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Abstract. We study representations of the quantum affine superalgebra associated with
a general linear Lie superalgebra. In the spirit of Hernandez—Jimbo, we construct inductive
systems of Kirillov—Reshetikhin modules based on a cyclicity result that we established pre-
viously on tensor products of these modules, and realize their inductive limits as modules
over its Borel subalgebra, the so-called ¢-Yangian. A new generic asymptotic limit of the
same inductive systems is proposed, resulting in modules over the full quantum affine su-
peralgebra. We derive generalized Baxter’s relations in the sense of Frenkel-Hernandez for
representations of the full quantum group.
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1 Introduction

Let ¢ be a non-zero complex number which is not a root of unity. Let g := gl(M,N) be
the general linear Lie superalgebra. Let U,(g) be the associated quantum affine superalgebra
(Definition 3.1). This is a Hopf superalgebra neither commutative nor co-commutative, and it
can be seen as a deformation of the universal enveloping algebra of the affine Lie superalgebra
g := g ® C[t,t™!] of central charge zero without derivation. In this paper we study a certain
one-parameter family of infinite-dimensional representations of U,(g), which arise from suitable
limits of finite-dimensional irreducible modules, the so-called Kirillov—Reshetikhin modules.

1. Background. Our study of quantum affine superalgebras is inspired, on the one hand,
from the integrability structure of supersymmetric models (AdS/CFT, Hubbard model, etc.; see
for example [8]), and on the other hand, from the representation theoretical interpretation of
transfer matrices for quantum integrable systems.

In the early seventies, towards the study of the transfer matrix T of the eight-vertex model,
Baxter [1] introduced Q-operators and T-Q functional relations to solve the spectra of T.
Within the framework of quantum inverse scattering method, the representation meaning of
Q-operators and T-Q relations was clarified in a series of papers [2, 4, 5, 6] for lattice models
and quantum field theories whose symmetry algebras are the quantum affine algebras attached
to sly, sl3. The idea goes roughly as follows. The affine quantum group U, (sl2) admits a universal
R-matrix R € B ® B_ with B, Borel subalgebras. One fixes the so-called quantum space,
a representation W of B_ provided by the integrable models. This defines an L-operator,
an element of a completed tensor product B, ® End W. The T, Q-operators, as elements of
End W, are twisted traces ¢ of LL over various representations of B : finite-dimensional evaluation
representations over U, (sly) for T and oscillator representations for Q. Baxter’s T-Q relations
are then deduced from tensor product decompositions of representations of B .

The oscillator representations of Borel subalgebras were subsequently extended to Lie super-
algebras: sl(2[1) in [7]; gl(M, N) in [31]; twisted case of osp(1]2) in [22, 24]. In these works, one
of the main ingredients is the oscillator realization of Borel subalgebras.
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The recent work [3] on hypergeometric equations asks for similar T-Q formulations for the
exceptional Lie superalgebra D(2,1;a). The associated quantum affine superalgebra is still
less understood in aspects of structure/representation theory, beyond the Drinfeld loop realiza-
tions [18]. Its universal R-matrix remains unknown.

In [21], Hernandez—Jimbo proposed the oscillator representations of Borel subalgebras for an
arbitrary non-twisted quantum affine algebra U, (a). Their main idea is to take a suitable induc-
tive limit of a distinguished family of finite-dimensional U,(a)-modules, the Kirillov—Reshetikhin
modules. The limit construction enabled Frenkel-Hernandez [14] to derive generalized T-Q rela-
tions in terms of representations and to solve a conjecture of Frenkel-Reshetikhin on the spectra
of quantum integrable systems [16].

In this paper, we extend Hernandez—Jimbo’s limit construction to the quantum affine super-
algebra U, (g). The Borel subalgebra in our situation will be the ¢-Yangian Y;(g). Furthermore
we perform a new limit, generic asymptotic limit, to the inductive system of Kirillov—Reshetikhin
modules, resulting in modules over Uy (g) itself.

2. A toy example. The generic asymptotic limit in the present paper is best viewed in the
case of the finite-type Drinfeld-Jimbo quantum group Ug(sly). This is an associative algebra
generated by three elements e, e~, K subject to relations

K—-K!
K invertible, Ke* = ¢*2e*K, efe” —e et = —
q9—q

To each positive integer k is attached a representation of Uy(sly) on Vj, := @fZOCvi with

) i 4t k—i _ —k+i
Kuv; = qk_%vi’ €+Ui = %W—b e v = %Uzﬂrl-
The matrix entries of K,e* € End(V},) at (v, v;) are Laurent polynomials in ¢* for k > i +
j
i + 1. Specializing such polynomials to a fixed non-zero complex number ¢ € C*, we obtain
J g y
a representation of Uy(sly) on Vi 1= @5°,Cu; with!
o ¢ —q! 3 cqg™t — g
Kvj = cq v, e = prmes s DR s 0 F

qa—q
Roughly speaking Vo, is an analytic continuation of the (Vj)rez., with respect to the discrete
parameter ¢* — one replaces ¢* everywhere by c.

3. Main results. Let Iy := {1,2,..., M + N — 1} be the set of Dynkin vertices of g. There
are U, (g)-valued power series ¢ (z) in 2*! for i € Iy whose coefficients mutually commute; they
can be viewed as ¢g-analogs of A ® t*" € g with A being a diagonal matrix in g and n a positive
integer. The g-Yangian Y,(g) contains the coefficients of the ¢; (z), but not ¢; (z). There is
a highest weight representation theory adapted to a triangular decomposition of U,(g) whose
Cartan part is generated by the (;Sli(z).

Fix r a Dynkin vertex and a € C* a spectral parameter. To a positive integer k is attached the
Kirillov—Reshetikhin (KR) module, the unique finite-dimensional irreducible U,(g)-module W,
which is generated by a highest weight vector wy, such that?

p 1—za

oy (2)wk = g 1= 2aa2k™® ¢ii(z)wk = Wg for i #r
r

aq

as power series in z*!. Here ¢, = ¢ for r < M and ¢, = ¢~ ! for r > M.

'Let V be a vector space with basis B and let b, b’ € B. The matrix entry of a linear endomorphism f € End(V)
at (b',b) is by definition the coefficient of " in f(b).
k —k
’In [21] actually 27229~ was used in the inductive system of KR modules. This is due to opposite triangular

properties of the coproduct of the qﬁf () between [10, Section 7] and Proposition 6.1.
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The W}, are affine analogs of the Uy (slz)-modules Vj above. The uniform choice of bases for
them relies on an inductive system of vector superspaces (not of U,(g)-modules)

Wi CWe CW3C--- | W] =Wy = w3 =+ .

We follow the idea of Hernandez—Jimbo [21], which is a fusion procedure relating different tensor
products of KR modules. In the super case we need the main results in our previous paper [34]
to validate the fusion (Lemma 4.2).

Let Wy = UgsoWp be the inductive limit. Choose a basis By of W inductively on k£ > 0 so
that w; € B1 € Bo C B3 C ---. Then By := Upso By forms a basis of W..

3.1. Asymptotic property. To each triple (z,b,0') € Uy(g) X Boo X Bo is associated
a unique Laurent polynomial P, (u) € C[u,u™'] satisfying (Lemma 5.1):

e the matrix entry of 2 € End(Wy) at (V/,b) is Pg,(q¥) for k large enough;?
e given b and x, we have PJ,(u) = 0 for all but finitely many ¥'.

Our proof of the asymptotic property is more constructive than [21]. It is based on representation
theory of finite-type quantum groups of sly and sl(1,1).

3.2. Generic asymptotic limit. Let ¢ be a non-zero complex number, called spin para-
meter. The representation (p., W) of Uy(g) is defined by requiring (Corollary 5.2):

e the matrix entry of x € End(Wx) at (b',b) is the evaluation P, (c).

For example, let b = w; and x = ¢F(z). We have (73 (qf) = ¢F 12225, by definition of KR

1—zagq2k
modules. As a power series in z*! its coefficients are Laurent polynomials in ¢¥. Therefore
¢ (2)wr = c7-2% w1 in (pe, Woo). Similarly ¢ (2)wr = wy if i # .

The generic asymptotic limit applied to non-twisted quantum affine algebras in the Appendix,
we obtain Ug(a)-modules (pc).ccx. They belong to the category O introduced by Hernandez [19]
and further studied by Mukhin—Young [25]. If ¢ ¢ £¢%, then p, is irreducible and is a minimal
affinization of a parabolic Verma module [25]. Analytic continuation was used to prove genericity
properties of minimal affinizations [25].

3.3. Hernandez—Jimbo’s limit. The arguments of [21] can be adapted to our situa-
tion to get a Y,(g)-module structure on W, an oscillator module in [7, 31]. One modifies
the Y;(g)-module structure on Wy, by tensoring with a one-dimensional Y, (g)-module, so that
¢7 (0)wy = wy, for all i € Iy. In this way one loses the U,(g)-module structure.

The advantage is that Py, (u) € Clu] for each triple (z,b,b") € Y;(g) X B X Boo. We define
the representation (p4, Woo) of Y,(g) by requiring (Corollary 5.2):

e the matrix entry of z € End(W) at (b',b) is the evaluation PJ,(0).
Again take x = gbﬁ(z) and b = wy. Then Py, (qf) = 1_1;%5%, which as a power series in z has
as coefficients polynomials in ¢¥. It follows that ¢, (2)w; = (1 — za)w; in (p4, Weo). Similarly
G (2)wr = wy if i # .

Informally, one can think of (p+, W) as (po, Ws). Contrary to the non-graded case, W is
finite-dimensional (2M N ) for the odd Dynkin vertex r = M.

