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Abstract. We construct a class ©® of homomorphisms from a Specht module S to
a signed permutation module Mz («|B) which generalises James’s construction of homo-
morphisms whose codomain is a Young permutation module. We show that any ¢ €
Homyg,, (Sz‘, Mz(a|ﬂ)) lies in the Q-span of Oggq, a subset of Og corresponding to semis-
tandard A-tableaux of type (a|3). We also study the conditions for which @, — a subset

S

of Hompg,, (Sﬂ‘\7 Mr (o 6)) induced by ©Ogstq — is linearly independent, and show that it is
a basis for Homgg, (S7, Mr(a|B)) when FS,, is semisimple.
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morphism
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1 Introduction

Modular representation theory of finite groups, unlike its ordinary counterpart, is not at all well
understood. Even for ubiquitous groups like the symmetric groups, many fundamental questions
remain open. It is therefore important to understand the naturally occurring representations,
as these may provide more information about the modular representation theory in general.

Among the naturally occurring representations of the symmetric groups, the Young permu-
tation modules are perhaps the most well-known. James [7] studied these modules in detail
and exploited their knowledge to obtain important information such as those about the Specht
modules.

When the characteristic of the underlying field is not 2, the signed permutation modules are
a natural generalisation of the Young permutation modules. Their indecomposable summands,
known as signed Young modules, are first studied by Donkin in [3]. Subsequently, signed Young
modules are shown to be related to irreducible Specht modules. More specifically, Hemmer [6]
showed that irreducible Specht modules are signed Young modules and, recently, Danz and the
first author [2] described the label explicitly. Signed permutation modules for Iwahori-Hecke
algebras of type A are also studied by Du and Rui in [4].

In this paper, we construct a class @4 of homomorphisms from the Specht module S% to
the signed permutation module Myz(«|3), just like James did for the (unsigned) Young per-
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mutation module MI’FL . A subset of this class, denoted Ogq, is a direct generalisation of
James’s semistandard homomorphisms. James’s semistandard homomorphisms form a basis
for Hompg,, (SI/F\,MI’F‘ ), unless char(F) = 2 and A is 2-singular. It is therefore natural to seek
generalisation of this statement for our Ogtq. We show that Homzg, (5’2‘, My(a|B )) is contained
in the Q-span of Ogq, and provide a sufficient condition for Ogq to be linearly independent
when reduced modulo p. In particular, we prove that when FS,, is semisimple, with char(F) = p,
then reducing Ogtq modulo p does indeed give a basis for Hompg,, (S)‘, My («f ﬂ))

We found many examples in our study which show that the signed permutation modules
behave in a much more unpredictable way than the unsigned ones. We include some of these in
Examples 3.1, 4.1, 4.2 and 4.3.

The paper is organised as follows. In the next section, we give a quick introduction of the
background. In Section 3, we generalise James’s construction to obtain homomorphisms from
the Specht module S3 to the signed permutation module Mz(«|3), and in Section 4, we look
into the conditions for which a subset of our constructed homomorphisms, corresponding to the
semistandard A-tableaux of type («|B), will be a basis for Homge, (53, Mr(c|B)).

2 Preliminaries

In this section, we provide the necessary background and introduce some notations that we shall
use in this paper.
Throughout, we fix a field I of arbitrary characteristic.

2.1 Symmetric groups

Let X be a finite set. The symmetric group Gx on X is the group of bijections from X to X
under composition of functions. By convention, & is the trivial group. When Y is a non-empty
subset of X, we view Gy as a subgroup of & x by identifying an element of Gy with its extension
that sends x to x for all z € X \ Y.

Let X C Z*, and k € Z*. Define the k-translated subset X% of Z* by

Xt =z 4k 2ze X}
Let 61 = {f*: f € &x} where ft*: Xtk — X*F is defined by
ff@+k) = flx)+k

for all z € X. Clearly, f — fT* is a group isomorphism from Gy to G}k . For any S C Gy,
write ST* for {s*k: s € S}.
For n € Z*, we write &,, for S(1,2,..n}, the usual symmetric group on n letters.

2.2 Compositions and Young subgroups

A composition is a finite sequence of positive integers. Let A = (A1, g, ..., A,) be a composition.
£(0)

Then ¢(A\) = r. If > A\; = n, we say that A is a composition of n, and write |A\| = n. If in
i=1

addition Ay > Ay > -+ > Ay, then we call A a partition of n. The unique composition (or
partition) of 0 is denoted by @, and ¢(&) = 0.

To a composition A of n, we associate the Young subgroup &, of &,,, where
+s(A)

s(A
G, = 6,\16;2( . HGMM

-1 ~
_6)\1 X 6)\2 X X 6)\[(/\)

J
and s(A); = > A forall 1 <j </(X\)—1.
i=1
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Let («|B) be a bicomposition of n, i.e., @ and 8 are compositions and |a| + |3| = n. One
may view («|f) as a composition of n by concatenating a with 3, and so we have the associated
Young subgroup

Sojs = 66,4 2 6, x &5

2.3 Young diagrams

For a partition J, its Young diagram [A] is defined as
A ={(,4) €Z?:1<i<t(N), 1<j< N}

The conjugate partition of A, denoted )\, is the partition whose Young diagram [\] =

{(6,9): (G,4) € [A]}-

2.4 Tableaux

Let A be a partition of n. Define formally a A-tableau t as a bijective function t: [\] —
{1,2,...,n}. We usually view this as a labelling of the elements of [A\] by numbers 1,2,...,n,
such that each number appears exactly once. Denote the set of A-tableaux by .7 ().

Through a fixed A-tableau t we obtain a group isomorphism &,, = &) where we identify
o €GB, witht loogote &y Let Rpy and Cpy be the row and column stabilizers of [1], i.e.,

Ry ={f €6: V(i)
Ciy=A{f€6p:V(,7)

m m
> >
Ly
—_~ o~
N\ \'@
oL S
SN— S—
m m
> >
kﬁ kﬁ.
—~
~ ~
oW
SN— S—
—~ o~
) ~
Sl

N
N— ~—
— =~

Under the above group isomorphism, R[ corresponds to the row stabilizer Ry of t, i.e., Ry =
to Rpyo t~! C &, and similarly, Cy corresponds to the column stabilizer Cy of t, ie., Cy =
to () [\ © L.

Let t* denote the initial A-tableau, defined by t*(i,j) = A\; +--- 4+ \;_1 + j for all (i,5) € [)].
Observe that Ry = Gy

Post-composition of A-tableaux by elements of the symmetric group &,, gives a well-defined,
faithful and transitive left action of &,, on 7 (\),i.e.,0-t=cotforalloc € G, and t € T(N).
Observe that

Ryt = Ryot = (U © t) ° R[)\] © (U © t)_l =o0oRo U_l = URtJ_l’

and similarly, C,.¢ = 0Cyo~!. In particular, the row stabilizers of the A-tableaux are conjugate
subgroups of G.

