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Abstract. This article is concerned with causal structures, which are defined as a field of
tangentially non-degenerate projective hypersurfaces in the projectivized tangent bundle of
a manifold. The local equivalence problem of causal structures on manifolds of dimension at
least four is solved using Cartan’s method of equivalence, leading to an {e}-structure over
some principal bundle. It is shown that these structures correspond to parabolic geomet-
ries of type (Dy, P12) and (By_1,P12), when n > 4, and (D3, P1 2,3). The essential local
invariants are determined and interpreted geometrically. Several special classes of causal
structures are considered including those that are a lift of pseudo-conformal structures and
those referred to as causal structures with vanishing WSF curvature. A twistorial construc-
tion for causal structures with vanishing WSF curvature is given.
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1 Introduction

1.1 Motivation and history

In the general theory of relativity, space-time is represented by a four dimensional manifold M
equipped with a Lorentzian metric g. An important feature of a Lorentzian structure is its
associated field of null cones in TM given by the set of vectors v € T'M satisfying g(v,v) = 0.
As a result, it is possible to define a relation of causality between the points of M, i.e., a partial
ordering x < y defined by the property that x can be joined to y by a curve that is either time-
like or null. If x and y represent two events in space-time then z < y means that the occurrence
of = has an effect on y. In [39] Kronheimer and Penrose examined causality in a manifold M of
dimension n on an axiomatic basis. The starting point of their study is a continuous assignment
of null cones in the tangent space of each point of M so that it is possible to define the set of
points that are inside, outside and on the null cone in each tangent space.! The importance
of the causal relationship between points of space-time became more significant in the context
of the singularity theorems of Penrose and Hawking [31, 53, 54]. The study of causal relations
in spaces equipped with a field of convex null cones in T'M received a major contribution from
the Alexandrov school in Russia under the name of chronogeometry [5, 30], i.e., a geometry
determined by the chronological relations between the points of the manifold. The objective
was to use the principles of causality and symmetry to give an axiomatic treatment of special
relativity. In [62], Segal attempted to give such a treatment for general relativity (see also
[19, 43, 66, 67, 21].) Subsequently, structures defined by assigning a convex cone in each tangent

Tt should be said that in [39] it is assumed that each null cone is given by the vanishing locus of a quadratic
form of signature (n,1), i.e., conformal Lorentzian geometry. However, the results extend to the more general
case of causal structures with strictly convex null cones.
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space, termed as causal structures, came to play a role in the Lie theory of semi-groups [32],
causal boundaries [24], and hyperbolic systems of partial differential equations [61].

Rather than to investigate causality relations between the points of a manifold with a given
causal structure, the main idea of this article is to gain a deeper understanding of the geometry
of causal structures through the solution of the Cartan equivalence problem. This approach
enables one to construct a complete set of local invariants and also to obtain some results on
symmetries of causal structures.

Before going any further, a more precise definition of causal structures is in order. Given an
(n+ 1)-dimensional manifold M, with n > 3, a causal structure (M,C) of signature (p+1,q+1)
with p,q > 0, and p + ¢ = n — 1 is given by a sub-bundle of the projectivized tangent bundle
7:C C PTM — M, whose fibers C, C PT,M are projective hypersurfaces’ with projective
second fundamental form of signature (p, q) (see Definition 2.4). Note that in this definition the
convexity of the null cones C, is not assumed.

Two causal structures (M, C) and (M’,C") are locally equivalent around the points p € M and
p’ € M’ if there exists a diffeomorphism ¢: U — U’, where p e U C M, p' = (p) e U' € M,
satisfying 1. (Cy) = Cy(y) for all x € U.

In order to describe a causal structure in an open set U C T'M, one can use a defining function
L: TM — R, (z%;97) = L(2%17), where (2°,... 2") are coordinates for M and (¢°,...,y") are
fiber coordinates. The function L is assumed to be homogeneous of some degree r; in the fiber
variables and is referred to as a Lagrangian for the causal structure. Then, the vanishing set of L
over U coincides with U N C where C C TM is the cone over C C PTM. The functions L(z'; y?)
and S(z%y")L(z%;y"), where S(x%;3') is nowhere vanishing and homogeneous of degree 7 in y*’s,
define the same causal structure.

As an example, if the fibers C, are hyperquadrics defined by a pseudo-Riemannian metric g
of signature (p+1,¢+ 1), then the causal structure (M,C) given by the family of null cones of g
corresponds to the pseudo-conformal structure induced by the metric g.® In other words, there
exists a local defining function of this causal structure of the form F(z%y’) = g;;(z)y'y’.

The above description makes it clear that the relation of causal structures to pseudo-conformal
structures is an analogue of what Finsler structures are to Riemannian structures. Recall that
a Finsler structure (M ntl EQ"H) is given by a codimension one sub-bundle ¥ C T M, whose
fibers ¥, C T, M are strictly convex affine hypersurfaces, i.e., the second fundamental form of
each fibers is positive definite. The sub-bundle ¥ is called the indicatrix bundle (see [11]).*

The main motivation behind the study of causal structures comes from a variety of per-
spectives. As a part of the geometric study of differential equations, it was shown by Holland
and Sparling [33] that there is locally a one-to-one correspondence between contact equivalence
classes of third order ODEs 3" = F(x,y,y',y”) and causal structures on their locally defined
three dimensional solution space M. A causal structure is given in this setting by a family of
curves 7: C — M where C; := 7' (z) C PT,M is a non-degenerate curve in the sense that it
admits a well-defined projective Frenet frame. This causal structure descends to a conformal
Lorentzian structure on M if a certain contact invariant of the third order ODE known as the
Wiinschmann invariant vanishes. In other words, it is shown in [33] that C is locally isomor-
phic to J?(R,R)® endowed with a foliation by lifts of contact curves on J!'(R,R) and that the
Wiinschmann invariant at each point of J?(R,R) coincides with the projective curvature of the
curve C,. As a result, the vanishing of the Wiinschmann invariant implies that the curves C,
are conics, i.e., the causal structure is conformal Lorentzian.

2Here, a hypersurface is always taken to be a codimension one submanifold.

3 A pseudo-conformal structure refers to the conformal class of a pseudo-Riemannian metric [4].

4Similarly, it is possible to define pseudo-Finsler structures of signature (p,q), p+ q=n+1 by imposing the
condition that the second fundamental form of the fibers X, have signature (p — 1, q).

°In this article J* (Rl, Rm) denotes the space of k-jets of functions from R! to R™.
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The work of Holland and Sparling is a part of the program of studying geometries arising
from differential equations, which has a long history going back to Monge, Jacobi, Lie, Darboux,
Goursat, Cartan and others. In the case of third order ODEs under contact transformations,
Chern [17] used Cartan’s method to solve the equivalence problem and showed that the solution
depends on two essential relative invariants, namely the Wiinschmann invariant I(F') and the
invariant C(F') = g—;F(x,y,p, q). Furthermore, he observed that if I(F) = 0, then the space
of solutions of the ODE can be endowed with a conformal Lorentzian structure. Using Tanaka
theory [65], Sato and Yashikawa [60] showed how one can use Chern’s {e}-structure to associate
a normal Cartan connection on some 10-dimensional principal bundle to the contact equivalence
class of a third order ODE. In particular, they expressed the relative contact invariants of the
ODE in terms of the curvature of the Cartan connection. Godlinski and Nurowski [26] explicitly
computed the normal Cartan connection and explored other geometric structures that arise from
a third order ODE. In particular, they used a result of Fox [23] to show if C'(F') = 0, then the
ODE induces a contact projective structure® on J!(R,R).

One can realize the works mentioned above on third order ODEs in terms of geometries
arising from the double fibration

J'(R,R) < J*(R,R) = M,

where the map 7 is the quotient map of J2(R,R) by the foliation defined by the 2-jets of the
solutions of the ODE. This map endows M with a causal structure. The null geodesics of M
are given by 7 o 7~ !(p) where p € J!(R,R), while the contact geodesics are given by 7o 77 (q)
where g € M.

Equivalently, given a causal structure (M, C) in dimension three, Holland and Sparling showed
that the double fibration above is equivalent to

N Cc -5 M,

where N is the space of characteristic curves (or null geodesics)” of the causal structure. The
precise definition of these curves is given in Section 2.3.5. It turns out that starting with a causal
structure (M, C), one can show that locally C = J?(R,R) and N = J}(R,R). Therefore, all the
results mentioned above can be translated in terms of local invariants of the causal structure in
three dimensions.

The correspondence above motivates the study of the local invariants of causal geometries
in higher dimensions and differential equations that can be associated to them. As will be
explained, this study turns out to be related to a number of current themes of research.

In [34], Holland and Sparling studied causal structures in higher dimensions and showed
that an analogue of the Weyl sectional curvature can be defined. Also, they showed for causal
structures the Raychaudhuri-Sachs equations from general relativity remains valid for higher
dimensional causal structures (also see [1, 48]).

Before describing the nature of the complete set of invariants for causal structures it is helpful
to make parallels with what happens in Finsler geometry. On an (n+1)-dimensional manifold M
the indicatrix bundle 3 of a Finsler structure is (2n + 1)-dimensional equipped with a contact
1-form, i.e., a 1-form w € T*¥ satisfying w A (dw)™ # 0. The 1-form w is called the Hilbert form
of the Finsler structure. As indicated by Cartan [15, 16] and Chern [18], in Finsler geometry
there are two essential invariants comprising the total obstruction to local flatness, namely the
flag curvature and the centro-affine cubic form of the fibers C, (also referred to as the Cartan

SA contact path geometry over a contact manifold N is given by a family of contact paths with the property
that at each point £ € N, a unique curve of the family passes through each contact direction in 7T, M. A contact
projective geometry is a contact path geometry whose contact paths are geodesics of some affine connection.

"In this article the term characteristic curves is used to refer to the lift of null geodesics to the null cone bundle.
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torsion). The vanishing of the Cartan torsion implies that the Finsler structure is a Riemannian
structure, in which case the flag curvature coincides with the sectional curvature.

Regarding causal structures, the main step is to realize that the 2n-dimensional space C carries
a quasi-contact structure (also known as even contact structure), i.e., a 1-form WO satisfying
WA (dw”)" ! #£ 0 and (dw®)® = 0. The 1-form w° is referred to as the projective Hilbert
form.® Tt is shown that, for n > 3, there are two essential local invariants which form the
total obstruction to local flatness. As one would expect, the Fubini cubic form of each fiber C,
as a projective hypersurfaces in PT,.M constitutes one of these obstructions whose vanishing
implies that the causal structure is a pseudo-conformal structure. The second essential invariant
is a generalization of the sectional Weyl curvature of a pseudo-conformal structure restricted
to the shadow space® as found by Holland and Sparling in [34] (see Section 2.5). By analogy
with Finsler geometry, the second essential invariant is called the Weyl shadow flag curvature
(referred to as WSF curvature.)

Furthermore, from the first order structure equations for causal geometries it follows that
a causal structure (M,C) can be equivalently formulated as having a manifold C?" equipped
with a distribution D of rank n which contains an involutive corank one subdistribution A C D
and satisfies a certain non-degeneracy condition. The (small) growth vector of D is (n, 2n—1, 2n),
i.e., rank[D, D] = 2n — 1, and rank[D, [D, D]] = 2n'" (see Section 2.4.2). In this case, M1
is the space of integral leaves of A.'' This description identifies causal geometries as parabolic
geometries modeled on B,,_1/P; 2 and D,,/P; o for n > 4 and D3 /P 2 3, with their natural |3|-
grading. As will be shown, they have some similar features to path geometries [28] and contact
path geometries [22], which correspond respectively to parabolic geometries modeled on A,,/P; 2
and Cn / PLQ.

Another essential part of any causal structure is given by its set of characteristic curves.
Note that as a quasi-contact manifold, C is equipped with the characteristic line field of the
projective Hilbert form, i.e., the unique degenerate direction of dw® lying in Ker w?, defined by
vector fields v satisfying

W(v) =0, v 1dw? = 0.

The integral curves of a characteristic vector field v is called a characteristic curve. In the case
of pseudo-conformal structures the projection of these curves to M coincide with null geodesics.

The description above shows that, unlike Finsler geometry, the definition of characteristic
curves does not depend on a choice of metric. Recall that in Finsler geometry geodesics can be
defined as the extremals of the arc-length functional

o) = [0,

where v: (a,b) =: I — Cisacurvein C and v*¢ = L(x%;y%)dt. The function L(x?%;y*) is called the
Finsler metric which in the calculus of variations is referred to as the Lagrangian. The Finsler
metric is homogeneous in 3%’s and has non-degenerate vertical Hessian'?. When addressing

the geodesics of a Finsler structure, or more generally extremal manifolds in the calculus of

8This terminology is introduced in analogy with the Hilbert form in Finsler geometry and the calculus of
variations [7].

9The terminology is due to a physical interpretation made by Sachs [57] according to which if an object follows
a congruence of null geodesics, its infinitesimal shadow casts onto the pull-back of this space. This term was
initially used by Holland and Sparling in [34].

0The sections of the distribution [D, D] are given by I'([D, D]) = [['(D),T'(D)].

. [6], these structures are referred to as the B, and D, classes of what they call parabolic geometries of
Monge type.

121t is usually assumed that the Finsler metric when restricted to T M only vanishes at the origin and is positive
elsewhere [7]. However, as was mentioned previously, the condition can be relaxed [63].
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variations, it is generally assumed that the Lagrangian does not vanish along them [27]. The
study of extremal curves along which the Lagrangian vanishes seems to have received much
less attention in the literature (see [55, 56]). The exception is the case of Lagrangians that are
quadratic in 3"’s. This is due to the fact that they arise in the context of pseudo-conformal
structures. For instance, this problem is briefly discussed by Guillemin [29], where he studies
the deformations of the product metric 7¥dt?@® —m3g on S! x S? where 71 and 7y are projections
onto S', and S? and g is the round metric on S?, which is Zollfrei, i.e., all of its null geodesics
are closed with the same period. In Section 2.5.3 it is discussed how causal structures provide
a geometric setup for the variational problems involving certain classes of Lagrangians L(z%;y*)
which are homogeneous in y*’s and have vertical Hessian of maximal rank over their vanishing set.

The foliation of C defined by the characteristic curves allows one to define the quotient map
7: C — N where NV is (2n — 1)-dimensional and is called the space of characteristic curves of C.
A priori, NV is only locally defined around generic points and can be used to give a geometric
description of the theory of correspondence spaces for causal structure in the sense of Cap [12]
(see Section 3.2). Note that the space N/, when globally defined, is of interest in Penrose’s twistor
theory [42] and a twistorial desciption of causal relations among the points of the space-time [45].

Finally, an interesting instance of studying causal structure can be found in [37] where Hwang
considers complex causal structures arising on certain uniruled projective manifolds, M™*!
satisfying the property that through a generic point = € M there passes an (n — 1)-parameter
family of rational curves of minimal degree. The hypersurface C, C PT, M obtained from the
tangent directions to such curves at the point z is called the variety of minimal rational tangent
(or VMRT). Under the assumption that C, is smooth of degree > 3 for general z € M, he
shows that the causal structure defined by them is locally isotrivially flat (see Definition 2.16)3.
Furthermore, it turns out that the characteristic curves for such causal structures coincide with
rational curves of minimal degree'®. Finally, assuming that M has Picard number 1 and n > 2,
he shows that M is biregular to a hyperquadric equipped with its natural causal structure (see
Section 2.2). This theorem is a generalization of what has been considered previously in [10, 69]
for complex conformal structures.

More broadly, Hwang’s study of causal structures is a part of the differential geometric
characterization of uniruled varieties initiated by Hwang and Mok [36] via geometric structures
referred to as cone structures (see Definition 2.1). The starting point for Hwang and Mok is
a given family of rational curves of minimal degree whose tangent directions at a generic point
x € M give rise to the VMRT C, C PT, M. For instance, if C, = PT,, M one obtains the complex
analogue of path geometry [28] and if C, is a hyperplane which induces a contact distribution
on M, one obtains a complex contact path geometry [22]. The program of Hwang and Mok seems
interesting and calls for further exploration from the perspective of the method of equivalence,
especially through the lens of flag structures as developed in [20].

1.2 Main results

In all the statements of this article smoothness of underlying manifolds and maps is always
assumed and the dimension of M is always taken to be at least four unless otherwise specified.

In Section 2, after reviewing the flat model for causal structures, the first order structure
equations for a causal geometry (M"! C) of signature (p + 1,q + 1) are derived. It is shown
that the bundle of null cones C is foliated by characteristic curves and is endowed with the
conformal class of a quadratic form which is degenerate along the vertical directions of the

3 Hwang refers to such structures as flat cone structures of codimension one.

M\ otivated by the notion of conformal torsion introduced by LeBrun [41] and contact torsion introduced by
Fox [22], one can define causal torsion whose vanishing implies that the rational curves of minimal degree coincide
with the characteristic curves of the causal structure they define. The precise definition of causal torsion is not
given in this article.
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fibration C — M. Subsequently, the first order structure equations are used in Appendix A to
obtain structure equations leading to an {e}-structure.
The essential theorem of this article that is stated in Section 2.3.13 is the following.

