Pry1dii jyj: @XA = [X, 4)] on Sy, (2.2)

h
Ay = ViGigj — Zﬁivﬂﬁm-
i1

Both of X » and Ay depend on parameters {«; j};; which define the symplectic leaf. Thus, we
write X as X (¢, a), where a denotes the collection of parameters c; ;.
Now suppose that there exists a parameter o ;o such that the following condition holds

0X,

NN
60@'/7]'/

(t, o) N (2.3)

for some integer I. Equation (2.2) is put together with equation (2.3) to yield

0X, 0X,

(9A
l A
()t (t7 ) d“i’,j’

(t,a) = [Xy, A\] + A =y
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Define the Lax matrix Ly by

1

Ly = \

X)\(t)a)|ai/7j/=t7

where the parameter oy ; satisfying the condition (2.3) is replaced by ¢. Then, the above

equation is rewritten as
dLy

—= =1L,A
dt [)\7 )\]

HA,

——= 2.4

which is known as the isomonodromic deformation equation. It is known that a system written
as the isomonodromic deformation equation enjoys the Painlevé property. The function v; j4;
restricted on Sy, will be a Hamiltonian function of the Painlevé equation after replacing o j +— t
and changing to Darboux’s coordinates if necessary.

For ABCD-type simple Lie algebras, the dimensions of Painlevé systems obtained in this
manner are summarized in Table 3. In particular, the dimension is 2 when g = sly, n = 2, and
it is 4 when g = slp, n = 3 or g = s05, n = 1. From the next sections, we will demonstrate
our method for these cases. In particular, the Hamiltonian functions shown in Section 1 will be
obtained.

Table 3. The dimensions of Painlevé systems.

’ ‘ ‘ dimension ‘ h=1| h=2 h=3
Ap(h>1) | sl | nh24+nh—2h |2n—2[6n—4]12n—6
Bp(h >2) | soonit 2nh? — 2h - 8n—4 | 18n—6
Cn(h>3) | spy, 2nh? — 2h - - 18n — 6
Dy(h>4) | soo, | 2nh? —2nh —2h - - —

3 2-dimensional Painlevé equations: g = sly, n = 2

In this case, a general element of g,, is written by

X)\:)\2<u0 U0>+>\<U1 U]_>+<’LL2 /U2>‘
wo —Ug wp —Uu1 wy  —U2

The Painlevé equation obtained by our method depends on a choice of xg = (ug, vg, wp). We
consider the following two cases.

ol )-8 o )=

From the former case, we will obtain the second and fourth Painlevé equations Py, Pry, and
from the latter one, we will obtain the first and second Painlevé equations Py, Pry.

3.1 Case (I)

In this case, the functions 1; ; = 1; (since h = rank(g) = 1, we omit the subscript ) are given by

Y1 = 2uq, Yo = 2ug + uf + viwy,

3 = 2uqug + vow + viwsy, Py = u% + vows.
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(see Example 2.2). The differential equation (2.1) defining the distribution D is u; = 0, v} = 2v;,

w; = —2wj for j = 1,2. This is solved as a function of w as

up = U, ug = Uy, v = Va/wy, v = V3 /wy, we = Wiwy,

where Uy, Us, V3, V3, W7 are integral constants (initial values at wy = 1), for which the subscripts
are given so that they are consistent with the weighted degrees (for example, since wdeg(vow;) =
2+ 1 = 3, the weighted degree of V3 is three). This relation defines a coordinate transformation

(u1,v1, w1, ug, va, w2) — (Ur, Va,wy, Us, V3, W1).

In the new coordinates, integral manifolds of the distribution D are straight lines along ws-
axis. In particular, the subset {w; = 1} C g¥ gives the realization of the orbit space g¥ /D as
a submanifold and (Uy, Va, Us, V3, W1) provides a global coordinate system of g /D.