3.4. Generalized Baxter’s relations. As in [21] we introduce a monoidal category O
of representations of Y;(g) including all the finite-dimensional U,(g)-modules, the p; and p,.
In a fraction ring of the Grothendieck ring of O, the isomorphism class of a finite-dimensional

U,(g)-module [V] is a polynomial in the ratios % whose coefficients are isomorphism

3The U,(g)-module structure on Wy, defines € End(Wj). When k is large enough b, b’ € By, are basis vectors
of Wi, so the matrix entry makes sense.
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classes of one-dimensional U,(g)-modules; see Theorem 6.11. This form generalized Baxter’s
relations & la Frenkel-Hernandez [14].

The key point in the proof is that normalized g-characters of the (p., W) are identical, which
is a consequence of the generic asymptotic limit; see Lemma 6.7. Note that the statement of
Theorem 6.11 only involves Ug(g)-modules.

4. Perspectives. The generic asymptotic limit works for Felder’s elliptic quantum
groups [12] of which Borel subalgebras are still unknown; see [13, 37]. It should eventually
be done for other quantum affine superalgebras like U, (13(2, 1; a)).

In the sequels [13, 36, 37] we define Baxter Q-operators from transfer matrices of the p., and
interpret Theorem 6.11 as generalized T-Q relations of transfer matrices. Surprisingly the spin
parameter ¢ becomes the spectral parameter of Q-operators.

This paper is organized as follows. Section 2 explains the idea of generic asymptotic con-
struction. In Section 3, we recall basic properties of the quantum affine superalgebra. Section 4
constructs inductive systems of Kirillov—Reshetikhin modules. In Section 5 we carry out in detail
the two limit constructions. In Section 6 we introduce category O and state generalized Baxter’s
relations, whose proof is completed in Section 7 together with examples. In the appendix we
apply our generic asymptotic construction to non-graded quantum affine algebras.

2 Idea of asymptotic construction

Throughout this paper, all the vector spaces and algebras are defined over the base field C. For
two vector spaces V, W, let Hom(V, W) denote the set of all linear maps V. — W.

Fix A to be a unital associative algebra. Let S be a system of algebraic generators, so that A
is the quotient of the free associative algebra C(S) by the defining ideal Zg.

For all positive integer k € Zs( let a representation p¥: A — End(V}) of A be given.
Let (F;: Vi — Vi)i<k be an inductive system of vector spaces; namely FyFj,, = Fj p for
m <1 < k as linear maps V,,, — Vj,. Assume that the Fj; are injective.

Fix L, K € Z~y. We assume the asymptotic property: for all | € Z~y and s € S, there exists

K )
a Hom(V}, Vi4 1 )-valued Laurent polynomial Py(u) = > Ps[guZ in u such that
i=—K

i=—

pk(S)Fk,l = Fk,l+LPs;l(U)|u:qk S HOII](V, Vk) for k>1+ L.

Let us prove that the Laurent polynomial Ps;(u) is unique. Indeed, let Q(u) be another such
Laurent polynomial and let D(u) = Ps;(u) — Q(u). Then from the injectivity of F}, ;41 we have
D(u)|y—gx = 0 for all k > [+ L. Since ¢ is not a root of unity, a Vandermonde matrix argument
shows that D(u) = 0.

Similarly one shows that for fixed s € S and —K < ¢ < K, the linear maps (PS[_Z;)DO form

a morphism of inductive systems: Fjip LPs[Zln = s[z}Flm € Hom(V,,, Vi4p) for m < I. Let

Pl ¢ End(Vx) be its inductive limit with Vo, being the inductive limit of (V}, Fj ;).
& plil
Claim 2.1. Let c € C*. Then s+ > Ps'c' defines a representation of A on V.
i=—K

The proof is again a Vandermonde matrix argument, and is omitted. As an example, suppose
s,t € S and st € Zg. Let us show

K K ‘
( Z Ps[i}ci> ( Z Pt[z}cz) -0
i=—K

i=—K
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We have
0 = p"(st)Fry = p"(s)p" (t)Fioy = p"(5) Fiys L Pt (¢) = Fropvor Py (6") Pt (¢F)

for all k > [ +2L. This forces Py (u)Pyi(u)],—qr = 0 for all k > 1+ 2L and so Py 1 (u) Py (u)
= 0. Taking inductive limit [ — oo and u = ¢ leads to the desired identity.
If furthermore the Ps;(u) are polynomials in u, then in Claim 2.1 one can take ¢ = 0.

3 Backgrounds on quantum superalgebras

This section collects basic facts on the RTT realization of the quantum affine superalgebra U, (g),
the ¢-Yangian Y,(g) and the quantum superalgebra U,(g) following [34].
Fix M,N € Z~q. Set I :={1,2,..., M + N}, Zy:=7/2Z = {0,1}. Fori € I,

0, i<M 1, i<M
il =:<_ - d; == ’ - =g, 3.1
i {1, i> M, ' {—1, i>m, T (31)

Define the weight lattice P := @;cZ¢; with bilinear form (, ): P xP — Z, (¢;, ¢j) = 6;5d;. Let
| - |: P — Zga be the morphism of abelian groups such that |¢;| = [i]. Set Iy := I\ {M + N}.
For ¢ € Iy, let o; := €¢; — €;41. Define the root lattice Q = ®;c1,Z0; C P, and root cones
Q+ = Dicr,Z>oo; and Q_ 1= —Q.

Only three cases of |z| € Zg will be admitted: = € I; x € P; x is a Zy-homogeneous vector of
a vector superspace V. Naturally Hom(V, V) =: End(V') is a superalgebra.

Let V := @,; Cv; be the vector superspace with parity |v;| = |i|. The superalgebra End(V)
has a basis formed of elementary matrices Ej;: vy — 0;,v;. Note that |Ej;| = |i| + |j| and
EijEy = 01, Ey. Recall the Perk-Schultz matriz from [27]:

R(z,w) := Z (zqi — wq; )EZZ QRE;+(z— ZE” ®F
el 1#£j

+ZZ ¢; ') Eji ® B ‘HUZ _qj_l)Eij®Eji~
1<j i<j
Definition 3.1. [34] The quantum affine superalgebra U,(g) is defined by

(M 4

i U)forZJEIandnEZ>0,

(R1) generators s
(R2) parity [s{”| = |A7’] = lil + 14}
(R3) RTT-relations [11, 28] in U,(g) ® End(V®?)[[z, 27}

Jw, w1

Ra3(z, w)T12(2)T13(w) = Ti3(w)T12(2) Ra3(z, w),
Ro3(z,w)S12(2)S13(w) = S13(w)S12(2) Ro3(2z, w),
Ra3(z, w)T12(2)S13(w) = S13(w)T12(2) Re3(z, w),

V=5 =0 for 1<i<j<M+N,
1s) =1=s01  for iel

Here

= > tij(2) ® Eyj € (Uy(§) ® End V) [[=7]],
t,jel

=Y t4m e U,E)[[-7]

nEZZO

(similar convention for S(z) with the z=" replaced by the 2").
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The ¢-Yangian Y;(g) is the subalgebra of U,(g) generated by the s (5(0))

1] (42 :
The quantum supergroup Uy(g) is the subalgebra of U,(g) generated by the 51(']‘) and tg]). We
(0) 4(0)
t;

ij » vij

Usual convention: if A, B, C are superalgebras and T'= ) . a; ® b; € A ® B, then we write

Tio := Zlal®bz®1 EARBRC, T3 := ZZ(IZ@]_@()@ € AR C® B and Ty := Zzl®a2®bl S
CRA®B.

U,(g) has a Hopf superalgebra structure with counit ¢: Uy(g) — C defined by 5(55?)) =

et ¢ )) = 8;j0n0, and coproduct A: U,(g) — U,(g)*?

ij
Z Zeukslk m) ® S(n m)7 t(n Z Zeljk’t(m n m)'

m=0 kel m=0 kel
Here ¢;j3, := (—1)/F#llBkil. The antipode S: U, (g) — U,(g) is determined by
(S®Id)(S(2)) =5(z)"",  (SeId)(T(2) =T(z)"".

Notice that Y,(g) and U,(g) are sub-Hopf- superalgebras of Uy(9).
We need the Drinfeld—Jimbo generators e , K € Uy(g) for i € Iy [34, Proposition 3.3]:

write s; as sij, ti; when no confusion with the series s;;(2), t;;(2) arises.

—1 —1
Sy S tiv1ity;
+ . 7,04+1 — . b1l o -1
ez» = 1_7q72, ei = 1_7, K’L = S”Si—i-l,i—‘rl' (32)

Let us recall the relations of these generators from [34]:*

K;—K!
[6;—, 6;] = (Szjq_iqjl fOI’ 2,] S I(), (33)
[tjirtes]) = (45 — a5 Vtigtnas  [siosin] = (¢ — a5 )sjgsan i i <j <k, (3.4)
DD — s D, O ) o

Set g’ := gl(N,M). Let us define the quantum affine superalgebra U, (A’) in the same way
as U,(g), except that M, N are interchanged. Let 3;5 ), Zg ") for i ,J € I and n € Z>g be the
corresponding RTT generators of Uq(a’), so that their parities are }sij | = ‘t ‘ = |i|" + |5/

where [i|' =0 for 1 <i < N and 1 otherwise. For i,j € I, set
ey (DHGHED g (LG T M N1

Proposition 3.2. The following assignments define morphisms of superalgebras:

eve: Uy(g) — Uylg), s5ij(2) — sij — zatyj, tij(2) = tij — z_la_lsij;
D(f()9(=)): Uq(@) — Uy(9), sij(2) = f(2)sij(2),  tij(2) = g(2)ti(2);
Oo: U@ — Ug@), s wamsl?, 67 s ol

U: Uy(3) — Uy(3)*P, o M et st

F: U@) = U@ s o est), 60 o ety

Here a € C* and f(z),g9(z71) € 1+ 2CJ[[2]]. The last three maps are Hopf superalgebra iso-
morphisms. For (A,A,e) a Hopf superalgebra, (AP, AP &) denotes another Hopf superalge-
bra with the same underlying superalgebra A but with twisted coproduct AP := ca oA, where
can: A®? — A®? s the graded permutation T ® y (—1)llvly @ .

