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Abstract. We show that evolutionary Hirota type Euler-Lagrange equations in (2 + 1)
dimensions have a symplectic Monge-Ampere form. We consider integrable equations of
this type in the sense that they admit infinitely many hydrodynamic reductions and de-
termine Lax pairs for them. For two seven-parameter families of integrable equations
converted to two-component form we have constructed Lagrangians, recursion operators
and bi-Hamiltonian representations. We have also presented a six-parameter family of tri-
Hamiltonian systems.
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1 Introduction

We study recursion operators, Lax pairs and bi-Hamiltonian representations for (2 + 1)-dimen-
sional equations of the evolutionary Hirota type

U = f(uer, w2, ui1, w12, u22). (1.1)

Here u = u(t, 21, 22) and the subscripts denote partial derivatives of u, namely, u;; = 6%u/02;0z;,
ug; = 0%u/0t0z;. Equations of this type arise in a wide range of applications including non-linear
physics, general relativity, differential geometry and integrable systems. Some examples are the
Khokhlov—Zabolotskaya (dKP) equation in non-linear acoustics and the theory of Einstein—Weyl
structures and the Boyer—Finley equation in the theory of self-dual gravity.

A lot of work has been done by E. Ferapontov et al. for studying integrability of equation (1.1)
which is understood as the existence of infinitely many hydrodynamic reductions (see [2, 3, 4,
5, 6] and references therein). Ferapontov et al. in [3] derived integrability condition which is
equivalent to the property of equation (1.1) to be linearizable by contact transformations. This
does not mean that there is a straightforward way to obtain bi-Hamiltonian structures of the
nonlinear equations (1.1) by a direct transfer of such structures from the linear equation, because
an arbitrary transformation in the space of second partial derivatives of the unknown will not
preserve the bi-Hamiltonian structure of the equation.

Our goal here is to study bi-Hamiltonian structures of the integrable equations of the
form (1.1) together with Lax pairs and recursion operators. We utilize the method which
we used earlier [13, 17, 18] for constructing a degenerate Lagrangian for two-component evo-
lutionary form of the equation and using Dirac’s theory of constraints [1] in order to obtain
Hamiltonian form of the system.
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Our approach here starts with description of all equations (1.1) which have the Euler—
Lagrange form [14]. We do not consider here the equations of the form (1.1) which become
Lagrangian only after multiplication by an integrating factor of variational calculus, postponing
the appropriate generalization for a further publication. We find that the Lagrangian evolu-
tionary Hirota-type equations have a symplectic Monge—Ampere form and we determine their
Lagrangians. Then we study recursion relations for symmetries and Lax pairs for the Lagrangian
equations. Here our starting point is to convert the symmetry condition into a “skew-factorized”
form. This approach extends the method of A. Sergyeyev [16] for constructing recursion opera-
tors. According to [16] one constructs the recursion operator from a certain Lax pair which, in
turn, is typically built from the original Lax pair for the equation under study. On the other
hand, below we construct such a special Lax pair using the skew-factorized form of the linearized
equation (symmetry condition) rather than a previously known Lax pair, and then apply the
construction from [16] to obtain the recursion operator.

The next step is to transform Lagrangian equations converted into a two-component form to
a Hamiltonian system. Finally, composing a recursion operator with a Hamiltonian operator we
obtain the second Hamiltonian operator and also find the corresponding Hamiltonian density.
Thus, we end up with a bi-Hamiltonian representation of an integrable equation (1.1) in a two-
component form. In this way, we obtain two seven-parameter families of bi-Hamiltonian systems
and a six-parameter family of tri-Hamiltonian systems.

The paper is organized as follows. In Section 2, we show that all equations (1.1) of the
Fuler—Lagrange form have the symplectic Monge-Ampere form and we derive a Lagrangian for
such equations. In Section 3, we analyze the symmetry condition for the Lagrangian equations.
In Section 4, using an integrability condition, we convert the symmetry condition into a “skew-
factorized” form and immediately extract Lax pair and recursion relations for symmetries from
the symmetry condition in this form. In Section 5, we convert our equation in a two-component
form and derive a degenerate Lagrangian for this system. In Section 6, we transform the La-
grangian system into Hamiltonian system using the Dirac’s theory of constraints. We obtain the
Hamiltonian operator Jy and corresponding Hamiltonian density H;. In Section 7, we derive
a recursion operator R in a 2 x 2 matrix form using recursion relations for the two-component
form of the equation. In Section 8, by composing the recursion operator with the Hamilto-
nian operator Jy we obtain the second Hamiltonian operator J; = RJy and the corresponding
Hamiltonian density Hy with one additional “Hamiltonian” constraint for coefficients. Thus,
we obtain a seven-parameter family of bi-Hamiltonian systems because of the two constraints
on nine coefficients: integrability condition and Hamiltonian condition.

We consider also an alternative skew-factorized representation of the symmetry condition
which implies different Lax pair, another recursion operator and a different seven-parameter
family of bi-Hamiltonian systems under a different additional constraint on the coefficients. If,
in addition, we require that both additional constraints coincide and are compatible with the
integrability condition, we obtain a six-parameter family of tri-Hamiltonian systems.

In Sections 4, 7, and 8, we treat separately each of the two generic cases of equation (2.2)
when none of the coefficients cj, co, c3 vanishes, particular cases when either ¢ = 0 or cg = 0
which are obtained as a specialization of one of the generic cases, and the special case c3 = 0
which cannot be obtained from the generic cases but should be treated independently.