At this stage, we have on g% /D

Uy = 2074, Uy = 2Us + UZ + Va,
Uy = 200Uy + Vs + VWi, by = Uj + VaWy,

and three Poisson structures P (Casimirs are QZL? J3,~J4~), §2~(C§simirs are Jl, 122, J4),
P3 (Casimirs are zbl, wg, wg) and vector fields Pydiy = Padips = Pydypy which are expressed as
the Lax equation dX)\/dt [Ax, X, where

- (1 0 T U, V3
Xa=A <0 )AL o) T )

_ 1 0 Ur Vo) (W 0
m=a(o 5) (0 25) (0 o)

The next purpose is to restrict_the vector fields on a symplectic leaf. We will consider
Pgdlf}4 and P2d1/)3 separately (P1d¢2 will not be considered because there are no parameters
satisfying (2.3)). N

(i) Consider the vector field ﬁgd@m. For the Poisson tensor ﬁg, a symplectic leaf is defined
by the level surface {{/;] = const, j = 1,2,3}. In order for the condition

X,  0A\ (1 o)

- 0 —1

da ~ on (3:-1)

to be satisfied, we find that Us in X ) has to include a parameter o which will be replaced by ¢
later. For this purpose, we take the symplectic leaf
S = {2U1 =0, 20, + U12 + Vo = 2ag, 2U Uy + Vs + VoW, = 043}.

Hence, we put Uy =0, Uz = ag — V2/2, V3 = a3z — VoW, and (Va, W7) gives a global coordinate
system for the symplectic leaf. Then, it turns out that X, satisfies the condition (3.1) with
a = ag on the symplectic leaf. Finally, by replacing as by ¢, we obtain the isomonodromic
deformation equation (2.4) with

(1 0 0 Vs t—Va/2 as— VW
b= (o %) (0 9)(w” ),

(1 0 W Va
A,\_)\<O _1)+( 1 W1>-
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The Poisson tensor P; on the symplectic leaf with coordinates (Va, Wy) is given by

~ 0 2
()

To change to Darboux’s coordinates, we put Vo = —2po, W7 = ¢;. Then, ]33 becomes the canon-
ical symplectic matrix. In the coordinates (g1, p2), _the isomonodromic deformation equation is
a Hamiltonian system. The Hamiltonian function ¢4 for the vector field P3d¢4 is written as

Vs = U3 + VW = (t — Va/2)? + (a3 — VaW)W)
= P5 + 2¢1p2 + 2tps + azqr + t2.
This is reduced to the Hamiltonian function (1.2) of the second Painlevé equation by a certain
coordinate change and the isomonodromic deformation equation (2.4) is equivalent to the second
Painlevé equation.

(ii) Consider the vector field Pydi)s. For the Poisson tensor Ps, a symplectic leaf is defined
by the level surface {1); = const, j = 1,2,4}. In order for the condition

0Xx _\0Ax _ (1 0 ) (3.2)

to be satisfied, we find that Uy in X A has to include a parameter o which will be replaced
by t later, and the other components of X, cannot include a. For this purpose, we take the
symplectic leaf

S ={2U1 =21, 2U> + U} + Vo = as + o, U3 + VW) = au}.
This relation is rewritten as
U =aq, Vo = ag — 203, Vs = (o — U3) /Wh.

By substituting them, X satisfies the condition (3.2) with @ = 3. Finally, by replacing oy
by t, we obtain the isomonodromic deformation equation (2.4).
The Poisson tensor P» on the symplectic leaf with coordinates (Us, W7) is given by

~ 0o W

Py = .
For Darboux’s coordinates, we put Uy = p1q1 — B2 and W1 = q1, where (3 is an arbitrary
constant. Then, P» is transformed to the canonical symplectic matrix. In the coordinates

(q1,p1), the isomonodromic deformation equation is a Hamiltonian system. The Hamiltonian
function 1/13 for the vector field Pgdwg is written as

by = 201Uz + Vi + VaWy = 2tUs + (g — UZ) /Wi + (a2 — 2U) W4
o — 3

= —piq1 — 2p1G7 + 2tp1q1 + 2Bap1 + (a0 + 2B2)q1 — 2Pat + .