*We use the super bracket [z,y] := zy — (—=1)I*!¥lyz. Equation (3.4) is [34, equation (A.20)] applied to by an
evaluation map in Proposition 3.2 below. g’ is not to be confused with the derived algebra of g.
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ev, is called an evaluation map as ev ot = Idy, (5). The maps ¢r(.) g(z)), Pa, F restrict to
¢-Yangians. Relation (3.5) gives rise to the weight grading on U,(g): for a € Q,

Uy(8)a = {x € Uy(9)| Sgg)x(sgg))fl =q%Yg fori € I}.

Z(;L), tgl) are of weight €; — ¢;. This induces weight gradings on Y;(g) and U,(g).
We end this section with some facts on representations of Ug(g) following [9].

A U,(g)-module V' admits a weight grading if it is a direct sum of weight spaces

For example s

Vo ={z e V|syz= gz for i € I} with o € P. (3.6)

By equation (3.5), Uy(g9)aVs C Vayp for o, 8 € P. If furthermore all the weight spaces V, are
finite-dimensional, then the character of V' can be defined:

X(V) =" dim(V)ala] € ZP.

Here ZF is the abelian group of functions P — Z and [a]: 8+ 84.5.
Let A € P. Up to isomorphism, there exists a unique irreducible U,(g)-module, denoted
by L(\), which is generated by a vector vy satisfying

(ekv)‘)

A _ . . .
oAl = 1AL seon = ¢ Ny, ton =g vy,  sijoa=0, dq,5kel, 1<y

L(\) is weight graded with finite-dimensional weight spaces. L(\)y = Cvy and L(\)y # 0
only if A — a € Q4. (The proof, parallel to the non-graded case, is based on the triangular
decomposition and PBW basis of U,(g) in [32].)

The first example is the vector representation m of Uy(g) on V [34, Example 1]:

m(sii) = ¢iFii + ZEjj = w(t;l) for i€l
J#
71'(8,‘]‘) = (qi — qi_l)Eij, TI'(tji) = (q_1 — qi)Eji for 1 S 1< ] § M + N. (37)

We have (7, V) = L(e1) with v; = v, and x(L(e1)) = > [e].

el

Definition 3.3. [34] Kirillov—Reshetikhin module W,Era) forr € Iy, k € Z~g, a € C* is

,
(1) either equQkL(kwr) with w, = > ¢j and r < M,
J=1

M+N
(2) or evy(L(kw;)) ® Cpe, With @, = — 37 1€j and r > M.
j=rt

Here C; for s € Zg is the one-dimensional U,(g)-module ¢: U,(g) — C of parity s.

Let r,k € Z>o be such that » < M or £ < N. Consider the rectangle Young diagram Y, j
with r rows and k columns. We view Y., as a subset of Z~ X Z~g so that (i, j) € Y, corresponds
to the box at i-th row and j-th column. An (M, N)-hook semi-standard tableau of shape Y, 1 is
afunction T: Y, , — I ={1<2<--- <M+ N} such that:

(i) the entries in each row and column are weakly increasing;

(ii) the entries in {1,2,..., M} are strictly increasing in each column;

(iii) the entries in {M +1,M +2,..., M + N} are strictly increasing in each row;



8 H. Zhang

Let B, ) be the set of all such functions.

Theorem 3.4 ([9]). For 1 <r < M and k € Z~o

L(kw,) = Y [ Yo« ] (3.8)

TeB, (,j)EYT,k
Ifr =M and k > N, then dim L(kwy) = 2MN.

As a consequence, L(kw,) is finite-dimensional for 1 < r < M. This is also true for M <
r < M + N. Indeed, the pullback of the Uy(g)-module L(kw,) by F: Uy(g') — Ug(g) in
Proposition 3.2 is an irreducible module over U,(g') of highest weight ke, _, (we add prime
to distinguish g’ = gl(V, M) with g) so that its character can be computed by equation (3.8) in
terms of (N, M)-hook semi-standard tableaux of shape Y4 n—p k-

In [9], the tableaux correspond to Kashiwara’s crystal basis of L(\). As an example: g =
1)1 |11 |11} |{1j2)|1{2]|1]2]]1|3
2(2[12137]2/4(3/4]|2]3/]2]47(3/4][2]3]
1)3] (13| |1[4][1]4)2|2]|2|3]||2]|4] |34
2(40(13]4]12147(3]4/(3/4]3/47|3]4/[3/4]

gl(2,2) and A\ = 2¢; + 2¢9, the tableaux are:

4 Inductive system of Kirillov—Reshetikhin modules

We construct inductive system of KR modules, based on our previous result [34] and establish
its asymptotic property as U,(g)-modules.

Let V be a U,(g)-module. A Zs-homogeneous non-zero vector v € V is called a highest (-
weight vector if it is a common eigenvector for the SEZ ), EZ ") and it is annihilated by the sijn), tgjn)
with i < j. V is called a highest (-weight module if V = Uy(g)v for some highest (-weight
vector v. In this case, v is unique up to scalar multiple, and V admits a unique irreducible
quotient, called the head of V' and denoted by hd(V').

For example, let vy € L(\) be as in Section 3, and let a € C*. The evaluation module

evy L(\) contains a highest ¢-weight vector w := ev}(vy) with
lw| = ||, sii(2)w = (N — zag™ N )w, ti(2)w = (¢~ N — 27 la gl V)

The tensor product of two highest /-weight vectors is also a highest ¢-weight vector. Let V, V’
be U, (g)-modules. We write V' ~ V" if there exists a one-dimensional U, (g)-module D such that

V = V'® D as Uy(g)-modules. In this case, since 55?)\0 =t ")\D =0 for i # j, we have that V'
is of highest f/-weight if and only if so is V".

Theorem 4.1 ([34, Theorem 5.2]). Let r € Iy and ai,as,...,a, € C*. The U,(g)-module
Wl(:l)l W ... WI(Ta)k is of highest L-weight if g—; ¢ q%@ for1 <i<j<kb

1,a2

If a sequence (X);ez of Y,(g)-modules is given and m,n € Z with m < n, then we write

-
Xn®@Xn 1@ @ X1 @ X =t Q) X
m<j<n
o (r)
For example, @ W'’ , is of highest {-weight for k € Z~y.
0<j<k—1 DO

This result has been made stronger in the author’s later works [35, 36].
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-
Lemma 4.2. Letr € Iy,a € C* and k € Z~o. Then hd( X W) 2]-) ~ lgr :
0<j<k—1 Lo “

Proof. Let us compare the highest /-weight vectors v, v’ at the left-hand and right-hand sides
respectively. Write s;;(2)v = fi(z)v and s;(2)v" = fl(2)v for i € I. By Definition 3.3 and
Proposition 3.2, fi(z) = fiy1(2) and f{(z) = f{(2) for i € Ip\ {r},

f0) _qp izt 1oz ()
Fre1(2) j=1 gt = zag?" Y gt —zagk fla(2)
k=1 o
Similar statement holds for eigenvalues of the t;(z). Set g* = [] (1 — z*'a*'¢; ™). Then
j=1
(O B PR (5 B . -
hd( b3y W) aqgj) EWea ® ¢(g+,g,)(C5), see Definition 3.3(2). [ |
0<j<k—1 7%

From now on up to the end of Section 5, r € Iy and a € C* are fixed.
For k € Z-o, let p* denote the representation of U,(g) on W,gr)

a

{-weight vector wy, in Wérg If I,k € Zso and | < k, then define the U,(g)-module

and let us fix a highest

Zy = ¢, w"

((1—zag2))~1,(1—zta"1g; 2) 1) " k—Lag3"’

and fix a highest f-weight vector wy; in Zp;. Let us show that Zp ® I/VZ(Z) is of highest ¢-

weight. By Lemma 4.2, one may replace Zy; and I/Vl(:;) by the heads of the tensor products
— —
7= w ) o, and Th == @ w ) ,; respectively. By Theorem 4.1, T7 ® T is of

I<j<k—1 o4 0<j<i-1 b

highest ¢-weight, so is hd(77) ® hd(7T») as its quotient.

From the proof of Lemma 4.2 follows hd(Zkl ® VVI(Z)) = W,gri As in [21, Section 4], let
Tl L @ VVZ(Z) — W,g? be the quotient map sending wy; @ w; to wg, and define the restriction
map Fj,;: VVZ(T) — Wéra), = P (wi ® x). In particular Fj(w;) = wg.

,a

Proposition 4.3. The maps (Fk,l: WZ(Z) — W,gr) verify the following properties.

a)l<k
(1) Fr, (Wl(,z))zm—ﬁ - (W,ﬁf}f)kwr_ﬁ for B € Qy, and p*(ef ) Fry = Frip'(ef) fori € Io.
(2) Fiy: I/Vl(g) — W,E’g is injective, and Fy 1 Fy , = Fi o form <1 <k.

