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Abstract. We present an explicit formula for the transition matrix C from the type C,
degeneration of the Koornwinder polynomials P (z|a, —a,c,—c|q,t) with one column
diagrams, to the type ), monomial symmetric polynomials mry(x). The entries of the
matrix C enjoy a set of three term recursion relations, which can be regarded as a (a, ¢, t)-

deformation of the one for the Catalan triangle or ballot numbers. Some transition matrices
are studied associated with the type (Cy, C,) Macdonald polynomials P((lc;’)“c")(a: |b;q,t) =

Py (x| b2 /2 gt /22— 2p1 /2 | g, t). It is also shown that the g-ballot numbers ap-
pear as the Kostka polynomials, namely in the transition matrix from the Schur polynomials
P((Sg“c’“”)(x | ¢; 4, q) to the Hall-Littlewood polynomials P((lc:;’c’””)(:c | £;0,¢).
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1 Introduction

The aim of this article is to investigate the transition matrix C, which describes the expansion
of the type C;, degeneration of the Koornwinder polynomials [10] Pjyry(x|a, —a,c, —c|q,t) with
one column diagrams, in terms of the type C;, monomial symmetric polynomials m - (x). As
for our convention of notation, see Section 3. On this course, we found that certain deformations
appear, associated with the Catalan triangle or ballot numbers, and binomial coefficients. We
refer the readers to [21] concerning the Catalan triangle numbers, and [1, 6] for the g-Catalan

and g-ballot numbers. For simplicity, write P((lcr’)l) = Pury(x|a,—a,c,—c|q,t).
Theorem 1.1. Letn € Z~qg. Let P™ and m™ be the infinite column vectors

n) __ (Chn) (Cn) (Cn)
P )_t(p(ln),...,P(l) ,Pz,0,0,0,...),

m(") = t(m(ln), ce ,m(l),mg,0,0,0, ce )
There exist a unique infinite transition matriz C = (C)i,jezzo satisfying the conditions

C 1is upper triangular, namely i > j implies C;j = 0, (1.1a)

C 1s even, namely i+ j is odd implies C;; = 0, (1.1b)
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Cij are rational functions in a, ¢ and t which do not depend on n
and we have P = Cm™ for all n > 1 (stability). (1.1c)

This transition matriz C is uniquely characterized by the (a,c,t)-deformed Catalan triangle type
three term recursion relations

Coo =1, Ci—1,i-1 = Ci;, 1=1,2,3,..., (1.2a)
f(t)Cl,j_l = Co,j, 73 =2,4,6,..., (1.2b)
Ci_17j_1 + f(ti+1)ci+17j_1 = Ci,j, 1+ 7 even, 0 < i < j, (1.20)

where we have used the notation

£(s) (1—1/s)(1 —t*/sa*c?) (1 +t/sa®) (1 + t/sc?) (1.3)
s) = . .
(1 —t/s%a%c?) (1 — t3/s2a?c?)
A proof of this is presented in Section 2.5. The solution to the three term recursion relations
(1.2a), (1.2b) and (1.2c) for C; ; given in terms of the function f(s) is presented in Proposition 7.3.
Consider the Macdonald polynomials of types (Cy, Cy,) and (D, D) [14, 20, 22]
PO (] big, 1) = P (x| 12, —01/2, q1/2012, —q1/21/2 | g, 1),

P((lDT;“Dn)(x ‘ Q7t) = P(lr) (l’ ‘ 1a _17q1/2> _q1/2 | Q7t)

Corollary 1.2. When b=t = q, the Macdonald polynomials of type (Cy,, Cy,) become the Schur
polynomials sy(x) = S(C”)(az) of type C,,. In this case we have f(t”l) =1 for i > 0, indicating
that the recursion relations (1.2a)—(1.2¢) reduces to the ones for the ordinary Catalan triangle
(or ballot) numbers. Therefore it holds that