We choose the free parameter 8y to be ay = ﬂ% so that the Hamiltonian becomes a polynomial.
This is the Hamiltonian function (1.3) of the fourth Painlevé equation up to some scaling. The
isomonodromic deformation equation (2.4) is equivalent to the fourth Painlevé equation, where

1 0 t az+2B — 2p1ql> (p1Q1 Bo —pigi + 252171)
Ly=A 4 b ,
g (0 _1) (1 —t A qQ —(p1q1 — B2)

(1 0 t—q a2 +2B2 —2p1qu
AA_)\<O —1>+< 1 —(t—aq) '
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3.2 Case (II)

In this case, the functions 1; ; = 1; are given by

P =1, 2 = uf + va + viwi,
g = 2ujug + vawy + viwa, P4 = u3 + vows.
The differential equation (2.1) defining the distribution D is u; = —vj, v} =0, w;. = 2u; for

7 =1,2. We can assume without loss of generality that v;1 = 1 by a suitable scaling of variables
(indeed, v; is a common Casimir of Py, P5, P3). Thus, the equations are solved as a function
of u; as

v =1, vg = Vo, ug = Vouy + Us,

wy = —ui + Wa, wy = —Voui — 2Usuy + Wi,

where Vo, Us, Wo, W, are integral constants (initial values at u; = 0). This relation defines
a coordinate transformation

(U/la wy, u2,v2, U)Q) = (’U,l, W27 U37 VY27 W4)

In the new coordinates, integral manifolds of the distribution D are straight lines along wu;-
axis. In particular, the subset {u; = 0} C g° gives the realization of the orbit space g% /D and
(Wa, Us, Vo, W) provides a global coordinate system of g¥ /D restricted to vy = 1.

On g¥/D, we have functions

dr=1,  do=Va+Wa,  dy=VaWo+ Wi  ¢y=U3;+ VoW,

and three Poisson structures P (Casimirs are_ QZL? J3,~J4~), §2~(C§simirs are Jl, 122, zz4),
P; (Casimirs are 91, 19, ¥3), and vector fields Psdiy = Padips = Pydipg which are expressed as
the Lax equation dX,/dt = [Ay, X)], where

S ,2(0 0 0 1 U3 Vs
B (00 (2 (B %),

0 0 0 1 0 0
AA_A<1 O>+<W2 0)_<V2 0>'

The next purpose is to restrict the vector fields on a symplectic leaf.
(i) Consider the vector field P3di,. For the Poisson tensor Pj, a symplectic leaf is defined
by the level surface {1; = const, j = 1,2,3}. For the condition

0Xy _ 04y _ (0 0

oy T a9y 3.3

da I (1 0) ’ (3.3)

we find that Wy in X A has to include a parameter «. To this end, we take the symplectic leaf as
S={1 =11 =Va+ Wa =0, ¢h3 = VaWa + Wi = as}.

Hence, we put Vo = —Wo, Wy = ay + W3, so that (Wa, Us) gives a global coordinate system on
the leaf. Then, X satisfies the condition (3.3) with @ = 4. Finally, by replacing a4 by ¢, we
obtain the isomonodromic deformation equation (2.4) with

2 (0 0 0 1 Us =W,
Ly=2 <1 0>+A<W2 O)+<t+W22 -Us )’

00 0 1
AA_A<1 o>+<2wg o)'
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The Poisson tensor ]53 on the symplectic leaf is given by

= 0 1

which is already in canonical form. On the symplectic leaf, the function J4 is written as
Yy = Ui + VaWy = U2 — W3 — tWy.

This is the Hamiltonian function (1.1) of the first Painlevé equation (up to some scaling) and
the isomonodromic deformation equation (2.4) coincides with the first Painlevé equation.

(ii) For the vector field ﬁzd?;g, we again obtain the second Painlevé equation and the detailed
calculation is omitted.

4 4-dimensional Painlevé equations: g = sly, n = 3

In this case, a general element of g,, is written as

XZSUO Vo 2 (U1 U1 uz V2 u3 U3_
A A <w0 —UuoQ +A w1 —Uujl +A w2 —U2 * w3 —us

For the definition of g2, we again consider the following two cases.

up vo \ _ (1 0 u vo\_ (0 0
(I) (wo —Uo) N <0 —1)’ (H) <w0 —U0> N (1 0) '
From the former case, we will obtain Hamiltonian functions (1.9), (1.10), (1.11), and from the
latter one, we will obtain (1.7), (1.8), (1.12).