A A-tableau t is standard if it is increasing along each row and down each column, i.e., we
have both t(i,7) < t(i,5") and t(i,7) < (¢, 5) for all (4,7), (¢,5'), (¢, 7) € [A] with j < 5/ and
i <d'. Write Z5q(\) for the set of all standard A-tableaux.

Let (a|B) be a bicomposition of n and A be a partition of n. We view a A-tableau T of type
(a]B) as a colouring of the nodes of [A] by the colours ci,cz,...,Coqy, d1, da, ..., dyg) such
that there are exactly «; nodes of colour ¢; and /3; nodes of colour d; for all 1 <1 < ¢(a) and
1 <j <¥(B). Formally, T is a function

T: [)\] — {031,(132, c ,@g(a),dl,dg,. . .,df(ﬂ)}

such that |[T~'({c;})| = a; and |[T71({d;})| = B; for all 1 < i < ¢(a) and 1 < j < ¢(B). We
write .7 (A, («|B)) for the set of all A-tableaux of type («|5).
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Let tg € 7 () be a fixed A-tableau (which may or may not be the initial A-tableau t* defined
above). We define the canonical A\-tableau of type («|f8) associated to ty, denoted as Ty, as
follows

k—1 k
e if Zaa < to(i,7) < Zaa for some k,
TO(Zyj) — a=1 1 a=1 .
dy if o] + > B < to(i,5) < |al + > By for some k,
b=1 b=1
namely, the nodes labelled 1,..., a1 by tg are coloured c¢1, those labelled a1 +1,..., a1 + ag are

coloured c9, and so on.

We also have a transitive left action on .7 (A, (a|B8)) by &,, through ty as follows: o - T =
To(tg) too totyforall o € &, and T € T (), («|B)). Thus, if (i,5) € [)] is labelled a by to,
while the node labelled o~!(a) by to is coloured ¢ (respectively, di) by T, then o - T colours
(4,7) with ¢ (respectively, di). Observe that under this action, the stabiliser of Ty is &,
Consequently, 7 (A, («|B)) is in a bijective correspondence with the set of left cosets of &,
in G, viad-Ty < dGaw. We set

Ty=d Ty

so that Ty = Ty if and only if d~'d’ € Sy -
We order the colours ¢q, €, ...,dq,do,... as follows

<< - <dy<dg<---.

A X-tableau T of type («|f) is row semistandard (respectively, column semistandard) if every
row (respectively, column) of T is weakly increasing. More precisely, T is row semistandard
if T(i,5) < T(4,4) for all (i,7),(4,5") € [N with j < 7/, and T is column semistandard if
T(i,j) < T(¢,7) for all (4,7),(,7) € [A\] with ¢ < i'. Following [14, Section 1.2] (see also [4,
Section 4]), we say that a A-tableau T of type («|fB) is semistandard if and only if

(i) T is both row and column semistandard,;

(i1) T(i,j) = T(i,j") for some (i,j), (¢,5") € [A] with j # j' only if T(4,j) = ¢ for some k;

(i) T(i,7) = T(,5) for some (i,7), (7, 7) € [A\] with i # ¢’ only if T(i, ) = dj, for some k.

We denote the set of semistandard A-tableaux of type (a|8) by Zasta(A, (] 3)).

Example 2.1.

(i) Let A = (2,2,1) and (a|B) = ((2)|(2,1)). Consider the following four A-tableaux of type
(alB):

Tl T2 T3 T4
C1|Cq C1 dl C1 dl C1|Cq
dl dQ C1 dg C1 dl dl dl
s sl bl bl

Only T; is semistandard.



Homomorphisms from Specht Modules to Signed Young Permutation Modules 5

(i) Let p > 2, A = (2,17%?) and (a|B) = (2|(p,2?)). Consider the following A-tableaux of

type (a|f):
T, T, Ts
aly|dy| dly[dy| oy [d3)
dy| I I
da| 1| 1|
da| da| da|
ds| ds| da|
ds| ds| ds|

Then T is not semistandard but T and T3 are. In fact, To and T3 are the only semis-
tandard A-tableaux of type (a|f), i.e., Zasta(A, («|B)) = {T2, T3}.

It is easy to see that the above discussion generalises the notion of A-tableaux of type u in
the classical case, in the sense that a (semistandard) A-tableau of type p is a (semistandard) A-
tableau of type (u|@). We denote by 7 (\, u) = 7 (A, (u|@)) the set of M\-tableaux of type p and
by Zastd( A, 1) = Tastd (A, (1|@)) the set of semistandard A-tableaux of type p. By convention,
17, (212)) = 1.

2.5 One-dimensional representations of symmetric groups

For the remainder of this section, let O be either F or Z. The signature representation of the
symmetric group &,, over O is denoted by sgn: &,, — {£1} C O. We shall abuse notation
and also write sgn for the O&,-module associated to it. In this latter context, sgn is O-free of
rank 1, with basis {¢}. We denote the trivial O&,-module that is O-free of rank 1 as O, with
basis {1}. Thus, 0-1 =1 and o - € = sgn(o)e for all o € G,,.

When H is a subgroup of &,,, we write the respective restricted O H-modules as O and
sgng. Sometimes, we shall abuse notation and write them as O and sgn when there is no
confusion.

2.6 Young permutation modules and Specht modules

Let u be a composition of n. The Young permutation module M(’; is the permutation module
associated to the left regular action of &, on the left cosets of &, in &,. In other words,
My = @dGHEGn/@L 0(d6,), and ¢ - (d&,) = (¢d)&,, for all 0 € G,, and dS&, € 6,,/6,,.

When i is a composition of n obtained by rearranging some parts of u, the Young sub-
groups &, and & are conjugate in &,,, so that Mg > Mé‘) as OG,,-modules.

Let A be a partition. Given a A-tableau t, let di = to (tA)fl. Then d; € &, and d; - t =
di o t* = t. We define the polytabloid

eci= Y sgn(o)(o- (di&y)) € Mp.
oeCl
The Specht module Sp is defined to be the O-submodule of M@ spanned by {e;: t € 7(\)}. It
is not difficult to see that 7-e; = e, for 7 € &,, and t € 7 (), so that Sé is an O&,,-submodule
of M}.
Let © = F and M* denote the contragradient dual of an FG&,-module M. The following
isomorphism is well known (see [7, Theorem 8.15]):

Sp @sgn = (SY)".
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Furthermore, FS,, is semisimple as an algebra if and only if either char(F) = 0 or char(F) > n,
in which case, the Specht modules Sﬁ‘, as A runs over all the partitions of n, give a complete list
of pairwise non-isomorphic irreducible F&,,-modules.

2.7 Signed permutation modules

Let («|5) be a bicomposition of n. We define the signed permutation module Mo(«|3) to be
Mo(alB) = Indg" ¢, (O R sgn),

where &, x Gg is identified with the Young subgroup &,z of &,. Thus, when I' is a left
transversal of &,3 in &,, Mo(a|B) has a basis {d®@ 1®e:d € '}, and 0 - (d® 1 ®e) =

sgn(&s)(d ® 1@ e) if od = d'é,64 1" where d €T, (€,€5) € Ga x G5

Observe that if & amd~ﬁ~ are compositions obtained by rearranging some parts of a and
respectively, then Mo (&|8) = Mo(«|B). Also,

Mo(a|B) ® sgn = Inngx65(<O ®sgn) X (sgn @ sgn)) = Mo (B|a).