Theorem 2.10. 7o a causal structure (M”+1,C2”), n >4, one can associate an {e}-structure

on the principal bundle P12 — P — C of dimension w where P o C O(p+2,q+2) is

the parabolic subgroup defined in (2.2). If n = 3, then Pi 5 is replaced by Pi23. The essential
invariants of a causal structure are the Fubini cubic form of the fibers and the WSF curva-
ture. The vanishing of the essential invariants implies that the {e}-structure coincides with the
Maurer—Cartan forms of o(p +2,q + 2).

The proof of the above theorem takes up most of Appendix A. Using the {e}-structure thus
obtained, it is straightforward to deduce that the essential invariants are the Fubini cubic form
and the WSF curvature. Section 2.4 deals with the parabolic nature of causal structures. In
Section 2.5 some geometrical interpretations of the essential invariants are given. The first
Section ends with examples of causal structures.

In Section 3.1, the structure equations for causal geometries with vanishing WSF curvature
are examined. It is shown that if the Lie derivative of the Fubini cubic form along the vector
fields tangent to the characteristic curves is proportional to itself, then the WSF curvature has to
vanish, unless the causal geometry is a pseudo-conformal structure. Such spaces are the causal
analogues of Landsberg spaces in Finsler geometry!®.

Section 3.2 involves the induced structure on the space of characteristic curves, N, of a causal
structure with vanishing WsF curvature. The (2n —1)-dimensional manifold A is shown to have
a contact structure and is endowed with an (n+1)-parameter family of Legendrian submanifolds
with the property that through each point v € N there passes a 1-parameter family of them.
Moreover, the sub-bundle of TN defined by the contact distribution contains a Segré cone of
type (2,n — 1). The theorem below is proved in which the property of being 5-integrable means
that at every point v € N, the Segré cone is ruled by the tangent spaces of the corresponding
1-parameter family of Legendrian submanifolds passing through .

Theorem 3.6. Given a causal structure with vanishing WSF curvature (C, M), its space of
characteristic curves admits a (-integrable Lie contact structure. Conversely, any (-integrable
Lie contact structure on a manifold N induces a causal structure with vanishing WSF curvature
on the space of its corresponding Legendrian submanifolds.

It should be noted that the theorem above is reminiscent of Grossman’s work [28] on torsion-
free path geometries. He showed that given a torsion-free path structure on N™*!, the space
of paths, S?", has a Segré structure, i.e., each tangent space is equipped with a Segré cone of
type (2,n). Furthermore, S contains an (n+ 1)-parameter family of n-dimensional submanifolds
such that through each point v € S there passes a 1-parameter family of them. Grossman showed
that at each point v € S, the Segré cone is ruled by the tangent spaces of the 1-parameter family
of submanifolds passing through ~. Such Segré structures are called §-integrable. Furthermore,
twistorial constructions such as that of Theorem 3.6 fit exactly into Cap’s theorem of corre-
spondence spaces [12]. However, Cap’s theory does not contain the geometric interpretation
given here in terms of existence of submanifolds that rule the null cone or the Segré cone. Such
interpretations are clear from the constructions presented here.

Appendix A contains the details of the equivalence problem calculations. Since causal struc-
tures are examples of parabolic geometries of type (Bp—1,P12) and (Dy, P12) if n > 4 and
(D3, P12,3), they admit a regular and normal Cartan connection [6, 14]. Using the machinery of
Tanaka, the correct change of coframe can be given recursively, in order to introduce a Cartan

58ee [7] for an account.
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connection on the structure bundle of causal geometries which is normal in the sense of Tanaka.
However, for computational reasons, writing down the precise form of the Cartan connection
leads to very long expressions which are not particularly enlightening (see [46]). Furthermore,
the first order structure equations suffice for the purposes of this article.

2 Local description of causal structures

In this section, after introducing the necessary definitions and notations, the first order structure
equations of causal structures are derived. It is assumed that the reader is familiar with Cartan’s
method of equivalence for G-structures (see [25, 51] for an account). The essential torsion terms
appearing in the first structure equations are interpreted geometrically. The derivation of the full
structure equations is carried out in Appendix A. In Section 2.5 a discussion on the fundamental
invariants of a causal structure is given. Finally, the section ends with a few examples of causal
structures.

2.1 Definitions and notational conventions

Since the main purpose of this article is the local study of causal geometries, the smoothness
of manifolds and maps that are considered is always assumed. In other words, the manifolds
considered are assumed to be the maximal open sets over which the necessary smoothness
conditions are satisfied.

Let M be a smooth (n + 1)-dimensional (real or complex) manifold, n > 3 and PT'M denote
its projectivized tangent bundle with projection 7: PTM — M, and fibers 7~ !(z) = PT, M.
Given a tangent vector y € T, M, its projective equivalence class is denoted by [y] € PT, M. For
S C PT, M, the cone over S is defined as

S:={yeT,M|[y| € S} C T, M.
Throughout this article, the indices range as
0<i,j,k<n, 1<a,b,ce<n—1, 0<a,f<n-1,

and are subjected to the summation convention. When a set of 1-forms is introduced as 7 =
I{w'}? ,, it is understood that Z is the ideal algebraically generated by {w',...,w"} in the
exterior algebra of M.

The symmetrization and anti-symmetrization operations for tensors are denoted using Pen-
rose’s abstract index notation. For example, consider a tensor with coefficients Agp.q. The tensor
A(able|ay is symmetric with respect to all indices except the third, and Ay is anti-symmetric
in the first and last indices. When dealing with symmetric forms such as g = 2w®ow™ —egpw®ow?,
or Fp.0%06°00°¢ with Fp. = Flape), the symbol o denotes the symmetric tensor product. Bold-
face letters such as i, j, a, b are used to denote a specific index, e.g., the set {w?} only contains
the 1-form w?. The summation convention is not applied to bold-face letters.

At this stage, before stating the definition of a causal structure, a more general geometric
structure, namely that of a cone structure, is defined [36]. The reason for this is that in the
process of coframe adaption for cone structures of codimension one, causal structures are distin-
guished as a sub-class of such geometries via the characterizing property of having tangentially
non-degenerate fibers (see Section 2.3.3).

Definition 2.1. A cone structure of codimension & < n on M"*! is given by an immersion
t: C — PTM where C is a connected, smooth manifold of dimension 2n+ 1 — k with the property
that the fibration wot: C — M is a submersion whose fibers C, := (7 0¢)™!(z) are mapped, via
the immersion ¢, : C,, — PT,, M, to connected projective submanifolds of codimension k in PT, M.
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Two cone structures t: C — PTM and (/: C' — PT M’ are locally equivalent around points
x € M,z € M, if there exists a diffeomorphism ¢: U — U’ wherex € U C M and 2’ € U’ € M’,
such that 2’ = ¢(z) and ¢, (¢(C)) = //( </z>(y)) for all y € M.

In this article, only cone structures of codimension one are considered i.e., the fibers ¢(C;) C
PT .M are projective hypersurfaces. Since the map ¢: C — PT M is assumed to be an immersion
and this article concerns the local nature of geometric structures, it is safe to drop the symbol ¢
in ¢(C) and ¢(C;) and denote them as C and C, respectively. As a result, by restricting to small
enough neighborhoods, one can safely assume C C PT'M is a sub-bundle defined in an open set
U C PIT'M, where the fibers C, are smooth submanifolds. Consequently, a cone structure of
codimension one over a manifold M can be represented by (C, M).

In local coordinates, a point of TM is represented by (x;y) where x = (20,...,2") are
the base coordinates and y = (y",...,y") are the fiber coordinates. In a sufficiently small
neighborhood of a point p = (x;z) € C, the homogeneous coordinates [y° : ... : y"] can be
chosen so that z = [0 : ... : 0 : 1] and the cone E; is tangent to the hyperplane {yo = 0}
along 2. The affine coordinates (y°,...,y" ') obtained from setting y™ = 1, are used to derive

the explicit expressions of the invariants. Using these preferred coordinates in a sufficiently small
neighborhood of p, it is assumed that C is given in terms of homogeneous coordinates as a locus

L(mo,...,x";yo,...,y") =0,
where L is homogeneous of degree 7 in 4’ and, in terms of affine coordinates, as a graph
yo:F(aco,...,x”;yl,...,y"_l). (2.1)

Example 2.2. A cone structure of codimension one on M™ ! whose fibers are hyperplanes
given by Kerw for some w € T*M, and are mazimally non-integrable, i.e., w A (dw)*~1 # 0,
is called a contact structure if n = 2k — 1, and a quasi-contact structure (or even contact
structure) if n = 2k. These can be considered as “degenerate” examples of codimension one
cone structures and have no local invariants. In these cases, the function F in (2.1) is of the
form F(z;y) = co(2)y® + cn(x), with w = da® + c,(z)dz® + ¢, (z)dz".

Example 2.3. A pseudo-conformal structure, i.e., a conformal class of a pseudo-Riemannian
metric g;; of signature (p +1,¢ + 1), p,q > 0, can be introduced by its field of null cones, i.e.,
the set of quadrics

Cp = {[y] € PT, | gijyiyj = 0},

As a result, a pseudo-conformal structure is an example of a cone structure of codimension one,
which, in contrast to the previous example, is “non-degenerate” (see section 2.3.3). In terms of
the local form (2.1), a representative g;; of the conformal class, at a point s = (z;y) € C, can
be put in the form 2y%y™ — e,y%y®, where

I 0
[ap) = Ip,q = (5) Hq) )

and therefore F(s) = eqpy®y®.

In Section 2.3.3, when a coframe (w°,...,w", 0% ... ,0" 1) over C is introduced, the corre-

sponding coframe derivatives are denoted by

dG = G,w' + G,0".
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2.2 The flat model

When setting up the equivalence problem for a given geometric structure, finding the flat model
can be very helpful for identifying the structure bundle. Naturally, one expects the flat model
for causal structures to coincide with the flat model for conformal geometry. In causal geom-
etry, the flat model is obtained from the natural pseudo-conformal structure on a quadric.
Consider the quadric Q™! C P"*2, where p+ ¢ = n — 1, given by wSv = 0, where

p+1,q+1
v="y,2" 2!, ... 2" 2) € R*"3 and
0 0 0 0 1
0 0 0 -10
S=|0 0 I, 0 O
0O -1 0 0 O
1 0 0 0 0
has signature (p + 2,q + 2). It is equipped with a pseudo-conformal structure of signature
(p+1,q+1), expressed as 2y°y™ — e,py®y” where y*’s denote the fiber coordinates of TQZIi g1

The null cone bundle of this pseudo-conformal class is denoted by C C ]P’TQZqu 41~ Consider

the flag manifold
NFG1! = {(V1,12) € Gri(n + 3) x Gry(n + 3): Vi C Va},

where Grg (m) denotes the space of k-dimensional subspaces of R™ which are null with respect
to the inner product S, e.g., Gr{(n + 3) = Q;Liiqﬂ. Taking a basis {e1,...,e,} for R™, the
transitivity of the action of G4 := O(p+2,¢+2) on Gr))(m) results in isomorphisms Gr(m) =
Gp,q/ Pr where Py, is the parabolic subgroup isomorphic to the stabilizer of the subspace spanned
by {e1,...,ex}.

Let m = n + 3, n > 4 and define the parabolic subgroup Py, .
Consequently, if follows that

= Pklﬁ---ﬂPki of G.

i

NF%J = Gpq/Pr23, p+q=2,
NF31! 2 Gyg/Pr2,  pHg=n—12>3. (2.2)

The relevant fibrations are shown in the diagram below:

Gpvq

v

Qi+ NG v Gif(n +3).
Note that NFS:{l is isomorphic to C. The Maurer-Cartan form on G, ; determines a canonical
Cartan connection over C which, as will be shown, is associated to the flat causal structure.
Moreover, the fibration of G, over Gry(n + 3) gives the flat model for Lie contact structures
studied in [49, 59]. As will be seen, these structures arise on the space of characteristic curves
of certain classes of causal geometries.
The Maurer—Cartan form of G, , can be written as

¢0 + an —Tn —Tp —To 0
wh o o —Pn W 0 =70
o= w® 0 —% ~® ® , (2.3)
w? 0 0 —¢0 + ¢n —Tn,
0 w? —Wp w" —Qo — ¢n
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with dg 4+ ¢ A ¢ = 0. The symbol e, is used to lower and raise indices. The set of semi-basic!

1-forms with respect to the projections v, v o m and v o 7 are respectively
Il:{wo,...,w”,ﬁl,...,ﬁ’%l}, Igz{wo,...,w”},
I3 = {wo, et ,9"_1}.

Each tangent space T,C is equipped with a filtration defined as follows. At p € C, the line
over p, denote by p C Tr(y) Qgill’ ¢+1> s null. Let w? denote a representative of the dual projective
class of p with respect to the conformally defined inner product S. For instance, if p = [e,],
then take w® = €7, Define K2 := Ann(n*w?) C TC. Using the tautological bundle

Kl = {’U S TPC: (’/T*(p)) (’U) € ﬁ - Tw(p)Q;Lj—_ll,q—l-l}a

the filtration K! ¢ K? C K3 := TC is obtained. At p € C, let K_1(p) := K'(p), K_5 :=
K2(p)/K'(p) and K_3 := K3(p)/K?(p). The graded vector space

m(p) = K_1(p) ® K_2(p) ® K_3(p) (2.4)

can be associated to the filtration of 7,,C. Note that at each p € C, m(p) = m. The Lie bracket
on TC induces a bracket on m which is tensorial and makes m a graded nilpotent Lie algebra
(GNLA), ie., [K;, K;] = K;y; with K; = 0 for all ¢ > 4 and K_; the generating component.
Let Gy denote the subgroup of automorphisms of 7C, i.e., O(p + 2, ¢ + 2), which preserves the
grading of m via the adjoint action. Let Ky denote the Lie algebra of Gy. Then, the Lie algebra
of automorphisms of C, i.e., g = o(p + 2,q + 2), admits a Z-grading defined by

gk::{geg:g-KiCKi+kfOI‘OZiZ—g}.

This is a |3|-grading, i.e., g = ©}__g; such that [g;, ;] C gi1; with g; = 0 for |i| > 3, and g_;
generates g_ :(=g_1 D g_2 D g_3.

Note that K' = E @ Ver where Ver is the vertical distribution with respect to the fibration =
and E = m,(g—1). Moreover, TC is equipped with a conformally defined quadratic form obtained

by lifting the canonical one defined on Qgill,ﬁl,

g = 2w’ 0w" — g o WP,

which is degenerate on Ver. The group of automorphisms of T'C, which preserves the grading
of m, also preserves the conformal class of the lifted quadratic form g on T'C. The Lie algebra
go C g that corresponds to the group of automorphisms of m which preserves the grading, is
isomorphic to co(p, q) ® R.

Using the Maurer—Cartan form ¢, the subspaces g_s3,g_2, and g_; are dual to the Pfaffian
systems Z_3 := {w%}, T_5 := {w® 2;117 and Z_; := {w",0° Z;ll

In Sections 2.4.3 and 2.5.1 the correspondence between causal structures and parabolic geo-
metries of type (By_1, P12) and (D, P1 2) for n > 4 and (D3, P} 2 3) will be made more explicit.

2.3 The first order structure equations

In this section the first order structure equations for causal geometries are derived via the
method of equivalence. The procedure involves successive coframe adaptations, as a result
of which various important aspects of causal geometries are unraveled, e.g., the quasi-contact
structure of C, the projective invariants of the fibers C,, and the WSF curvature. Also, it
is noted that a causal structure can be equivalently formulated as a codimension one sub-
bundle of PT*M, which is called a dual formulation of causal geometries. Such formulation is
traditionally preferred in the context of geometric control theory [2].

The derivation of the first order structure equations should be compared to that of Finsler
structures as presented in [11].

Y6 A 1-form w € T*C is semi-basic with respect to the fibration 7: C — M if w(v) = 0 for all v € ..
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2.3.1 The projective Hilbert form

Given a cone structure of codimension one (C,M), the subset C, C PT,M is a projective
hypersurface, for all x € M. At a point y € C,, the affine tangent space Tycx is defined as
the hyperplane T Z(?x C T, M tangent to the cone CAx C T, M, containing z € y. Note that this
subspace is independent of the choice of z. It is important here to distinguish between the
affine tangent space fycx C T M and the vertical tangent space V1{,.,)C corresponding to the
fibration mov: C — M.

The 1-form w® € T*C, at (z;y) € C is defined as a multiple of (7 o ¢)*(a) where o :=
Ann (fycm) € T M. By definition, w" is defined up to a multiplication by a nowhere vanishing
smooth function on C and is therefore semi-basic with respect to the fibration 7: C — M. In
this article w? is referred to as the projective Hilbert form.