4.1 Case (I)

In this case, the functions 1; ; = 1; (since h = rank(g) = 1, we omit the subscript ) are given by

Y1 = 2uy,

g = 2ug + u% + viwn,

3 = 2uqug + 2u3 + vowy + viwo,

g = u3 + 2uiuz + v3wy + vows + viws,

Y5 = 2ugusz + v3wz + vaws,

g = u% + vsws.
The differential equation (2.1) defining the distribution D is u; =0, v; = 2vj, fw;- = —2w; for
7 =1,2,3. This is solved as a function of w; as

uy = Uy, ug = Uy, ug = Us,

v = Vo /wr, vy = V3 /wi, vg = Vy/w1, wy = Wiwy, w3 = Wawy,

where Uy, Us, Us, Vo, V3, Vi, Wi, Wy are integral constants (initial values at wy = 1). This
relation defines a coordinate transformation

(u1,v1, Wi, ug, v2, wa, u3, v3, ws) — (U, Vo, wi, Us, V3, Wy, Us, Vi, Wa).
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In the new coordinates, integral manifolds of the distribution D are straight lines along w;i-
axis. In particular, the subset {w; = 1} C g¥ gives the realization of the orbit space g* /D as
a submanifold and (Uy, Va, Us, V3, W1, Us, Vi, Wa) provides a global coordinate system of g° /D.
At this stage, we have on g\ /D

/lf/;l - 2U17

o = 2Up + U + Vi,

Vs = 201Up + 2Us + Vi + Vali,

IZ4 =20,U;3 + U22 + Vi + VoWsy + V3Wh,

s = 2U05U3 + VaWy + V3 W,

and two vector fields
Pydips = Psdipy = Pydijs, (4.1)
Pydipy = Pydips = Pydibg. (4.2)

The differential equations of these vector fields are expressed in Lax form as

X

Ots

0X),

57751 = [Ala)?k]a

= [42, X], (4.3)
respectively, where
By e ()l )+ )
sy 08 )5 )
s (3 ) )5 8
The next purpose is to restrict the vector fields on a symplectic leaf.

(i) Consider the pair of vector fields ﬁ4d{/;5 and Pydijg. For the Poisson tensor Py, a symplectic
leaf is defined by the level surface {¢; = const, j = 1,2,3,4}. In order for the two conditions

T (100G by (1 0) (0 RY

da ~ ON 0 -1 ) -1 1 -U

to be satisfied, we find that Us in X » has to include a parameter «, which will be replaced by t;
later, and Us and W5 have to include a parameter o, which will be replaced by to later. For
this purpose, we take the symplectic leaf

S = {@Zl =0, o = das, 3 = 203, Y4 = 4 +4a3}.

Further, we change the coordinate as Wy = Wg + a9 because Wy should include a parameter.
Then, the above relation for S is rearranged as

1 1 1
U =0, U2:20¢2—§V2, U3:043—§V3—§V2W1,

1 _
Vi= o4+ asVs — Z‘/QQ — VoWy — V3W7.
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Substituting them into XA, A; and Ag, we can verify the condition (4.4) with @ = a3 and
o/ = as. By replacing ag, as by t1, to, respectively, we obtain the isomonodromic deformation
equations

OL)
Oty

0A oL,
O\ Oty

0As

[AlaL)\] a)\ )

= [A2, Ly] + (4.5)

which are equations of (Va, V3, W, Wg) with two independent variables t1, to, where
1 0 0 V: 2ty — 3 V& %
_ )3 2 2 2= 35V2 3
ey ) (0o (™ e )

t1 — %A/Va —LVaWy g+ taVo — 3V — VoW — V3Wi
Wa + to —(t1 — 3V — 3VoW7) 7

(1 0 WV
a=o )= ()
1 0 0 Vi ty — 1Vo — Wy V3
Ay = N2 +)\< )+ 2 —~ .
’ (0 _1> 0 W —(ta — 5Va — Wa)

The Poisson tensor §4 on the symplectic leaf written in the coordinates (Va, V3, W1, WQ) is given

_l’_

0 0 0 2
~ 0 0 2 0
Pi=1y9 90 0

2 0 0 0

The above two isomonodromic deformation equations can be written as Hamiltonian systems.
The Hamiltonian functions of these equations are obtained by deleting Uy, Us, Us, V4 from 5
and {56 by using the above relations, and changing to Darboux’s coordinates by a scaling so
that the above P is transformed to the canonical symplectic matrix. In this manner, we obtain
Hamiltonian functions (1.9) of (Prr2)2 given in Section 1.