The Young permutation module M!;, where p is a composition of n, in the previous subsec-
tion is isomorphic to Indgz O. Thus, M}5 = Mo(u|@). As such, signed permutation modules
generalise Young permutation modules.

Theorem 2.2 (signed Young’s rule). Let (a|3) be a bicomposition of n. The signed permutation
module My(c|B) has a Specht filtration in which, for a partition \ of n, the multiplicity of Sy
as a factor of the filtration equals | Zasta (N, (@]B))].

Dually, the signed permutation module Mp(«|B) has a dual Specht filtration in which, for
a partition X\ of n, the multiplicity of Syrp = (SI@‘)* as a factor of the filtration equals
‘fysstd(ka (a‘ﬁ))’

Proof. This is essentially proved by Du and Rui in [4]; we review their proof here. In the
proof of [4, Proposition 5.2], they showed that there is a Specht filtration for the signed g¢-
permutation module of the Iwahori-Hecke algebra of type A over the ring Z[v,v™!] (where v
is an indeterminate and ¢ = v?) with the correct multiplicity for each Specht factor. As such,
under specialization to any field F, we get a Specht filtration for the signed ¢-permutation module
with the correct multiplicity for each Specht factor. Since the symmetric group algebra is an
Iwahori-Hecke algebra of type A with v = 1 = ¢, the result follows. |

Remark 2.3. In a private communication with the authors, Andrew Mathas constructed ex-
plicitly a Specht filtration and a dual Specht filtration of the signed permutation module, with
the correct multiplicity for each Specht factor, for the Iwahori—-Hecke algebra of type A.

We record some immediate corollaries to the signed Young’s rule.
Corollary 2.4. Let («|B) be a bicomposition of n.

(@) [6n: Sas] = 25 1Tatd (M| Tasta (A, (@] B))|, where the sum runs over all partitions A of n.
(i1) For any partition X of n, | Tasta(\, (@] 8))| = | Tasta( N, (Bla))].

(#i1) Let @, B be compositions obtained by rearranging some parts of o and [ respectively. For
any partition A of n, | Tasta(A, (&|B8))| = | Tasta (A, (] 5))].

(tv) For any partition X\ of m +n, | Tsta(A, (a1 (1™)|8))] = |Tasta(A, (a8 U (1™)))] where U
denotes the concatenation of compositions.
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Proof. (i) It is well known that the Specht module S3 has dimension | Zq(A)] (see, for example,
[11, Theorem 1.1]). Taking the dimension of Mp(«|f) and applying Theorem 2.2 thus yield
part (i).

(ii) When F = Q, the Specht modules are the irreducible modules, so that the Specht filtration
in Theorem 2.2 is in fact a composition series. Thus

| Taa(\, (al8))| = [Ma(alB) : $3] = [Ma(alB) @ sgn : 53 & sgn]
= [Mo(Bla) : S = | Tasta(X, (Bla));

here, [M : S] denotes the composition multiplicity of an irreducible module S in M.

(iii, iv) These are proved in a manner similar to but easier than part (ii), using the isomor-
phisms Mg(a|f) = Mg(&|f) and Mg(au (1™)|8) = Mg(a|f U (1™)) respectively. [

3 Homomorphisms

Let A be a partition of n and p be a composition of n. In [7, Section 13|, James constructed
for each T € 7 (\, 1) an F&,-module homomorphism 67 : Mg — M, and showed that {éT =
9T|S]§: T € Jasta(A, 1)} is a basis for the space Hompg, (S’E’},Mﬂff), unless char(F) = 2 and A
is 2-singular. In particular, this shows that every homomorphism in Hompg,, (Sﬂfﬂ‘, MI’F‘ ) is the
restriction of a homomorphism in Hompg, (Mg, ML) when char(F) # 2.

In this section, we shall generalise these homomorphisms to obtain homomorphisms be-
tween Specht modules and signed permutation modules. The next example shows that not every
homomorphism in Homps, (S3, Mr(a|8)) is the restriction of a homomorphism in
Hompg,, (MI?, My (o 6)), illustrating the difficulty of such generalisation.

Example 3.1. Let n € Z* and let char(F) = p with 0 < p < n. Let A = (1) and (a|8) =
(2](n)). Then Mp is the regular F&,-module F&,,, while both Mp(a|8) = Mp(2|(n)) and Sp
are isomorphic to the signature representation sgn of F&,,. Thus Hompg, (Sﬁr\, My (af B)) has
dimension one.

On the other hand, Hompg, (Mg, Mr(c|3)) = Hompe, (FS,,sgn) has dimension 1 with
a basis {#: FS,, — sgn}, where 0(1g, ) = €. For any 0 € &,,, we have

O(c) =0-0(1ls,) = sgn(o)e.

As a submodule of My = F&,, the Specht module Sp (= sgn) is generated by > sgn(o)o.
O'EGn
We have

0 ( Z sgn(a)cr) = Z sgn(o)f(o) = Z e=(nl)e=0,

oeB, oeS, €6,

since p < n. Thus 0|51? =0.

This example shows that the map Hompg,, (MI?, MF(a|B)) — Hompg, (Sﬁ‘, MF(a|ﬂ)) defined
by 6 +— 6 s is not surjective in general.

As such, to generalise the homomorphisms constructed by James for signed permutation
modules, we should not attempt to generalise 6 and take its restriction to SH),‘, but have to
generalise O directly instead. In other words, we need to understand 01 (ey).
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3.1 James’s construction

Let A be a partition of n and u be a composition of n. Let Op: MI? — MI’F‘ be the F&,,-module
homomorphism defined in [7, Section 13]. In this subsection, we study how Ot acts on the
polytabloids in Mﬂﬁ‘.

Fix a A-tableau ty, so that &,, acts on 7 (A, u) via tg, as described in Section 2.4. Let Ty
be the canonical M-tableau of type p associated to ty; recall that stabg,(To) = &,. Then
each left coset of &, in &,, corresponds to a A-tableau of type pu; let dv&,, be the left coset
corresponding to T. Recall also the initial A-tableau t*, and let dyy = tg o (M)~ ! € &,. James
defined 61 € Hompe,, (Mg, ML) so that

O (dy,S)) = Z ds,,.
16,66, /6,:
6, CRiy dr G,

Let t € 7 (\), and let pg = to (to)~ . Then p¢-tg = proty = t, so that e, = Cpito = Pt Cto-
Thus

Or(e0) = Or(pe - e) = O [ p- Y sen(0)(o - (diS»))

UECtO

= Y sen(o)(po - 0r(dy &) = Y sgn(o) | po- Y ds,

o€Cy, o€Cy, d6,€6,/6,:

d6,,C Riydr6,,
= E sgn(o) Z a6, = Z @)1 g dy ds,,
o€Cly d6,€6n /6 1: 46,6, /6,
46, Cpio Rigdr &,
where
Ayt gy = g sgn(o) = Z sgn(o).
o€Cyy: aeCy:
U’lpfldERtodTGH O'p:ldER{OdTGH

We summarise this below.