2.3.2 The adapted flag

At each point (x;y) € C, there is a natural basis (8%0’ cel a%) for T,, M adapted to the flag

§ C T,Co C T M,

where {&%} and {8%1, cee a%}, respectively, span ¢ and fycm.
In terms of the graph (2.1), the local expressions are
0 0 0 0 0 0 0 0 0
— =F— @ _—, —— =0 F— + —, — = .
own 0x0 Ty Ox® + ox" Ow® “ 0x0 + Ox® owd 920
The dual coframe (wo, . ,w”) can be written as
w" = dz", w? = dz® — yda", w? = d2® — 9, Fdz® + (y*9,F — F)dz". (2.5)

The pull-back of these 1-forms to C spans the semi-basic 1-forms with respect to the fibration
7: C — M. At each point p € C, given by p = (2¢; ), these 1-forms are adapted to the flag

V1,C C K, C H, CT,C, (2.6)

where VT, M = Ker{w?,...,w"} is the vertical tangent bundle, K, = Ker{w’, ..., w1} is the
fiber of the tautological vector bundle given by

Ky ={v e TL,C|m(p)(v) € § C TrpyM},

where p = (z;y), the line § corresponds to the projective class of y and H), = Ker{w®} is the
quasi-contact distribution (see Section 2.3.5). To clarify the notation, if p = (z;y) then the
fiber VT,,C is also denoted by T,C, and the quasi-contact distribution can be expressed as the

splitting 7;,C, ® fycx which is not unique.

2.3.3 Causal structures and the first coframe adaptation

Recall that a projective hypersurface V C P" is called tangentially non-degenerate if its projective
second fundamental form has maximal rank (see [3, 58]). Now the stage is set to define causal
structures.

Definition 2.4. A causal structure of signature (p + 1,q + 1) on M"*! is a cone structure of
codimension one, (M, C), where the fibers C, are tangentially non-degenerate projective hyper-
surfaces and their projective second fundamental form has signature (p, q) everywhere.
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In Section 2.3.6 it is shown that the tangential non-degeneracy assumption of the fibers C,
implies that the signature of h% at any point of C determines its the signature of h*® everywhere.

Let dy denote the vertical exterior derivative, i.e., the exterior differentiation with respect to
fiber variables y°. Using the expressions (2.5), it follows that

dyw? = 0% A w?, mod I{wo}, (2.7)
where 6°, = 0,0, Fdy®. As a result of (2.7) one obtains

dw® = —20% A w® — 6%, A w® + T’ A W + %Tabw“ A wb + Tppw® A W™,
By setting ¢ := 6% — Tp;w’, 0, := 0°, — %Tabwb — Tunw™, one arrives at

dw® = —2¢g A w® — 0, A WO, (2.8)

which implies that w® has rank 2n — 1, i.e., w A (dw®)"~! £ 0.

The 1-forms 6, define vertical 1-forms with respect to the fibration 7w: C — M. The 1-forms 6,
are linearly independent everywhere when the fibers C, are tangentially non-degenerate at every
point, i.e., det(0,0,F') # 0.

Since the vertical 1-forms 61, ...,60,_1 are linearly independent, at each point (x;y) € C, one
obtains a coframe Zyor := {w°, ..., w", 01,...,0, 1} for T{5:2)C adapted to the flag

VT,C C K, C H, CT,C, (2.9)

defined previously in (2.6). Such a coframe is called 1-adapted. For a quadric, this filtration
coincides with the one introduced in (2.4). In analogy with the flat model, the following algebraic
ideals are defined:

Lot = I{w, ... ,w™, 0 ..., 0"} Toas = 1{u",...,w"},
Tehar = T{w, ..., 100 L 0"

Using the expressions (2.5), equation (2.8) gives
0o = 0,0, Fdy’ + 990, Fda® 4 8,0, Fdzb + (8,0, F — 8, F — g F 9, F)da". (2.10)

From the expression above it follows that the linear independence of §,’s modulo w"’s is equivalent
to the non-degeneracy of the vertical Hessian 0,0, F'.
The fact that such a coframing is adapted to the flag (2.9) and satisfies (2.8) implies that
different choices of 1-adapted coframes are related by
W — a%w?, w® — E%° + A%wb,

b
aeb-

w" — ew? + Bow® + b2w™, 0, —s Cow® + Sup (Afl)bcwC + a? (Afl)
In the language of G-structures, the structure group of the bundle of 1-adapted coframes, G,
is of the form

a2 0 0 0
E A 0 0
e B b? 0
C 'A7'S 0 a?tA!

A € GL,_1(R), a,beR\{0},
‘B,C,EcR" ! ecR, ) (2.11)
Sc M, 1(R), S="'S
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Remark 2.5. The reason for using a? and b? in G is as follows. Let L(z';y') be a Lagrangian
function for a causal structure, i.e., the vanishing set of L defines C. As is conventional in the case
of pseudo-conformal structures, it is desirable to restrict to the set of causal transformations pre-
serving the sign of L in a neighborhood of the null cones, i.e., restricting to the set of Lagrangians
of the form S%L for some nowhere vanishing homogeneous function S: TM — R. Recall that
the projective Hilbert form in terms of L is given by w® = 9;Ldz’. Replacing L by S?L and
restricting to the zero locus of L, the projective Hilbert form transforms to S?(L;dz?) = S%w.
This observation justifies the use of a? in Gy. Moreover, recall that a line bundle is called
orientable if it has a non-vanishing global section. In the case of contact manifolds, a contact
distribution is called co-orientable or transversally orientable if it has a globally defined contact
form [44]. Similarly, a quasi-contact structure is called co-orientable if it has a globally defined
quasi-contact form w®. If the quasi-contact distribution on C is given a co-orientation, it is pre-
served under the action of G;. Similarly, if the characteristic field of a quasi-contact structure
(see Section 2.3.5) is given an orientation, then having b? in (2.11) implies that the structure
group (G1 preserves the orientation of the characteristic field. Moreover, the conformal scaling of
the quadratic form g defined in Section 2.3.11 by the action of G is given by a?b?. As a result,
it is possible to define space-like and time-like horizontal vector fields v in TC via the signature
of g(v,v).

To implement Cartan’s method of equivalence, one lifts the 1-adapted coframe to the G-
bundle in the following way (see [25, 38, 51] for the background). Recall that the set of all
coframes on C, defines a GL(2n)-principal bundle ¢: P — C, with the right action

Rg(ﬁp) = 9_1 - Up,

where 9, € 71(p) is a coframe at p € C, g € GL(2n), and the action on the right hand side is
the ordinary matrix multiplication.

Among the set of all coframes on C, let 9 represent 1-adapted coframes *(u, ..., 6,_1), which
are well-defined up to the action of GG1. As a result, the 1-adapted coframes are sections of a G-
bundle ¢;: P; — C. On P; =2 C x (G one can define a canonical set of 1-forms by setting

Ipg) =" (w,....0, 1) =g "V,

where 1), is a choice of 1-adapted coframe at p € C.
The exterior derivatives of the 1-forms in ¢ are given by

dW=d¢g'Ad+¢g - dd=—¢g - dg- AgW+g¢g - dd=—and+T, (2.12)

where a(p, g) = g~'-dg is gi-valued 1-form where g; denotes the Lie algebra of G1. The 2-forms
T(p, g) can be expressed in terms of WA W, 0, N W, 0, N 8. The terms constituting 7" are called
the torsion terms. They are semi-basic with respect to the projection ¢;. Via «, one can identify
the vertical tangent spaces of the fibers of ¢;: P; — C with g;. The g;-valued 1-form « is called
a pseudo-connection on Py which is not yet uniquely defined. Recall that the difference between
a connection and a pseudo-connection on G1-bundle lies in the fact that a connection form &
satisfies the equivariance condition Rya = Ad(g~1')a, where g € G4, while a pseudo-connection
in general does not.

A choice of pseudo-connection in (2.12) gives rise to structure equations for the 1-forms 9.
For 1-adapted coframes, the pseudo-connection forms are of the form,

200 O 0 0
o0 Y% 0 0
o Y'a 2¢n 0 ’

Ta  Tab 0 2¢05g — Y%

where mg, = Tp,.
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It follows that

dw® = —260 A W° RN (2.13a)
dw? = 7% A w® — % A W — A% g A W™, (2.13Db)
dw" = =" A w’ =" A w® = 26, A W, (2.13¢)
d0, = —ma A’ — wap AW’ + WP A0y — 200 N O, + 0a AW + 000 A G, (2.13d)

where the 1-forms 0,4, 0®,, are the torsion terms and vanish modulo Ziot. Their components are
determined in Section 2.3.9.

The equation of dw® follows directly from (2.8). Moreover, the Pfaffian system Zp,s, is
completely integrable with the fibers C, being its integral manifolds. It follows that dw® =
7% A W, and dw” = 7% A W', where 7%, ™; = 0 modulo Z;. Using the fact that the action
of G1 preserves Tp,s, and that two pseudo-connection differ by a semi-basic gi-valued 1-form, all
the 1-forms 7', 7"; can be absorbed into the pseudo-connection forms. The only torsion term
left is h“be A w", for some function h®, which is discussed in Section 2.3.6. From now on, since
structure equations are always written for the lifted coframe o, the underline in w’ and 6,’s will
be dropped.

Remark 2.6. The oriented projectivized tangent bundle P, T M is defined so that at © € M
the fiber P T, M is isomorphic to the space of rays in T, M, or, equivalently, the set of oriented
real lines in T, M passing through the origin. As a result, P, T, M is the nontrivial double cover
of PT, M.

The above definition of cone structures, and more specifically causal structures, can be
changed so that C is a sub-bundle of P, T'M. In the case of causal structures immersed in P, 7T M,
the assumption that the fibers C, = ¢~!(x) be connected is not desirable. This is due to the
fact that C, should be thought of as the light cones which are comprised of the future and past
light cones whose projectivizations are disjoint. Thus, one expects C, = C;” U C, . This way, in
analogy with Finsler geometry, a cone structure is called reversible if C=-C. Otherwise, it is
called non-reversible. It should be noted that among oriented causal structures, non-reversible
ones can be of interest in certain problems due to possible differences in their future and past
light cones. This is similar to the case of non-reversible Finsler structures containing the im-
portant class of Randers spaces [8]. In [39], Kronheimer and Penrose use the term self-dual
for a reversible causal structure. This is due to the fact that they define the dual of a causal
structure to be the causal structure obtained from replacing all the causal relations between the
points of the space by their inverses, i.e., interchanging the words “future” and “past”.

2.3.4 A dual formulation of causal structures

In the context of geometric control theory, geometric structures arising from distributions are
typically formulated in the cotangent bundle [2]. Firstly, the definition of a Legendre transfor-
mation is recalled.

Definition 2.7. Given a sufficiently smooth real-valued function L, usually referred to as a Lag-
rangian, on T'M, the associated Legendre transformation Leg: TM — T*M, is defined by

Leg=modyL,
where dy L defines a section of the product bundle T'M xT* M, with the projection map 7: T'M x

T*M — T*M. In local coordinates, Leg(z’;y*) = (°;p;) where p; = ngiv and (po,...,pn) are
local coordinates for the fibers of T M.
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The Legendre transformation is a local diffeomorphism provided that Leg, = % is non-
degenerate everywhere. The inverse Legendre transformation Leg™! can be obtained by the

same procedure using the Hamiltonian function Q := A o Leg™! where A := dL(A) — L with A
being the Liouville vector field, i.e., A = 3 gyLi — L in local coordinates. When the degree of

homogeneity of L is r # 1, Euler’s theorem gives Q = (r — 1)L o Leg ™.

Changing the defining function to L'(z,y) = S(x,y)L(x,y), the function Leg remains in-
variant over C, hence the vanishing set of Q in T*M remains invariant. Consequently, one can
equivalently study the dual causal structure C* := Leg(C) C PT*M whose fibers C; C PT;M
are the projective dual of the projective hypersurfaces C,, C PT, M.

Via the Legendre transformation the projective Hilbert form w® = ;L dz* is the pull-back of
the canonical contact form A = p;da’ restricted to C* C PT*M, i.e.,

. oL ,
* 3 1 . (2
Leg* (pida’) = oy (x,y)dz’.
Consequently, the coframe adaptation can be carried out using A for the dual cone structure.
Hence, this dual formulation can be taken as the starting point for studying causal structures.

2.3.5 Characteristic curves and a quasi-Legendrian foliation

A causal structure comes with a distinguished set of curves which can be defined using the
quasi-contact nature of C. Recall from Example 2.2 that a quasi-contact structure (or even
contact structure) on a 2n-dimensional manifolds was defined locally in terms of a 1-form of
rank 2n — 1. As a result, there is a unique direction along which w® and dw" are degenerate,
i.e., [v] C TPTM such that v Jw" = 0 and v Jdw® = 0, which is called the characteristic field
of the quasi-contact structure and its integral curves are called characteristic curves (cf. [35]).
A section of the characteristic field is called a characteristic vector field.

In local coordinates using the defining function F' in (2.1), one obtains that the vector field

o) a_ 0 o) a_0
FW—’—y 8x“+8:r"+A oy

where
A9, 0pF = —F 000, F — y* 0405 F + 0o F 4 89 F 0y F — 0,00 F
represents a characteristic vector field on C.

Definition 2.8. Let M be a 2n-dimensional manifold with a quasi-contact 1-form w € I'(T*M).
A submanifold N C M is called quasi-Legendrian if T,N € Kerw and T, N 2 dw = 0 for all
x € N, with the property that T, IV is transversal to the characteristic field of w.

The bundle C is 2n-dimensional and w® € T*C has maximal rank 2n — 1, therefore, C has
a quasi-contact structure. The fibers C, form a quasi-Legendrian foliation of C since the vertical
tangent spaces T,C, are annihilated by Zpas = {w?, ..., w"}.

Moreover, using (2.8), the characteristic field of w" is the kernel of the Pfaffian system Zcpar =
{0 ... w1t 6y,..., 0,1}, which justifies the subscript char.

Remark 2.9. Recall that the geodesics of a Finsler structure are defined as the projection of
integral curves of the Reeb vector field associated to the contact structure on the indicatrix
bundle induced by the Hilbert form [11]. Here, the projection of the characteristic curves gives
an analogue of null geodesics in pseudo-conformal structures.
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2.3.6 Projective second fundamental form and the second coframe adaptation

The next coframe adaptation involves the projective second fundamental form of the fibers C,.
Let dw?® = —h®@, A w™ modulo T{w°,...,w" 1}. Using the identity d%w® = 0, it follows that

h®0, A Oy A W™ = 0,
i.e., h® = hP*. Using the local expressions of w® in (2.5), one obtains that
dyw® = —dy® A " mod I{wo, e ,w"_l}.

Recall from (2.7) that dy® = h2®6%, where (h%®) = (9,0,F) L.
Using the structure equations (2.13), the infinitesimal action of the structure group G on h®
is obtained from the identity d?w® = 0, and is given by

dh® + heeypb, + hbeypt, — 20 (o 4+ ) =0 mod Tier. (2.14)

The relation above implies that the functions h®(p, go) and il“b(p, g1) where g1 = ggo, with
g € Gy represented by the matrix (2.11), are related by

h = a’b?(A) 719 (A) 0 n, (2.15)

It follows that the bilinear form ¢o = h%8, o 6, when pulled-back to the fibers C, coincides with
its projective second fundamental form (see [3, 58]).

Note that by definition 2.4, tangential non-degeneracy of the fibers C, implies that h% is non-
degenerate everywhere in C. As a result, the signature of h%, as a well-defined tensor over C,
remains the same everywhere.

Assuming that h® has signature (p, q), the relation (2.15) implies that A%, can be chosen so
that h? is normalized to €®. By restricting the G-bundle to the coframes for which h® = ¢,

and using the relation (2.14), it follows that
Pl +e¢c=0  mod T,  where ¢ =% — (¢o+ dn)0. (2.16)

As a result, for such coframes one can replace ¥, by ¢%, + (¢ + ¢, )% where the matrix-valued
1-forms ¢%, take values in o(p, ¢) modulo Zyot

Coframings with normalized h® are 2-adapted, and they are local sections of a Ga-bundle
over C where

2
BEL: al())A 8 8 A €0(p,q), a,beR\{0},
@=1le B b2 0o ||BCEER™, eck
_t
C AS 0 2A SeM,1(R), S='S

2.3.7 The third coframe adaptation

The 1-forms ¢%, are o(p,q)-valued, i.e., ¢ap + dPpa = 0 modulo Zior, where ¢up = £4c.
From (2.16) it follows that

¢ab = ¢ba + (¢0 + ¢n)5ab + Eaibwi + Facbec, (2.17)

where E;;, = Ep, and F,% = F¢,. Hence, with respect to 2-adapted coframes, the structure
equations are

dw?® = —2¢9 A W¥ — 0, A W, (2.18a)
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dw?® = _,yao A W — ¢ab A wb — ((]50 + ¢n) Aw® — a“beb A w"

— E%w’ A w = Ff, A (2.18b)
dw”™ = =" A w® — 7" A w® — 2¢, A W, (2.18¢)
dby = —mg A w® — Ty A Wl + @ A Oy — (d0 — ) A o + 0a A w™ + %4 A By, (2.18d)

b

where €?° is used to raise the indices in E,;, and F;%. By replacing

1
%y > % + 3 (B pew® — e Eece g + cca B apw?),
b — P + El ™, Y% — 7% + E%opw”,
it can be assumed that E%,. and E%. vanish, and E%,;, is trace-free.