(3) p*(e; )Fry = Frup'(e;) fori € Ip\{r}. Form > 0, there exist linear maps Ap,, B W,EZ[L

— Wr(r:ll,a of parity |a,| such that

Pk(e;)Fk,m = Fpm+1 (q!fAm + q,kam) : WT(,’L:G — Wk(:r) for k>m+1.

a

Proof. (1) By definition wy; is of weight (k — l)ww,. Since the U,(g)-linear map %y respects
the weight gradings, F},; changes the weights by (k — l)w,. By equation (3.2),

Alef)=1®elf +ef @K', Ale])=K;®e; +e; ®1.

(r)

Since ejwkl = 0, we have: for = € I/Vl:; ,

eijJ(l‘) = ejfk,l(wkl X ac) = yk,l(A(ej)(Wkl & x)) = ﬂk,l(wm & 62_1‘) = Fk,lezﬂ— (x)
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(2) Assume ker(Fj;) # 0. By (1) there exists u € P such that ker(Fj ;) t+a, = 0 and
ker(Fg,), # 0 for i € Ip. This implies €] ker(Fy;), = 0 for all i € Iy. By equation (3.4),
sijker(Fr )y = 0for 1 < i < j < M+ N. Since I/Vl(;) = L(lwy) ® Cjip,| is an irreducible
Uq(g)-module, we have ker(Fy,;), C (VVZ(Z))le = Cuwy, in contradiction with Fj, ;(w;) = wg.

Consider the Uy(g)-module S := Zi; @ Zjyy, ® Wg)a It contains a highest ¢-weight vector
W = Wy @ Wi @ Wy By Lemma 4.2 we have as U, (g)-modules

— —
( ® w ) < w, >®( w >
laq laq laq
1<j<k-1 m<j<l—1 0<j<m—1

Theorem 4.1 applied to the right-hand side, S and Zy; ® Z;,, are of highest ¢-weight with
heads W,Era) and Zg,, respectively. Let %,i m: L@ Ly — Zim be the quotient map sending wy ®

Wim 10 Wem. We obtain Uy (g)-module morphisms from S to W,g ",
F = Lo}\k,l(Idel ®¢0}\l,m)7 G =2 m(gk m® IdW(T )

Since F(w) = G(w) = wy and since S is generated by w, we have F' = G. Applying F, G to
Wil ® Wim @ qu )a gives the desired identity of (2).

(3) Assume i € Iy \ {r}. Since €] w; = 0, Kjw; = wy, by (3.3), e e; w; = 0. If j € Iy \ {i},
then ej e; wy € I/Vl(’a) is of weight lw, — o + oj ¢ lw, + Q_ and is zero. So e; w; is annihilated
by all the e;“. As in (2), e; w; = 0. Then e; Fy,; = Fj e, as in (1), using A(e; ).

For i = r, we adapt the proof of [36, Lemma 7.6]. We fix l =m + 1 in (2). Applying F' =G
to wy @w @w € S for w' € Z,, and w € Wr(rf)a and k > [ gives the identity:

FoiFim(w @ w) = fk,m(%é’m(wkl Ruw') @w). (4.1)

We compute e, wg,, via the projection %ﬁm(wkl ® W) = Wem and Kywy = qff Lok

- I k-l - -
ey Wkm = Dy (07 wrt @ € Wi + €7 Wkt @ Wi ) -

Next consider the following vector in Zy; ® Zj,, of weight (k — m)w, — a;:

1 - g
Ti=q, ¥Wkl ® €, Wim — €, Wkl @ Wi
qr — qr
Based on A(e;f) and I = m + 1 one checks that effx = 0. If j € Iy \ {r}, then e}“x is of weight
(k—m)w, —a, +a; ¢ (k—m)w, + Q_ and is zero. So ¥} (z) € Zym, is annihilated by the e;r

for j € Iy. As in (2), %,im(x) = 0. It follows that

- Ik - - I -
ey Wem = G (07 Wkt @ € Wi + €7 Wk @ Win + ) = T——7—% 1 (Wht @ € Wim).

Taking w' := e, wy, € Zjy, in (4.1), we compute

e;Fk,m(w) = e_yk: m(wkm @ w) = yk,m(er_wkm @ w) =+ Qf_myk,m(wkm @ er_w)

qk m __ qm k . )
=TTt Jkm (G (Wht ® € win) @ w) + @7~ Fy (e w)
- UYr
qql?—m o qm—k

- q——qlek’l’%’m(er_wlm @ w) 4+ ¢ Fy ey w).
r T



Asymptotic Representations of Quantum Affine Superalgebras 11

This shows that p¥ (e VFiem = Fiemt1 (qum +q, "’Bm) where

_ _ q. " _
Ap(w) == ¢, " Ft1m(e, w) + . i q_l Fm+1.m(€r Wmt1m @ w),
_qm r r
Bm(w) = %ﬂm+l,m(egwm+l,m ® w),
qr — Qqr
as linear maps W},i"L — WT(QFM are clearly independent of k and of parity |c.|. |

Remark 4.4. By equation (3.4), for 1 <i < j < M+ N, s;;'si; (resp. tjt;") is a sum of
monomials of the eZ , H—l’ .. j (resp. the e, z—i—l’ .. ]7_1) where each e,jf fori < h<j
appears once. It follows that p (s“ SU)FM = Fklp ( e 32]) and:

(i) if i > r or j < r, then pF (tjiti_i )Fk,l = Fk’lp (tjiti_il) for k > [;

(11) ifi<r< 7, then pk (tjit_l)Fkl = Fk-,l+1 (QfAji;l —i—qr i l) for k > [+ 1, where Aﬂ -1, j’Ll
) ™

are linear maps W, 11, Of parity [e; — €.

For example, A, 11, = A; and B, ,; = B;. Furthermore, for i € I and | < k we have

pF(si0) Fry = ¢ F D7) B ol (s44), PP (ti) Fry = ¢~ B 070 B ol (t,).

5 Asymptotic representations

We apply the asymptotic constructions of Section 2 (¢ € C* or ¢ = 0) to the inductive system
of KR modules in Proposition 4.3, and obtain Uy(g) or Y,(g)-modules. Set T := {sw , wn)}
(resp. S := {sgjn)}) to be the system of algebraic generators of Uy (g) (resp. Y;(g)).

For k > 0, the map S > sgl) — q(ei’_km)pk(sgl)) € End (W,g?) extends uniquely to a

representation (ﬁk,Wérg) of Y;(g). Indeed, there is a representation (9,(:),((3) of Y;(g) on the
one-dimensional vector superspace of even parity given by HIE:T) (sz(jn)) = ¢\ F=)§,:6, 0 and

(ﬁk,W,gT)) = ((9,(:),@) ® (p", W,gr)) as Y, (g)-modules.

,a

Lemma 5.1. Let t € T s € S andl > 0. There erist Hom (W(T) W(T)

Ld Wi a)—valued Laurent

) 1 '
polynomials Py(u) = Z P[l u' and Qgsy(u) = > ng,]luz in u of parity |t| and |s| respectively
i=0

such that for allk > 1+ 1 the following identities hold in Hom (VVI(T) WIET)) :

7a ’ 7a

PPV Frt = Frapi Pra(Wly—gres () Frg = Fri1 Qs (u)] =gz
Proof. If r < M, then for i, j € I we have as power series in z:
S 2ok (550 Foa = pF (i) Fra — zaq® o (ti5) Fe
n>0
= W= B 10! (si) — zag® DGO o (1560 Frapl (855),

and pk(tg;l)) =—a 1q_%pk( gj )). If r > M, then pk(tz(»;-l)) = —a_lpk(sgjl-fn)) and

S 2 () Fio = W00k (s37) g — zag™ R0 o (1,4 1) By 1 (1)
n>0

5The p* are normalized Kirillov-Reshetikhin modules in [14].
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We compute the right-hand sides in four cases based on Remark 4.4:

r<M r>M
¢" x Fyup' (g7 sij) Frip'(sij) 1<r<j
Frip' (sij — zag® ;) q" x Fip' (¢ sij — zag= 2 Ft5) r<1,j (5.1)

—2aFg 1 (P Aijy + ¢ Bija) | ¢ x (—=2a) Friga (0% Agja + Bija) | j <r <i
q* x Fyup' (g7

Sij — Zaqltij) Fk,lpl(sij - Zatij) LjsT

13

Removing the factors “g"x” gives ﬁk(sij(z))FkJ, a polynomial in ¢2* of degree < 1. |

Let (Fp: W7 — W), be the inductive limit of (Fj,.: W7 — W,")).

@ ,a

Corollary 5.2. Fiz ¢ € C*. There exist representations p. of Uqg(g) and p1 of Yy(g) on W
defined by the formulas: forte€T,s €S,

pc(t) = lim Pt;l(u)|u=a er(S) = lim Qs;l(u)|u=0-
l—00 l—o00

Let Wérc) and L}, denote the U,(g)-module (p., W) and Yy (g)-module (o, W) respectively.
For computational purpose the next observation is useful.”

Remark 5.3. Let us be in the situation of Section 2. For x € A, one can find K (z), L(z) € Zso
(depending on z and L, K') such that: for all [ > 0 there exists a Hom(V}, Vi; 1,())-valued Laurent

K(z) .
polynomial ) Pa[f]luZ = P,y(u) in u with
i=—K(z)

P (2) Fiy = Fropy (o) Pog (W) ]yegr € Hom(V, Vi) for k> 1+ L(x).

In the representation of A on Vi, x acts as llim P,.(c). For example, let z = st with s,¢t € S.

—00
Then L(z) = 2L, K(z) = 2K and Pgy(u) = Psyyr(u)Pyi(u).

To compute zv with v € Vo, one finds [ > 0 such that v = Fj(v') for some v' € Vj; here
F: V; — V4 is a structural map of the inductive limit. Then one writes pk(x)FkJ(v’ ) =
Fivr@)Pi(u)]y—gr for k> 1+ L(z), where Pj(u) is a Vi f(;)-valued Laurent polynomial in u of
degree bounded by K (z). At last, Fiy1(,)(Pi(c)) is exactly v € V.