2 Lagrangian equations of evolutionary Hirota type

We start with equation (1.1) in the form

F = —uy + f(up, we, uir, 12, ug2) = 0. (2.1)
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The Fréchet derivative operator (linearization) of equation (2.1) reads
Dp = =D + fuy DiD1 + fu, DiD2 + fur, DY + furs D1D2 + funy D3,

where D; = D, D, denote operators of total derivatives. The adjoint Fréchet derivative operator
has the form

D}:“ = _D? + Dtleuu + DtD?futz +D%fu11 + D1D2fu12 +D%fu22'

According to Helmholtz conditions [14], equation (2.1) is an Euler-Lagrange equation for a vari-
ational problem iff its Fréchet derivative is self-adjoint, D} = Dp, or explicitly, equating to zero
coefficients of Dy, D1, Dy and the term without operators of total derivatives, we obtain four
equations on f

D1 [fuy] + D2[fu,] =0,

D[ fury] + 2D1[fuyy] + Dalfus,] =0,

Dt[futz] + 2D2[fu22] + Dl[fmg] =0,

DiD1[fun] + DiDafus] + D?[fury] + D1Da[furs] + D3| fus,] = 0.

The general solution of these equations for f implies the Lagrangian evolutionary Hirota equa-
tion (1.1) to have symplectic Monge—Ampere form

2
ugy = c1(urure — ugpunr) + co(uiguo — ugeu12) + €3 (U11u22 - ulg) + cauis + csugs

+ ceu11 + crure + cgUgz + Cy. (2.2)

A Lagrangian for the equation (2.2) is readily obtained by applying the homotopy formula [14]
for ' = —uy + f

L[u]:/o u - F[Au]dA

with the result

1 U
L= _§Uutt + 3 [61(U1tu12 — ugeury) + ca(uguge — ugiui2) + €3 (U11U22 - U%Q)]
U
+ §(C4U1t + csug + cour1 + cruie + cguge) + cou. (2.3)

3 Symmetry condition

In the following it will be useful to introduce operator of derivative in the direction of the vector
é=(c1,02): Ve =¢-V = c1D1 + ca2Ds, so that equation (2.2) may be written as

uy = u1Ve(uz) — ug Ve(ur) + cz(uiuoe — uiy)

+ cquqs + csugs + ceu11 + cruqe + cgugo + cg. (3.1)

Symmetry condition is the differential compatibility condition of (2.2) and the Lie equation
ur = @, where ¢ is the symmetry characteristic and 7 is the group parameter. It has the form
of Fréchet derivative (linearization) of equation (3.1)

o = Ve(uz)pir + u1tVe(pa) — Ve(ur)par — uat Ve(er)
+ c3(ugap1 + w1922 — 2ui2p12) + capir + s + cep11 + crpi2 + cgp2n. (3.2)
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It is convenient to introduce the following differential operators

Lysqy = w12D1 — un1 Do, Liy) = u2e D1 — u12Ds,

Ly = u2t D1 — w1 D2 = va D1 — v1 D, v = uy,
so that the symmetry condition (3.2) becomes

{e1(DiLygy — D1Ligwy) + ca(DiLygay — DaLyaw) + c3(DiLyg) — DaLiay) — D}
+ e4D1 Dy + ¢s D2 Dy + gD} + e7D1Ds + cs D3 o = 0. (3.3)

4 Recursion relations and Lax pairs

E. Ferapontov et al. in [3] have derived an integrability condition for the symplectic Monge—
Ampere equation of the following general form (equation (21) in [3])

Urp U2 U3
det +h —u3s) +h —uiy) +h —u?
ede U2 U222 U23 1{U22U33 Uo3z 2(U11U33 Uy3 3\ U11U22 Uyo
U1z U23 U33
+ g1 (U11u23 - u12U13) + ,92(“22”13 - U12u23) + gg(U33U12 - u13u23)

+ s1u11 + Sauge + s3u3zz + Tiu23 + Tou13 + 13U + v =0 (4.1)

with constant coefficients. Here integrability means that the equation (4.1) admits infinitely
many hydrodynamic reductions [5]. For our evolutionary equation (2.2) the coefficients in (4.1)
are

hi =hy =h3=g3 =0, g1 = —c1, g2 = c2, $1 = cg, S9 = cg,

832—1, 71 = Cs, T = C4, 73 = C7, V = C9. (4.2)
The integrability condition given in [3, formula (22)] for the equation (4.1) has the form

his? 4+ h3s2 + h2s2 + g2sos3 + gas1s3 + gasiso — 2(h1hasiso + hihssis3 + hohssass)

+ des15283 + Avhihahs + emiTams — vg19293 — €€V — v(gihy + g3ho + g3h3)

— (171 + 9272 + 9373 + 2ev)(h1s1 + hasa + hyss — ev)

+ 2(g1h18171 + gohasaTs + g3hsaTs) + TEhohg 4+ Tohihg + Tihiho

— (751 + T3 52 + T3S3) + 51719293 + S2T20193 + $3T39192

— (g1h17273 + gohaTi73 + g3haTiT2) = 0. (4.3)

For the equation (2.2) due to identifications (4.2), the integrability condition (4.3) becomes
ca(crer — cace + c3cq) = c1(cies + cacs) — ca. (4.4)

We show explicitly that any equation of the form (2.2) satisfying (4.4) is also integrable in the
traditional sense by constructing Lax pair for such an equation.

4.1 Generic case

In the integrability condition (4.4) we assume

c1-co-cg #0.
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The following procedure extends A. Sergyeyev’s method for constructing recursion operators [16].
Namely, unlike [16], we start with the skew-factorized form of the symmetry condition and
extract from there a Lax pair for symmetries instead of building it from a previously known
Lax pair. After that we construct a recursion operator from this newly found Lax pair using
Proposition 1 from [16].