Differentiating dw?, and collecting the terms of the form 7% A w? A w™ for some 1-form sa-
tisfying 745 = Tpe and 7%, = 0 modulo Zi.:, one obtains

[(dEanb + 2Eanb¢n + 2Ecn(a¢cb) + 7Tab) Aw" — d(¢0 + ¢n)€ab] A wb = 07

where Egnp = €acECnp. Contracting the above equations with %, and using the properties
Eanb = Epna, E%a = 0, and ¢gp, = —pg, it follows that d(¢g + ¢n) = —xmepe™ A W™ mod-

n—1
ulo Zcpar. As a result, the infinitesimal action of the structure group on E%,;, is given by

dEanb + 2EanpPn + 2Ecn(a¢cb) + (Trab - ﬁwcdecdgab) =0 mod Ziot. (2'19)

Similarly to Section 2.3.6, it is possible to restrict to coframes with vanishing E%,;, and
consequently, by relation (2.19), the 1-forms 7, are pure trace modulo Ziot, i.€., Tap = TpEab,
modulo Zit, for some 1-form 7,. Such coframes are called 3-adapted.

The 3-adapted coframes are local sections of a (G3-bundle, where G5 consists of matrices

aZ 0 0 0

E abA 0 0 A €0(p,q), a,beR\{0},
e B b2 0 ||'B,CCEER"!, cecR
C cAe 0 %tA

2.3.8 Symmetries of Fabc
In order to show F®*€ is completely symmetric, one first differentiates equation (2.18b) to obtain
0=e"(dfy — ¢°p A Oc + (¢0 — dn)0p + FUG04 A 0) A w" mod «°,...,w" L
Differentiating equation (2.18a) yields,
0= (dfc — " A 0o+ (do — Pn)bc + F®0a A Op) Aw®  mod I{w’ w"}.

Comparing the two equations above, one obtains, F®.0, A 6, = 0, i.e., F%, = F®, Recall,
in (2.17) the quantities F®, satisfy F%¢ = F¢ where F¢ = ¢®dFab;  As a result, F®° is
totally symmetric.

2.3.9 The fourth coframe adaptation, Fubini cubic form and the Wsf curvature

The next coframe adaptation reveals the essential invariants of a causal structure, which are the
Fubini cubic forms of the fibers C, and the Weyl shadow flag curvature (also referred to as the
WSF curvature).
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Differentiating (2.18b) and collecting terms of the form 7%, A 6, A w® satisfying 7,°. = 7.,
one has

0= [(dFabc  pabdge, 4 padegh 4 pdbega,  pabe(g g Y
— (7”d€d66ab - ’y“osbc)) A Gy — d(¢o + ¢dn)e™] A we mod w?, w™. (2.20)
Contacting by €4, and defining
Fo = gy FOC,
one arrives at
d(¢o + ¢n) = 751 (100 — Y"ae™ + dF) A Oy,

Putting this back in (2.20), and contracting with &, gives
AF® = —FP¢% + F%(¢g — ¢p) — "2 (ya5 — 4meba)  mod Tier.

As before, the infinitesimal action above makes it possible to translate F'® to zero. Therefore,
the class of 4-adapted coframes can be defined by the apolarity relation

F®=0. (2.21)

The resulting reduction in the structure group is realized via the relation v% = £~", modu-
lo It0t~
It can be shown that the cubic form

Fy = F%9, 06, 00,,

when pulled-back to the fiber C;, coincides with Fubini cubic form of C, (see [3, 58]). This
becomes evident in the derivation of the local expression of F¢ in (2.44).

It is noted that because the second fundamental form is normalized to €4, for any choice of
4-adapted coframe, the Fubini cubic form is well-defined tensor on C.

The structure group Gy is reduced to the group of matrices of the form

a2 0 0 0
E abA 0 0
e B b2 0
C ctAe 0 %tA

A €O(p,q), a,becR\{0},
‘B,CcR" ! c,ecR, ,
E=¢A'B

where ‘B denotes the transpose of B with respect to e.
By setting 7% — e%y™, = K% w' + K%, the structure equations after the fourth coframe

adaptation are of the form

dw?® = —2¢9 A W¥ — 0, A W, (2.22a)
dw® = =Py A w® — g% A WP — (P + ¢Pn) A W — £, A W

— K%w' A w® — K%, A ¥ — F .0, A w©, (2.22b)
dw™ = =79 A w® — Y A w® — 20, A W™, (2.22¢)
dby = —7mq A w® — eqpmn A Wb + %4 A Oy — (do — dn) A O + A%u0, A W™

+ Wanbnw? A w™ 4+ B%,0u A 0, + EanCp0e A w® + Wanpew? A WS, (2.22d)

where 7", is being replaced by .



Differential Geometric Aspects of Causal Structures 19

Differentiating (2.22a) yields

Aab = 0; Wanbn = anan; Eanbc = Lanch
Kab = Kbaa Babc =0, W[a|n|bc] =0.

By making the following changes

Ya > Ya — Kcnown - K(ab)l)waa ¢n — ¢n — Keno wc’
of — B + 5 (T%w® — e%T e qqw® + ecqTqpw?) + 5 (K% — e%K%ceep)w?,

where T%, = 6% Ko — 0% Kipno, and Kano = ca K no, it can be assumed that K% vanishes.
By replacing

1

d
n—1 g’ chdn Wn:

1
Ty, > T, + ﬁgac anbc 0" —

the traces of Wynpn and E%,. are absorbed in 7, and therefore, Wy, and E,,q can be chosen
to be trace-free in (a,b).

The symmetric trace-free tensor Wy, is called the Weyl shadow flag curvature (the WSk
curvature), which, as will be shown, is the second essential invariant of causal structures.

By differentiating (2.22b), and collecting 3-forms Agp 6% A w® A w™ such that Ay, = Ap,, and
A%, =0, it follows that

Eanbc = _fabw

where fope = Fapen, 1-€., the derivative of Fyy. along the characteristic curves.

2.3.10 The fifth coframe adaptation

There is one more coframe adaptation that can be imposed on any causal structure, which
reduces the structure group by one dimension. First, note that the derivative of (2.22b) gives

((AK® 4+ 2K@gh) , — 2K (g — ¢n) — €90 — F®9.) A O + dy®) Aw® = 0 (2.23)

modulo T{w',...,w"}. To find the infinitesimal group action on K via the relation above one
needs to find the 2-form components v A ), of dy* where v* % 0 modulo Zio;. Differentia-
ting (2.22¢), it follows that

(d’ya + F vy A O, + Aa) Aw* =0,

where A, is of the form 1%, A 6, with v°, = 0 modulo Zie;. Inserting the above expression of d-,
into (2.23), one sees that the infinitesimal action of the structure group G5 on K is given by

dK® +2K@¢Y . — 2K® (¢ + dn) + 7" — 2F™®y, =0  mod Zior.

Note that K is not a tensor as its infinitesimal transformation rule in terms of the structure
group involves Fa,..

Using the apolarity relation (2.21), and the fact that K, and ¢, are symmetric and skew-
symmetric respectively, the infinitesimal action of the structure group G4 on K := g4, K is
found to be

dK + K(¢pg — ¢n) +(n —1)7" 9 =0 mod Ziot.
Now, the 5-adapted coframes can be defined by the property that K = 0. Hence, one obtains

700 = Myiw® + L0,.
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By replacing
Ya = Ya — Mna w’ — €abMnn Wb7 Pn > Pn — %Mnn WO,

it can be assumed that M,; = 0.
The 5-adapted coframes are local sections of a Gs-bundle where G5 is the matrix group
defined by

a? 0 0 0

E abA 0 0 a,b € R\{0}, cecR,

c B b 0 A cO(p,q), 'B,CeR"! . (2.24)
a E=2A'B, e=-,B'B

C ctAe 0 2 A b 2b

2.3.11 Invariant conformal quadratic form

According to (2.24), the structure group G5 preserves the conformal class of the quadratic form
g := 2w’ ow™ — ggpw® oW, (2.25)

which is semi-basic with respect to the fibration 7: C — M. At p = (z;[y]) € C the null cone
of g, in T, M gives the osculating quadric of second order for C, at [y]| € C,.

As will be shown in Section 2.3.14, the vanishing of the Fubini form implies that the conformal
class of g is well-defined on M and that the null cones of the causal structure coincide with those
of g. In that case, the o(p, g)-valued part of the associated conformal connection is given by

¢n - ¢O 0 0
oo 0,
0 Y 0~ Pn

where %y and % are column vectors of 1-forms 7 := €%+, and 0% := £%6,, respectively. From
now on, £, will be used to raise and lower the indices a, b, c.

2.3.12 The first order structure equations

Having carried out five coframe adaptations, the first structure equations for causal structures
can now be expressed as follows.
The pseudo-connection form for the first order structure group is

200 0 0 0

7 9%+ (Po+@dn) % 0 0

0 b 2, 0 . (2.26)
Tq EabTn 0 _Qbab + (¢0 - ¢n)5ab

Consequently, the structure equations can be written as

dw? = —2¢9 A W¥ — 0, A W, (2.27a)
dw® = =y A w® — ¢% A Wb — (¢ + ) A W — 0% A W™

— K%0° A w® — F%.0° A (2.27b)
dw”™ = =4 A w® — 2 A W™ — L%, A WP, (2.27¢)

dfy = —ma A W — T A wa + @ A Oy — (o — bn) A By
- fabCQb A W€+ Woanpnw? A w™ + %Wanbcwb A wE, (2.27d)
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with the following symmetries

Fape = F(abc)> F =0, K% = Kba> K% =0, Jabe = abe;n
Wanlm = anan; Wanan = 07 Wanbc = _WOacb7 W[a|n|bc} = 0. (228)

The infinitesimal group action on the torsion coefficients is equivalent to saying that the
following 1-forms are semi-basic with respect to the fibration 7: C — M:

DFape = dFape — Fapa®”c — Faded™s — Fared"a — Fave(do — én), (2.292)
DKo = dKap — Kacty — Koet o — 2Kap(do — n) — 2F 007", (2.29Db)
DL, :=dL, — Ly ¢°4 — 3L (o — ) + K%y, (2.29¢)
DWanbn = dWanbn — Wanen®s — Wonen®“a — 4Wanbn @n, (2.29d)
DWanbe = AWanbe — Wanbe®®a — Wanded™s — Wanbad®e

— Wanbe(¢0 = 36n) + WanbnEed + Wanen&pa) 7" (2.29)

By the infinitesimal actions (2.29), it follows that no more reduction of the structure group is
possible, unless certain non-vanishing conditions on the torsion coefficients are assumed. Such
special cases are considered in subsequent sections.

2.3.13 An {e}-structure

Using the first order structure equations, an {e}-structure can be associated to causal structures.
The necessary computations are carried out in Appendix A.

Theorem 2.10. 7o a causal structure (M”+1,C2"), n >4, one can associate an {e}-structure

on the principal bundle P12 — P — C of dimension w where P1o C O(p+2,q+2) is

the parabolic subgroup defined in (2.2). If n = 3, then Pi 5 is replaced by Pi23. The essential
invariants of a causal structure are the Fubini cubic form of the fibers and the WSF curva-
ture. The vanishing of the essential invariants implies that the {e}-structure coincides with the
Maurer—Cartan forms of o(p + 2,q + 2). The structure equations can be written as

—oy—®, I, -I, —I 0
Qn o, — Dy Ty 0 —II,
do+ oA ¢ = Qe e il re e , (2.30)
0o 0 0, ®¢—o, -II,
0 Qo - Qn oy + D,

where ¢ is defined in (2.3) and the right hand side of (2.30) is expressed in (A.12).

The proof of the above theorem will be continued in Appendix A and involves lots of tedious
calculations. Of course, it is desirable to find the right change of basis so that the {e}-structure
defines a Cartan connection. This issue is discussed in Section 2.4.3. It is noted the number
of torsion elements on the right hand side of the first order structure equations is minimal due
to the special absorption process that was undertaken here. When obtaining the {e}-structure
in Appendix A, to simplify computations, one term will be added to equation (2.27d) (see
Section A.1.4).

An immediate corollary of Theorem 2.10 is the following.

Corollary 2.11. The maximal dimension of the symmetry algebra of causal structures on

a (n + 1)-dimensional manifolds is W—fﬂ)gw which occurs only in the flat model.
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Proof. As explained in Section 2.2 the flat model has the maximal symmetries. Now, suppose
there is non-flat model that is maximally symmetric. Then, either the Fubini form or the WsF
have a non-zero entry. However, by the infinitesimal group actions (2.29), the structure group
acts by scaling on both of the essential invariants. As a result, the symmetry group of the causal
structure has to be a proper sub-group of O(p + 1,¢ + 1) obtained after normalizing the value
of that non-zero entry of the essential invariants. Thus, it cannot be maximally symmetric. W

The corollary above is clear from the parabolic point of view, since any parabolic geomet-
ry (G, P) has maximal symmetry dimension equal to dim G which can only be reached in the
flat case [14].

2.3.14 The case of conformal structures

Using the first order structure equations, an observation is made regarding (pseudo-)conformal
structures viewed as causal structures.

Proposition 2.12. A causal structure (M,C) of signature (p + 1,q + 1) with vanishing Fubini
cubic form induces a pseudo-conformal structure of the same signature on M. The resulting
pseudo-conformal structure is flat if the initial causal structure has vanishing WSF curvature,
and hence flat. Conversely, any pseudo-conformal structure defines a causal structure of the
same signature on its bundle of null cones. The resulting causal structure is flat if the initial
pseudo-conformal structure is flat.

Proof. To show the first part, note that if the Fubini form vanishes then, by the Bianchi identi-
ties (A.14), the quantities K, and L, vanish as well. The first order structure equations (2.26)
can be used to show that the Lie derivatives of the quadratic form g, defined in Section 2.3.11,

along vertical vector fields 8%1, ey ﬁ are given by
L o g=2Ag, (2.31)
90q
for some non-vanishing function A on C. The vector fields %, and % are defined as dual to

the coframe «w,...,0,_1. The vertical vector fields are integrable with the fibers C, as their

integral manifolds, and M as the quotient space. Consequently, the conformal class of the
quadratic form g descends to M and because it is non-degenerate and of maximal rank on M,
a pseudo-conformal structure on M is obtained with the same signature as that of g. If the causal
structure is flat, i.e., the {e}-structure is given by the Maurer—Cartan forms of O(p + 2, q + 2),
then the structure bundle fibers over M as well, implying that the resulting pseudo-conformal
structure has to be flat too.

The converse part is shown similarly. Given a pseudo-conformal structure of signature
(p+1,q+ 1), choose a coframe (w,...,w") so that a representative of the pseudo-conformal
structure takes the form g = 2w o w™ — 5w ow’. On its null cone bundle 7: C — M, the met-
ric g pulls back to define a quadratic form on C satisfying (2.31). The 1-forms w’ define a set of
semi-basic 1-forms on C. Using conformal transformations, w'’s can be chosen to become adapted
to the flag (2.6). This can be seen as follows. The affine tangent space T, yCo C T M is a null
hyperplane and by a conformal transformation w® can be taken to be its annihilator. Moreover,
the dual of w® with respect to the metric g lies on §. More explicitly, let y € § C C. Because,
gijyiyj =0, the 1-form w? as the annihilator of Tycx can be expressed as w® = gijyjdmi. Now, it
is apparent that the dual of w® lies in 4. Since the metric is expressed as g = 2w’ ow™ —ggpw®ow?,
it follows that w®(y) = 0, and w™(§) # 0. Hence, w'’s are adapted to the flag (2.6).

Since g satisfies (2.31), the resulting causal structure have vanishing Fubini form. If the
conformal structure is flat, i.e., isomorphic to the flat model, then as discussed in Section 2.2,
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the corresponding causal structure is flat as well. Because the construction is reversible, the
result follows from the first part of the proposition. |

The following corollary follows immediately.

Corollary 2.13. If a pseudo-conformal structure lifts to a causal structure with vanishing WSF
curvature, then the resulting causal structure is flat.

Proof. By Proposition 2.12, a pseudo-conformal structure defines a causal structure with va-
nishing Fubini cubic form. If the resulting causal structure has vanishing WSF curvature, then
all of its essential invariants are zero and is therefore flat. By Proposition 2.12, one obtains that
the initial pseudo-conformal structure has be flat as well. |

Remark 2.14. As was mentioned previously, the discussion above goes through in the case of
conformal structures of positive definite signature. The extra step would be to complexify the
inner product and the tangent bundle and work with complex causal structures endowed with
a reality condition. See [41] for a treatment of complex conformal structures.