Consider the action of the s;; on Wy) Let v = Fj(v') with v’ € (T/I/I(Z))lw._ﬁ and 5 € Q.

We have F, (v') € (ngcz)kwrﬂ and 5o pF(s;;) Fy (v') = ¢ *= = Fy (o). This gives
pe(si)v = Cdr(ei,w,~)q(€i7—5)v7 P (s5)v = q(€i7_ﬁ)v‘

1—2za, <,

Let woo := F1(w1) € woo. Then py (5ii(2) )woo = Weo { .
1, 1>

c—zac, 1<,

1 —zac®, i>r.

If r < M then pc(sii(2))we = Weo On the other hand for r > M we

1 — za, ]
have pc(sii(2))weo = woo{ o

<
=" In both W) and L}
c - —zac, 1>T.

s Woo 18 the unique (up to

"In [36], Drinfeld second realization arising from a different Gauss decomposition from Section 6 is used to
resolve the issue in footnote 2. This results in different parameterizations of highest ¢-weights. The two asymptotic
limits of KR modules are denoted by Wéi% L., therein and match with [21].
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scalar multiple) vector annihilated by the (e; )ies, and so by the s;;(2) for i < j, because of
Proposition 4.3. A somewhat surprising observation from Table (5.1) is that py(s;;(2)) = 0 if
r<j<i. N

For the quantum affine superalgebra U,(g’) in Proposition 3.2, one can define in the same
way the KR modules W;(Z) and construct their asymptotic limits W(QEZ), Lﬁl

Definition 5.4. The Y,(g)-module L, , is the pullback of the Y;(g’)-module LE+N*7‘,CL by the
inverse F 1 of F: Y,(g') — Y,(g) in Proposition 3.2.

As in the positive case, there is a unique (up to scalar multiple) vector we, € L, , annihilated

1 <
’ “=" We shall

by the s;;(z) for i < j. weo is of even parity and p—(;i(2))weo = Woo .
1—2za, ©>r.

see that LTi’a are irreducible Y;(g)-modules.

Example 5.5 (g = gl(2,1) and » = 1). Let £ > 0. Fix a highest (-weight vector ug of W,gla)

By Theorem 3.4, for 1 < i < k, there exist unique u;, u; such that ug = (ef)iui and u; = e;u’

These together with ug form a basis of W,Ela) of weight

(1) (1)
ui € (Wk,a)(k:—i)q—i-ieg’ (Wk a)(k i)e1+(i—1)eate3”

The structural maps Fj,; respect these bases because they commute with ef, e; .

Firstly compute the action of (eli,Ki). By weight grading, e u; = a;uj+1 with a; € C for
0<i<k. Fromu; = efuiﬂ and relation (3.3) we obtain

N N Kl Kl 1 qk: 21 q21+2 k
AjUi41 = €1 €] Uil = €1 €1 Uil — ———7 Ui+l = | Qi1 — 1 Uit1-
q—4q q—4q
k_ 2i—k\(, —2i—1
By convention aj := 0. This recurrence gives a; = ("= (q_;@l)g ),
From ej ej v} = ey egu, = e]u; = a;u;4; follows also e uf = aiug . Noting e3u; = u; and
_ . . - - Ko—Kj?!
ey ui = 0 (because of the weight grading), e, u; = e e3ul = ;fq_% L= CzIz T u Applying e}
.. . . _ i—1_ 1—1
to this identity and using [e], e5 ] = 0, we have e] u} = T b i

Secondly consider si3 and t31. In view of relation (3.4) we have

511 Fot ot L N 4 1

S13 = —(geies —eqe t31 = (ejey —q €56 )———

q—ql( fes —esef ), (eres 21)q_q17

;o s1 ¢t —q' ¢t
813“1'_ q_q q_ qz_q i Ui—1 = qi_q_iul—:h
i—k T il il 1 — g2i-2ky(] _ 2i-2

by — - (aiq q_1 Y q_1 a.) U§+1:—( q )(_1 3q )u;H.

q-q q-q q-q (¢—q7")

Let E;; € End (W(l)) with 4,5 € {0,1,...,k,1,...,k} be elementary matrices with respect to

the basis (u;, u}). In summary, the U, (g)-module structure on W,gla) is given by

k k
pk(Sll q X (Z — zaq i T Z (q—i _ zaqi)Eﬁ) )

7 =1

M-

-
Il
o

,Ok(SQQ(Z)) _ (qi 2k: z u+Z Qk z—i—l)Eii7
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k k
o) = 32 (1~ ) B 3 (0™ a1 B
=1

=0
k k —i —
p*(s12(2)) = " % (Zq i1 + Zq+1_q-_1E+1> 7

=0 i=1
oy
k k
PHo1s(2) =" x Y ———F; 5
i 474

k .
PF(sa(2)) =D d'E;5,

=1

21 2k i+1 —i—1
k (@ =g —qg")
Plsn(z) =zay (q—q )2 (Eivvi+ Ers),
- q—q
. S Vit Lt )
P (s31(2)) = ZGZ (¢ — q71)3 Em,i’
=0

i k q2k72i _ q2k
p"(s32(2)) = za o G

=1

Here for p*(s21(2)), the summation Y, is understood to be 0 < i < k for E;y1,; and 1 <i < k

for Er7;. Letting k — oo and replacing (p*,¢*) in the above formulas by (p., c) gives the U, (g)-

(1—n)

module Wél) (Note that pc(tz(?)) = —a‘lc_Qpc(sij ).) Dividing p*(s;;(z)) by ¢" whenever

i <1 and then setting ¢* = 0, we obtain the Y,(g)-module Lfa.
In terms of Young diagrams, the w;, u} correspond to the following tableaux (let k = 3)
wp=[1]1[1}  w=[1][1]2} w=[1]2][2}  uz=[2[2]2}
up=[1[1[3},  wp=[1]2]3}  wy=[2]2[3]
Example 5.6 (g = gl(2,1) and r = 2). For £ > 0, let uyq € WISQ[L) be such that e; us = 0 for
i =1,2. It is included in a basis (u1,ug, us, uq) of W,EQQ) by Theorem 3.4:
ug = 62+U4, U = 6{%13, Uy = 62+UQ.

From relations (3.3)(3.5), one deduces the action of the e, K; and then U,(g). We identify
the vector superspace Wﬁz) with W ®

l,a

because they commute with the e;r. Let E;; € End (W,g

by this basis. The structure maps Fj,; are identity maps
2)

,a

): uy > u;0j. Then

pF(s11(2)) = ¢" x ((1 = za)(E11 + Ex) + (¢~ " — zaq) (Ess + Eus)),

pF(s22(2)) = ¢" x ((1 — za)(B11 + Es3) + (¢ — 2aq) (B + Eu)),

pF(s33(2)) = (1 — zag®™) Ery + (7' — 2ag® 1) (B + Es3) + (¢ — 2a¢*™?) Bua,
pF(s12(2)) = ¢" x (1—q ?)Ess,

pF(s13(2)) = ¢" x (¢7' — ¢7?) (¢Bos — En3),

pF(s23(2)) = ¢* x (1—q7%) (B2 + Bsy),

pk(sm(z)) =q¢" x za(q2 — 1)E32,

P (s51(2)) = 2a(¢?? — 1) Eig — 2a(¢?*2 — ¢?) Esy,
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pk(s;»,g(z)) = za (q%Jr1 — q) FEo + za(q2k+2 - 1)E43.

The modules WC(%), L;a are then obtained as in the previous example.

Again in terms of tableaux u, ug, ug, us correspond to (let k = 3)

1[1]1 w — 111 e — [L1]2 wy = 11]3
2/2]2) BIDIRY 37 a2]3) SDIDIEL

Uy =

Remark 5.7. The Lﬁfa were previously obtained in [7, 31] from the contracted quantum superal-
gebra Uq( g). It is a superalgebra defined in the same as Uy(g) in Definition 3.1 except that the ¢;;
are not required to be invertible. ev, in Proposition 3.2 degenerates to evgy: Y, (g) — Uq(g).
The Lﬁfa are pullbacks of oscillator modules over Uq(g) by evy.

Lemma 5.8. Let 8 € Q. The series dim (W,gr))

a COnverges as k — o0.

kw,—p
Proof. Let U, (g) be the subalgebra of U,(g) generated by the (e; )icr,- Then Uy(g)_g is of

dimension cg < oo. By definition, U, (g) — W,E?,:E — 2wy, is surjective and sends Ugy(g)—p

to (W,Eri) koor— " This shows that the series is bounded above by cg. On the other hand it is
increasing by Proposition 4.3. So it must converge. |

6 Category O and Baxter’s relations

We introduce a category O of Y, (g)-modules including Wyb) and L;—L,a in the spirit of Hernandez—
Jimbo [21] and study its Grothendieck ring via g-characters of [16].

The quantum affine superalgebra U,(g) admits another system of generators, the so-called
Drinfeld loop generators, arising from the Gauss decomposition:

<ij; ®Eﬁ+1®1dv>(ZK ®Eu><ze;;(z)®Eij+1®1dv>,

1<j 1<J
<Zfﬂ ®E]Z+1®Idv)<ZK ®Ell><Zei_j(z)®Eij+1®Idv>.
1<j (AN]

For example, K (z) = s11(2) and K; (z) = t11(2). We refer to [34, Section 3] for more details
on the relations and on coproduct formulas of these Drinfeld generators. Recall the d; from
equation (3.1). Define 6; for i € I inductively by 6; = 1, 0,11 = ¢;+1¢;0;. Define

HK+ ()5 = 3 Cins", = YKL € Vo))

n>0 n>0

Proposition 6.1 ([34, Theorem 3.5, Proposition 3.6]). Let k € I and m,n > 0.