The linear operator of the symmetry condition (3.3) for integrable equations of the form (2.2)
can be presented in the “skew-factorized” form

(AlBQ - AzBl)gp = 0. (45)

If we introduce two-dimensional vector operators R = (A1, A2) and S = (B1, B2), then the
skew-factorized form (4.5) becomes the cross (vector) product (R x S)¢ = 0. Here differential
operators A; and B; are defined as

Ay = 1Dy — c3Da, Ay = —(caDy + c3Dn),
Bi1 = c1(e3La) — c1liawy) + c1c6D1 + (erer — cac + c3ca) D2,
By = (63L12(1) + CQle(t)> + (cgeq — cacg) Dy — c1ec8 Doy — c3Dy. (4.6)

These operators satisfy the commutator relations
[A1, A2] =0, [A1, Ba] — [A2, B1] = 0, [B1, Ba] =0, (4.7)

where the last equation is satisfied on solutions of the equation (2.2).
It immediately follows that the following two operators also commute on solutions

X1 =MA1 + By, X9 = AAg + By, [Xl,XQ] =0, (4.8)

and therefore constitute Lax representation for equation (2.2) with A being a spectral parameter.
Symmetry condition in the form (4.5) not only provides the Lax pair for equation (2.2) but
also leads directly to recursion relations for symmetries

Al@ = BlQ07 AZSZ) - B2S07 (49)

where ¢ is a potential for ¢. This follows from a special case of Proposition 1 of [16] which we
recapitulate here together with its proof for the readers’ convenience. Indeed, equations (4.9)
together with (4.7) imply (A1B2 — A2B1)p = [A1, A2]¢ = 0, so ¢ is a symmetry characteristic.
Moreover, due to (4.9)

(A1By — A3B1)¢ = ([A1, Ba] — [Ag, B1] + B Ay — B1A3)¢ = [Ba, Bilp =0,

which shows that ¢ satisfies the symmetry condition (4.5) and hence is also a symmetry. Thus,
¢ is a symmetry whenever so is ¢ and vice versa. The equations (4.9) define an auto-Béacklund
transformation between the symmetry conditions written for ¢ and ¢. Hence, the auto-Backlund
transformation for the symmetry condition is nothing else than a recursion operator. Finally,
we must remark that this approach to recursion operators originated from the much older work
published in 90th [8, 12, 15].

The skew-factorized form of the symmetry condition is by no means unique. We can derive
another version by using the discrete symmetry transformation

Cl <> —C2, C4 < Csp, Cg < Cg, D1 — —DQ, Dt — —Dt, V< —0,
L1y ¢ Li2), (4.10)
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while the operator Ly is not changed. Applying (4.10) to operators (4.6) we obtain a new set
of operators

A1 = coDy + c3Dn, Aoy = c3Dy — c1 Dy,
Bi = —ca(csLyay + caLiagy) + (cac7 — crcs — c3c5) D1 4 cacs Dy,
By = ¢ (Clle(t) — 03L12(2)) — CQCGDl — (Clcg =+ 6365)D2 + Cth, (4.11)

which also satisfy the skew-factorized form (4.5) of the symmetry condition (3.3) and the same
commutator relations (4.7). Using these operators in (4.8) and (4.9) we obtain the second Lax
pair and another set of recursion relations for symmetries, respectively.

It may be interesting to note algebraic relations between the two recursion operators, namely,
determined by the set (4.6), marked below with the superscript (!, and by the set (4.11), marked
with the superscript (2

Af) _ _Ag)’ Agz) _ _A§1)7
e2BY 1+ 6B = 540 BV 1 ¢,B® = 540,

4.2 Particular cases

We now consider particular cases ¢; =0, co # 0 and ¢ =0, ¢ # 0.
In the first case integrability condition (4.4) reads

c1 =0, co#0 = ca(cace — c3eq) = c%. (4.12)

If we set ¢; = 0 in our first set of operators (4.6) from the generic case, these operators become
linearly dependent and the skew-factorized representation (4.5) does not reproduce the symmetry
condition (3.2). Therefore, we have to put ¢; = 0 in the second set of operators (4.11) with the
result

Ay = oDy + c3Dy, Ao = c3Ds,
Bi = —ca(e3Lya) + c2Liaq)) + (cacr — e3cs) D1 + cacgDa,
BQ = Cth — 6263L12(2) - CQC6D1 - 6305D2. (413)

Operators (4.13) satisfy skew-factorized form (4.5) of the symmetry condition (3.3) and the
commutator relations (4.7). Therefore, as is shown above, equations (4.9) yield the recursion
relations for symmetries

(caDi + c3D1)@ = {—ca(esLiaqy + caliagy) + (cacr — e3cs) D1 + cacgDa fop,
c3Dap = (c3Dy — caczLiga) — caceD1 — cacs Da) g,

and the operators

X1 = Mc2Dy + ¢e3D1) — calesLaggny + calngwy) + (cacr — c3cs) D1 + cacg Do,
Xo = AegDsy + c3 Dy — CgCngg(z) + cocg D1 + c3c5D2

commute on solutions and so constitute Lax pair for the equation (2.2) at ¢; = 0.
In the second case cp = 0, integrability condition (4.4) has the form

co =0, a1 #0 =  ci(cicg+ c3c5) = c%. (4.14)
We set ¢a = 0 in our first set of operators (4.6) in the generic case to obtain

A1y =c1Dy — e3Ds, Az = —c3Dx,
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By = c1(e3Lygo) — e1liawy) + cice D1 + (cier 4 e3¢q) Dy,
By = 0163L12(1) + cgcq D1 — c1cg Do — c3Dy. (4.15)

Operators (4.15) also satisfy skew-factorized form (4.5) of the symmetry condition (3.3) and
the commutator relations (4.7). Therefore, as is shown above, using these operators in (4.8)
and (4.9) we obtain the Lax pair and recursion relations for symmetries in this case.

We could not use the second family of operators (4.11) at co = 0 because skew-factorized
form (4.5) would give identical zero instead of reproducing the symmetry condition.