Theorem 3.2. Let A be a partition of n and p be a composition of n, and let T € T\ ). The
FG&,,-module homomorphism O : Sﬁ-‘ — Mﬁf constructed by James satisfies

Or(e) = Z @\t g S,
d6,€6,/6,
where
Ayt ggn = Z sgn(o).
O'ECtO:

op; 'dERydT6,

3.2 Generalization of James’s construction

Fix a partition A of n and a bicomposition («|3) of n. In this subsection, we generalise James’s
construction of homomorphisms between Specht modules and Young permutation modules to
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obtain, for each d in a subset % of G,, to be defined below (see Definition 3.4), a Z&,-module
homomorphism 9;: S5 — Mz(a|B) (see Theorem 3.3).

As before, we fix a A-tableau ty, so that &,, acts on .7 (A, («|3)) through ty, and denote the
canonical A-tableau of type («|3) associated to ty by Ty. The following is the main theorem of
this section:

Theorem 3.3. Let A be a partition of n, (a|B) be a bicomposition of n and I' be a fized left
transversal of S, in &y,. For each d € #, we have a Z&,,-module homomorphism 9;: 5’2 —
Mz(alB) given by

Si(e) = Zapild,d (d®1®e),
del’
where
Qplgd = Z sgn(a)aa(opt_ld),

0€Cy,:
prldGRtoél@am

and 53(7’&5&5;‘&') =sgn(£g) for 7 € Ry, and (§n,8p) € 6o X Gp.

By ‘reducing modulo char(FF)’ the coefficients G,1qd in 9;(e(), we obtain an FS,-module

homomorphism %F: S2 — Mp(a|B). Comparing this with 1 in Theorem 3.2, one can see that
the former is indeed a generalisation of the latter. The appearance of the map ¢; in Theorem 3.3
also explains why our maps are indexed by elements of &,, instead of left cosets of &, (or
equivalently, A-tableaux of type (a|3)), since £; depends on d and not on d&,3. A little thought
should convince the reader that to ensure that ¢, is well-defined, d may only run over a carefully
chosen subset Z of G,

The remainder of this section is devoted to the proof of Theorem 3.3.

Definition 3.4. Define subsets of G,, as follows
Z={de&,:d " RydN Sy C Gy},
¢ ={de 6, d'C,dN G,z C &4
These sets #Z and € of course depend on ty and («|5).
Lemma 3.5. Letd € &,,.
(i) The following statements are equivalent:

(a) de Z;

(b) St&bRto (Td) - dGad_l;

(¢) whenever Ty(i,j) = Ta(i,j") for some (i,7), (i,5") € [N with j # j', we have Ty(i,j) =
¢y for some k.

(ii) Ifd € Z, then Td§ € Z for all T € Ry, and § € &,3.
Proof. For part (i), firstly,
StabReo (Td) = Ry, Nstabg, (d . To) =Ry, N d6a|ﬁd_1.

This proves the equivalence of (a) and (b).
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Next, observe that a transposition (a b) lies in Ry, if and only if a and b label nodes in
the same row of tg, i.e., (to)~'(a) = (4,7) and (to)~'(b) = (i,;’) for some i. Furthermore,
(a b)-Ty = Tqif and only if T4((to) " *(a)) = Tyq((to)~1(b)). Since stabr, (Ta) = Ry, NdSqpd~*
is an intersection of conjugates of Young subgroups, it is generated by the transpositions it
contains. Thus, stabg, (Ty) is generated by

S ={(to(i,) to(i,5'): (i,5), (i,5") € [N, j # 5’ Talé,j) = Tali, j') }-
Now,

(to(i, ) to(i,5")) € dSqd
& (d(toli, ) d ' (to(i,5))) € Ga

<31 <k </{(a)), Zai < d Nto(i,5)), d(to(i,5") ZO"
30 < k< ta), Tol(o)™ (@ (0(5.9))) = To() ™ (¢ (0(5.57)) = o
& 31 <k <)), Ty(i,j) = Ty(i,j") = cp.

Hence (b) and (c) are equivalent.
For part (ii), observe that

(7€) " Ryy (1d€) N G oyp = €1 (d ' Ryyd NSy 5)€ € E7160E = B m
We have analogous statements and proofs for % too.
Lemma 3.6. Letd € &,,.

(i) The following statements are equivalent:

(a) de€E;

(b) stabe, (Tq) C d& a1

(c) whenever Ty(i,j) = Tq(i, §) for some (i,7), (7, j) € [\ withi # ', we have T4(i, j) =
dg for some k.

(i) If d € €, then Td§ € € for all T € Cy, and & € Sy3.
Lemmas 3.5 and 3.6 give the following immediate corollary.
Corollary 3.7. If d € &,, such that Ty € Jgsta(A, (a|5)), thend € ZNE.

In order to generalise the coefficient ag,q4, in Theorem 3.2 to a;4 in Definition 3.9, we need
the following lemma which also explains the choice of the set Z.

Lemma 3.8. Letd € #Z. There is a well-defined projection map my: Rt0&6a|5 — &g defined by
7d6a€51" s €5 for all T € Ry, and (€a,€5) € 6o x 6.

Proof. If 7dé.&1 1" = 74,571, then
'R, 2 47 (1) d = a1 (L6 T e Sy,

so that §a§+|a| (§a§/+|a‘) € G, since d € Z, forcing &g = 5,,3' The lemma thus follows. |

In view of Lemma 3.8, we can make the following definition.
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Definition 3.9. Let d,d € &,, with d € Z.
(i) For w € Ry dG 3, let g4(w) = sgn(my(w)) € {£1}.
(ii) Let

Qqa:={0€Cy:0de Rt0&6a|5}, agd = Z sgn(o)ey(od) € Z.
O'EQd,d

By convention, if ;3 = @ then a;4 = 0.

Remark 3.10. We give another description of (2, here. Restrict the left regular action of
the symmetric group &, on &,,/ S, to the subgroups Ry, and CY,, which partition &, / Salp
into Ry,-orbits and into Ci,-orbits respectively. Then o € Qg if and only if 0 € Cy, and
0-(dSy)5) € Ryy-(d6,5). Assuch, Q4 # @ if and only if Cy,dS, sNR,dS 43 # @. Furthermore,
if C,dSq 5N RtO&GQW contains precisely the distinct left cosets d(l)Gaw, d(2)6a|5, ceey d(’”)Gaw,
then Q4 = U Q@ (disjoint union), where for each i, Q%) = {o € C,: o - dS, 53 = d(i)Ga‘B}

=1

and is therefore a left coset of stabc, (A6, 5) = Cy, N dS,y sd~!. In particular, 4 is a union
of some left cosets of Cy, N dGawd_l.