L5

() () — PCnCn) (1l e g ) —
3(17") (.Z') (17‘) (IIZ | quvq) Z n

n—r+1 <n—r+2k
— —-r+k+1

& )m(lr—zk)(x), (1.4)

where (Zn) _ m(m—l);_-!(m—jJrl)

Corollary 1.3. When b= 1 and t = q, the Macdonald polynomials of type (Cy, Cy) become the
Schur polynomials sy(z) = S&D")(x) of type D,,. (See Remark 1.4 below.) In this case we have
f(@t) =2 and f(t"") =1 fori > 0, and the recursion relations (1.2a)~(1.2c) reduces to the ones
for (the half of) the ordinary Pascal triangle. We have

L3

Dn, Dn,Dn, n—r+ 2k
ng)(x) = P((lr) )(fC lg,q) = E < i )m(1r2k)(x). (1.5)
k=0

denotes the ordinary binomial coefficient.

Remark 1.4. To be precise, when ¢(\) = n, the polynomial P)EC"’C")(:E |1;¢,t) (or my) has to
be further decomposed in terms of the type D,, Macdonald (or monomial) polynomials [20, 22],
since the Weyl group is smaller than the one for C,. Such a decomposition is easy but takes
some space for a separate treatment. Therefore throughout in this paper, we do not go into the
actual details, leaving this to the interested reader.

The first few terms of (1.4) and (1.5) read

(Cn)
*am)
©2) 11 2 5 14 N\ [ man
San-n) 1 2 5 14 42 m(in-1)
C’!L e
sty | = 13 9 28 e
C2) 1 4 14 48 mn-2)
S(1n-3) ) )
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(Dn)

S(m)

(Dy) 1 2 6 20 70 cee M(ln)
S(n-1) 1 3 10 35 126 m(in-1)
sgln )2) _ 1 4 15 56 [ ] man—2

(D) 1 5 21 84 m(1n-3)
S(ln 3) :

As an application of our results obtained in this paper, we calculate the transition matrix
from the Schur polynomials to the Hall-Littlewood polynomials, namely the Kostka polynomials,
associated with one column diagrams.

Definition 1.5. Let K(( )217“ 2J)( ) and K(( )()v 2J)( ) be the transition coefficients defined by

Ch) Ch) Cn,Ch)
El’!‘ ZK(lr (17‘ 2] P((lr 2] ( |t 0 t)
L J

Dn DTL Dn DTL
Sglr))(x) Z K((lr)()lr QJ)( )P((lr 2] (.’I} ‘ 0 t)
7=0

Theorem 1.6. The K((lc;’;zv 2])( ) and K((lT)()lT_Qj)(t) are polynomials in t with nonnegative

integral coefficients. We have

[n—r+1]p |:7”L—’r‘+2j:| _{n—r—i—Q]} [n—r+2j]
2 t2 2

n—r+j+1] J J Jg—1
(Dy) oy Lt In—r 42
K(lr)(IT*QJ')(t) =t 1+ tn—r+2J j .2
_tnrﬂ{n—r—l-Qj—l] +tj[n—r—|—2j—1]
j_]- 2 ] t2.

Here we have used the notation for the g-integer [n)q, the g-factorial [n]y! and the q-binomial

coefficient [7?} as

q

1—q" [m] B J m—k+1], [m]g!
: klzll . .
As for our proof of this, see Section 8.3.

Remark 1.7. Note that the K (C")(t)’s are essentially given by the t?>-deformed ballot num-
bers [1] (the case n = r corresponds to the t>-deformation of the Catalan numbers [6]), and the
K(©n)(t)’s by a version of the t-deformed binomial numbers.