(1) A, —l;)KZ@K;Imfz € > Y(8)a®Y(0)-a

acQ4\{0}
(2) Foralli,j €I such thati,j <k, the 35]), tgj) commute with C p,.

Set P = (C) x Zy, and P := (C[[2]]*)! x Zy. The multiplicative group structure
on C*, Cl[[z]]* and the additive group structure on the ring Z» make ‘B, P into multiplica-
tive abelian groups. B is naturally a subgroup of 3, and C[[z]]* — C*, h(z) — h(0) induces
a projection w: ‘}A3 — B. There is an injective homomorphism of abelian groups

?

¢ P—B, A= ghi=((0“Y), ).

We shall view h(z) € C[[2]]* as the element ((hi(z) = h(2))icr;0) in .
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Let V' be a Uy(g)-module. For p = ((p;)icr; s) € B, define
V, = {ye‘/;]siiv:piv forz'GI}. (6.1)

If V,, # 0, then p is called a weight of V', and V), the weight space of weight p. Let wt(V") denote
the set of weights of V. Notice that U,(g)a V), € Vyap, for p € wt(V) and o € Q.

Lemma 6.2. For A\, € P, the weight space L(\), in (3.6) and L(X)ge in (6.1) coincide.

Proof. Clearly L(\)gu C L(X), for all 4 € P. Furthermore L’ := @,ecpL(\)gn is easily seen to
be a sub-U,(g)-module. Since vy € L' and since L(\) is irreducible, L(A) = L’. This implies
L(A)gn = L(\), for all p € P. [

Let V be a Y,(g)-module. For f = ((fi(2))icr; ) € P define
Vi := {v € V;|3d € Zs such that (K;'(z) — fi(z) % =0for i e I}.

If V¢ # 0, then f is called an ¢-weight of V', and V¢ the f-weight space of ¢-weight f. Let wty(V)
be the set of (-weights of V. As in Section 4, a non-zero Zs-homogeneous vector v in a Yy(g)-

module V is called a highest £-weight vector if 52‘2)

gi(2) € C[[z]]*. By Gauss decomposition we have K; (2)v = g;(2)v, so v is in the (-weight
space of f-weight ((g;(2))icr; |v]). If furthermore V' = Y, (g)v, then V is called a highest (-weight
module, and ((g;(z))ier; |v]) the highest ¢-weight of V.

By the comments above Definition 5.4, any one the Y;(g)-modules W,E?, Wa(rc) , Lri,a contains

a unique highest f-weight vector w, and its £-weight is denoted by w,(:l)l, wf[Z, wffa correspon-

" _ ) 7

v =0 for j < k and s;i(2)v = gi(2)v with

dingly. Explicitly, Wha = Wogks Wgﬂ% =1— za and
wi,=(1-za,...,1—za,1,...,1;0), w_,=(1,...,1,1—z2a,...,1—2a;0), (6.2)
’ N’ ’ N’
r M+N—r r M+N—r
r<M r>M
w) _ _
=< (e, ...,c,9(2),...,9(2);0 1,...,1,h(2),...,h(2);0
2 o092 9 0) | (2).. h(2):0) ©3
r M+N-—r MAN-—r
9(z) = o he) =

Definition 6.3. Category O is a full subcategory of the category of Y,(g)-modules. An object
of O is a Y, (g)-module V subject to the following conditions:

(i) it has a weight space decomposition V' = @peqpV}, with dim V), < oo for all p € B;

(ii) there exist pq, pa, ..., puqg € P such that wt(V) C U?Zl(qq—uj).

As a first example, let p = ((p;)ier; s) € P and h(z) € C[[z]]*. There exists a unique Y,(g)-
module structure, denoted by C*?P, on the one-dimensional vector superspace of parity s such
that SZ(-;L) = 0podijh(z)p;. Clearly wtg(Ch(Z)p) = {h(z)p}.

By Corollary 5.2 and Lemma 5.8, the Y,(g)-modules Wérc) ) L,jfa are in category O.

Category O is monoidal (closed under tensor products) and abelian. Any Y;(g)-module V' in
category O is a direct sum of its ¢-weight spaces and has g-character [16]

XgV)= Y dim(Vp)f € &. (6.4)
fewty(V)
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Here the target & is the set of formal sums Y nef of the symbols f with integer coefficients ng
£ep
such that @fe;ﬁ((Cw(f))@‘“f |is in category O©. It admits a ring structure: addition is the usual
one of formal sums; multiplication is induced by that of ‘33
Replacing wty; by wt in equation (6.4) defines the classical character x (V).

Lemma 6.4. We have xq(V @ W) = xq(V)xq(W) for VW in category O.

Proof. The proof is the same as in the non-graded case [16, Remark 2.6] based on Proposi-
tion 6.1(1) and the partial order on 8 induced by ¢@+. |

Remark 6.5. Let V be in category O. Suppose there exists p € 8 such that the weight space V,,
is one-dimensional and wt(V) C ¢@-p. Then V,, is also an {-weight space of ¢-weight f. Define
the normalized character and normalized g-character of V' by

XV)=p7'x(V),  Xg(V) :=f""xq(V).

This is the case when V is any tensor product of the WCSTC), Lﬂfa. If D is a one-dimensional

3

Y, (g)-module, then the normalized g-characters of V, V ® D, D ® V coincide.

Remark 6.6. Let V,W be in category O. Let v € V' be a highest {-weight vector of {-weight
feP. Then v @ Wy C (V@ Wy for n € wty(W). This follows from Proposition 6.1(1); the
term Y, (g)ov for o € Q4 \ {0} vanishes.

Lemma 6.7. Let r € Iy and a,c € C*. Then x, (W,Eri) converges in & as k — 0o, and

XOV) = Jim 2(W() = R(LL,) = x(L). (65
R (WD) = lim %, (W) = X (L), (6.6)

Proof. We simplify notation w,(:zl = wk ¢ ‘i? Let n € ‘JA3 with w'n € th(VVl(:;)). Then
wn) = ¢ # with 8 € Q4. By Remark 6.6, FM(VVZ(Z)) - (W,gr))wkn. So the series

win = ,a
{dim (W,gr))wkn: k> 0} is increasing and bounded by cg in the proof of Lemma 5.8. This

,a

proves the convergence of the x, (WIS’Z ) as k — oo.
Next, fix n = ((n4(2))ier; |8]) with w(n) = ¢ % and 0 # x € (Wl(,z))wln' For k > [ write
wh = ((w’?(z))iel;ﬁ) € P. Since the f-weight space (W,E?)

; is of dimension < cg,

wkn

i (K:r(z) - h(z))cﬂFM(m) = (wf(z)nz(z) — h(z))cﬁFk,l(az) for h(z) € C[[7]].
r)

Indeed, because of the commutativity of its coefficients, p*(K;"(2)) restricted to (W,E .

) whp CALL
be made into an upper triangular matrix with uniform diagonals w¥(2)n;(2).

Let us take h(z) to be n;(z) times the i-th component w;(z) of wf[Z

P (K (2) = wil2)ni(2)) 7 Fra(z) = (wh(2) — wi(2)) P ni(2)% Fra().

At the right-hand side the factor before Fj ;(x), when expanded at z = 0, has as coefficients
Laurent polynomials in ¢®. To compute p.(K; (2) — w;(2)ni(2))% Fj(z) in WCSTC), it suffices to
evaluate these polynomials at ¢* = ¢ by Remark 5.3. But by definition the factor (w¥(z) —
wi(2))gime = 0. S0 pe(E; (2) — wi(2)ni(2)) Fy(x) = 0, meaning that Fy(z) € W is in the
C-weight space of ¢-weight wgrgn This proves the first equality of equation (6.6). The second
equality for L;‘,: , can be proved in the same way using p*. |
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Let R be the subset of S consisting of the f = ((fi(2))ier; s) such that ffi(lz()z) is the Taylor
expansion at z = 0 of a rational function for ¢ € Ij.

Lemma 6.8. Let f = ((fi(2))icr;s) € R.

(1) There exists a unique (up to isomorphism) irreducible Y,(g)-module in category O of highest
C-weight £. Let V(f) be the Y,(g)-module thus obtained.

(2) V(£) can be extended to a Uy(g)-module if and only if for alli € Iy, as a rational function
fﬁ(lz()z) is a product of the —=2%— with a,c € C*.

cT—zac

(3) All irreducible Y;(g)-modules in category O are of the form V (f) with f € R.

Proof. (1) and sufficiency of (2). In view of equations (6.2)—(6.3), such an f can be written
as h(z)pn where h(z) € Cl[z]]*, p € P (resp. p is of the form (1,...,1;s) € PB) and n is
a product of the w;'fa (resp. the WC(LT();) So V(f) can be realized as a sub-quotient of the tensor
product of V(h(z)p), which is a one-dimensional Y,(g)-module (resp. Uy(g)-module), with the

corresponding tensor product of the L;—L’a (resp. the W(YC) ). This shows that V (f) is in category O
(resp. a Uy(g)-module).

Necessity of (2). One considers the action of K fj_l(z)K #(2)7!, based on the Drinfeld relations
involving [X;7, X;7] in [34, Theorem 3.5] and the assumption dim V() w(g)g—ei < 00. Asin [33,

Proposition 6.1, Lemma 4.12], g;i(z) := f{ig??z) is regular at z = 0,00 and g;(0)gi(c0) = 1.