We collect together some important properties that ay 4 satisfies:
Lemma 3.11. Let d,d € &, withd € Z.
() Ifd = mlgagg'a‘ and d' = adnan;m for some T € Ry, 0 € Cy, and (£4,88), (Masnp) €
Sa % &g, then decZ and
ay g = sgn(o)sgn(£s)sgn(ns)eqq-

(’LZ) If Cf0d6a|5 N Rfo&eaw =g ord ¢ €, then agd = 0.
ii1) Suppose that d € € and that Cy,dS 13N R,dS 5 is a disjoint union of r left cosets of S, 3,
0 I8! 1o 18 8
with representatives dV, ..., d™). For each i, let o; € Cy, such that o;d € d(i)6a‘lg, and
let € = sgn(o;)ey(0:d). Then

G = [Cty NdGqad 1|y "W
1=1

Proof. By Lemma 3.5(ii), ' € %. Tt is also easy to see that

—1
Qu g = Qgag = Qg0

Take w € Qy g, say wd' = T’cl/%ﬁ;'a‘ with 7/ € Ry, and (7a,78) € G X &3. Then

» _ I+
wod = T'rdéavany (Egremy ) T

and hence we have ey (wd') = sgn(ys) = eg(wod)sgn(ng)sgn(ép). Therefore

oy = S sn@epwd)= 3 sen(o)sen(wo)eswod)sen(€s)sen(ns)
wey y wo€ly g

= sgn(o)sgn(£p)sgn(ns)aq -

This completes the proof of part (i).
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For part (ii), it is clear that Qg9 = @ if Cy,dS, 5 N RydS o3 = @, so that ¢,y = 0 in this
instance. Next we assume that d ¢ €. By Lemma 3.6(i), there exist (i, 5), (¢, 7) € [\ with i # ¢/
such that Ty(i,7) = ek = T4(7’, ) for some k. Let p = (to(i,7) to(i’,5)). Then p € Cy,NdS,d 1.

If 0 € Qg4, say od = Tohafy Hol with 7 € Ry, and (Ya,78) € 6o X &g, then

RipdS .15 > mda (4 pd)v; 1 = 0d(d 1 pd) = (op)d,
so that op € 4,, and

sgn(op)ey(opd) = sgn(p)sgn(o)sgn(yg) = —sgn(o)ey(od).

As such, the contributions to the sum in a;4 by o and op cancel each other out. Consequently,
ag4 = 0 and the proof of part (ii) is now complete.

For part (iii), for each i, let Q) = {¢ € Qga:od € d(i)Gam} so that €1 is a disjoint union
of the Qg (see Remark 3.10). Fix i. There exist 7; € Ry, and (fy((x),’yg)) € 6, x 63 such that

oid = 1;d, @ )( g))ﬂa'. For any w € Q@ we have

d7'Cd 3 d7 (0] 'w)d = (0yd) ' (wd) € &,
so that dil(ai_lw)d € 6;'04 since d € €. Thus

wd = O'Z'd(d o; wd) = Tld'ya ( Z))—H()Cl(al_lofloud),
so that my(wd) = m3(0;d)d " o; 'wd and hence

sgn(w)ez(wd) = sgn(w)sgn(my(oid)d o twd) = sgn(o;)eg(0id) = e,

Consequently,
a4 = Z sgn(w)eg(wd) Z Z sgn(w)eg(wd) = Z Z el
weRg g i=1 ,eQ®) i=1 ,ecQW)
T T
=> 109D = |0y, NdSypd > e,
i=1 i=1

where the final equality is given by the following bijection: fix ¢ € Q) we have a bijection
between the sets Cy, N d6a|5d_1 and QO given by o’ — o(¢’. [ |

Example 3.12. We continue with Example 2.1(ii), where A\ = (2,1772) (a|3) = (2](p,2?))
and Tp, T9, T3 are the A-tableaux of type («|f3) as given in the example. Let ty be the A-
tableau defined by ty(j,1) = j for 1 < j < p+ 3 and t(1,2) = p+ 4. Then Ty = Ts.
Furthermore, under the action of &,14 on .7 (A, («|53)), there are exactly three Cy,-orbits, with
orbit representatives T1, Ty and Tj.

Let d; (i € {1,2,3}) be the following permutations in S,q4: di = (p p+4 p+2),dy =
(p+2 p+4)and d3 =1g,,,. Then d; - To = T; for all . Using Lemma 3.11(iii), we get

ad17d2 = (p - 1)' : 47 ad2,d2 = p' : 27 adg,dQ = 0;
4dy,ds = _(p - 1)' ' 43 Ady,dz = 07 Adsz,d3 = p' - 2.

From Lemma 3.11(i), we conclude further that a4 4,,64.4, € {£((p —1)! - 4), £(p! - 2),0} for all
de 6p+4.
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We are now ready to define, for each d € #, a map 9; which will eventually lead to 34.

Definition 3.13. Let A\ be a partition of n. Recall that there is a natural left G,-action on
the set 7 (\) of A-tableaux, and let Z.7(\) denote the associated permutation Z&,-module.
Let (a|B) be a bicomposition of n and let I' be a fixed left transversal of &, in &,,. For each
d € #, we define a Z-linear map 9;: Z.7 (\) — Mz(a|B) as follows

9(t) = Zapzldﬂ(d@ 1®e),
del’

where p; = to (tg)~! € &, (so that py - tg = protg = t).
The following properties of the map 9 follow easily from its definition and Lemma 3.11(i).
Lemma 3.14. Letd € %.

(1) The map 9, is independent of the choice of the left transversal T, i.e., if T is any left
transversal of S, in &y, then

VIOESY a,ipald ©1@e)
d'el”

for allt e T(N).
(ii) If d' € RiydS, 5, then 9y = gg(d)d;.

Proof. Let d' = dnanyal with (7a,13) € 64 X Gg. Then R sgn(ng)aptqd’& by Lem-

ma 3.11(i) while
d@l®e= (dnang) @1@e=d® (1, 1) ® (15 €) =sgn(ns)(d @ L @e).

Thus apt_ld,ﬂ(d’ RI1IRe) = apt—ld’&(d ® 1 ® €) and part (i) follows.
By Lemma 3.11(i), G,1gy = 5&(&,)apt—ld7&. Part (ii) thus follows. [ |

Next, we aim to show that each of the maps 9;: Z.7(\) — Mz(«|f) induces a Z&,,-module
homomorphism d;: S2 — My(a|B). For this, we will show that 9, is a Z&,,-module homomor-
phism and that the kernel of the natural map ¢: Z.7()\) — S given by 9(t) = e is contained
in ker(9;) and hence 9; induces 9, as desired.

For each j, let Cj(\) = {(4,75) € [\]: 1 <i < £(\)} be the jth column of the Young diagram
of \. A Garnir transversal A is a left transversal of Gx&y in Sxyy, where @ # X C Cj()\)
and @ #Y C Cjy(X\) with j < j/, such that [ X|+ Y] > |C;(\)|. Given a Garnir transversal A
and a A-tableau t, let Ay = {toyot™l: v € A}, so that A is a left transversal of Sy x)Syy)
in &y xuy), and write

Gh = sgn(y)y.