First few entries of K(")(t) read

t4+t6+t8
+t10+t12
4 6 8 10
, 2oty 0 428 4t ’
+2t12+t14+t16
1 2t 41048

1 2 4+ ¢
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and for K(Pn)(t) we have

1 2 242 + 2% + 246
223 4 tt 5 4+ 26
1 t+t2+1¢3 AR
+t7 8 19 4 10
1 t 4 2t3 +¢°
1 t+t3+tr 5+ 17

The present article is organized as follows. In Section 2, several transition formulas obtained
in this paper are summarized for the convenience of reading. Then we present a proof of our
main result Theorem 1.1. In Sections 3 and 4, we use Mimachi’s kernel function identity to have
a description of the Koornwinder polynomials and the Macdonald polynomials of type (Cy,, Cy,)
with one column diagrams. Sections 5 and 6 form the core of the technical part of this article.
In Section 5, Bressoud’s matrix inversion is applied to invert the formula for the Macdonald
polynomials of type (C),, C),) with one column diagrams. In Section 6, the four term relations
for B(s,j) and B (s,j) are derived. In Section 7 is given the basic properties for the transition
matrix C. In Section 8, we study some degenerate cases, including the calculation of the Kostka
polynomials. Some conjectures are presented in Section 9, concerning the asymptotically free
type eigenfunctions for type C,, when b = t. It is quite conceivable that Theorem 1.1 admits
an elliptic generalization in terms of the BC,, abelian functions [18, 19], but we have not yet
attempted to formulate such a generalization.

Throughout the paper, we use the standard notation (see [7])

)
25 q) oo
Qoo = | [ (1 —¢F ) = keZ
(ZaQ)oo kl;[()( q Z)v (ZaQ)k (qk27Q)oo7 ;
(a1,a2,...,ar; @)k = (a1;Q)k(a2; Q- - (ar; Qs k ez,
)
ai, az,...,ar41 (a1,a2, ..., ar+1;Qn
1¢ 4, 2| = Z,
T 7”|: bla"')bT :| nz:;](QabbeV"abT;q)n
1/2 1/2
ai,qay ,—qay; ,04,...,0r41
T+1WT(al;a4aa5a"'7a?“+l;q’ Z) :T‘+1¢T 1/2 1/2 74,2
a’l ) _a/l 7qa1/a47 o 7qa1/a7‘+1

2 Collection of transition formulas and proof of Theorem 1.1

In this section, we collect several transformation formulas which we need to establish Theo-
rem 1.1, giving brief explanations about our ideas and methods for their derivations.

2.1 Koornwinder polynomials Py~ (x|a,b,c,d|qg,t)
with one column diagrams

In [5], we studied some explicit formulas for the Koornwinder polynomials [10] with one-row
diagrams. The results were interpreted as certain summations over the sets of tableaux of
types C,, and D,,. While using the same technique as in [5], but replacing the Cauchy type
kernel function by Mimachi’s dual-Cauchy type one (as to the kernel functions, see [9, 15]),
we can study an explicit formula for the Koornwinder polynomials with one column diagrams.
Mimachi’s kernel function [15] intertwines the action of the Koornwinder operator of type BC),
to the one for BC; (namely for the Askey—Wilson operator) which in turn acts on the Askey—
Wilson eigenfunction. To perform explicit calculations based on this idea, as in the one-row
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diagram case, we need the fourfold summation formula for the Askey—Wilson eigenfunction [8].
The details will be given in Sections 3 and 4.

Specializing the parameters of the Koornwinder polynomials, we obtain the Macdonald poly-
nomials of types C,, and D,, with one column diagram. In these particular limits, the fourfold
summation (for the Askey—Wilson eigenfunction) reduces to a twofold one. In this way, we
have explicit expressions for the Macdonald polynomials of types C), and D,, with one column
diagrams.

Let n € Z>o and x = (1,...,7,) be a sequence of variables. Let Py (7|a,b,c,d|q,t) be
the Koornwinder polynomial with one column diagram (1"), r € Z>¢. (See Section 3, as to our
notation.)