We note again that the skew-factorized form of the invariance condition (4.5) is still not
unique. One could obtain such a form at co = 0 with a different choice of the operators A;
and B;

Ay = 1Dy, Az = c3Dy — 1Dy,

By = { Lyg1) + (c1c5 — ¢3) Dy — e1 Dy,

By = c1{csLig) — 1Ly + caDy + c6D1 4 c7Da ). (4.16)
Recursion relations and the Lax pair are still valid with the new definitions (4.16). Since the
latter choice leads to more complicated recursion operator and second Hamiltonian operator, we
stick to our previous definitions (4.15).

Finally, the case ¢; = 0 together with ¢ = 0 implies ¢35 = 0 from the integrability condi-
tion (4.4) and hence corresponds to linear equation (2.2).

4.3 Special case c3 =0

In the integrability condition (4.4) we assume
c1-ca #0, c3=0 =— cicec7 = C%Cg + cgcﬁ.

Then the linear operator of the symmetry condition (3.3) can be presented in the skew-factorized
form (4.5) with the following operators A; and B;

Ay = 1Dy, Ay = 1Dy + 2Dy = Vo,
By = cicaLyawy — c2c6 D1 — crcg Dy,
By = ca{c1Lig1y + c2Lig2) + caD1 4 ¢s Dy — Dy} (4.17)

Operators (4.17) satisfy the commutator relations (4.7) and hence, as is shown above, the equa-
tions (4.9) produce the recursion relations for symmetries

c1Dip = {c1caligqy — cacg D1 — crcs Da b,
Ve(P) = ca{ciLiay + c2Lia(e)) + caD1 + cs D2 — Dy}, (4.18)

and the operators

X1 =2AaDy+ crcaLygy — cacg D1 — cics Do,
Xy = AV + ca{e1Lioy + c2Lya(o) + caD1 + ¢sDa — Dy}

commute on solutions and so constitute Lax representation for the equation (2.2) at ¢z = 0.

We note that if we considered this case as a particular case at ¢z = 0 of the operators (4.6)
or (4.11) of the generic case, then operators A;, B; would be linearly dependent and the skew-
factorized form (4.5) would not yield the symmetry condition (3.3).
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5 Two-component form

Introducing the additional dependent variable v = u;, we convert equation (3.1) into the evolu-
tionary system

Ut = v,
v =11 Ve(uz) — v2Ve(ur) + c3(urrus — uiy)

+ cqu1 + c5v2 + ceur1 + cruie + cgug + cg. (5.1)

Lie equations become u, = ¢, v; = 1, so that u; = v implies the first invariance condition

Pr = 1.
The second invariance condition is obtained by differentiating the second equation in (5.1)
with respect to the group parameter 7

P = Ve(u2)h1 + v1Ve(p2) — Ve(ur) s — v2Ve(p1)
+ c3(u22p11 + U192 — 2u12¢912) + a1 + c5th2 + cep11 + Crp12 + Cspa.

The Lagrangian for system (5.1) is obtained by a suitable modification of the Lagrangian (2.3)
of the one-component equation (2.2), skipping some total derivative terms

2

v U
L= Ut — ? + ?t{cl (UQUH — U1U12) + CQ(UQU]_Q — ul’LLQQ)}
U c3 u
- 5(04111 + csug) + gu(unum - U%g) + §(CGU11 + cruig + cgug2) + cou. (5.2)

6 Hamiltonian representation

To transform from Lagrangian to Hamiltonian description, we define canonical momenta

OL 1 1
Tu = 7— = v+ = {c1(uguir — wruiz) + ca(ugurz — uruge) b — = (caur + csug),
8ut 3 2
OL
v 8Ut ’ ( )

which satisfy canonical Poisson brackets

(), ub()] = kol — 1),
where u! = u, u?> = v, z = (21,22), the only nonzero Poisson bracket being [m,,u] = 6(z1 —
21)0(z2 — 25). The Lagrangian (5.2) is degenerate because the momenta cannot be inverted
for the velocities. Therefore, following the theory of Dirac’s constraints [1]|, we impose (6.1) as
constraints

1 1
Ty —V— 3 [01(U2U11 — uiu12) + c2(uguin — U1u22)] + §(C4U1 + csuz),

P, 5
P,

Ty
and calculate Poisson bracket for the constraints

Kll - [(@u(zlsz))(bu’(zivzé)]a K12 — [(I)U(ZLZQ)a (P’U’(Ziazé)]v
Koy = [®,(21, 22), P (21, 25)], Koy = [®y(21, 22), @y (21, 25)).
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We obtain the following matrix of Poisson brackets, which for convenience we multiply by the
overall factor (—1)

ke (B0 ) 02

where
K11 = ci(u1n1Da — u12D1) + ca(ui2Da — u2oD1) — caDy — ¢5Ds.

The Hamiltonian operator is the inverse to the symplectic operator Jy = K~!

0 1 0 1
Jy = = . 6.3
0 (—1 —Kn) (—1 c1Lig(ny + caLlige) + caD1 + C5D2> (63)

Operator Jy is Hamiltonian if and only if its inverse K is symplectic [7], which means that
the volume integral Q = [[[i, wdV of w = (1/2)du’ AK;;du’ should be a symplectic form, i.e., at
appropriate boundary conditions dw = 0 modulo total divergence. Another way of formulation
is to say that the vertical differential of w should vanish [9]. In w summations over ¢, j run
from 1 to 2 and u! = u, u? = v. Using (6.2), we obtain

1
W= 5 [cl (ur2du A duy — updu A dug) + ca(ugadu A duy — uiedu A dug)
— cadu A dug — esdu A dug — 2du A dv}. (6.4)
Taking exterior derivative of (6.4) and skipping total divergence terms, we have checked that
dw = 0 which proves that operator K is symplectic and hence Jy defined in (6.3) is indeed

a Hamiltonian operator.
The first Hamiltonian form of this system is

Ut -0 5’UH1 ’
where we still need to determine the corresponding Hamiltonian density Hi. We convert L
from (5.2) to the form