Necessarily g;(z) is a product of the 2% with a,c € C*.

c~1—zac
Similar arguments can be used to prove (3); since K; (2) ¢ Y,4(g)[[z7!]], one loses the regu-
larity of g;(z) at z = co. See also [21, Lemma 3.9]. |

The abelian category O contains modules with infinite Jordan—Hélder series, so we need its
completed Grothendieck group Ko(O): elements are formal sums ) ¢ g ne[V(f)] of the sym-
bols [V'(f)] with integer coefficients ng such that @¢erV (F)®™! is in category O; addition is
the usual one of formal sums. As in the case of Kac-Moody algebras [23, Section 9.3|, for
f € R, the multiplicity m¢ x € Z>o of V(f) in any object X of category O is well-defined,

and [X] := >  me x[V(f)] € Ko(O). There is no ambiguity for X = V(f) as my y(g) = Ong
feR
for n,f € R. Make Ky(O) into a ring with multiplication induced by [X][Y] := [X ® Y]

for X,Y in category O. Since x, respects exact sequences and tensor products, the assignment
[X] = xq¢(X), for X in category O, extends uniquely to a ring homomorphism x,: Ko(O) — &,
called the g-character map.

Corollary 6.9. The g-character map x4 s injective.

Proof. We need to show that x,(V(f)) distinguishes f. Indeed, from the proof of Lemma 6.8(1),
we deduce that x,(V(f)) is f plus terms of the form nf where the n € % satisfy w(n) € ¢Q-.
So f appears in x,(V(f)) as a leading term. [

Proposition 6.10. Let f = ((fi(2))icr;s) € R. Then V(£f) is finite-dimensional if and only if

N
foralli € Iy \ {M} there exist Pj(z) € 1+ 2C|z] and a; € C* such that fﬁ(lz()z) = a; Plgg(j;h)).

Proof. (Sketch®) Sufficiency: such f can be written as h(z)pn where h(z) € C[[2]]*, p € B
and n is a product of the w((lfg,r, wﬂa with a € C* and r € Iy. So V(f) is a sub-quotient of

the tensor product T" the V (h(z)p), with the V(wg;gT) = WI(T) and Lia. By Lemma 6.7 and

,a
Theorem 3.4, dim Lf/la = 2MN Qo T and V(f) are finite-dimensional.

8This result is not needed in the following. We include it here for completeness.
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Necessity: let ¢ € Ip. One restricts to the subalgebra Y; of Y,(g) generated by the 85-2), s;jl
with j,k € {i,i+ 1} and n > 0. It is a quotient algebra of Y;(gly). The polynomiality can then

be proved along the line of [14, Remark 3.11]. [

The L,jfa in [21] are always infinite-dimensional. In our case, by Theorem 3.4 and equa-
tion (6.5), L}, , is of dimension 2MV; see also Example 5.6. We refer to [34, Section 4] for
a detailed discussion of finite-dimensional irreducible Y, (gl(1,1))-modules.

Let Ry be the subset of R formed of f satisfying the condition in Lemma 6.8(2). The

following elements of Ry will be used: let r € Iy and a € C*,

R zaer_—‘:qu-"l

Arg=1|1,...,1, —T> — L. 1o ). (6.7)
~—— 1—zab; ¢ Gry1— 200, ~~——
r—1 M+N-—-r—1

By definition w(A,,) = ¢*. The A, , generate a free abelian subgroup @ of Ry.
Theorem 6.11. Let S be an irreducible Uy(g)-module in category O.

(1) We have wte(S) C Of where £ € Ry is the highest (-weight of S.
(2) If S is finite-dimensional, then in a fraction ring of Ko(O),

dim S

[$] =Y [Djm;, (6.8)

j=1
where for each j, Dj is a one-dimensional Uy(g)-module in category O, and m; is a product

(r)
of the W

a;

W] with r € Iy and a,b,c € C*.

(2) can be though of as generalized Baxter’s relations in the sense of Frenkel-Hernandez [14,
Theorem 4.8]. In equation (6.8), only U,(g)-modules are involved. Proof of (1) and concrete
examples are postponed to Section 7.

!/

Proof of Theorem 6.11(2) assuming (1). Any n € Ry can be written as h(z)pn’ where

wiy _ Xa(Wyp)
h(z) € C[[z]]*, p=(1,...,1;5) € P and n’ is a product of the 5 = (W‘z;b));

Wa;c Xq a;c
follows from equation (6.6). By (1), wty(S) C Ry. This establishes the g-character version of
equation (6.8) with isomorphism classes replaced by g-characters (D; = V (h(z)p)). We conclude

by the injectivity of the g-character map. |

the last identity

Corollary 6.12. The Y,(g)-modules L,fa forr € Iy and a € C* are irreducible.

Proof. We show L;fa is irreducible, imitating the proof of [21, Theorem 6.1]. By Definition 5.4
this implies the irreducibility of L, ,. Let S,f, be the sub-module of L,}, generated by its unique
highest (-weight vector. Then S,7, = V(w;,) is irreducible.

We prove that Xq(L; ) = Xq(S,7,). In view of equation (6.6), this means that: if I > 0 and

wl(j")f € Wt@(VVl(,Z))’ then dim(S;t‘a)w;‘-af > dim (VVZ(,Z))W(T

a

g We shall indicate the dependence of
l,a

an element m = m(z) € *P on z whenever necessary. For f = 1 this is clear as they are both

one-dimensional. Let f # 1. By Theorem 6.11(1) and equation (6.6), f € Q and w(f) € ¢?-.

The following set X is finite and non-empty:

X:={n'fe Q|f#neQ, w,n e wtg(S,), w(n'f) € qQ*} c O\ {1}.
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)~Lis
finite, because w(m(zg, %)) = w(m) is fixed and weight spaces of L, , are finite-dimensional.
Choose k > [ large enough such that m(zq, **)w,, ¢ wt¢(L,,) for all m € X. By Lemma 6.7,

For m € X, the set {m(zq,;*) |k > [} is infinite but its intersection with wte(Ly ) (W,

r,a

w,(:()lf € th(WkETa)). The Y;(g)-module S+ ®L_ g2k has an 1rredu01ble sub-quotient isomorphic

to Wk(fg up to tensor product by one—dlmens,lonal Y, (g)-modules. It follows from Lemma 6.4 and
Remark 6.5 that £ = £;f,” where w;i ;7 € wty(S;f,) and W, gl € Whe(L, 0 +), which implies
£, (24, 2F)w, ra €Wte(L, ) based on the pullback of ® 2« in Proposmon 3.2. So (f7) ' =1, ¢X.
By Theorem 6.11( ) and equation (6.6), £ € Q and w(fk ) € ¢, forcing f,” = 1. So any such
factorization f = f,j'fk_ is trivial: f,” = 1. This proves dim (W( )) (r)f < dim (Wéi) (r)f <
dim(s:a)wf{af' |

7 Rationality of ¢-weights of finite-dimensional modules

In this section, we study in more detail the ¢-weights of finite-dimensional U,(g)-modules in
category O and prove Theorem 6.11(1).

Recall the U,(g)-module V defined by (3.7). Following [35, Example 2], define the U,(g)-
module W to be the pullback of V by W: U,(g) — U,(g) in Proposition 3.2. For ¢ € I, set
u; = Uy, € W it is of weight ¢~

For a € C*, define the U,(g)-modules V(a) and W(a) to be the pullbacks of V and W
respectively by evy: Uy(g) — Uy(g). Naturally as Y,(g)-modules, V(a) and W(a) are in
category O, and their weight spaces are always one-dimensional.

Definition 7.1. For a € C* and i € I, let X; , € wt,(V(a)) and V; , € wt;(W(a)) be such that
w(Xiq) = q% and w(Yiq) = ¢~ .

Let us compute explicitly the X4, Vi q, following an idea of [15, Lemma 4.7]. Fix k,i € I.
By Definition 7.1, v;, u; are common eigenvectors of Cy(z), whose eigenvalues are denoted by
g¥(2), hF(2) € C[[z]]* respectively. An important observation from the Gauss decomposition

in Section 6 is that: if a vector z, either in V(a) or W(a) is annihilated by the s§7), tg.?) for
1 <j<l<k, then Kj(z)x = s;ij(2)x for 1 < j < k. For example, v1, ug, v, w for | > k are

such vectors according to the weight gradings on V, W. Therefore for ¢ > k,

k
H (1 — zab;)% = h¥(2).
7j=1

Suppose ¢ < k. Observe from (3.7) that v; is proportional to t;;v1. Similarly u; is proportional
to tgiug; see [35, Example 2]. Since t;1, tx; commute with Ck(z) by Proposition 6.1, we have
g¥(z) = g§(z) and h¥(z) = h}(z). We apply the above observation to the vectors vy, uy to
compute g¥(z) and h¥(z), and obtain

k —
gf(z) = (q1 - zaq1 dl H (1 — zaby) hf(z) = (qk — za@qu H (1 — zaby;)
J=2 J=1

It follows that: setting h(z) = (1 — zaq¢?®)(1 — zaqg=2)(1 — za)~2,
e DS AL
Xiq = (1 - za) x 1,...,1,<qzalq> 1 Lel |
~— ~—

1-— za@i_l
i—1 M+N—i
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-1

q; ' — zaq;
Via=1—za)x |1,...,1, ﬁ,h(z), . h(2); €]
i—1 M+N—1

We used 0,11 = 0;q;qi+1 for i € Iy. Combining with equation (6.7), we obtain

A =& ULQXT_—H aq yT_ag Lar 1Wrtl,a0: gt (71)

KR modules Wl(ra) can be constructed from V, W by a fusion procedure.
Lemma 7.2 ([35]). Let 1 <s< M and 1<t < N. Let a € C*. Then as U,(g)-modules,
Wl(’sa) ~ UM+N C ® V aq WI(ZL/H_N D~ tC ® W ¢t 23
1<i<s 1<5<t

Proof. Comparing Definition 3.3 with [35, Lemma 5, Definition 2] we have

—
Wl(,sa) = eV2q2L(wS) = ‘/qu2s+2 = U ( )UM+N C ® V aq )
1<i<s
Here we borrow the notation V;;qzs 42 from loc. cit. The case of t is parallel. |

Note that in equation (7.1), 9 qu_l € ¢?#*1. Let us define Q, to be the subgroup of )
generated by the A, ; with b € aq®” and r € I.