Definition 2.1. Define the symmetric Laurent polynomial E,(z)’s by expanding the generating
function E(z|y) as

n

E@|y) = 10 = ye)(1 = y/zi) = Y (~1)Er(2)y".

i=1 r>0
Note that we have Eg,_,(x) = E,(z) for 0 <r <n and E,(z) = 0 for r > 2n.
Theorem 2.2. We have the following fourfold summation formula for the BC, Koornwinder

polynomial Pyry(x|a,b,c,d|q,t) with one column diagram

P(IT) (ZE | a, ba ¢, d | q, t) = Z (_1)i+jE7‘—2k—2l—i—j (33‘)/6\,6 (ka la tn—r+1+i+j)/c\o (Za ], tn_r+1)a

kL, j>0
where
o (kL s) = (tC2/a2;t2)k(862t; tQ)k(8204/t2;t2)k (1/02;t)l(5/t; topt1 1 — StZktgl_lanCQZ,
(% t2)k(862/t; t2)k(s2a202/t;t2)k (t; )1 (sc?; t)2k+l 1—st—t
o (—afbit)i(scd/t;t); (8 Oij(—sac/t; )iy (s?a®?[t%51),
Co(i, J38) =

(t;t)i(—sac/t;t); (szabcd/tQ;t),-+j(sac/t3/2;t)i+j(—sac/t3/2;t)iﬂ.
(t;t)j(—sac/t;t);
Corollary 2.3. Degenerating Koornwinder’s parameters as (a,b,c,d) — (a, —a, ¢, —c) we have

(1/c5t),(s/t; t)apps 1 — st t2-1
P, 1r (:C | a,—a,c,—cC ‘ q, t) — B ok_9l (SU) 1 - o
. ’“2’;0 ' (B0 (sc%t) gy L8t

2k+20<r
(tCQ/CLQ; t2) X (cht; t2) . (5204/252; t2)
(82;12), (sc?/t;12), (s2ac2[t;12)

k g2k, (2.1)

where s = "L
The following formula (2.2) can be derived from (2.1) by applying the Bressoud matrix
inversion technique [4, 12]. See Section 5, for details.

Theorem 2.4. We have

E.(z)= Z Par-ai-2xy(z | a, —a, e, —c| q,t)
k,1>0
2kt20<r

(a2/t02; t2)k; (82t4l72c4; tQ)k (82t4l+2k72c4; tz)k

(t2; t?)k (32t4lc4; t2)k (52t4l+2k_3a262; t2)k

(C2§ t)l (375[5 t)l+2k
(t;t) (st=1c?;t)

I+2k

(t2)", (2.2)

where s =t~

This is proved in (5.4b) of Theorem 5.5.
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2.2 The coefficients B(s,j) and B(s,j)

By using the g-analogue of Bailey’s transformation [7, p. 99, equation (3.10.14)], one can rewrite
the twofold summations in (2.1) and (2.2) as sums having certain 4¢3 series as their coefficients.

Definition 2.5. Let B(s, ) and B(s, j) be the rational functions in s defined by

B(s,4) = (<15~ (s2/4%42) 1 — g244i=2 a2, —sc?, 2422 =% 2 2

S = |- S ;

J (t2;t2)j 1—s2t2 478 —s, —st,s2a2c2/t o

~ ; (5% 8) —t N2 [ga?, 22 [P A2 P 4

B(s,j) = (st 1) 7 —— L ’ ’ ’
(s,) = ( ) (2 0) 4¢3

2 tQ} )
j

2 [ 4242 g 4G4 /52262

Theorem 2.6. The formulas (2.1) and (2.2) can be recast as (see Theorem 5.7)

|5]
Pary(z|a,—a,c,—c|q,t) = B(t"frﬂ,j)Er_gj(x), (2.3a)
§=0
5]
E.(z)= B(t”‘”l,j)P(lHj)(a: la,—a,c,—c|q,t). (2.3b)
5=0

Definition 2.7. Let f(s) be the function defined in (1.3). For ease of notation, define

1—t/s)(1 =172 /sa2c?) (1 + t11/sa?) (1 + 1+ /sc?
F(Sa l) = f(s/tl) = ( )((1 _ t2l+1§32a20)2)((1 _ t2l+3/33a(202) / ) :

We summarize the basic properties for the functions B(s,i)’s and B(s,i)’s. See Theorem 6.1
and Proposition 6.2.