(ii) Consider the pair of vector fields P3d¢4 and P3d1/)5 For the Poisson tensor ﬁg, a sym-
plectic leaf is defined by the level surface {w] = const, j = 1,2,3,6}. For the two conditions

0Xy _ \0A1 _ 0 0Xy _ 04, »(1 0 Ui Vs
0 " Vox A(0 —1)’ g ~Vox Mo ) M ) U

we find that Us in X » has to include a parameter «, and U; and W have to include a parame-
ter . For this purpose, we take the symplectic leaf

S = {1;1 = dai, Y2 = 2as + 603, Y3 = a3 + da1(az + o), ¥ = g}
Further, we change the coordinate as Wy = Wl + a1. Then, the above relations for .S yield
1 —
Ui =201, U2:a2+oz%—§V2, Vs = ag — 2Us3 — VoW1 + a1 Vs,
Vi = (ag — U3) /Wa.

Substituting them into X A, A1 and Ag, we can verify the condition (4.6) with a = a9 and
o/ = aj. By replacing as, a; by t1, to, respectively, we obtain the isomonodromic deformation
equations (4.5), which are equations of (Va, W1, Us, W3) with two independent variables ¢;, to.
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The Poisson tensor ]53 on the symplectic leaf expressed in the coordinates (V3, Wl, Us, Ws) is
given by

0 2 0 0
~ 20 0 0
Bs=19 o o Wo

0 0 —W, 0

To change to Darboux’s coordinates, put

(Va, Wi, Us, Wa) = (2p1, 41, g2p2 — B3, 12),

where (3 is an arbitrary parameter. In the new coordinates, we obtain

0 1 0 0

~ -10 0 0

Bs=109 0 0 1 (4.7)
0 0 —1 0

Therefore, the two isomonodromic deformation equations (4.5) are Hamiltonian systems in this
coordinate system. The Hamiltonian functions are obtained by deleting (U1, Uz, V3, V4) from 4
and 5 and by changing to the coordinates (p1,qi,p2,q2). It is easy to verify that if we set
B2 = ag, then two functions become polynomials, which give Hamiltonian functions (1.10)
of (Pry)2 given in Section 1. N N

(iii) Consider the pair of vector fields ﬁgglvwg and 152d¢4. For the Poisson tensor ﬁg, a sym-
plectic leaf is defined by the level surface {1; = const, j = 1,2,5,6}. In this case, we cannot
find an integer [ and a parameter o/ such that the condition

Xy 1942
)
holds. Hence, we impose only one condition
0Xy 5041 L (1 0
— 22 . 4.
A WA ( (4.8)

For it, Uy in X » has to include a parameter . To this end, take the symplectic leaf
S = {1 =20, Y2 =202+ oF, V5 = a5, Y5 = g}
This is rearranged as

U = ayq, Vo = 2a — 203, Vs = (a5 — 20U3 — VyWh) /W,
Vi = (ag — U3) /Wa.

Substituting them into X, and A1, we can verify the condition (4.8) with a = a;. By repla-
cing a; by t, we obtain the isomonodromic deformation equation
0L 0A;

— =[Ay, L —_—.

The Poisson tensor P on the symplectic leaf with coordinates (Ua, W1, Us, Wa) is given by
0 W1 0 W2
~ W 0 Wy 0

P2:0W200
W, 0 0 0
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To change to Darboux’s coordinates, put
(U2, W1,Us, Wa) = (p1q1 + p2q2 — B2, q1,P1G2 — B3, q2),

where 2 and 3 are arbitrary parameters. In the new coordinates (q1,p1, ¢2, p2), ]32 is reduced
to the same form as (4.7). The isomonodromic deformation equation is a Hamiltonian system
whose Hamiltonian function is ¢3 written in this coordinate system. It is easy to verify that
if we set ag = ﬂ§ and as = 23203, then 13 written in the coordinates (q1,p1, g2, p2) becomes
a polynomial. In this manner, the Hamiltonian function (1.11) given in Section 1 is obtained.

4.2 Case (II)

In this case, the functions ; ; = 1); are given by

P = vy,

Yo = u% + v2 +viwy,

Y3 = 2uius + v3 + vowy + Viwa,

Py = u% + 2ujusz + v3wg + vaws + viws,
5 = 2ugus + v3wy + vows,

2
g = u3 + v3ws.