2.4 Causal structures as parabolic geometries

This section provides the necessary definitions and theorems needed to characterize causal struc-
tures as parabolic geometries. A main reference on parabolic geometries is [14], but, for the
purposes of this section the articles [6, 40, 68, 71] suffice.

The main step is the characterization of causal structures by a bracket generating distri-
bution with certain properties, described in Section 2.4.2. As a result, causal structures on
an (n + 1)-dimensional manifold can be viewed as regular normal infinitesimal flag structures of
type (Bn—1, P12) or (Dy, P12) if n > 4, or (D3, P123) if n = 3. By a result of Tanaka—Morimoto—
Cap-Schichl, such structures can be canonically identified as regular normal parabolic geometries
of the same type.

2.4.1 Parabolic geometries and Tanaka theory

A parabolic geometry is a Cartan geometry (P,w) of type (G, P) where G is a real or complex
semi-simple Lie group and P C G is a parabolic subgroup. Recall that a Cartan geometry (P,w)
of type (G, H) is a principle bundle H — P — M, endowed with a Cartan connection w.
The 1-form w takes value in g, the Lie algebra of GG, and satisfies the following conditions:

1) wy: TP — g is an isomorphism of vector space for all u € P,

2) VI Jw =1V for all V € b where VT is the fundamental field of V/,

3) (Rp)*w = Ad(h Yw for all h € H.

A canonical way of identifying a geometric structure as a parabolic geometry is by charac-
terizing it in terms of certain bracket generating distributions possibly equipped with a tensor

field, e.g., conformal structures or semi-Riemannian structures. Recall the following definitions.
To any distribution D C T'N, one can associate a Pfaffian system

Dt :={w e T*C|w(u) =0 Vu e D}.

Given a distribution D C TC, its space of sections is denoted by I'(D) and its derived distribution
is defined by D? = D+[D, D]. Here, D+[D, D] means a distribution whose sections are obtained
from I'(D) + [[(D),T(D)]. Define D' = D. The k-th weak derived distribution of D is defined
by

DFY = ¥+ [D*, D].
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One obtains that
(Dk‘*'l)J' = {w € (Dk)J' ‘ dw =0 mod (Dk)J'}.

A distribution D C TN is called bracket generating if there exists k > 1 such that D¥ = T'N.
The small growth vector of a bracket generating distribution D is (dj,...,d;) where d =
dim (Dk) From now on, by restricting to a sufficiently small open set, it is assumed that the
growth vector of the distribution is constant.

On a manifold M, a bracket generating distribution, D, of depth u induces a filtration of T,, M
for all x € M, by

D(z) =: DY(z) ¢ D*(z) C --- C D*(x) = T, M.

Let m(z) denote the grading of T,, M that corresponds to the filtration above, i.e.,

m@) = Poilz), (@) =D"()/D7"(x).

i=—1

At each x € M, the Lie bracket induces a bracket on m(z) called the Levi bracket which is
tensorial and turns m(z) into a graded nilpotent Lie algebra (GNLA). The Lie algebra m(x)
is called the symbol algebra of D(zx). A distribution D of constant type has the property that
m(z) = m for some GNLA m for all x € M.

An interesting class of GNLA arises from pairs (G, P) where G is a real or complex semi-
simple group and P C G is a parabolic subgroup in the following way. A |u|-grading for the Lie
algebra of GG, denoted by g, is a vector space decomposition

g:g_u@...@g“’

satisfying (i) [gi,9;] C @it+5; (ii) [gi,9-1] = gi—1 for all i < —1, i.e., the negative part of the
grading,

g- =g, @ Dg-1,

is generated by g_1; and (iii) g+, # 0.
The subalgebra g_ is GNLA and

P =00D0D Doy

is always a parabolic subalgebra of g. Its corresponding subgroup, P C G, is a subgroup that
lies between the normalizer Ng(p) and its identity component. The subgroup Go C P defined
as

Go={g9e€ P|Ady(g;) Cgiforalli=—p,...,u}

preserves the grading of g.

For such a choice of (G, P), there is a canonical construction of a bracket generating distribu-
tion whose symbol algebra is g_. Let Ny be the simply-connected Lie group with Lie algebra g_.
The left-invariant vector fields obtained from g_; induces a distribution of constant type on Ny
whose symbol algebra is isomorphic to g_.

For a semi-simple Lie algebra g every derivation is inner. Therefore given a |u|-grading of g it
admits a unique grading element, i.e., e € go such that [e, g] = jg for all g € gj and —p < j < p.
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Consequently, the space of ¢-forms on g_ with values in g, denoted by A(g_,g), admits
a decomposition @,AP4(g_,g) where AP9(g_,g) is the set of ¢-forms w, with weight p, i.e.,
Lew = pw.'™ The decomposition can be written as

AP9(g_ g) @gkﬂ, ® AL(gh), where Al (g%) = Z g A A
ri4-+re=k
r1,...,m¢<0

According to a theorem of Tanaka [68], if H'"P(g_,g) = 0, for all p > 0, then via a process
called the Tanaka prolongation the Lie algebra of infinitesimal symmetries of a distribution with
symbol algebra g_ is isomorphic to g, i.e., inf(D) = g.

The above theorem can be applied to regular infinitesimal flag structures of type (G, P),
which is defined as follows. Consider a manifold M endowed with a bracket generating dis-
tribution of constant type whose symbol algebra is m. The graded frame bundle is a right
principal bundle Autg(m) — Fgr(M) — M, where Autg(m) is the group of automorphisms
of m that preserve the grading.'® If the symbol algebra of the distribution is isomorphic to g_
and Autg(m) is isomorphic'? to Gy C Autg(g_), then one says that the distribution induces
a regular infinitesimal flag structure of type (G, P).

By a result of Tanaka [65], Morimoto [50] and Cap-Schichl [13], there is an equivalence of
categories between reqular, normal parabolic geometries and regular infinitesimal flag structures
via Tanaka prolongation. Regularity and normality of a parabolic geometry (G, P) is defined in
terms of its curvature function of its Cartan connection (P,w) as follows. At each point s € P,
the curvature Q = dw + [w,w] of the Cartan connection can be used to define the curvature
function K: P — A%g* ® g as

K(s)(X,Y) = Qw ' (X)(s),w '(V)(5)), XY €g-,
where the space g* can be identified with g4 := @;>09; via the Killing form. The Spencer
cohomology groups HP? C g ® A9(g*), are defined using the Kostant operators 9: AP? —
AP~LatL and 9% APY — APTLI71 given by

De(X1A - AN X)) = Z(— YHUXG e(Xi A - AXGA - A Xgy1)]

+Z D e([Xa, XA X1A - AXGA - AXGA - A Xgi1),
1<J

a*C(Xl/\ /\qul) :Z[ ¥ (ez-/\Xl/\ /\qul)]

+ 2 Z DI e(lef, X5 A e A XA - AXGA - A Xg1),

where ¢ € AP4(g) and [e], X;]_ denotes the g_-component of [e}, X;], with respect to the
decomposition g = g_ @ p. The operators above result in the orthogonal decomposition

Apaq — Hpvq + DApvq’

where the operator [ := 0*0 + 09" is referred to as the Kostant Laplacian and OHP? = 0.

"In [68], the space AP? is referred to as CP~ 914,

18Tn case M is endowed with additional structure, e.g., conformal structures or semi-Riemannian structures,
this principal bundle can be reduced further.

19Tf there exists additional structure on the distribution then Autg,(m) reduces to Go.
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The AP2-component of the curvature function K is denoted by K®. Consequently, K can
be decomposed as

3p
K= > KU, (2.32)
i=—p+2

where K®): g; x 0j — Gi+j+p is the component of K with homogeneity p. Additionally, one can
decompose the curvature function as

nw
K=) K,

==

-1
where K, takes value in g,. The g_-component of K, )  K;, is denoted by K_. The compo-
i=—p
nents of the curvature lying in HP? are called harmonic curvature which constitute the set of
essential invariants.
A Cartan connection is called torsion-free if K_ = 0, normal if 0*K = 0, and regular if it is
normal and K = 0, for all 7 < 0.

2.4.2 Characterizing causal structures by a bracket generating distribution

The fact that [¢%] is non-degenerate allows one to give a characterization of causal structures
in terms of a bracket generating distribution with a certain small growth vector obtained as
follows.

Define the distributions A and D such that A+ = {& ..., w"} and D+ = {&°,...,w" 1}
The rank of D is n and A is a completely integrable sub-distribution of D of corank 1 whose
integral manifolds are given by the fibers C,. Let v be a characteristic vector field. It follows
that v.e D and v ¢ A.

Knowing dw?® = —£0, A w™, modulo I{w?,...,w" !} and that A is completely integrable
implies that (D?)+ = {w°}. Similarly, the equation dw® = —0, A w?, modulo I{w°}, implies
(D3)* = {0}, i.e., D3 = TC. As a result, the small growth vector of D is (n,2n — 1,2n).

Let {f1,..., fn_1} be a dual basis for A and e,, be a basis for D/A. Since the growth vector is
(n,2n—1,2n), it follows that rank(D?/D) = n—1. Because A is Frobenius, one obtains that the
set of vectors e, = [en, fa4] are linearly independent and span D?/D. This relation among e, e,
and f, is equivalent to the structure equation dw® = —e®@, A w™ modulo I, .. w1}

Furthermore, the equation dw’ = —0, A w® modulo I{w"}, implies that there is a non-
degenerate pairing between e,’s and f,’s, i.e., [ea, fa] = €0 (no summation involved) for all
1 <a<n—1, where ¢y spans D3/D?.

One can investigate the action induced by the structure group G5 in (2.24) on the symbol
algebra of D as follows. Each tangent space T,C admits a filtration D(x) C D*(z) C D3(z)
which results in the grading m(z) = g_1(z) ® g_2(z) ® g_3(x) where g;(z) = D~¢/D~"1 with
D° = {0}. Using the Lie bracket, m(z) becomes a GNLA which would be the symbol algebra
of D. Since g_1 is given by the kernel of Z; := I{w’,... ,w" !}, the action of the structure
group Gy on Zioy = I{w?,...,w",...,0" '} modulo Z;, is given by scaling on w™ and by
conformal transformations on 6%, i.e.,

W' b, 60— %Aabab.
This action is isomorphic to the action of Gy as a subgroup of the parabolic subgroup P o, if
n>4or Py g3ifn =3, of O(p+2,q+2) where p+¢g = n—1. In other words, in causal structures
the group of automorphisms of the coframe bundle which preserves the grading of T,.C is reduced
to Go.
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2.4.3 Normal Cartan connection

Using the flat model in Section 2.2, it follows that the symbol algebra arising from the bracket
generating distribution D, defined in Section 2.4.2 as {w",... ,w"‘l}l, is isomorphic to the
negative part of the |3|-grading for g = o(p + 2,¢ + 2), i.e.,

m=g_ =g 300-2Dg-1.

The parabolic subalgebra that corresponds to this |3|-grading is denoted as p; 2 when n > 4
and p123 when n = 3. The corresponding parabolic subgroup is given in Section 2.2, i.e., the
parabolic subgroup of O(p+2, ¢+ 2) that is isomorphic to the stabilizer of the subspace spanned
by {e1,e2} where {e1,...,en+3} is some basis for R"*3 and p+q = n— 1. Alternatively, p; 2 can
be described by crossing the first two nodes in the Dynkin diagrams B,,—; and D,, when n > 4
and all three nodes when n = 3.

Furthermore, the distribution D induces a regular infinitesimal flag structure. This is due
to the fact that the condition H”!(g_,g) = 0 is satisfied for all p > 0. More directly, by the
discussion in Section 2.4.2 and the first order structure equations, one obtains that Autg (g—) is
reduced to Gg. Thus, by Tanaka prolongation one can view causal structures as regular, normal
parabolic geometries of type (B,—1,P12) or (Dy, P12) if n >4, or (D3, Pi23). In Section 2.5.1
it is discussed that when n > 4, causal structures are canonically isomorphic to regular, normal
parabolic geometries of type (Bj—1,Pi2) or (Dy,P12). When n = 3, causal structures are
“subgeometries” of regular, normal parabolic geometries of type (D3, P 23), i.e., the integrability
of the fibers C,, implies the vanishing of one of the harmonic curvature components of such
parabolic geometries.

Knowing the existence of a normal Cartan connection for causal structures, the normality
conditions of Tanaka are straightforward to obtain and can be used to recursively define the
correct change of basis which transforms the {e}-structure to a Cartan connection (see [46]).
Since finding the explicit expressions for the change of basis is very tedious and the result is not
particularly illuminating, finding the normal Cartan connection is not carried out here.

2.5 Essential invariants and the Raychaudhuri equation

In this section the essential invariants whose vanishing imply the flatness of the causal structure
are introduced. Their geometric interpretation is given. A variational problem is naturally
associated to a causal geometry which allows one to define the notion of null Jacobi fields in
the causal setting. Finally, the section ends with a discussion on associated Weyl connections
of a causal structure and a derivation of the Raychaudhuri equation for causal structures. In
this section there are references to Appendix A, particularly to the {e}-structure obtained in
Section A.1.4.

2.5.1 The harmonic curvature

According to the {e}-structure obtained in Section A.1.4, obstructions to the flatness of a causal
structure, as listed in Sections A.2 and A.3, are generated by Fy;. and Wy,p,. For instance,
differentiating (2.27d) gives

Wanbe = %(Wan[b|n;|g] + Fa[chb]ndn) + ﬁ (Ea[c|de\b}n;d + ga[deed deen)'
In Section A.2, the quantities Wi are expressed as the coframe derivatives of Wiy, with

respect to %. As a result, in the case F, . = 0, the vanishing of W4, implies flatness of the
causal structure.
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For an understanding of Wy, consider a 2-plane in T, M given by AA pu where A = Ne;,
w = ple; € TM for some basis {eo,...,e,}. The sectional conformal curvature of a pseudo-
conformal structure evaluated at A A p is defined by

WANA 1) = Wi\ i Nyl

As a result, at the point (z,[y]) € C, the invariant W4, can be interpreted as the part of the

conformal sectional curvature acting on 2-planes £% = 8% A aga' According to the construction
of the coframes in (2.6), £ is a subset of T;,C, and contains § where [j] =y € C,. It follows that

€% = p® A 4'0;, where pu® is an element of the shadow space

Sta.ty) = TyCa/Y- (2.33)
As a result, Wanp, can be thought of as the restriction of the bilinear form W;jxy’ y' to the
shadow space. This restriction is well-defined up to scale. Infinitesimally, this scaling action is
realized by the 1-form ¢,, as is apparent from (2.29d).

Finally, it can be argued that the Fubini cubic form and the WSF curvature coincide with
the harmonic curvatures of the parabolic geometries that correspond to causal structures. By
the discussion in Section 2.4.3, causal structures on an (n + 1)-dimensional manifold correspond
to parabolic geometries of type (B,—1,P12) and (D, Pi2) if n > 4, and (D3, Pi23). As dis-
cussed in Section 2.4.1, a grading is induced on the cohomology classes of parabolic geometries.
Moreover, the set of essential invariants for a parabolic geometry is given by the harmonic cur-
vature. It turns out that for parabolic geometries of type (Bp—1, P12) and (Dy, P12) if n > 4,
the infinitesimal flag structure is the same as causal structures and the harmonic curvature has
two irreducible components. Using the grading (2.32) of the curvature, one component has ho-
mogeneity one whose go-irreducible representation is given as a totally symmetric and trace-free
cubic tensor. The other irreducible component has homogeneity two whose gg-irreducible rep-
resentation is given as a symmetric and trace-free bilinear form (see [6, 40, 68]). The structure
equations of causal geometries imply that the essential invariant Fyp. corresponds to a coho-
mology class of homogeneity one and the WSF curvature corresponds to a cohomology class of
homogeneity two. Also, from the infinitesimal group actions (2.29a) and (2.29d) one obtains
that the Fubini cubic form and the WSF curvature are gg-irreducible. Moreover, one can impose
the Tanaka normality conditions on the pseudo-connection form of the {e}-structure to derive
a normal Cartan connection (see [46]). It turns out that the necessary change of coframe does
not affect the Fubini cubic form and the WSF curvature, i.e., the essential invariants of the
{e}-structure coincide with the harmonic curvature.

The situation is different in four dimensions. Four dimensional causal structures are a special
class of parabolic geometries of type (D3, Pi23). The harmonic curvature of these parabolic
geometries is five dimensional, three of which have homogeneity one and two have homogeneity
two. Consider a four dimensional causal structure of split signature. The Fubini cubic form
of projective surfaces and the WSF curvature are comprised of two entries.It turns out that
all these four entries are irreducible under the action of gy. As a result, four dimensional
causal structures are special cases of parabolic geometries of type (D3, P;23) in which one of
the harmonic curvatures of homogeneity one is zero. The vanishing of this piece of harmonic
curvature amounts to the fibration 7: C — M with 2-dimensional fibers.