2
v c3 U
L =wm, — 0y + gu(uuum — u%2) + 5(66u11 + cruia + cguge) + cou,
and apply the formula Hy = m,us + myvy — L, where m, = 0, with the final result

1)2 C3

1
H, = 57 gu(unum - U%Q) — iu(cﬁun + cruia + cgugg) — cou.

7 Recursion operators in 2 X 2 matrix form

7.1 Generic case: ¢y - cy-c3 #0

We define two-component symmetry characteristic (¢, )T (where T means transposed matrix)
with ¢ = ¢y and ($,1)T with ¢ = @; for the original and transformed symmetries, respectively.
The recursion relations (4.9) with the use of (4.6) for the operators A;, B; take the form
19 — e3Dap = Bip = {e1(esLyar) — c1Liaw) + crce D1 + (csca + cior — eacg)Da oo, (7.1)
—CQIZNJ - 63D1g5 = BQQO = {61(63L12(1) + CQng(t)) + (0364 - CQCG)Dl - CngDQ}(,D - Cgﬂ).
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Combining these two equations to eliminate first 1Z and then ¢, we obtain

Ve(@) = c1{Ve(ur)pz — Ve(ug)p1 } — creapr — (c1e5 — c3)p2 + a9,
Vc(l/;) = CI{VC(UISOQ — v201) + c3(u2011 + U122 — 2u12012)
+ cop11 + 112 + Capaz } + caia,

where the subscripts of ¢ and v denote partial derivatives. Applying the inverse operator V1,
which is defined to satisfy the relations V'V, = 1, we obtain the explicit form of recursion
relations

¢ = V. (er{Ve(ur)p2 — Ve(u)p1 — capr — cspa} + c3pr + e19)),
)= c1(vip2 — vae1) + VC_1<C1{C3(U229011 + u11922 — 2u12012)
+ cop11 + Crpra + capan | 4 c312). (7.2)

Here an important remark is due. The operator V! can make sense merely as a formal inverse
of V.. Thus, the relations (7.2) are formal as well. The proper interpretation of the quantities
like V1 and of (7.2) requires the language of differential coverings, see the original papers [8, 12]
and the recent survey [9].

In a two component form, the recursion relations (7.1) read

(9)-1(9

with the recursion operator R in the 2 x 2 matrix form

. Ri1 Clvc_l
R= (Rm s Dz) (7.4)

with the matrix elements

Ri1 =V, c1{Ve(u1)Ds — Ve(uz)Dy — e4aDy — es Do} + e3Ds),
R21 =C <7)1D2 — U2D1 + V;1{63 (’LLQQD% + unD% — QU12D1D2)
+ C6D% + 7DDy + CgD%}>. (7.5)

Next, we use the alternative set (4.11) of operators A;, B; in the recursion relations (4.9)
presented in a two-component form

o) 4 c3D1p = Brp = {—ca(esLiar) + c2Liawy) + (cacr — cics — e3cs) Dy + cacgDa }op,
c3Dap — c19) = Bagp = {ca(c1Liasy — e3Lyaga)) — cacgDy — (crcs + eses) Da b + csib.

Combining these two equations to eliminate first ¢) and then », we obtain the explicit form of
recursion relations

¢ = V. {—calc1Lisry + c2lig(z)) — (caca + ¢3) D1 — cacs Do} + V',
- B ¢
Y= <03Vc 'D, {01L12(1) + coLya2) + (04 + g) Dy + CsDz}

1
+ {—(C3L12(1) + caLliayy) + g(6207 —ci1c8 — c3¢5) Dy + C8D2}> ¢ — 3V, ' D1y,

and we immediately extract the second recursion operator R’ in the 2 X 2 matrix form

/ —1
I 11 2V,
= (R/21 —C3V;1D1)’ (76)
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where
C
Ry = -V, ! {01L12(1) + caLiag) + (64 + ;) Dy + C5D2} :
— C
R,21 =3V, 1D1 {ClLIQ(l) + C2L12(2) + <C4 + Ci) Dy + C5D2}

1
— (e3Lig1) + caliow) + 6(6207 — c1c8 — c3¢5) D1 + e Da. (7.7)

7.2 Particular cases

We consider again particular cases ¢y =0, co # 0 and ¢2 =0, ¢1 # 0.
As we know from Section 4, the first case, ¢; = 0, ¢ # 0 should be considered as a particular
case of the second recursion operator R’ from (7.6) and (7.7) with the result

_ C _
_C2D2 1 <L12(2) + C§D1> — C5, l)2 1

C3

/ 1

21> _7D2 Dy
C2

R =

where
_ C
Ry = c3D5 ' Dy <L12(2) + 62D1> — (e3L1a(y + caLliawy) + e7D1 + gDy

and the integrability condition (4.12) has been used.
The second case, co = 0, ¢; # 0 should be considered as a particular case of the first recursion
operator R from (7.4) and (7.5) with the result

R Dl_l

R = c3
Ry —Dy'Dy
c1

with the matrix elements

Rll = —D;1{61L12(1) + (C105 — C3)D2} — C1(4,
Ry = *01L12(t) + cg D1+ c7 Doy + Dfl{c3 (U22D% + Ulng - 2’LL12D1D2) + C8D§}'

7.3 Special case: ¢; -c3 #0,¢c3 =0

Recursion relations (4.18) in a two-component form become

c19h = c1ea(vaip1 — V192) — Cacgp1 — CLC8 P2,
V(@) = e2{Ve(ua)pr — Ve(ur) gz + capr + cspa — b} (7.8)