YEA
Proposition 3.15. Letd € #Z. Then

(1) B4 is a Z&,-module homomorphism, and

(13) for any t € T (N\), m € Cy and Garnir transversal A, we have that ker(9y) contains both
7t —sgn(m)t and G - t.
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Proof. Let t € 7 (\) and z € &,,. We have

a(z - t) = Vy((zpy) - Za (zp)~td J(d ®1®e),
del’
z -9t =z (Z 6,-149(d® 1@ 6)) = g, 1g0580(6a8)(f(d) @ 1®e),
del’ del’

where xd = f(d)&, afﬂa' with f(d) €T, (§q,a:8a,8) € Sa X Gp. As such, we need to show that
for each d € T,

G op)t fd)d = Oyt q2580(Ed,5)-

Observe that o(zp) "L f(d) = T&nanﬁl °l for some o € Cyy, T € Ry, and (1a,73) € 64 x Gg if
and only if op; 'd = 7d(Nalia)(Mpéas) T for some o € Cy, 7 € Ry, and (N4, 13) € Ga x Gp,
and in which case, e4(c(pt) 'd) = sgn(&q8)eq(o(zpe) "1 f(d)). So Qap)-1f(d)d = prld,&v and

Sapy-tp@a= >,  sen(o)eg(o(zp) f(d))
Qo) -15(a)d

= Y sen(o)seuEas)ea(ond) = a1y semlEas).

O’Eth—ld’&

This proves part (i).
Since p¢ - to = t, we have C; = pCy,p; ' and hence p; ‘7 'p; € Cy,. By Lemma 3.11(i), we
have

a(ﬂpt)Ad,g = apflwflpepfld,ol = Sgn(w)apfld,d‘
Therefore
(7 - t) Zawm “1g4(d®1®e) = ngn 8,144 (d®1®e€)=sgn(m)dy(t).
del’ del’

Next we turn to GtA -t. We have

9(Gh-t) =9 Z sgn(7y Z ngn Alyp)-1ad(d @ 1 @ €)

yEA yEA deT

=S 1>. Y. sen(sen(o)ey(o(vp) Md) | (d@ 1)

del’ \veA¢ o€ ,0-1ad

Fix d € T, and let b(7, o) = sgn(7)sgn(o)eg(o(vpe) ~*d). We need to show that > b(y,0) =0,
(v,0)€Y
where T = {(v,0): v € A, 0 € Qypy-144}-

Let the Garnir transversal A be a left transversal of G xSy in Sxyy, where X and Y are
subsets of the jth and j'th column of [A], with | X| +|Y| > |C;())]. Since | X|+ Y| > |C;(N)],
there exists 1 < i < ¢()) such that (i,7) € X and (4,5’) € Y, and we may choose i to be the
least such. Let n be the transposition (to(4,j) to(i,7")). Then n € Ry,.

Let (v,0) € T, say o(yp) ~td = T&ﬁaé’;lal where 7 € Ry, and (£,,&3) € G4 X Gg. Then

RiodS,j5 2 nrdta ] = no(yp) " td = nop 'y ld
= (op ) (oo ) " n(op )yt = op ¢l (7 o) M,
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where 7' € A¢ and ¢ € &y xSy satisfies 7((0p[1)_1n U,ofl)) = 4/C. Then p; ¢ lp €
pt_IGt(X)Gt(y)pt = G(x)84y(v) € Cy. This shows that (v,0p7 ¢ p) € Y. In other words,
the function h: ¥ — T defined by (v,0) — (v, op; "¢~ 1pi), where ’y((apt_l)_ln(apt_l)) =~'¢,
is well-defined. Furthermore,

b(h(v,0)) = sgn(y)sgn(op ¢ odea(op ' ¢ oy p) )
= —sgn(7)sgn(o)sgn(£s) = —b(v,0).

We claim that h is a fixed-point-free involution, in which case, since the contributions from (v, o)

and h(y,0) towards the sum > b(v,0) cancel each other out, we have > b(y,0) =0 as
(r.0)€T (v,o)eT
desired.
To prove the claim, first suppose that

(v,0) = h(v,0) = (v, o0 ¢ ).

Then v = 7/ and ¢ = 1 and hence = 1, a contradiction. So h is fixed-point-free. Next,
W3 (v,0) = h(y,op ¢ = (Voo ¢ oo ¢ ), where

Y'¢ = (op ¢ n(opc ') = A Clopc ) nlop )T =

Thus 7" =7 and ¢’ = ¢(~! and hence h%(v,0) = (v, ), and the proof is complete. [

1

The next result is well known when the underlying ring is a field (see, for example, [5,
Section 7.4, Corollary, p. 101]); we are however unable to find its generalisation to Z in the
existing literature.

Lemma 3.16. The map ¢: Z7 (\) — S%‘ defined by t — e is a ZG,-module epimorphism, and
ker(1)) is generated, as a Z-submodule of Z.7 (\), by G U H, where

G={Gx) t:te T(N\), A a Garnir transversal},
H={n-t—sgn(m)t: te 7(\), m e C}.

Proof. That v is a Z&,,-module epimorphism is clear, so we only need to justify the assertion
about its kernel. Let K = Z(G U H). It is straightforward to verify that both G and H are
invariant under the action of &,,, and that ¢»(G U H) = {0} [8, 7.2.1 and Theorem 7.2.3], so
that K is a Z&,-submodule of Z.7 (\), and K C ker(¢). It remains to show that ker(y) C K.

Since ¥(ZF (X)) = S, and S is Z-free with basis {ei: t € Fia(N)} [11, Theorem 1.1], we
see that ZT () = (Dye 7, , (1) Zt) D ker().

Consider Z.7 (\)/K. For each t € 7 (\), let vy =t+ K € ZZ7(\)/K. Then 7 - v¢ = sgn(m)uvg
for any m € Cy, and GY - vy = 0 for any Garnir transversal A. Using the same argument as in
the proof of [8, Theorem 7.2.7], we can show that {v¢: t € F5a(A)} generates Z.7 (N)/K as a
Z-module.

Let x € ker(y). Then there exists by € Z for each t € Fq(A) such that

rz+ K = Z btvt: Z bt(t—FK)

t€ Tsta (M) t€Zga(N)

Thus there exists k € K such that

r+k= Y bte| @ Zt]nker(y)={0}.

t€ Fpa (M) t€ Fpa (M)

Hence z + £k = 0 and so « € K, and our proof is complete. |
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We are now ready to prove Theorem 3.3.

Proof of Theorem 3.3. By Proposition 3.15 and Lemma 3.16, we have ker(y)) C ker(dy), so
that there is a unique Z&,-module homomorphism d;: S — Mz(c|B) such that d3 09 = 9;.
The theorem immediately follows. |

Let F be a field. Since
Sp2F®zS)  and  Myp(alf) 2 F @z Mz(alf),

each 93 gives rise to an F&,,-homomorphism ég: SI? — Mrgy(a|f). More specifically, for any
keZ let K =k 1p € F. Then

~

9] (&) = Z“f;ld,a (d®1®e).
deTl’

As we mentioned in the paragraph following Theorem 3.3, our ég’s generalise the O1’s con-
structed by James.