2.5.2 The ssf curvature

The action of the structure group G5 defined in (2.24) on the bilinear form (2.25) is a scaling
action g — a?b?g. Fix a representative g and consider the sub-bundle P; = {p € P |a’b? = 1},
where P denotes the structure bundle associated to the derived {e}-structure (see Section A.1.4).
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It follows that over P; one has
0 =d(a’b?) = 2(¢o + ¢n) + siw' + s40%,
for some functions s; and s,. Differentiating this equation again, it follows that
ds; = 7 + 09 (807" + 847) + 0% (850"a + $nVa + SaTn) mod Ziot.
Consequently, s; can be translated to zero by the action of the structure group. It follows that
m = pijwj + pia0°. (2.34)
Substituting (2.34) and ¢, = —¢ + s,0* into the structure equations, equation (2.27d) becomes
dO" = ¢% A 0° — 20 A 0% + LR%ijw' A w? + E%ypif° A w' 4 20%,5.0° A 6°,
where

Ranbn = Wanbn + pnnéaba Ranbc = Wanbc + 5acpnb + 6abpnca
RanOb = —Pab + 6abpnOa RanOn = pan- (235)

In conformal geometry, the symmetric part of p;; is referred to as the Schouten tensor. The quan-
tities Ry, and pp, are called the shadow flag curvature and the scalar shadow flag curvature
(or the SsF curvature) of the causal structure respectively.

2.5.3 Null Jacobi fields and the tidal force

As was mentioned in Section 2.3.5, the characteristic curves of causal structures is intrinsically
defined by the quasi-contact structure of C. Nevertheless, one can associate a variational problem
to causal geometries via the Griffiths formalism [27] (see also [35]). As a result, the notion
of null Jacobi fields naturally arises. The corresponding Jacobi equations result in another
interpretation of the WSF curvature. The fact that Jacobi equations of null Jacobi fields involve
the WSF curvature has to do with the second Lie derivative of g in (2.25), which is referred to
as the tidal force [52].

Recall that for the Pfaffian system Zepa, = {w°, ..., w™ 1, 0%, ..., 071}, after fixing an interval
I = (a,b), one can define the space of smooth immersions of its integral curves as

U(I) ={y: I = C|7"(Ztor) = 0}.
The space @//\(I ) can be given a Whitney C*°-topology. After making a choice of orientation
for the characteristic curves, the space of the characteristic curves of C, Z(I), is defined as
% (I)/Diff(I), i.e., the space obtained from % (I) by identifying the characteristic curves that
are reparametrizations of each other.

Consider the functional ®: %7 — R, which at a point [y] € % (I) is defined by
B0 = [ 7.

The triple (C, I,w°) is referred to as a variational problem on C, and is intrinsic to any causal
structure. Since w’(%) = 0 everywhere, the above definition of ® is independent of the choice of
representative vy € [y]. This is in contrast with Finsler geometry where the geodesics are defined
as the extremal curves of the arc-length functional which is always positive and are equipped
with a specific parametrization.
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Intuitively, the infinitesimal variations of a characteristic curve v can be identified with the
tangent space T,% (I) which is the space of smooth variational vector fields along . To give
a more precise definition consider a parametrization for I = (a,b) and amap I': (—¢,¢) — % (I).
As a result of such parametrization, the curves given by I‘Ls) can be parametrized. Using this
parametrization, one can define I': (—e,e) x I — C, as I'(s,t) = (I'(s))(¢). The map T is
called a compact variation of the curve v if the corresponding map T is smooth, F(O t) = ~(t),
F*(so, t)(Zchar) = 0, for any fixed sg, and T is compactly supported in I, i.e., for all values
of s, the curves I'(s,t) and T'(0,¢) coincide outside of a compact subset of I. Then T, (I) is
expressed as

I': (—e,€) » % (I) is a compact variation of 'y} .

The variational equations of a characteristic curve can be thought of as the first order approxi-
mation of T:,% (I). A practical derivation of the variational equations can be given in terms of
the Pfaffian system Zpa,-

Let 1 € Zchar, and I' a variation of the characteristic curve . By the definition of F(s t),
one has I'*(sg, t)n = 0, and therefore £ 2 F*(s t)n = 0 modulo I{ds}. Setting s = 0, the latter

expression implies that
7*(j_|d7]+d(j_|77)) =0,

where J(t) = %f(o, t) is the infinitesimal variations associated to I'(s).
In the expression of the variational equations one can drop the pull-back v* and write them
as

Jadn+d(Jan) =0 mod Zepar-

The tangential component of the vector field J(t) along ~(t) has no effect on the variational
equations, hence 8% will be dropped from the expressions. Therefore, J along the curve ()

can be expressed as

o 0
RGO

The vector field J = m,.J is called a null Jacobi field along the null geodesics m(v(t)) C M.
The variational equations for J(¢) can be written as

J(t) = V()

J adw® +d(J 2w’ =0, (2.36a)
dewa—{—d(j_lw“) =0 mod Zchar := I{wo,...,w”71,91,...,9n_1}. (2.36D)
J 2d0, +d(J 26,) =0, (2.36¢)

equation (2.36a) gives no new information. The last two equations give
dV® + VPo%, — Ve =0,
dVe + Vep + W, V0w =0 mod Tehar. (2.37)

Using the pseudo-connection from Section 2.3.12, the covariant derivative along characteristic
curves of vector fields lying within the shadow space (2.33) is given by

DyJ =v <dV“ 9 +Vb¢>abaaa> mod 0 0
w

ow® 061" gon—1’

where v is the characteristic vector field satisfying w”(v) = 1.
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Using equations (2.37), it follows that

) —Wpn VP 8a mod il,...,%,
DyDyJ = . dw 8g 898 (2.38)
-WJ

mod w,...,w,

st
where W is viewed as an automorphism of the shadow space. Recall from Section 2.5.1 that

Wb 18 given by wa(W(%,v)v. Hence, defining
J' =71 (DyJ),

the null Jacobi equation can be expressed as

J' +W(J,v)v=0, (2.39)
where J = m,J and W(J,v)v denotes T, (W(j,v)v). For convenience, in Section 2.5.4 equa-
tion (2.39) is expressed as

sf
J"+WJ =0. (2.40)

In some references [52] (cf. [34]) the automorphism of the shadow space W%t S(p ) —
S(a,ly)) 1s called the trace-free part of the tidal force in analogy with the terminology from
general relativity. Equation (2.38) shows that variational problem for null geodesics only depends
on WSsF curvature and not the flag curvature.

2.5.4 The Raychaudhuri equation

In this section, a causal analogue of the Raychaudhuri equation along null geodesics is derived.
The approach that is taken here is presented in [9, Chapter 12].
Taking a section of the structure bundle, s: C — P, define the null Jacobi fields Ji(t),...,

A

Jn—1(t) along the characteristic curve v(t) C C, t € [a, b] by the initial conditions

~

Ja(to) =0,  Dyy)Jalto) =

I(s*w®)’

where tg € [a,b] and v(t) is tangent vector to y(¢). Define the (1,1) tensor field called the null
Jacobi tensor as

A(t) = [J1(t), ..., Jn—1(t)],

A

which is a (n — 1) x (n — 1) matrix whose bth column is the null Jacobi field Jy(t) = m.(Jp(t)).
The optical invariants along null geodesics are defined as follows.

Definition 2.15. Let A be a null Jacobi tensor along a null geodesic and define B = A’A~!,
where A is invertible. The expansion, 6, vorticity tensor, w and shear tensor, o, are defined as

0=B%, w%=3(B%—(B)%), 0%=3(B%+(B")%) — 7556%,

where B* denotes the adjoint matrix with respect to the bilinear form s*g.
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Following the discussion in Section 2.5.3, after taking a section of the structure bundle one
obtains that a null Jacobi field satisfies the equation

I sf B
J"+RJ =0,

sf
rather than equation (2.40), where R represents the matrix form of the shadow flag curvature
Ranbn = Wanbn + pnn(sab defined in (235)
It follows that
sf
A"+ RA=0.

Moreover, one has

sf
B = (AA™) =A"AT - AAT'AA = —R- B2

9 2
<w+a+ Id>].
n—1

sf
Using the fact that tr(w) = tr(c) = tr(wo) = 0 and tr(R) = (n — 1)pp, one arrives at

Since B=w + o0 + %Id7 one obtains

0 =tr(B) = — tr(%) —tr(B?) = — tr(?fz) — tr

92

r_ - o 2\ 2\
0" = —(n — 1)ppn — tr (w?) — tr (07) —

which is the causal analogue of the Raychaudhuri equation along null geodesics.

2.6 Examples

In this section three examples of causal structures are given. The first one is obtained from the
product of two Finsler structures and the second and third ones are given in terms of a defining
function.

2.6.1 Product of Finsler structures

A Finsler manifold is denoted by (N, X), where N is n-dimensional and ¥ C T'N is of codimension
one whose fibers ¥, C T}, N are strictly convex hypersurfaces. The fiber bundle ¥ is often referred
to as the indicatrix bundle over which the Finsler metric has unit value. It is known [11, 16]
that ¥ is equipped with unique coframing n = (770, R L G S Q"fl) satisfying

dno = _Ca A nau

dn* = ¢ AR’ =% A’ = I A, (2.41)

d¢e = wba A G+ ROaObnO N 77b + %Rﬂabcnb A — Jabcgb A e

for some invariants Ipe, Jobe, Roaop and Rogpe. The 1-form 70 is called the Hilbert form of the
Finsler structure which, at the point v € X, is uniquely characterized by the conditions

n°(H,%,) =0, n’(v) =1,

where H,Y, C T),N is the tangent hyperplane to ¥, at the point v. As a result of the structure
equation, 1° induces a contact structure on ¥ whose associated Reeb vector field defines the
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geodesic flow of the Finsler structure on ¥. Moreover, the quadratic form w® o w® + §upw® o w®

is well-defined for the Finsler structure. It turns out that the quantity Iype = Jaq0pel%. can be
used to define the cubic form I,4.(% o ¢? o (¢, which, when restricted to a fiber Yp, coincides with
the centro-affine cubic form of the hypersurface ¥, C T, N. The quantities Ju;. measure the
rate of change of 1. along the geodesics, i.e., Jupe = 6%0[@1,0. The quantity Roqop is symmetric
using which the flag curvature of the Finsler structure can be represented by

Roaopn® o’

Let (N, ) and (N,¥) be two Finsler manifolds. Given a strictly positive function f on their
product space, at a point p € M = N x yN, one can define a projective hypersurface whose
associated cone is given by

~

Cp:{(v,f))ETp(NxN)\)\fUEE,r() \Noex for some A € R}.

7(p)

As a result, M is equipped with a causal structure of signature (n,n) where 1 = dim N. Note
that it is assumed that the Finsler structures are reversible.

If G and G represent the Finsler metrics on N and N, respectively, then the causal structure
on M is locally given as the zero locus of G — f@ If f only depends on N, then the above
causal structure corresponds to the warped product of the Finsler structures on N and N.

More specifically, let M = N x R, where N is a 3-dimensional Finsler manifold. On N there
is the unique coframing (170, ', n?, ¢, (2) satisfying (2.41). If n® represents a 1-form on R, one
has

df = fon® + fan' + fan® + fan’,
where f; = 8%1' f are called the coframe derivatives of f. The projective Hilbert form is a multiple

of

W= 5 (0 = ),

where, by abuse of notation, the pull-backs are dropped and n° and 73 represent 7* (770)
and 7* (773).
A choice of 3-adapted coframing for the causal structure on M is given by

t=nl, W= W= (- - ),

91 = %gl \fflnga 02 = %CQ B %f727]37
v = —%Q + ﬁf,ln ) Y2 = _%@ + %Ji?ng’
¢o=—¢3=—5fon’, P=m3=0.

The quantities F®, in the structure equations (2.18) coincide with I ab.in (2.41). By absorbing
the trace of Fjp. and Ky, a 5-adapted coframing (&%, 6,) is given by

(I)O :wo’ o :wa—l—AawO, @3 :wS—I—BwO, éazgaa
where
Al = —2(I11 + N2), A% = (e + Iogo),

B =5((A)"+(42)°) — gl (A1 + 4%,) — A'Fuy — A2Fomy,
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where F11 = %(1111 - 3]122), Fooo = %(1222 - 3]211) are the components of the Fubini cubic form

of the causal structure and A“; denotes the coframe derivative A%. A choice of connection

acb
forms for the first order structure equations is given by
7' =7+ Baw® — (5Bo + A1) — 5 (A2 + A%1)@ + J5 A 007 + Boy,
7 =77+ Baw’ — 3 (A2 + A2 1)@ — (J5Bo + A% 2)0” + J5A% 0% + Bbs,
Go = —3A01 — A%,
(532 2\[( ng —|—A10w +A20(D )
5 ~ ~ 1 1
¢ =5(Al2— A1)’ + 575 A% 00! — SIS AN 00 — 5 A% + 5 A0,
T3 = —%Al,ot% - ﬁAz,OGQ — 2 (Ro101 + Rozo2 + (In f) 11 + (In f) 20) &3

2

Consequently, the WSF curvature is given by the trace-free part of

ROaOb + 35 (111 f) abs (242)

where (In f).q ==

8nb 377
Kig = Ko = —V2A' 5 — Fi19AY — Fipp A% Ky =Ky = —%(A{; — A?,),
7\/§ng'

To see the symmetric relation K12 = K1 one needs to realize A! 3 = A2 . It is rather straight-
forward to generalize this example to obtain a causal structure on M = N x ;R where N is
an n-dimensional Finsler manifold. The corresponding WSF is given by expression (2.42) and
the Fubini cubic form is obtained from the centro-affine cubic form of indicatrices of the Finsler
structure.

2.6.2 Cayley’s cubic scroll

Using the description (2.1), consider the causal structure on a 4-dimensional manifold given
locally as the graph of the function

F(«’L“ Y ) 8111( 1)3 + eyt y? + cryt + e2y? + co,

where the coefficients ¢;...,, are functions of z*’s.
A choice of 1-adapted coframing is given by

=dz" — —Fd:c + (y o F— F)dw Wt = dz? — yoda?, w3 = da?,

Ou = g5 Fda' — (g F + 520 F 50z F)da™ + sFdy’.

Byaay

A 2-adapted coframing is given by

wh — Wl — 00111213/1(,‘)2 wd —» awi)’ 0 — 61 — 6611121 19,,
with respect to which the second fundamental form is normalized to h%® = [9 4] The details of
higher coframe adaptations won’t be discussed.

It should be noted that when the only non-zero coefficients are cjo = 1 and ¢y = (x
then one obtains a local description of the split signature pp-wave metric. Moreover, when
co = ¢1 = cg = 0 one obtains a local description of causal structures whose null cones are at

each point projectively equivalent to Cayley’s cubic scroll?® whose graph can be expressed as

y° =3y +yly? in P3.

20 A scroll is a ruled surface that is not developable [64].

1)2

)

|=
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2.6.3 Locally isotrivially flat causal structures
This class of causal structures are the analogue of locally Minkowskian Finsler structures.

Definition 2.16. A causal structure (C, M "H) is called locally isotrivially flat if it is locally
equivalent to (M x V, M) where V C P" is a projective hypersurface.

Alternatively, a locally isotrivially flat causal structure has the property that locally it can
be expressed as the graph of a function F(y) (see equation (2.1)). Note that an isotrivially flat
causal structure does not induce a conformal structure on M unless V is a quadric, in which
case the obtained conformal structure is flat.

The local expressions (2.5) and (2.10) of the 1-forms w’ and 6, can be used to express the
Fubini cubic form and WSF curvature. Firstly, note that 6, = 0,0pF dyb. To express Fype,
consider the following transformation

& = a?W’ 0% = E%W°0 + w?, " = ew’ + W, 0, = a%0,. (2.43)

Y

Differentiating @°, it follows that
do® = =299 A &° — 0, A &7,

where ¢g = —%a — %éa Consequently, in equation (2.13b) for 1-adapted coframes one obtains

Vo = LdE® + L (E°Eb + H?)6,, % = LE%,,  h®=LHY,
where [H%] denotes the inverse matrix of the vertical Hessian [0,0,F).
By composing equations (2.14) and (2.17), it follows that the Fubini cubic form F€ is defined
via the equation

dh®® + h*YPe + W% — 20 (o + ¢n) = F*0.  mod Tpss.

Transformations (2.43) imply that ¢, = 0. Using the above expressions for ¢g and 1%, without
normalizing h® to €%, one can impose the apolarity condition h®F,,. = 0, as in (2.21), by
setting

a2

a= (det(9,0,F)) 70,  Ed= H®H49,8,0,F.

n—+1

Finally, using 0,0pF' to lower indices, it follows that

1

Fabc = a_2 (aaabacF — m

(0aO,FF,. + 040 F F, + acaaFFb)> , (2.44)
where F, = H"0,0,0.F.

The above computations go through for any causal structure. The expression (2.44) (see
also [3, 58]) shows that the Fubini cubic form is a third order invariant. Using the Bianchi
identities (A.14), it follows that the jet order of the invariants K% and L® over C are four and
five, respectively.