The differential equation (2.1) defining the distribution D is u} = —v;, v; = 0, w} = 2u; for

j = 1,2,3. We can assume without loss of generality that v; = 1 by a suitable scaling of
variables. These equations are solved with respect to u; as

v =1, w1 :—u%—i—Wg,
ug = Vouy + Us, vy = Vo, wy = —Voui — 2Usu; + Wi,
ug =Vjuy +Us,  v3=Vi,  wsz=—Vyui —2Usus + W,

where Wy, Us, Vo, Wy, Us, Vi, W are integral constants (initial values at u; = 0). This relation
defines a coordinate transformation

(Ul, wy, U2, V2, W2, U3,’U3,'UJ3) = (Ul, W27 U37 ‘/'2’ W4; U5a ‘/;17 W6)

In the new coordinates, integral manifolds of the distribution D are straight lines along wu;-
axis. In particular, the subset {u; = 0} C g¥ gives the realization of the orbit space g%/D
as a submanifold and (W, Us, Vo, Wy, Us, Vi, We) provides a global coordinate system of g% /D
restricted to v1 = 1.

On g¥/D, we have functions

=1,

Py = Vo + Wa,

U3 = Vi + Wy + VoW,

Py = U2 + We + VaWy + VyWo,
Vs = 2UsUs + VoW + VaWa,
ve = U2 + VaWe,

and two vector fields (4.1), (4.2) expressed in Lax form (4.3) with

= (0 0y, (0 1 Us Vi Us Vi
Xa=A (1 o)JrA (Wg 0>+)‘<W4 ~us) T \ws —Us)
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0 0 0 1 0 0
Al_A(l O)+<W2 0>_<V2 0>’
12 0 0 0 1 U3 V2 . 0 0
AQ_/\<10+/\W20+W4—U3 Vi 0)°
The next purpose is to restrict the vector fields on a symplectic leaf.

(i) Consider the pair of vector fields P4d1/)5 and P4d@[16 For the Poisson tensor P4, a symplectic
leaf is defined by the level surface {% = const, j = 1,2,3,4}. In order for the two conditions

Xy 9A; (0 0 0X, 0A, 00 0 1
da ~ on <1 o)’ o on 2 <1 0>+<W2 o) (49)

to be satisfied, we find that Wy in X » has to include a parameter «, which will be replaced
by t; later, and W, and Vj have to include a parameter o/, which will be replaced by to later.
For this purpose, we take the symplectic leaf

S={i1=1,1 =0, 3 = 3ay, Y1 = ag }.

Further, we change the coordinate as Wy = W4 + 2ay. Then, the above relation for S is
rearranged as

Vo = —Who, V4=Oé4—W4+W22, W6:a6—U§+2W2W4—W23+a4W2-

Substituting them into Xy, A1 and As, we can verify the condition (4.9) with @ = ag and
o/ = ay4. By replacing ag, oy by t1, to, respectively, we obtain the isomonodromic deformation
equations (4.5), which are equations of (Wa, Us, Wy, Us) with two independent variables ¢1, to.
The Poisson tensor P on the symplectic leaf written in this coordinate system is given by

0 0 0 1
~ 0 0 -1 0
Pi=1y9 1 o Wo

10 —W, 0

To change to Darboux’s coordinates, put
(W2, Us, Wy, Us) = (q1,p2, g2, 1 + P2q1)-

Then, ]34 is transformed to the canonical symplectic matrix. In the coordinates (q1,p1, g2, p2),
the above two isomonodromic deformation equations are Hamiltonian systems. The Hamiltonian
functions are obtained by deleting Vs, V4, Wi from {55 and 1;6 by using the above relations, and
changing to Darboux’s coordinates. In this manner, we obtain Hamiltonian functions (1.7)
of (Pr)2 given in Section 1.

(ii) Consider the pair of vector fields ﬁgg&);; and ﬁgd@%. For the Poisson tensor ﬁg, a sym-
plectic leaf is defined by the level surface {1; = const, j = 1,2,3,6}. For the two conditions

Xy _\0Ar _ (0 0 0X\ _ 04 2 (0 0 0 1
da o A(l o)’ A <1 0>+A<W2 o)’ (4.10)

we find that Wy in X » has to include a parameter o, and W5 and V5 have to include a parame-
ter o/. For this purpose, we take the symplectic leaf