The explicit two-component form of the recursion relations (7.8) is

¢ = V. e2{Ve(ua)pr — Ve(ur)ga + capr + cspa — v},
Co2Cgq

U = ca(vagp1 — v1p2) 1 — C8P2. (7.9)

&1

In the matrix form (7.3), the recursion operator arising from (7.9) reads

oV Y V(u2)D1 — Ve(u1) Do + c4Dy + csDa}, —c2V 1t

= . 1
R CQ(UQDl — 'Ul_DQ) - %Dl - CgDQ, 0 (7 0)
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8 Bi-Hamiltonian systems

8.1 Generic case
8.1.1 First family of bi-Hamiltonian systems

The second Hamiltonian operator J; is obtained by composing the recursion operator (7.4) with
the first Hamiltonian operator J; = RJy

Jlll J112 - Ri1 Clvc_l 0 1
J121 J122 - Ro1 CgvngQ -1 VC(UQ)Dl—Vc(ul)D2+C4D1+C5D2 ’

where we have used an alternative equivalent expression for the matrix element ng, with the
final result

_( —aV:t VoD
J1 = (—C3V01D2 J122 > ) (8'1)

J? = 3Lia) — c1Ligy + Vi {1 (ce DT + ¢7D1Da + csD3) + c3Da(caDy + c5D2) }.

Here operator Jp is manifestly skew symmetric. A check of the Jacobi identities and compatibility
of the two Hamiltonian structures Jy and J; is straightforward but too lengthy to be presented
here. The method of the functional multi-vectors for checking the Jacobi identity and the
compatibility of the Hamiltonian operators is developed by P. Olver in [14, Chapter 7] and has
been applied recently for checking bi-Hamiltonian structure of the general heavenly equation [18§]
and the first heavenly equation of Plebanski [17] under the well-founded conjecture that this
method is applicable for nonlocal Hamiltonian operators as well.

The next problem is to derive the Hamiltonian density Hy corresponding to the second
Hamiltonian operator J; such that implies the bi-Hamiltonian representation of the system (5.1)

Ut . (5uH 1 . 5UH0 - (3
<’Ut> -0 <5UH1> o Jl <5UH0 o V¢ ’ (82)
where v; should be replaced by the right-hand side of the second equation in (5.1). Then we
could conclude that our system (5.1) is also integrable in the sense of Magri [10, 11].

Proposition 8.1. Bi-Hamiltonian representation (8.2) of the system (5.1) is valid under the
constraint

1
cog = 0—2{06(03 — c1¢5) + cacrer — cacs + c3cq) } (8.3)
1

with the following Hamiltonian density

1 c c3 — c1c c cse
Hy=w {Vc(u) + —422 + wzl + 30} — —BQUQVC(U) + 3—24u. (8.4)
C1 C1 1 2cq “

Proof. We will need the following simple relation between J?2 and the operator B; from (4.6),
which is involved in the recursion relations (4.9) and Lax pair (4.8)

1
Ji = C—(Bl + V. 'e3D3). (8.5)
1
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Acting by the first row of J; on the column of variational derivatives of Hy in (8.2) and app-
lying V. we obtain

Ve (6, Hoy + Ji26,Ho) = c3DadyHo — c16,Ho = V(v) = c1v1 + cava. (8.6)
On account of the relation (8.5), the second row of the last equation in (8.2) reads

TE6uHo + T26,Hy = - Bud,Ho + DoV, caDad, Ho = 18, Ho) = v,
which with the use of (8.6) becomes

CllBl((SvHo) + z—jvg =v, <=  Bi(0,Hpy) = crvy — c3va. (8.7)

We assume a linear dependence of Hg on v

Ho=blulv+cu] = 0,Hy= % = b[u], (8.8)

where b and ¢ depend only on u and its derivatives.
We note that adding to Hy the term av? with constant a does not contribute to the Hamil-
tonian flow

8, Ho
5 <5vH0>

and hence this is unnecessary.
Plugging (8.8) into equation (8.7) and using the definition of B; from (4.6), we obtain

61{03(UQ2D1 [b] - U12D2 [b]) + C1 (UlDQ [b] — ’U2D1 [b])} + 0166D1 [b]
+ (6167 — C2C¢ + CgC4)D2 [b] = Cl{vlvc(UQ) — UQVC(U1) + C3 (U11U22 — u%2)
+ cavy + csv2 + court + crurg + cgug + ¢y} — cva. (8.9)

Splitting equation (8.9) with respect to v; and vy and collecting separately terms with v; and v
implies the following two equations

1 c3 — cic 1
Difb] = — {Vc(ul) + (315)} . Dofb] = —(Veluz) + c4). (8.10)
C1 C1 C1
Integrating these two equations we obtain
1 c c3 — c1c¢
b=—V.(u)+ —422 + (?’7215)21 + 50, (8.11)
C1 C1 Cl

where sg is a constant of integration. Plugging (8.10) into the remaining terms in (8.9), we
note that the terms cjcz(uijuge — ud,) and all terms proportional to uj; and uj2 are canceled
identically while the terms proportional to ugg cancel due to integrability condition (4.4). The
remaining constant terms in (8.9) imply the relation (8.3) which is an additional (“Hamiltonian”)
condition for integrable system (5.1) to have bi-Hamiltonian form.