To find the WSF curvature, note that without normalizing h%, the quantities Eg,; in equa-
tion (2.17) are defined via

dh®® + WY, + hPap. — 20 (g0 + dn) = E% W™ mod T{w®,...,w" 01, 001 ),

which by isotrivially flatness is zero. Hence, the reduction of 7y, via (2.19), gives mgp —
—Ler 4eq, = 0 modulo Zyor. Combining this with the fact that d6, = 0 mod I{61,...,0,—1},
it follows that W%,;,, = 0, i.e., locally isotrivially flat causal structures have vanishing WSsF

curvature.
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3 Causal structures with vanishing Wsf curvature

In this section causal structures with vanishing WSF curvature are studied. For such classes,
a compatibility condition is derived which can be used to give a causal analogue of Landsberg
spaces in Finsler geometry (see [7] for an account of various types of Finsler structures). The sec-
tion ends with a discussion on Lie contact structures on the locally defined space of characteristic
curves of a causal structure with vanishing WSF curvature.

3.1 A compatibility condition

In this Section a class of causal structures which can be regarded as analogues of Landsberg
spaces in Finsler geometry is introduced. Their similarity is the content of Proposition 3.1.
Since DFyp. in (2.29a) is semi-basic,

dFabc - Fabd¢dc - adc¢db - dec(bda - Fabc(¢0 - ¢n) = Fabc;iwi + Fabc;ded- (31)

After taking the Lie derivative of (3.1) along characteristic curves and using the structure
equations, one arrives at

d fabe — fabd¢dc - fadc¢db - fdbc¢da - fabc(¢0 + an) + Fopemn =0 mod Ziot.

Assume fupe = AFype, for some function . Then, if F. # 0, the infinitesimal group action on A
is given by

d\ — 2)\¢n + Ty = 0 mod Itot-
By translating A to zero, the 1-form 7, reduces to
T = Priw’ + Prab® (3.2)

for some coefficients p,; and pp,. Replacing 7, with the above expression in equation (2.27d),
one finds the infinitesimal action of the group G5 on py, to be given by

dpng - png(d)O + an) - pnd¢da + 7 =0 mod Ziot.
Translating p,q to zero results in the reduction
Mg = paiwi + pabgb. (3.3)

Consequently, equation (2.27d) changes to

db, = ((bba - (¢0 - ¢n)5ba) A Oy + %Wanijwi Awl + Eanboeb A w07 (34>
where

Wanbn = Pnn, Wanbc = —DPnb€ac T Pnc€ab;

WanOn = Pa0; WanOb = Pab; Eanb(] = —Pab-

Similarly, one finds that the normalization E“bpab = 0 results in mg = 0 modulo Ziet. It follows
that

Ty = pOiwi + pogea. (3.5)

Assume furthermore that p,,, # 0. Using the relation (2.29d), the infinitesimal group action
on pnp is found to be

dpnn - 4pnn¢n =0 mod Ziot. (36)
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Hence, the normalization p,, = £1 can be made, resulting in ¢,, reduced to
bn = i’ + 1,0% (3.7)
Furthermore, the infinitesimal group action of the reduced structure group on r, is given by
dry + rbgbba — 7% =0 mod Ziet.
As a result, by translating r, to zero, the 1-forms ~, are reduced, i.e.,
Ya = Gaiw’ + qapt"- (3.8)
After these reductions, the proposition below can be proved.

Proposition 3.1. A causal structure with vanishing WSF curvature satisfying fope = AFgpe has
vanishing SSF curvature.

Proof. As was discussed, the condition fu,. = AFype results in the reduction of the 1-forms
m; according to equations (3.2), (3.3) and (3.5). Assuming pp, # 0, equation (3.6) is used to
reduce ¢y, as in (3.7), by normalizing p,, to a non-zero value c. Consequently, the 1-forms ~,
can be reduced to (3.8).

Now that all the 1-forms m;, ¢, and v* are reduced equation (3.4) can be written as

df, = (@f?ba - ¢05ba) A Oy 4 cw® A W™ + (Pab — Procab)w® A Wb + panw® A W™

— (Pap + ’l“(]Eab)Qb AW — pnbsacwb A w® = 1o’ A W — rpf% A w",

where c denotes the normalized value of p,,,. It is noted that the translations of r4, ppa, 5‘“’])@
to zero are used in the above equation. Similarly, express dw® and dw™ by replacing v* and ¢,
with their reduced forms in (2.27).

The reduced structure equations can be used to express the identity d?6, = 0. Collecting the
coefficients of the 3-form 6% A w® A w™, it follows that

cFape + (Tc;n — Tpge + %pcn — Pnc — "nfen — Tcrn)gab + Pnv€ac t Pan€oe + Waben = 0, (39)

where Wypen, = —Whaen 18 a torsion term for @, as defined in (A.3) and (A.8). According
to (A.16) and (A.19), the value of Wy, is zero before the reduction. After reducing 7, and ~,,
it is found that

Wabcn = Pon€ac — Panbe-

If ¢ # 0, then equation (3.9) and the fact that Fy. is totally symmetric and trace-free imply
Fae = 0. This is a contradiction with the assumptions fup = AFupe and Fy,. being non-
vanishing. As a result, ¢ has to vanish. |

Remark 3.2. The proposition above has an analogue in Finsler geometry. Recall that a Finsler
metric is called Landsberg if the derivative of its Cartan torsion along geodesics is zero, i.e.,

Iijk =0.
It can be shown that if the flag curvature of a Landsberg metric with non-vanishing Cartan
torsion is constant, then it has to be zero [7, Section 12.1]. By the proposition above, the
condition Fype., = AFype can be used to translate Fip., to zero. As a result of this translation,
if the causal structure has vanishing WSF curvature, then its SSF curvature has to be zero.
This observation suggests that causal structures satisfying fup. = AFyp. are causal analogues of
Landsberg spaces.
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3.2 [-integrable Lie contact structures

In this section it is shown how a causal structure with vanishing WSF curvature descends to a Lie
contact structures on N. The construction is analogous to Grossman’s notion of S-integrable
Segré structures arising from torsion-free path geometries [28] (see also [47]).

Let p € C be a generic point, that is a point admitting an open neighborhood U C C foliated
by characteristic curves. As a result, the quotient map 7: U — N?"~! defines the space of
characteristic curves in U.

Recall from Section 2.3.5 that a characteristic vector field v spans the unique degenerate
direction of w” and dw?, at every point, i.e.,

v 1w’ =0, v 2dw’ = 0.

It follows that £,w® = 0. Therefore, there exists a 1-form @° C I'(T*N) of rank 2n — 1 such
that 7*@° = w®. As a result, the quasi-contact structure on C defined by w® induces a contact
distribution on A/. By abuse of notation, w" is used to denote @° as the distinction is clear from
the context.

Because

viwt=v_10*=0,
the 1-forms w?, ..., "1 introduce a coframe on A/, and the {e}-structure P fibers over N'. To
understand the resulting structure on A, consider the flat model. Recall from Section 2.2 that
the flat causal geometry corresponds to the null cone bundle of a hyperquadric Q41,441 C P2,
and its space of characteristic curves is the space of isotropic 2-planes denoted by Go(2,n + 4).
The resulting structure was first studied by Sato and Yamaguchi in [59] referred to as Lie contact
structures. As a parabolic geometry, this geometry is modeled on (By_1, P) or (D, P), for
n >4 or (D3, Pi2) (see Section 2.4.3).

In this section it is shown how a causal structure with vanishing WSF curvature descends
to a Lie contact structures on N. As was discussed in Section 2.3.13, no attempt is made to
introduce a Cartan connection for the Lie contact structure from the derived {e}-structure.

First, a definition of Lie contact structures in terms of a field of Segré cones of type (2,N) is
given. Let V be a 2N-dimensional vector space with a decomposition V 22 R2 @ RN. An element
p € V is said to be of rank one if and only if p = a ® b. A Segré cone of type (2,N), denoted
by S(2,N), is defined as the set of rank one elements of this decomposition. In terms of local
coordinates (211, . ,z,{l, 2., ,zﬁl) adapted to this decomposition, the Segré cone is given by
the points satisfying the homogeneous quadratic equations
2 =0,

2
2R, — %

=
TN

where 1 < p,v < N. As a result, a Segré cone of type (2,N) has a double ruling. A (N — 1)-
parameter ruling by 2-planes E, = R? ® v where v € RN. Such 2-planes are called a-planes [4].
Another ruling of S(2,N) is given by the 1-parameter family of N-planes v ® RN where u € R2.
Such N-planes are called S-planes.

The proposition below is used to show how a Lie contact structure is induced on N

Proposition 3.3. Given a causal structure with adapted coframe (w',0,), the span of the bilinear
forms

T = 9% 0wb — 6”0 w? (3.10)

restricted to H = Kerw? is invariant under the action of the structure group Gs. Moreover, C
has vanishing WSF curvature, if and only if span {Tab} 1s tnvariant along characteristic curves.
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Proof. By the matrix form of the structure group Gs in (2.24), it follows that the span of Y
modulo 7{w®} is invariant under the action of Gj.

Let v denote a characteristic vector field. To verify the second claim it suffices to note
that (2.27) implies

LY = A% Y 4 (v 20™) (W™ — W) 0w,

where A%, =v 2 (2¢0(5§5S + 53(;5"’0 — 5g¢bd). Thus, if the condition W¢%,;, = 0 is satisfies, i.e.,
causal structure has vanishing WSF curvature, then span {Tab} is invariant along the charac-
teristic curves. |

As a result of the proposition above, the set of tangent vectors u € H satisfying Y% (u,u) = 0
is well-defined and gives a Segré cone of type (2,n — 1) in the contact distribution H C TN

Definition 3.4. A manifold N2N*! with a contact distribution H is said to have a Lie contact
structure of signature (p,q), p + ¢ = N if there is a smoothly varying family of Segré cones
S(2,N) C H, such that at every point z € N, its [-planes are endowed with conformally
invariant inner product of signature (p,q) and are Lagrangian with respect to the symplectic
2-form that is induced by the contact 1-form on the contact distribution.

A Lie contact structure is called S-integrable if there exists a 1-parameter family of foliations
by Legendrian submanifolds with the property that given a point x € N and a S-plane in
S(2,N) C H,, there passes a unique member of the family through x, tangent to that S-plane.

There are other equivalent definitions of a Lie contact structure discussed in [70].

Remark 3.5. S-integrability condition gives rise to a foliation of the bundle p: £g — N where £
denotes the bundle of S-planes of the Segré cones. Because S-planes are Lagrangian subspaces
of the contact distribution, &g is a sub-bundle of LG(N) where p: LG(N) — N is the bundle
of Lagrangian—Grassmannians of the contact distribution H. Since, the bundle map p is the
restriction of p to the sub-bundle &g, by abuse of notation, it is denoted by p as well.

The theorem below gives a characterization of causal structures with vanishing WSF curvature
in terms of B-integrable Lie contact structures induced on their space of characteristic curves.

Theorem 3.6. Given a causal structure (C, M) with vanishing WSF curvature of signature
(p+ 1,9+ 1) its space of characteristic curves admits a S-integrable Lie contact structure of sig-
nature (p,q). Conversely, any (B-integrable Lie contact structure of signature (p,q) on a space N
induces a causal structure of signature (p+ 1,q+ 1) with vanishing WSF curvature on its space
of ruling Legendrian submanifolds.

Proof. To see how N is endowed with a Lie contact structure, firstly note that by Proposi-
tion 3.3 the contact distribution carries a Segré structure of type (2,n — 1). By the definition
of Y% it follows that the S-planes, i.e., the 1-parameter ruling of the Segré cone, are given by

Ker {A0" + Bw*|a=1,...,n— 1}, (3.11)

[A: B] € P'. Moreover, the inner product ,,0%06° is of signature (p, ¢) and its conformal class is
well-defined on each -plane, i.e., it is conformally invariant under the action of G5 modulo Zy,s =
{0, ..., w"}. Finally, to show B-planes are Lagrangian consider a S-plane Ejg, corresponding
to [A: B] € P! in (3.11). The tangent vectors (vi,...,v,_1) where v, = B% - Aa%ia define
a basis for Eg,. Because dw® = €446 A w?, modulo I{w"}, it follows that dw®(v,,v,) = 0. Hence,
Ejg, is Lagrangian with respect to the conformal symplectic form duw?.

As for the S-integrability of these Lie contact structures, the following lemma will be useful.
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Lemma 3.7. Given a causal structure with vanishing WSF curvature, there is a canonical
bundle diffeomorphism w: C — Eg between the fiber bundles 7: C — N and p: Eg = N ,.

Proof. Let v = (x(t);y(t)) be a characteristic curve of C which corresponds to the point
[v] € N. Let D be the completely integrable distribution of T'C given by the vertical tangent
spaces 1,C; := Ker Z,5s with D; := Ty(t)Cx(t). By the discussion above, it follows that, at ¢ = ¢,
7Dy, C Hy,y is isotropic, (n — 1)-dimensional and lies in the zero locus of T ie., 7.Dy, is
a (-plane. By defining

w(fyto) = T*Dt07
one obtains the desired diffeomorphism. |

Continuing the proof of Theorem 3.6, note that the fibers C,, as the integral manifolds of D,
give a foliation of £3 via the diffeomorphism w. Because of the transversality of the fibers C, and
characteristic curves 7 passing through z, it follows that the subsets 7(C,) C N are immersed
as (n — 1)-dimensional submanifolds of N'. These submanifolds are Legendrian because it was
shown that their tangent spaces, 7. D, are §-planes, i.e., Lagrangian subspaces of the contact
distribution which rule the Segré cone.

The converse part of the theorem can be shown as follows. Let w® be a contact form. Since
a Segré cone of type (2,n—1) admits a 1-parameter ruling by (n—1)-planes, one can find 1-forms
{n®¢%la=1,...,n— 1} complementing w" in T*N such that the Segré cone can be expressed
as the vanishing set of the bilinear forms

Tab:naocb_nboga'

As a result, the 1-parameter family of ruling (n — 1)-planes of the Segré cone can be expressed as
Ker{tn*+ (1 —t)(*|a=1,...,n— 1} where t € (0,1). Let p: £ — N denote the bundle of /-
planes of the Segré cone. A point p € £g represents a S-plane of the contact distribution H which
is Lagrangian with respect to the conformal symplectic structure on the contact distribution.
Thus, the tautological bundle K C T'€g can be defined with fibers

K, = {v € T,E3 | pulp(v) € p C Tp(p)N}.

As a result, the subspaces p.(K}) rule the Segré cone S(2,n — 1) C H,p) C TypN. The
fibers of p: £ — N are one dimensional and parametrize the ruling subspaces p.(K,). Let v
be a vertical vector field of the fibration p: €5 — N satisfying p,(v) = %, and by abuse of
notation, let a multiple of p*(w") be denoted by w" as well. Hence, w" C T*Eg is a quasi-contact
1-form. Defining w® = p*(tn®+ (1 —t)¢?), it follows that Lyw?® = p*(n® — (%), and, consequently,

WA AWTTIA LW A A Ly £ 0 mod I{wo}.

The reason that it is non-zero, modulo I{w®}, is that the Segré cone is a subset of the contact
distribution.

Hence, locally, the tautological bundle is given by K = Ker{w?,...,w" '}. As a result, the
1-forms w®, w?, 6, = Lyw® which are semi-basic with respect to the fibration p: €5 — N and
the 1-form w", which is vertical, span T;&g, and one has

dw® = —0% A W™ + T%0% A 60 mod I{wo, . ,w”_l}.

Since the Lie contact structure is assumed to be B-integrable, the lift of its associated 1-parameter
family of Legendrian submanifolds foliate £3 by quasi-Legendrian submanifolds. The tangent
distribution to this foliation is a corank sub-bundle of the tautological subbundle K given by
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Ker{w",...,w"}. As a result, w’’s form a Pfaffian system which implies 7%, = 0. Moreover,
knowing that K = Ker{w?,...,w" !} and that w® is semi-basic, one arrives at

dw® = —hgp0* A WP mod I{wo}.

In the identity d?w® = 0, the vanishing of the 3-form 6% A 6° A w” implies that hgp = hpg.

Let M be the leaf space of the quasi-Legendrian foliation of &g, via the quotient map
m: &g — M. Because the tangent planes of the leaves are given by Ker{w",...,w"}, the 1-
forms {w’, ... ,w"} are semi-basic with respect to the fibration 7: €5 — M, and the 1-forms 6¢
are vertical. Moreover, the coframe on €3 is adapted to the flag (2.6). Note that the tautological
bundle K is isomorphic to the tautological bundle introduced in Section 2.3.2.

According to Section 2.3, the complete integrability of the Pfaffian system Zp,s and the
relations

dw® = =0, A w® mod I{wo},

dw® = —h®g, A W™ mod I{wo, . ,w"_l},
where 6, := hg0°, suffice to carry out the coframe adaptations and obtain the {e}-structure that
characterizes a causal structure. Note that the distribution given by Ker{w?, ..., w" !} charac-
terizes a causal structure according to Section 2.4.2. The one dimensional fibers of p: £g = N
are mapped to the characteristic curves of the causal structure.