Theorem 2.8. We have the four term relations

B(s,i) + F(s,—1)B(st?,i — 1) = B(st,i) + B(st,i — 1),

B(s,i) + F(s,2 — 20)B(s,i — 1) = B(st™',4) + B(st,i — 1),

and the inversion relations
> B(s,k)B(st™,i— k) =680, > B(s,k)B(st™,i— k) = .
k=0 k=0

2.3 Transition matrix from E,(x)
to the BC,, interpolation polynomial E, (x;alt)

Let (zjw) =242z ' —w—wl
Definition 2.9 ([9, equation (5.1)]). Set
Er($7a|t) = Z <xi1;til_1a><xi2;ti2_2a>"'<xir;tir_ra>.

1<ii << <n

These Laurent polynomials F,(z;a|t), r = 0,1,...,n, are essentially the BC), interpolation
polynomials of Okounkov [17] attached to single columns (17).



Macdonald Polynomials of Type C,, with One-Column Diagrams 7

Theorem 2.10 ([9, Theorem 5.1]). Let s = t""*1. We have

(s,sab/t, sac/t, sad/t;t);
t=172(as/t)!(t, s2abed /t2;t),

Pany(zla,b,c,d|q,t) =) E,_i(z;alt).

=0

Theorem 2.11. We have

T

E,(wialt) = 3 (1)

=0

(s,sab/t, sac/t, sad/t;t);
(as/t)!(t, t'=3s%abed; t),

P(lr—l) ($|CL, b, C, d|q, t).

A proof of this is given by using Krattenthaler’s matrix inversion as follows. An infinite-
dimensional matrix (fi;)ijez., is said to be lower-triangular if f;; = 0 unless i > j. Two
infinite-dimensional lower-triangular matrices (fi;)i jez-, and (gij)i jez-, are said to be mutually

inverse if > fijgjk = dik-
5>k

Theorem 2.12 ([11]). Let N(x,y;q) be the infinite lower-triangle matriz with entries

Nij(@,y;q) =y~ (@/y;9)i—j 1

(@ @i (2¢"7;q),_ (ya* 1), _;

)

Then N (z,y;q) and N (y,x;q) are mutually inverse.

If two infinite matrices (f;;) and (g;;) are mutually inverse, then the conjugated ones ( f;;d;/d;)
and (g;jd;/d;) are also mutually inverse for any sequence (d,) with nonzero entries.

Definition 2.13. Let u = (uq, ug, us, uq). Set
g(u,v), = 07" (urt ™75 t), (ugs t)p(us; t), (us; t)r.
Note that we have
g(u,v)r/g(u,v)p—; = vii(ultfr;t)i(uﬁr*i;t)i( 375"71';75)1.( 415’“71';75)2..

Let /\7(u, v, z,y;t) be the conjugation of the matrix N (z,yv;t) by the sequence (g(u,v),) with
entries given by

Nr,r—i(uavaxay§t) = /\/}mﬂ'(:c, yv;t) x g(w,v),/g(w,v)r—;

_i(@/yvst) (ult_’”;t)i( 2tr_i5t)z'( 3tr_i5t)z'( 4tr_i3t)z'
- (t;t)i (H?t2r—i;t) (yvt2r—2i+1;t) '