Using the result (8.11) for b in our ansatz (8.8) for Hy yields

1 —
Hy=v {Vc(u) + wzl + 30} + clu]. (8.12)
C1 C1 Cl
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From (8.6) we have
1
SuHy = 8,(00ul0) + 8u(clu) = —{esDalt] — V(o)) (5.13)
where (8.11) implies that
1
du(bv) = ——V(v).
C1
After cancelations, equation (8.13) yields

Su(clu)) = Z—ng[b] = 2(%(1@) + ), (8.14)

where Ds[b] from (8.10) is used. This result obviously suggests c[u] to be of the form
clu] = auyug + Bus + y(u) (8.15)

with constant « and 3, so that d,(c) = —D;(cqug) — Da(auy 4+ 2ug) ++'(u). Plugging the latter
expression in the equation (8.14) we find the coefficients in (8.15) to be

c3 coc3 () csca o
= —— = —— —_ = 0
2¢;’ 2¢2”7 c

with the constant of integration o, so that c[u] in (8.15) becomes

C3 C3C4
clu] = ——Z5uaVe(u) + —5-u + 0.
2cf ]

We have now completely determined the Hamiltonian density Hp in (8.12) to be (8.4), where
we have skipped the additive constant 7. |

With the Hamiltonian density Hy from (8.4), corresponding to the second Hamiltonian ope-
rator Ji, the system (5.1) admits bi-Hamiltonian representation (8.2), provided that the inte-
grability condition (4.4) and bi-Hamiltonian constraint (8.3) are satisfied in the generic case.
Thus, we obtain the first seven-parameter family of bi-Hamiltonian systems.

8.1.2 Second family of bi-Hamiltonian systems

Composing an alternative recursion operator R’, determined by (7.6) and (7.7), with the first
Hamiltonian operator Jy we obtain an alternative second Hamiltonian operator J; = R'.Jy with
the resulting expression

—Cgvc_l —C3VC_1D1

J = 1 , 8.16
! 3V 1Dy (3V. D} + By)) (8.16)

e
where Bj is defined in (4.11). Next task is to determine the Hamiltonian density H{, corre-
sponding to Jj in the bi-Hamiltonian representation

SuH1\ (6uHy\ (v
Jo <5le> = (smy) = \u ) (8.17)
A check of the Jacobi identities for J; and compatibility of the two Hamiltonian structures Jy
and J] is straightforward and too lengthy to be presented here.
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Proposition 8.2. Bi-Hamiltonian representation (8.17) of the system (5.1) is valid under the
constraint

1
cg = 0—2{08(0264 +¢3) + cs(cicg — cacr + 0305)} (8.18)
2
with the following Hamiltonian density
Hj = 2 {Vc(u) —cs521 + (04 + 03> ZQ} + sov + C—?’Q(ulvc(u) + 2c5u). (8.19)
C9 Cc2 262

Proof. Acting by the first row of J{ on the column of variational derivatives of H{, in (8.17)
and applying V. we obtain

1
6uHy = —;(Cng(svH(l) + V). (8.20)
2
The second row of equation (8.17) becomes
1
esVI1Dy 6, HY + ;(cgvc—lpf + By)6,H) = vy,
2

which with the use of (8.20) becomes

B1(6,H)) = covg + c3v1. (8.21)
We again assume H(, to be linear in v
H/
Hy=blulv+cu] = 6,H)= 8(%0 = blul, (8.22)

where b and ¢ depend only on u and its derivatives. Plugging (8.22) into equation (8.21), using
the expression for By from (4.11) and v; from our equation (5.1), we obtain the equation linear
in v1 and ve, similar to (8.9). Equating the coefficients of v; and vy in this linear equation on
both sides, we obtain

1 1 c
Di[b) = —{Ve(u1) — s},  Dofp] = — {vc(uQ) +oeq+ 3} . (8.23)
(6] C2 C2
Integrating these equations we obtain
1 c3
b=—<Ve(u)—csz1+ [ ca+ =) 22 p + 0. (8.24)
C2 C2

Plugging the expressions (8.23) in remaining terms of the equation linear in v, and vy, we find
that all variable terms cancel and we end up with the relation (8.18) among constant terms.
This is again an additional condition for integrable system (5.1) to have bi-Hamiltonian form
which is in general different from (8.3) obtained for our first choice of the operators A4;, B;.
Thus, we obtain two different families of seven-parameter bi-Hamiltonian systems.

Plugging the expression (8.24) for b into the formula (8.22) for H|, calculating 6, H|, and
using equation (8.20), we obtain

cs
dyclu] = ——= (cru1 + caurz — c5),
€3

which implies
c
clu] = ﬁ(ulvc(u) + 2c51) + 0. (8.25)
2
Using our results (8.24) for b and (8.25) for c[u] in the formula (8.22), we obtain the Hamiltonian
density H), to be (8.19) for the alternative bi-Hamiltonian system (8.17) in the generic case. Here
again we have skipped the additive constant . |
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8.1.3 A family of tri-Hamiltonian systems

If we impose an additional condition on the coefficients such that both constraints (8.3) and
(8.18) coincide, we eliminate c¢g and consider the resulting condition together with the inte-
grability condition (4.4) and the constraint (8.3). With these three conditions, we obtain a
six-parameter family of tri-Hamiltonian systems

ug\ 5uH1 —J (5uH0 . J/ 5uH(/)
v )~ PO\6,Hy ) T TP \6,Hy) — M\ 6, H]
with compatibility of the three Hamiltonian operators Jy, Ji, Ji been checked. An explicit solu-

tion of the two constraints together with the integrability condition (4.4) for the tri-Hamiltonian
system has the form

1 2 2 1 2 2
cy = —(c5c6 — cjcg — cqc3c cr = —|(2cjc 2cic3c5 — ¢
4 6263(26 1C8 135), 7 6102( 168 + 2ci1c3¢5 3)7
c3Cs + c1c8 C6C8
Cg = 7( 5 ){63(63 — 6165) — C%Cg} + —
610203 C3

with the six free parameters c1, co, c3, ¢s5, cg, Cs.