S = {1 =1, ¥ = 3z, ¥3 = au + 303, P = a}.
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Further, we change the coordinate as V5 = ‘72+a2. Then, the above relation for S is rearranged as
Wo=20y—Vo, Wi=ou+a3—aVo—Vi+ Vs, W= (aw—U3)/Vi

Substituting them into )?A,Al and A9, we can verify the condition (4.10) with o = a4 and
o = as. By replacing a4, as by t1, ta, respectively, we obtain the isomonodromic deforma-
tion equations (4.5). The Poisson tensor P3 on the symplectic leaf written in the coordinates
(Va,Us, Vi, Us) is given by

0 1.0 0

~ 10 0 0

Ps=1409 0 o Vi
0 0V, 0

To change to Darboux’s coordinates, put
(V27 U37 ‘/47 U5) = (p27 q2,pP1,91P1 — C¥5),

where aj is an arbitrary parameter. Then, ]35 is transformed to the canonical symplectic mat-
rix. In the coordinates (q1,p1, q2,p2), the above two isomonodromic deformation equations are
Hamiltonian systems. The Hamiltonian functions are obtained by deleting W2, Wy, Ws from {b:;
and 15 by using the above relations, and by changing to Darboux’s coordinates. It is easy to
verify that if we set a9 = a?), then two functions become polynomials. In this manner, we
obtain Hamiltonian functions (1.8) of (Pyr1)2 given in Section 1.

(iii) Consider the vector fields ﬁgd{/;?, and ﬁgdl;;;. For the Poisson tensor ]32, a symplectic
leaf is defined by the level surface {J] = const, j = 1,2,5,6}. In this case, we cannot find an
integer | and a parameter o’ such that the condition

0Xy _ 104,
AR
holds. Hence, we impose only one condition
Xy  50A1 5[0 0
— N2t — . 4.11
ga Y ax M\ o (4.11)

For it, W5 in X » has to include a parameter a. To this end, take the symplectic leaf

S = {Jl =1, 1 = ag, U5 = ag, Y = a0 }-
This is rearranged as

Wo = g — Va, Wy = (ag — 2UsUs — VaWs) /Va, We = (10 — UZ) /Va.
Substituting them into X, and A, we can verify the condition (4.11) with o = ag. By repla-

cing ap by t, we obtain the isomonodromic deformation equation

oLy DA,
W — [Ale)\] + W

The Poisson tensor 132 on the symplectic leaf with coordinates (Us, Va2, Us, V4) is given by

0 -V, 0 -V,
~ v 0 Wi o0
=1y Vi 0 0
Vi 0 0 0
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To change to Darboux’s coordinates, put
(Us, V2,Us, Vi) = (p1g1 + p2g2 — B3, P2, P1g2 — B5, P1),

where 83 and (5 are arbitrary parameters. Then, P, is transformed to the canonical symplectic
matrix. In the coordinates (q1,p1,q2,p2), the above isomonodromic deformation equation is
a Hamiltonian system. The Hamiltonian function is obtained by deleting Wa, Wy, Wg from 13
by using the above relations, and by changing to Darboux’s coordinates. It is easy to verify that
if we set g = ﬁg and ag = 2305, then 13 written in the coordinates (qi1,p1, g2, p2) becomes
a polynomial. This procedure yields the Hamiltonian function (1.12) given in Section 1.

5 4-dimensional Painlevé equations: g = so5, n = 1

According to [8], we use the following representation for the Lie algebra g ~ so5 of type Bs

Di G T 8 0
ti Us V; 0 S;
Xi=|lw; = 0 vi =T
yvi 0 x —u g
0 v —wi ti —pi

Consider the Lie algebra g1 = {X) = AXo + X1 | X; € g =~ s05}. For the definition of g, we
only consider the following case

Xo =

OO O = O
O O = O O
O = O O O
_ o o O O
o O O O O

(i.e., 9 = to = 1 and zeros otherwise). The purpose in this section is to derive the Hamilto-
nian (1.13) for Cosgrove’s equation. The other choice of X may yield different Painlevé systems.
Note that n = 1, rank(g) = h = 2, m; = 1 and mg = 3. We have the following functions