Corollary 7.3. Forr € Iy,a,c € C* and k € Z~q we have

(wiin) " wee(Wild) © (wiha) ™ wte(Lf,) = (Wid) ™ wie (W) © Qug.

— r,a

Proof. By Lemmas 4.2 and 7.2, there exists a one-dimensional U,(g)-module D such that

D® W,ir(z is a sub-quotient of a tensor product T' of the X (b) where b € ag®” and: if r < M
then X = V; if r > M then X = W. For any such X(b), let f be the highest ¢-weight
of X(b). Then by equation (7.1): f~lwty(X (b)) C @aq. Since x, respects tensor products,
we have n~!m € @aq for all n,m € wty(7T"). Taking normalized g-characters in Remark 6.5,
(w,(;i)_lwtg(WéTa) ) - @aq. The rest comes from equation (6.6). [ |

Proof of Theorem 6.11(1). As in the proof of sufficiency of Lemma 6.8(2), the irreducible
module V(f) for f € Ry can be realized as a sub-quotient of a tensor product 7" of a one-

dimensional U, (g)-module D with the WC(;Z). Comparing normalized g-characters, we obtain (1)
as a consequence of Corollary 7.3. |

Another consequence is the irreducibility of WéQ for generic ¢ € C*.
Corollary 7.4. The U,(g)-module Wa(rc) is irreducible if 2 ¢ ¢*%.

Proof. Let Sc(fg be the sub-module of chrc) generated by its highest ¢-weight vector; it is
irreducible and isomorphic to V(W(STZ) Let k£ > 0 and w,(:’()lf € wty (Wéra) ) By equation (6.3)

(1—zac2) X W](:l)l =w, 20)2 1gk E‘B

a,c

This implies that V(1 — z¢?) ® W 3 is an irreducible sub-quotient of SC(LQ ® Wicg gk Taking

normalized g-characters and noting that V(1 — zac?) is one-dimensional, we have f = f+f_ where
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). By Corollary 7.3, we have f, f, € @aq

and f_ € @aczq. The assumption on ¢ implies that @aqﬂ@a@q = {1}, which forces f_ = 1. So any
such factorization f = f, f_ is trivial: f_ = 1. This shows that dim (W,Ercz)wm p < dim (Sgg)
’ k,a

wg;gf; € th(Wéfc)) and w') ,c,lqkf, € th(W(T)

ac? acZ;c—1qk

w((,fg f

for all k, and therefore S\ = Wir. m

Example 7.5 (Baxter’s relations for gl(2,1)). We derive equation (6.8) for the U,(g)-modules
V(a) and W (a), along the line of the proof of Theorem 6.11(2):

wa}Z B (c 1—zac® 1— za62.0> w((fg B <c . 1-— zac2_0>
1) - 9y _ 9 _ ) ) (2) - ) _ ) )
w'l) l—z2a 1-za Wt 1—za

)

_ -1 B w)
Xia = (1 - za) x <qzaq, 1, 1;O> = (1 — zaq_Q) ag%iq
W

1—za n
aq—2;1
(1) (2)
g3 wl %@
XQ,a = (1 — ZCL) X <17 %’ 170> _ (1 . za) a%;’q 1 ((1;1) 4,q7
1— zaq W w

1—zag? — Wag=tiq, 1 1 1.7
XS,a = (1_20’) <17173;1> = (1—2:&) 2) (C] »qd 4 ;1)’

q— zaq w
aq—4;1
2 2 2 —2
(o (- za?)(—zag?) (1—zag?)(1— zag?) _
yLa—(q zaq, 1— za ) 1— 2a )
W 1) 1
_ 2 aq—
_(l—zaq) O
a;l
(2)
1— 2 1— —2 7 () w7
Vo= (12007 zag, CEO I ) g) - 1 Mot Mot
A wa;l Wa;l

—zaq~ ' — Wog—1 -
Vsa = (1—za) x (1, 1, 124 1> =(1-20)—5(¢:0.¢1)
W

1—za

The irreducible Uy (g)-module of highest ¢-weight (g(z), g(2), g(2); s) being one-dimensional for
g(z) € C[[z]]* and s € Zo, its isomorphism class is denoted by [g(z)s]. Then

N 117 BN Lot Lo PPN |
ey e T
[W(.l)_1] [W(.l)] [W(.Q)—J _ [W(-Q)—l]
a)] =1 — zag?] —2L - — za ikl &4 — za il By
WT= sy sl ey T 0l G

To derive Baxter’s relations, one needs to compute its g-character of finite-dimensional U,(g)-
modules. In a previous version of this paper (arXiv:1410.0837v2), the author was able to prove
a tableau-sum formula for y,(ev};L())), with L(\) being an irreducible submodule of a tensor
power of V (polynomial modules), based on an idea of [15] relating ¢-weights to Gelfand—
Tsetlin basis [26]. Such formula appeared earlier in the context of transfer matrices of quantum
integrable systems attached to U,(g) [30]. In a recent preprint [36], the tableau-sum g-character
formula has been extended to

eva(L*(N),  (eva)"L(A),  (evg)™(L7(N)),
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where ev/, is a second evaluation map arising from involution and L*(\) is the dual module. To
avoid redundancy, in the present paper we do not present the g-character formula.

A Non-twisted quantum loop algebras

We apply the asymptotic construction (¢ € C*) of Section 2 to the inductive system in [21] of
KR modules over an arbitrary non-twisted quantum loop algebra.

The main step is to establish the asymptotic property as Lemma 5.1. In Section 5, we used
the evaluation maps to reduce to the finite-type quantum supergroup (Proposition 4.3). What
is essential is the representation theory of U,(slz) and Uy(sl(1,1)). The evaluation maps, which
do not exist for quantum loop algebras out of type A, do not play big role.

We use freely the notations of [21], and ignore those from Sections 3-7. The quantum loop
algebra U,(g) admits Drinfeld generators :c”,, gZ)Z oy, fori e I, r € Z and m € Zxo; see [21,
equation (2.2)]. (g here is @ in the introduction.) We shall need the following basic facts.

(A) Algebra U,(g) is generated by S := {¢7
(B) Fori€ I, (z}, 00 Ti0s ¢g ) generates Uy, (sl) with coproduct:

zlt €1, m€ ZLxo, v € L}

i,m> zr’

Alzfy) = ¢Zo®xzo+xzo®1 Alz;y) = 1@z + 2,4 @ ¢;,
Afy) = ¢p @ ¢z‘,0

Let us be in the situation of [21, Section 4.2] where an inductive system of KR modules
(Fri: Vi — Vi)i<k for a fixed ¢ € I was constructed. For j € I, r € Z and m € Z>q, the Fy
commute with the x;tr, and the qﬁf i Fk, for k > [, as Laurent polynomials in qf is described
in [21, Proposition 4.2]. It is therefore enough to study the 2ok for k> 1.

If j # 4, then T annihilates the highest /-weight vector of Vj. This gives T 0Fk1 = Fraxj .
Assume j = i. The structural maps Fj; come from U,(g)-linear maps in [21, Theorem 3.15]
which we write as %y, ;: Vi® Zy, — Vi, where Zyy, := L(M}; S(-241)d; ') before [21, equation (4.26)]
with highest ¢-weight vector vy fixed so that v; ® v, — V.

Claim A.1l. Let v € V|. Then for k > 1+ 1, we have x;OFkyl(v) € Fp141(Vig1) with

k—1 I—k
q9 —4

:L’i_’OFk,l(U) = Fri41 <qg_kF‘l+17l(x;0U) + Frr1(v® x;ovlﬁl)) .

% —4q;

The proof is the same as that of Proposition 4.3(3), based on (B), and the fact that for j € I
the weight space of Vi, of weight wfﬁ;l is of dimension 4;;.

The asymptotic property of Section 2 is established for the generating set S of Uy(g). One
can then form a representation pe of Uy(g), with ¢ € C* on the limit V,, by specializing Laurent
polynomials in qZ to ¢. The representation p. contains a unique (up to multiple) vector annihi-
lated by the z i ; 1t 1S Voo, the inductive limit of highest /-weight vectors vy € V. Moreover, we
obtain from the proof of [21, Proposition 4.2] that

-1
. . Cc — zac
d);'t(z)voo = Vo for j #1, d);’t(z)voo = 7 Voo

1—za
The normalized g-character of p, is identical to that of L,  in [21, Theorem 6.1]. The represen-
tation p. belongs to category O of U,(g)-modules [19, 25}
In [21, Lemma 4.4, Proposition 4.5], asymptotic property for the z; Fj; was deduced from
delicate results on g-characters of representations [20].
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The arguments should work for Yangians: inductive systems of KR modules come from
cyclicity result of particular tensor products of fundamental modules [29]; their asymptotic
property is reduced eventually to representation theory of sly. See [13, Appendix A] for the case
of Yangian of sly. Alternatively one may start from asymptotic modules (p¢, Voo ) of a quantum
loop algebra and transform them into modules over the Yangian via the functor of Gautam—
Toledano Laredo [17, Section 6].
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