8.2 Particular cases

The first case ¢ = 0, co # 0 we should treat as a particular case of the second bi-Hamiltonian
family. Therefore, we put ¢; = 0 in the second Hamiltonian operator Jj from (8.16)

C3

-1
—D;
2

Dy'Dy
€3 y—1 312, 1 ’
*DQ Dl 7D2 Dl‘l_*Bl
Co (651 C9

where B is defined in (4.13), so that explicitly we have
1\22 C3Cs
(J1)*= = _(03L12(1) + C2L12(t)) + <C7 - 02> Dy + cgDs.

The corresponding Hamiltonian density is a particular case of the density H| from (8.19) at
c1=0

Cs Co C3 C3C5

!

Hy=v{us— —21+ —22 0 + Sov + s—uwug + —5-u,
Co c3 2co cs

where the integrability condition c3(cacs+c3) = C%CG has been used and an additional constraint
has the form

1
cg = ?{68(0204 + 63) + 65(0305 — 0207)}.
2

The second case co = 0, ¢; # 0 is treated as a particular case of the first bi-Hamiltonian
family, so we put co = 0 in the second Hamiltonian operator J; from (8.1)

—D;? S prip,
J1 = 2 “ 1
1= c c
2Dy 2DrDE+ — By
c1 ci c1
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where Bj is defined in (4.15), so that we have explicitly
2 _ 12 C3C4
(J1)= = 6—2D1 D5 + 03L12(2) — ClL12(t)) +cgD1+ | cer + ? Ds.
1
The corresponding Hamiltonian density is a particular case of the density Hy from (8.4) at ¢ = 0
c c c csc
Hy=v|u + *422 + jzl + 80 | — iUﬂ,LQ + 3724'&,
c1 c3 2cq 5
where integrability condition (4.14) has been used, with the additional constraint

1
co = 6—2{06(03 — c165) + cacrer + eseq)
1

8.3 Special case c3 =0

The second Hamiltonian operator is a composition J; = R.Jy of the recursion operator (7.10) for
this special case with the first Hamiltonian operator Jy. Multiplication of these two matrices
yields

1
It = —c <’01D2 —vsDy + Dy + CSD2> =—bB
C1 C2 C1
with B; defined in (4.17).
The remaining problem is to obtain the Hamiltonian density Hg corresponding to the second
Hamiltonian operator .J; according to (5.1)

(SuH(] [V
() - (1) -
Proposition 8.3. Bi-Hamiltonian representation (8.26) of the system (5.1) is valid under the
constraint

o — (crcac8 — cacsC6) (8.27)
C1C2

with the following Hamiltonian density

Hy = CE{—VC(U) + 521 — c429 + So }- (8.28)
2

Proof. The equation following from the first row of the matrix equation (8.26) is co V28, Hp =
v or equivalently

1 c
SuHo = —Ve(v) = —v1 + va. (8.29)
C2 Co

The second row of (8.26) yields

1
aBl((svH()) = Vt. (830)
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We assume again a linear dependence of Hy on v
Ho =bulv+cu] = 0,Ho="0b[u], (8.31)

where b and ¢ may depend on u and its partial derivatives.
Using (8.31) and also using the definition of By and vy, given by (5.1), on the left-hand side
and right-hand side of (8.30), respectively, we obtain

eo(v1 Da[b] — va Dy [B]) + %Dl [b] + s Dalb]

= —{’Ulvc(UQ) — Uzvc(ul) + Cc4qV1 + C5V2 + CeUL1 + CTUL2 + CRU22 + Cg}. (8.32)

Splitting this equation with respect to v; and vo we obtain two equations

1 ¢ ] .
D) =~ Ve(w) + é Daft] =~ Ve(uz) - é

which are integrated in the form
1
b= C—{—Vc(u) + c521 — Cazo + 80}. (8.33)
2

Using (8.33), we check that all the remaining nonconstant terms in (8.32) cancel and we obtain
an additional relation (8.27) between coefficients. Plugging the expression (8.33) for b into (8.31)
for Hy we obtain

Hy = Cl{—vc(u) + ¢521 — caza + 50} + clu). (8.34)
2

Computing §, Hy from (8.34) and plugging the result into (8.29), we conclude that d,c[u] = 0
and hence we may choose c[u] = 0. Thus, we end up with the formula (8.28). |

9 Conclusion

We have shown that all the Euler-Lagrange equations of the evolutionary Hirota type in (24 1)
dimensions have the symplectic Monge-Ampere form. The symmetry condition for such an
equation is converted to a skew-factorized form. Then recursion relations and Lax pairs are
obtained as immediate consequences of this representation. We have converted the equation into
a two-component evolutionary form and obtained Lagrangian and recursion operator for this
two-component system. The Lagrangian is degenerate because the momenta cannot be inverted
for the velocities. Applying to this degenerate Lagrangian the Dirac’s theory of constraints,
we have obtained a symplectic operator and its inverse, the latter being a Hamiltonian opera-
tor Jy. We have found the corresponding Hamiltonian density H;, thus presenting our system in
a Hamiltonian form. Composing the recursion operator R with Jy, we have obtained the second
Hamiltonian operator J; = RJy. We have found the Hamiltonian density Hy corresponding
to J1 and thereby obtained bi-Hamiltonian representation of our system under one constraint
on the coefficients, which is additional to the integrability condition. Thus, we end up with
a seven-parameter class of bi-Hamiltonian systems in (2 + 1) dimensions.

Representation of symmetry condition in an alternative skew-factorized form produces an-
other seven-parameter family of bi-Hamiltonian systems which satisfy another constraint, addi-
tional to the integrability condition. This constraint is different from the additional constraint
for the first family of bi-Hamiltonian systems. If we require both constraints to coincide, then,
accounting also for the integrability condition, we end up with a six-parameter family of tri-
Hamiltonian systems.

We apply similar methods to Hirota equations in 3 + 1 dimensions with similar results. This
work is in progress and will be published elsewhere.
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