4 Basis

Let A be a partition of n and let («|3) be a bicomposition of n. As before, fix a A-tableau ty so
that &, acts on 7 (A, (a|B)) through to. Fix a left transversal I' of &3 in &, and write

Pssta = {d cl':Tye cysstd()\a (O"B))}

Recall from Corollary 3.7 that we have I'yyqg € Z N €. It is easy to see that |Tgq| =
| Zesta (A, (a]B))]. In the last section, we constructed for each d € # an FS&,-homomorphism
ég € Homge, (S, Mr(|B)) which generalises James’s construction of 1 € Hompe, (S, ME)
where T € T (\, p).

Let

Oy = {ég:&é%}, @}% = {ég:&e%’},
®sstd = {é&: cl € Fsstd}a G)Estd = {ég & c Fsstd}~
In James’s classical case, i.e., when § = &, the éT’s, as T runs over all the semistandard A
tableaux of type «, form a basis for Hompg, (SIE’}, M]FO‘), unless F has characteristic 2 and A is
2-singular (see [7, Theorem 13.13]).

In this section, we investigate the circumstances under which ®Isttd is a basis for
HOIIlFGn (S@,My(a‘ﬁ))

4.1 Spanning

We give two examples in which there is no semistandard A-tableau of type («|B), but
HOHI]FG” (SH/},MF(OZ‘B)) 75 0.

Example 4.1. We have
Homygn (Sﬁ‘, MF(@KTZ))) = Hom[pgn (Sﬁ, sgn) = HomIFGn (Sgn, (Sﬁ)*)
=~ Hompg,, (sgn, Sﬂy ® Sgn) = Hompg,, (IF‘, SH);‘/).

In [7, Theorem 24.4], a necessary and sufficient condition in terms of the characteristic of F (as
well as the partition \) is obtained for Hompg,, (F, Sﬂjy) to be non-zero. As long as A # (1"),
there is no semistandard A-tableau of type (&|(n)).
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Example 4.2. Let ¢ be an odd prime integer, and let p := char(F) be either odd or zero. Let
A= (6,2, 1£_2) and a = (¢) = . Clearly, %Std((E,Q, 1£_2), ((O)|( ))) =0.

Firstly, My(a]8) = IndS¥, ¢, (F K sgn) = mdS2 o (S & 5 has a Specht filtration with

two factors: SI(F”l’le_l) at the top and SI(Fe’le) at the bottom [9], which are simple unless p = /¢
[10, Theorem 2]. Furthermore, unless p = ¢, the partitions (6,2, 14*2), (Z +1, 15*1) and (¢,1%)
have distinct p-cores and hence the Specht modules they label lie in distinct blocks of Gy by
the Nakayama rule [8, Corollary 6.1.42], so that Hompg,, (Sﬁl, M]F(oz|ﬁ)) =0.

On the other hand, if p = ¢, then SI(FZ’IZ), a submodule of Mp(«|f3), is a non-split extension of
D217 by DL From the known radical structures of Specht modules lying in defect
2 blocks of symmetric group algebras (see [12, Theorem 4.4] and [1, Proposition 6.2]), we see
that S2 has a quotient which is a non-split extension of D217 1y DEFLITY g well. Since all
nonzero extensions between simple modules lying in defect 2 blocks of symmetric group algebras
are one-dimensional [13, Theorem I(5)], we see that Homrg,, (S, Mr(|8)) # 0.

Thus, Hompg,, (SH);, M]F(a|ﬁ)) # 0 if and only if p = £.

The two examples above illustrate the difficulty in determining a good sufficient condition in
general for O, to span Hompg,, (53, Mr(a|B)).

4.2 Linear independence

While James’s 0 is always nonzero irrespective of the characteristic of the ground field, our é&
may be zero in some characteristic in view of Lemma 3.11(iii). As such, it is certainly possible
for @Isttd to be linearly dependent. In fact, even when all elements of @ISFStd are nonzero, it is still
possible for @gstd to be linearly dependent:

Example 4.3. We continue with Example 3.12, where A = (2,17*2) and (a|f) = (®|(p7 22)).
Suppose that p = char(F) is an odd prime. Then

F F
—Gg, 4y = 44y 0, = (P — D!+ 4) - 1p # Op,
F F F F
Qdy,d> = Gdz,do = Cdo,ds = Sdz,ds = OF.
Thus, égQ = —953 by Lemma 3.11(i).

In this subsection, we obtain a sufficient condition for @Estd to be linearly independent.

We first introduce a pre-order &> on .7 (A, («|f3)), which induces another on &,,.

For each T € 7 (A, (a|B)), write C;(T) for the multi-set associated to the jth column of T,
ie.,

C](T) = {T(l,]),T(2,j), PN ,T(T,j)} - {(]31,(]32, ceey dl, dg, .. .},
where 7 = (X');. Recall that we have the total order
cp<cy < - <d <dg<---.

Let T,T' € 7 (X, («|B)). Suppose that C;(T) = {y1,...,y-} and C;(T") = {z1,..., 2}, where
y1 <y < - <wypand 21 < 29 <o <z Write C5(T) > Cj(T) if and only if there exists k
such that ys = z, for all 1 < s < k and y > 2. We write T > T’ if and only if C;(T) = C;(T")
for all j, or there exists ¢ such that C;(T) = C;(T’) for all j <t and C(T) > Cy(T’). It is easy
to check that > is a pre-order on .7 (A, (a|3)) (i.e., it is a reflexive and transitive binary relation
on 7 (A, (a]B))). In addition, write T ~ T’ if and only if T > T’ and T/ > T (equivalently,
C;(T) = C;(T’) for all j), and T > T’ if and only if T > T’ but T/ ¥ T (equivalently, there
exists ¢ such that C;(T) = C;(T') for all j <t and Cy(T) > Cy(T")).

Recall that Ty = d - Ty. Let d,d’ € &, and write d> d', d ~ d' and d > d’ if and only if
Tyg> Ty, Tg~ Ty and Ty > Ty respectively.
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Lemma 4.4. Let A be a partition of n, («|B) be a bicomposition of n and d,d’ € &,,.

(i) d~d" if and only if d' € Cy,dS 3.
(i1) If Ty is row semistandard, and d' € Rt0d6a|ﬁ, then either Ty = Ty or Ty > Ty.
(i13) If Tg € Tasta(A, (a|B)) and ag g4 # 0, then d' &> d.

Proof. Parts (i) and (ii) are straightforward. For part (iii), if ag 4 # 0, then there exist o € Cy,
T € Ry, and £ € &5 such that od’ = 7d{. Thus,

d ~od =7dé>d
by parts (i) and (ii) since Ty is, in particular, row semistandard. [ |
We can now state a sufficient condition for @gstd to be linearly independent.

Proposition 4.5. Suppose that agd # 0 for all d € Tystq. Then @gstd 18 linearly independent.