1 = —2q1 — 201,

Y19 = —2qit1 — ui — 20121 — 25191,

o1 = —2s1,

Yoo = qf — 2s1t1 + 2q1v1 — 4sya,

a3 = 2¢5t + 2qut1v1 + 2s1uwy — 4sitian + 2qruian — 25107 — 2q151Y1 + 2510191,

Vo4 = qit] — 2qrurviwy + 2q1$1w5 + 2q1t1v11 + 281U Wi T

— 251117 — 2q1s1t1y1 — 21071 + 25101311 + STYR,
which are coefficients of the characteristic polynomial det(p — X3).
We solve the differential equations for the two dimensional distribution D as functions

of (p1,71) with the initial condition (q1,s1,t1,u1,v1,w1,21,91) = (Q,S,T,U,V, W, X,Y) at

(p1,71) = (0,0). The expressions of solutions are too long and omitted here. These solutions
define a coordinate transformation

(pluTl)q17Slvtluuluvluwlyxl)yl) — (p17T17Q7S7T7 U,‘/,I/V,X,Y)



26

H. Chiba

In the new coordinates, integral manifolds of the distribution D are plains which are parallel to
the (p1,7r1)-plain. In particular, the subset {p; =r; =0} C g(l) gives the realization of the orbit
space g{/D as a submanifold and (Q, S, T,U,V,W, X,Y) provides a global coordinate system

of g9/D.

At this stage, we have on g{/D

721,1 = —-2Q -2V,
Drg = —2QT — U? — 2V X — 28Y,

{/;2,1 = 25,

Yoo = Q> — 25T + 2QV — 45X,
V23 = 2Q%T + 2QTV + 2SUW — 4STX +2QVX — 25X? — 2QSY + 25V,

and the vector field ﬁgdl;g};g, whose Casimir functions are 1;171, Jl,g, @Zg,l and J2’2. The corre-
sponding differential equation is expressed in Lax form as dX)/dt = [Ay, X)], where

0 00

00
Xy =\ 10
0 1
00

o O O =

0

_ o O O

0

o O O O

o< =Z~8o

Q
U

X
0
Y

- - - 2 -
Ay = AVi¢o1 + Vivoo + (V = Q)Vitv1 + = (Q% — SX)Vitay,

0 0 O
R 0 0 0
Vio1 = 0 0 O
-2 0 0
0 -2 0
0
N 2Q+V)
Vioo = —-2U
_2(T + 2X)
0

O O O O O

O O O O O

9

-25

0

2Q

0

0 S 0
Vv o0 S
o Vv o],
X -U Q
-W T 0
S
0 0 0 0 0
N 2 0 0 0 0
Vidii=[0 -2 0 0 0],
0 0 -2 0 0
0 0 0 -2 0
0 0 0
—48 0 0
0 —48 0
2Q 0 —28

—2(T+2X) 2U 2Q+V) 0

The next purpose is to restrict the vector field on a symplectic leaf. For the Poisson tensor ]32,
a symplectic leaf is defined by the level surface {v;; = const, i,j = 1,2}. In order for the

condition
X,  0A\
da O\

-2

o O O

0

o O o O

-2

O O O OO

OO O OO

o O O OO

(5.1)

to be satisfied, we find that Y in X » has to include a parameter « which will be replaced by ¢
later. For this purpose, we take the symplectic leaf

S = {1;2,1 = —2, 911 = —2a2, P22 = —2a4 + a3, P12 = dag — 200004 .

This is rewritten as

S:L Q:Ozg—v,

1
T:a4—2X—§V2,

1 1
Y = —2a5 = U= SV - 3VX + %VQ 4 200X + oV



Multi-Poisson Approach to the Painlevé Equations 27

Substituting them into X » and Ay, it turns out that the condition (5.1) is satisfied with a = ag.
Finally, by replacing ag by ¢, we obtain the isomonodromic deformation equation (2.4). The
Poisson tensor P, written with respect to the coordinates (U, V, W, X) is already in the canonical
symplectic matrix. Thus, the isomonodromic deformation equation is a Hamiltonian system
with the Hamiltonian function 3 written in the coordinate system (U, V, W, X). Since this
expression is too complicated, we further introduce the symplectic transformation

13 4 13
U, V,W,X) = <P2, Q1+ a2, pr+ P2 <Q1 + — ) ;

18 13 182

Ll T e 2 (13 2
—ay+ —a5 — — —a
P30T 1082 T 3 (¢ g™

Then, the Hamiltonian function (1.15), which is equivalent to (1.13), is obtained.
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