Finally, since the vanishing set of the quadratic forms Y% defined in (3.10) is preserved, the
WSF curvature of the obtained causal structure has to vanish. |

A Full structure equations

Appendix A contains the computations needed to associate an {e}-structure to a causal geom-
etry. At the end, the symmetries and Bianchi identities for the torsion elements are expressed.

A.1 Prolongation and an {e}-structure

Following the first order structure equations derived in (2.27), the method of equivalence can be
used to associate a preferred choice of coframing to a causal structure. The first step involves
prolonging the first order structure equations.

A.1.1 Prolonged structure group

Using the pseudo-connection in (2.27), one finds that the Cartan characters®! are
c1 = 2n, ca=n-—1, cG=n—1, for3<i<n-—1.
With respect to the basis {w/, 0% G0, @5, b, Yas ns M}, the prolonged structure group, G{,
is

d 0 00
0 0 0 O
<H12{L HO>, such that R = 8 8 8 8 , (A1)
P
f 00 O
F f 0 d

21See [25, 51] for an account.
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where p = %(n2 +n+4), E€R" ! and d,f € R. The Maurer-Cartan forms of the prolonged
group can be written as

m 0 0 0
0 0 0 O
0 0 0 0 0 O
<M 0>, where M = 0 1 0 0] (A.2)
o 0 0 O
T, o 0 mg

Since dim Ggl) = n+ 1, the relation
n—1
dimGgl) < chj,
j=1

holds for all n > 3. Thus, equations (2.27) are not involutive, and because an {e}-structure is
not obtained, according to Cartan’s method of equivalence, one needs to prolong the structure
equations.

A.1.2 Part of the second order structure equations

To avoid taking too much space for computations and for later use, the following 2-forms are
introduced

Q0 = dw® + 2¢0 A W + 0, A W,

0 = dw® + 9 A W+ (9% + (o + ¢n)6%) A w’ + 6% A W",

Q" = dw" + 74 A W + 2¢, A W",

0% = df* + 7 A WO+ A w4 (6% — (o — Pn)d%) A 67,

Oy = doo + mo A W’ + %Tra/\wa — %'ya/\ e,

Y = dop% 4+ ¢ N ¢y + 0N — Op A Y — WA T 4 wp A T

®,, = dop, + 37a A W + Ty A W™ + 374 A 69,

To=dys—wa Ao —w" A Ta— (6% + (o — 6n)0%) A Yo,

IT,, = dm, — 0% A g — 200 A T,

I, = dmg — 0a A 7o — (8°a + (G0 + $n)0%a) A Ty — Ya A T (A.3)

As a result, structure equations (2.27) can be written as

Q% =0, 0% = —F%° A w® — K%0° A Y, O = —L0°N P,
Op = — fapel®® N w® + %Wanbcwb A W€+ Whpenw® A W™,

From the Lie algebra of the prolonged group in (A.2), it follows that
I, =—-cAw+ P, O, = 74 Aw’ — 0 Awg + Py,

where the 2-forms P, and P, are generated by {w®, 0% ¢o, %, ®n,Ya, Tn, Ta}. Note that the
terms involving the 1-form mp in (A.2), are included within the definition of I'y, II,, and I1,.
Differentiating (2.27a), gives

29 A w? + Oy A w® = 0.
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As a result of (2.27d) and the symmetries in (2.28), it follows that ©, A w* = 0, and therefore,
®y = ¢ A WP for some 1-form ¢. By replacing

o — T — C,
one arrives at
Dy = 0. (A.4)
Differentiating (2.27c), and using the infinitesimal group action (2.29¢), it is obtained

I, = %Woai]’wi A w? + anbogb A W0 + %Cabcﬂb A B¢
— Fopey? A 0° — Lomn A w® 4 Tap A w? + €4 A W™, (A.5a)
o, = anjwi Aw! — %E(ﬁa AW+ v AW+ %fa A w?, (A.5Db)

for some coefficients Epqp0, Cape, Where £, = Lg.y,, and the yet undetermined 1-forms v, &,, and
Tab = The Which are congruent to zero modulo Zi:. The reason for using W,,,;; instead of %Wmij
in (A.5b) becomes clear when the replacements (A.10) are imposed.

By differentiating (2.27b), it follows that

ga = kab 0b7
where kqp := Kapp-
Now &%, can be determined as a result of differentiating (2.27b) and replacing ®y and &,
by the expressions (A.4) and (A.5b). Using the infinitesimal group action on Kgp, Fype given

by (2.29a) and (2.29b), and their symmetries in (2.28), and (2.27d), the derivative of (2.27b)
yields

0= (D% + ®n6%) A w’ + Kgp” A O A w® — FopefPaed A w® A w°
+ Fabc;d wh A 6P A we + Fabc;dgd A O A W + FabCcheﬁb NN

+ %Fabcwbndewd A wé A w€ mod I{wo, w”}.
Multiplied by the (n — 1)-form = ' A --- A 6771, the above equation results in
(‘IJ“Z, + @néab) AW An= % — FoeaWlaw® A wi A wl A mod I{wo, w”}.
By Cartan’s lemma, it follows that
(<I>“b + <I>n5“b) An= —((“bc A w® + %FabeWencdwc A wd) AN mod I{wo,w”},

for some 1-form (%, where (%, = (%, modulo Ziet.
Fixing ¢ = C, after taking the wedge product of ®%, + ®,6% with all the 1-forms w’, such
that ¢ # C, and using (A.5b), the result is

PUNWON - AWCA - AW AD=C% AWECAWOA - AWCA - AW A
Carrying out the same procedure for ®°,, using ®qp + P, = 0, it follows that
(Cabe + Goac) A WE NGO - AWEA - AW A =0,

and therefore, (4pe + Cpae = 0 modulo Zyo. However, since (%, = (%, one obtains (%, = 0
modulo Ziet.
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Consequently, equation
D = *Wabuw Awl + Eopeifc N W'+ Cabcdec A 6% + Aab N\ w0 + Kap N\ W" (A.6)

is obtained where A\gp = —Apa, Kap = —Kbe and Agp, Kep = 0 modulo Zye.
Differentiating (2.27b), and using (A.5), and (A.6), it is straightforward to find

Kab = 0, v=0, Tab = EOacbec + Kapmn — Fabcﬂ-cv Aab = 0, (A7)

for some FEygpe-
Equations (A.7), (A.5), (A.6) and (A.4) can be combined to give

Py =0,
P, = Wabww A W+ Egpeil A w + CadeOC A 6%,
d, = anjw Aw! — 5&;0“ AwY+ %kabi A w?,
o= %Wgaijwi A W + Eoapi® A Wb + %C’abceb A 6¢
— Fppe/? A 0¢ — Lomp A W0 4+ Koy A w® — Foprre A . (A.8)

The quantities Wijx, Eijki, Caped and Cgpe are not expressed until the replacement (A.10) is
made which makes the computation slightly easier.

A.1.3 Reduction of the prolonged group

The infinitesimal action of Ggl) on Wynon and Wino, is given by

dWhnon + %U =0, dWhnoa + Ta =0

modulo the ideal generated by the 1-forms {w’, 0a, ¢0, Pn, b, Yas Tns Ta g, 2 0.0= 1

Consequently, the normalizations Wy,0, = 0, Wynoe = 0, reduce Gg) to the group Ggl)
containing the one parameter d in (A.1), which corresponds to the 1-form 7y. As a result, the
expression for ®,, changes to

B, = Wonapw® A Wb + 2Wonanw® A W™ — %Eaﬁa Awd+ %k‘abﬁb A we. (A.9)

One sees that the action of the parameter d on the torsion coefficients in the 2-forms Oy, ..., ®g,
.,I'n_1 a priori cannot be used to reduce the prolonged structure group to the trivial group,
unless certain non-vanishing conditions are assumed.

The only part left, is to see whether any reduction is possible via the torsion coefficients in
1I,, ..., .

A.1.4 An {e}-structure
In order to make computing Iy, ..., II, easier the replacements

Ty — T + %EGGQ, Mg > Tg — %kalﬁb + Wonapw?, T = Tn — 2Whnanw®. (A.10)
are imposed which result in

by + ¢, = 0.
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Similarly to Section A.1.2, by differentiating the 2-forms I';, ®%, in (A.8), ®, in (A.9) and
®y = —P,,, and carrying out tedious but straightforward calculations, it follows that
I, = %ijwi AW+ Epgif® A Wb + opi A W,
I, = $Waiw A wl + Egif® A w' — Fptme A 6° + 045 A W, (A.11)
where o4, = Opa, Ong = Oan are congruent to zero modulo Zyet.
The expressions for the torsion coefficients are listed in (A.15). It turns out that without

assuming certain non-vanishing conditions on the torsion coefficients, the infinitesimal action of

the parameter d on the torsion terms does not reduce the prolonged group.

Since, the prolongation of the reduced group Ggl) is trivial, it follows that the set of 1-forms

; n, n—1
{wla 0(1’ ®o, ¢aba On,s Yas ﬂ—i}i:o’ a=1

constitutes an {e}-structure for C.

A.1.5 The third order structure equations
Similarly to (A.3), defining the 2-form

Iy = dmg — 2¢9 A g — V" A T,

helps making the expressions more compact.
It is a matter of computation, similar to Section A.1.4, to find

Iy = %WOijwi A w! 4 Epgif® A w' — Kgpm@ A 0° — Lomn A 0% + 00; A W',

where 1-forms o;; defined in (A.11) satisfy 0;; = 0. Note that the symmetry of o;; is a result
of imposing ®¢ + ®,, = 0. Expressions for o;; are listed in (A.17).

A.1.6 Full structure equations

The full structure equations after replacement (A.10) using the 2-forms (A.3) are expressed as
follows

0 =0, 0% = —F%0° A w® — K%0° A WP, Q" = —La0* A WO,

Ou = — fuped® N W€ — %kabﬁb A w® — Wipapw® A w? + %Wanbcwb A W4+ Whpenw® A W™,

Do = — 5 Whnapw® A W’ + 500 A w° — $kap” A W,

Doy = A Wapijw' A w? + Egpeit® A w' + $Cupead® A 69,

P, = %anbwa Awb— %%0“ A wd + %kabeb A w?,

Lo = $Woaijw' A w? 4+ Egapit® A w' + $Cqpc0° A 6

— Fopey? A 0° — Lomn A w® 4+ Kopmn A w® — Foyprre A WP,

I, = $Whiw' A wl + Epgif® A w' + opi A W,

I, = %Waijwi A wl + Egif® A wb — Fplmo A 0° 4+ 0gi A W,

Iy = $Woijw' A w + Egaif® A w' — Kgpm® A 0° — Lomn A 0% + 095 A W, (A.12)

The expressions of the quantities on the right hand side are given in (A.15), (A.17) and (A.18).
When differentiation (2.27b), the vanishing of 3-forms 6° A 0¢ A w?, 8% A 6 A WO combined with
the expression of Cypeq, and Cgpe in (A.15), yield the relations

Fabc,gl - Fabd,g = %(Kacebd + Kbcgad - Kadgbc - Kbd£ac)a (A13a)
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Kab,g - Kac,b = 2(Each - 8acLb) + Fabdec - achdba (A13b)

Moreover, the vanishing of the 3-forms 6, A 6, A W, in the exterior derivative of (2.27c) implies
Ly = Lp,e. This equation together with the contraction of equations (A.13) give the following
Bianchi identities among the fiber invariants of C

Koy = 327 F e La = gy (Fave K™ = Ko®p), Lap = Lia. (A.14)

A.2 Quantities in (A.12)

The expression for the torsion coefficients are as follows

Eabeo = 3 (Kbesa — Kac — Kaaf e + Koafac), Eapen =0,

Eopved = Foed:a — Facd:p + Fode f ca — Fade f cbs

Caped = Foee Faa — Face Fpa + 5 (Kpe€ad + Kadeve — Kaccpa — Kpaac),

Eoaro = — L. — Laf%ap, Eoabn = 3kab, Cabe = Legap — Lp€ac,

Eoabe = 5 (Kabie + Koo + Kadf pe + Keaf%ap) — Fave:o — SkpaF ac. (A.15)

The quantities W = —W;j satisfy the following identities

Wanob = —Wanab, Wanon = 0, Wanbn = Whnan, Wan = 0, Wianjbg = 0,

Waben = Wenab + FacaW b — FocaW  nan, Waibed) + FaepWenjea) = 0,

Wabed = Wedab = FaeeW  nbd — FaedW bne — FoeeW “nad + FoeaW nacs

Waroe = —Wocab + FacaW “nob = FoedW noa + 3 KeaW pa + 2 (KpaW nea — KagW i),

Woabn = —Wanab — KalaW ujpyn, Wabon = —2Wnab + KpafaW jpjn:

Wolabe) = 0,9 Woaon = LeW “nan, Woapol] = 5LeW nabs Wo%a = 0. (A.16)
According to the symmetries above, the independent components of Wi are Waped, Wanbe,

Woabe; Whatns Woaop and Wiypnap. It is shown in Section A.3 that Wy is generated by Wenpy,.
The 1-forms o0;; = o0j; are

Onn = 07 Oan = Wanbn7b7 Oa0 = 3Wnnab7b - gaﬂ—n - %kabﬂ—b, Oon = 0,
Oab = _W(a|n|b)cfyc + %kabﬂ-n — fabeT©, (A17)
000 = 755 (2Wobba + K Wanea — LWenan)7® — 727 L%amn — 727 (K% + Kap ) me.

The quantities Ej;,; = Ejq; are given by

Ernan = 27" Wobca,
Enab = 3Wanab + 3kavin + K (a)aW Ljpyns
Eoab = ~Woaob + 2Wonba K% = Lab — Laf%ap — $kabo — ko ke,
Eabe = Wiapoja) = Wialnje)akab — Wanen L + 5 K (ajpinje) — Fabeno
— S FacanKavn — 5K (aamFapjeyn + (3LeWenbn + 5lom)€acs
Eoan = —5LWenan — 3Lain;
Eoo = 5 (—2F a0 Wodoe + WoaadKas — K*WhanaLly + LaEna — La;af*%
(fbeL® = € Lse) , L facaf*"s — 5 (K@ + K fage) k%
(

)

Kab;a + Kadfadb) 0 + Ldendb))- (A18)

)
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The quantities W;j satisfy
Wijk + Wiis + Wik = 0, Wijke = —Wik;
and are obtained from Wi, Fype as follows

Wnan = _ﬁ(Wanba;n - Wanbn;a - Fadb;annan)a
Wnab = 2Wnnab + k[a\chn\b]na

Wn(]n = m(wcdcd;n - Ecdechnen - EcdedWencn - Wadan;d + Waddn;a)

+ mkchancnv
Wabn = €abWnon + Wanbon:0 — Wanabin — 5kacWenbn:
Waon = 25 (= Wanbap = Wenba:o + 3keaWanea + Woddasn — Woddnia + Wodansd
= EedaWanen + EeaeWanan + EoeinWanea — KaaWndn + FadeWaen)
Whoa = 3Waon — 56Wenan,
Wabe = €abWnoe — €acWnov — Whnabie + Whnaesp + Wanbe;0
— 3 KaiWanbe + facaWands — fabdWande
Woab = —2Wanab,o + LeWenab — Efa)aWinelps
Woon = m (Wabofpia) — 3Wababio + 3 EabeoWenba + 3 EabeoWnnea)
+ L (EoadnWinda — EoadoWanad + LaWnan),
Waob = €a6Woon + Woaob;n + Woabn:0 — Eoadn Winds
+ EoadoWanbn — LaWnin — KabWnon + FabeWeon,
Woob = —Woaab:o0 + Woaobsa + EoaboWaba + EoadaWaos
= EoaavWaoa — LaWnba — KabWnoa + FabdWidoa-

In the above expressions the indices are lowered using £ and the summation is taken over
repeated indices.

A.3 Bianchi identities for Wi,

The following relations hold among the torsion elements Wjjy in (A.12).

Wanbe = 3 (Waniplnslel + Fale" Windn) + 55725 (Calel W njtinia + €apF g Wanen)
Winao = m (—Wapsa + FhaWenap — FWenda)
Wabed = Wiajnedp] — f acfode + fadSfoce + WaneleFyja® — Wane[e Fyja”
~ afel (Wanjap = 3k1dibn + WajnenKs°)
+ el (Wandla — 5Kidjasn + Wapnen£a®),
Woabe = 2Wanbeia — AWndeFoja® + kapr + [ afckas
Woaos = — 25 Woabe:de® — =25 Woee Fa — €V Eqcacab + Eoab + €Y (Eoacdb — Eoact:a)

+ Eancfecb - FabeEeCc + FaeCEecb + Lanbca + KabEncc - KadEndb‘ (Alg)

It follows from the relations above that the infinitesimal action of the structure group on W,
is obtained from the appropriate chains of coframe derivatives of Wi
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