Proof. Suppose the contrary that @ <tq 1s linearly dependent, say Z i (i = 0, where, for each
=

1<i<r,d; €Tyq and ¢; € F\ {0}. Since the Ty, ’s are all column semistandard and distinct,

we see that d; ¢ d; for all ¢ # j. Thus, relabelling if necessary, we may assume that d; ¥ d; for

all # > 2. Then

0= <Zcz1§£> ety) chZadd (del®e) = Z (ZQ’“E&) (del®e),
i=1

i=1 i=1 del’ der’

so that Z i@ J = 0 for all d € I'. In particular, Z cza& 4, = 0. But for each 2 < <7, we have

di clz, so that @y, 3, = 0 by Lemma 4.4(iii), and hence “d 4 = 0. Consequently, cla& 4 =0,
contradicting ¢; # 0 and adl i #0. |

The next lemma gives us some idea of what a]}; 4 1s for d € Ttq-
Lemma 4.6. Let d € Z such that Ty € Tsra(N, (a|B)). Then
agq = |stabg, (Ty)l.

Proof. Observe that Cy,d&, 5 N Ry,dS, 5 = d6,5: if od = 7dE, where o € Cy, T € Ry, and
£ € Gy, then d ~ 7d by Lemma 4.4(i) so that T,y ¢ Ty, while 7d ~ d only if 7d € d&,
by Lemma 4.4(ii). Applying Lemma 3.11(iii) completes the proof since stabe, (T3) = C, N
6,57 _

Combining the last two results, we get the following immediate corollary.

Corollary 4.7. If char(F) { |stabe, (Ty)| for all d € Tsta, then OF, is linearly independent.

4.3 Main results

Similar to how our 9; induces 95 , every ¢ € Homgg, (92, Mz(a|B)) also induces
¢F S HOHIFG” (Sﬂ/;\, MF(O‘|B)) Write

Fi={¢": ¢ € Homge, (57, Mz(a|B))}.

Then ®* is a F-subspace of Homgg,, (Sg, Mr(a|B)) containing ©F, — and hence OF, | - as a subset.



Homomorphisms from Specht Modules to Signed Young Permutation Modules 19

Proposition 4.8. Let V¥ be a linearly independent subset of ®F of size | Tosta(\, (a|B)|. Then
(i) UF is a basis for ®F, and

(i3) if Sp lies in a block of F&,, which is simple as an algebra, then

Hompg,, (Sﬂé\,Mﬂz(aW)) = oF.

Proof. If Sﬁ‘ lies in a block of FG&,, which is simple as an algebra, then the composition
multiplicity of Sp in Mp(a|B) equals dimg Homps, (S, Mr(a|B)), which is in turn equal to
| Zista( N, (| B)] by Theorem 2.2. Since UF is linearly independent with the same cardinality, it
is a basis for Hompg,, (Sp, Mp(a|B)). In particular, since

Homps, (Sp, Mp(a|B)) = F-span(¥F) C @ C Hompe, (S, Mr(a|B)),

we must have equality throughout, proving part (ii).
For part (i), let ¥F = {qb]f, .. .,gZ)I,E}, where k = | Zga(A, (@ 8)], and let (;Sg € ®F. Since Q6,
is semisimple as an algebra, we apply the previous paragraph and obtain that

Hongn(Sa, Mg(«|f)) has dimension k. Thus there is a non-trivial relation on qbg, ¢(1@, e qﬁ@,

k
which we can write as ) chb;@ = 0, where the ¢;’s are coprime integers. This yields the non-
=0

k
trivial linear relation cIngZ)IjF = 0. Since UF is linearly independent, this implies that qbg lies in
j=0
the F-span of WF. |

Remark 4.9. As is well-known, SI)F‘ lies in a simple block if and only if A is a p-core partition
(in other words, A has no rimhook of size p) where p = char(F).

As an immediate corollary, we have
Corollary 4.10. The dimension of ®F is at most | Tisia( N, (a|B))].
The following is our first main result:

Theorem 4.11. Suppose that FS,, is semisimple as an algebra (or equivalently, char(F) =0 or
char(F) > n). Then O, is a basis for Homge, (Sp, Mr(c|B)).

Proof. Since FS,, is semisimple, every block of FG&,, is simple. Thus, @fstd is a basis for
Homge, (S, Mr(e|f)) by Corollary 4.7 and Proposition 4.8. [

Corollary 4.12. Let ¢ € Homyg, (52, Mz(alﬁ)). Then ¢ lies in the Q-span of Oggiq.

Proof. By Theorem 4.11, @gtd is a basis for Homgg,, (5’6, Mg(|B)), so that = cﬁ?,
aersstd

where ¢j € Q for all d € Tygyq. But this implies that ¢ = > ccnf)&. |
&EFsstd

Our next main result provides a sufficient condition for @fstd to be a basis for ®F when F&,,
is not semisimple. Note that Example 4.2 shows that this condition is insufficient in ensuring
that ©F,, spans Homge, (S, Mr(B)).

Theorem 4.13. Suppose that char(F) = p > 0. If no column of T has p or more nodes of the
same colour for every T € Tasra(A, (a|B)), then O, is a basis for the ®F.

sst

Proof. Let d € T'yq. Observe that p t Istabc,, (Ty)], if and only if no column of Ty has p
or more nodes of the same colour. Thus, this follows from Corollary 4.7 and Proposition 4.8
immediately. |
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In particular:
Corollary 4.14. Suppose that £()\) < char(F). Then O, is a basis for ®F.
We end our paper with the following remark and leave the details to the reader.

Remark 4.15. Recall from Definition 3.4 that the set % and hence the sets Oy and Ogig
depend on the fixed A-tableau ty and («|8) we chose. Suppose that we had chosen another
A-tableau t, and arrived at the sets #’, Oy and ©'gq. It is easy to verify that

/ /
% = Tr‘%‘) @@/ = 6%7 sstd — @Sstd7

where m = ) o (to) ! € &,,. ) .
On the other hand, let {1,2,...,n} = J 4; U |J B, (disjoint union throughout), with
i=1 j=1

A;, Bj # @ for all i and j. The set % in Definition 3.4 and the homomorphisms 94 in Section 3.2

can be generalised to yield the set %4 p and homomorphisms 195"3 € Homyg, (5’2, My (A|B)),
where

Mz(AIB) = Indg" | (Zs, Msgne,,),

Ga=]]®s, Gs=][65, Gup=646s,
i=1 j=1

giving us a subset ngs of Homgzg, (53, Mz(A|B)).

Let g € &, and let A, = g71(4;), B;. =g YBj) foralli=1,...,7 and j =1,...,s. Then
' S
{1,2,...,n} = U A;u U Bj (disjoint union throughout), and it is straightforward to show that
=1 j=1

1=

o A'\B" A|B
%A’|B/ = %A|Bg’ G%AHB’ = 0g° ®%A|B’

where g4 is the natural Z&,-module isomorphism Mz,(A|B) — Mz(A'|B’) defined by g4(z®@ 1 ®
€)=xg®1L®eforall x € S,.
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