7 %

Proof of Theorem 2.11. It follows Krattenthaler’s matrix inversion and

/\~fm,l (t”fl, =" Jab, t7" M Jac, t7" M Jad, 732 Ja®bed, a /t, O; t)
(s,sab/t, sac/t, sad/t;t);
- t=172(as/t)!(t, s2abed /25 t),
./\7m,l (t"il, t=" 1 Jab, t7" M Jac, t7" M Jad, 722 Jabed, 0, a/t; t)
_ (71)l(s,sab/t,sac/t, sad/t; t)l.
(as/t)!(t, t=3s%abed; t),
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Theorem 2.14. We have

T

E(walt) = 3 (-7 e (" m) By (),

m=0
where
(s; t)m(—sa2t_m; t2)
(5 )m

t—m t—m+1 t—m—i—l/s _t—m+2/5
X4¢3[ f=mA2 25, —f=ma2s, {=2m+4 /g 27

m

e(s,m) = (t/as)™
2,7

Proof. For simplicity of display, we write

2,42 2441—2
o (8%5t7). 1 — st
bs, i) i= (<15~ D L=
(t2't2)' 1— 82t21—2
(-SCLQ SC SQtQ’L 2 t—22 tQ)

(2, —s, —st, s2a?c2t—1; tQ)k

4¢3(37 i, k) =

i
Then we have B(s,i) = b(s,i) Y, 4¢3(s,i,k). From Theorems 2.6 and 2.9 written for the case

k=0
b= —a and d = —c, we have

—1
15~

i (s, —sa?/t, sac/t, —sac/t;t)

Er(w;a|t):Z(—1)l (as/t)l(t,tl—382a202;t)l : B(Stlvj)Erflﬁj(CU)

=0
T

= (—1)m€(8,m)Er—m(x)u

J=0

L2l (s, —sa?/t, sac/t, —sac/t; 1)

e(s,m) = m—2j B(stm*%,j).

— (as/t)m=2% (t,tm=2-352a2c2; t) 2

.

Changing the order of the summation, we have

oI

! (s, —sa®/t, sac/t, —sac/t;t)

27 m—2j
e(s,m) = E il (st™2,
= (as/t)m=2 (t,tm=2-352a2c?; t)m_2j
L5 [

(s, —sa?/t, sac/t, —sac/t;t)

Z4¢3 tm 2J7j7 )

' M

St o

kz as/t m 24— Qk(t $m—21—2k—352,22. t)

(Stm 21— Qk,l—|—]€)4¢3(Stm_21_2k,i+k,k).

1=

X

Simplifying the expression, we have

Lm 2%

(s, —sa?/t, sac/t, —sac/t; t)m 0i ok

Z as/t m 2i— Qk(t $m—2i—2k—352,2.2. t)
k=

m—2i—2k
X b(st™ 2 i k) s (st TR i+ ke k)

m—2i—

2k
(2.7)
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(s, —sa?/t, sac/t, —sac/t;t) Y i
- (as/t)m—Qi(t7tm—2i—382a202;tn)1 —b(st™ %, 0) (2.8)

< ¢Ws (t—2m+4z+3/82a202; LTI [ 2 g2 ymme2itl 2 _tm—Qz+2/a28) '

m—2i

By using [7, p. 42, equation (2.4.2)], we have the factorized expression for this ¢Wjs-series as
(82a262tm—2i—3; t) o (_8a2t—m+2i; t2)m72i 29)
(s%a*/10) oy (=sa®/ti8),, 5 '

Then simplifying the factors again, we have (2.4) from (2.7), (2.8) and (2.9). [

2.4 The coefficients C(s, j) and Catalan triangle three term relations

We have (in Lemma 3.3 below) the expansion of E,(z) in terms of the monomial symmetric
polynomials as

B@)=3 (

J=0

N3

n—r-+2j

j )m(lrzj)(l‘), (210)

where (m) denotes the ordinary binomial coefficient. In view of this, we are naturally led to the
following definition.

Definition 2.15. Let s = ™! for m € C and C(s, j) be the function of s defined by

/ m+ 2j
C(s,j) = g B(s,i)( o >
; J—1
1=0
Theorem 2.16. The Koornwinder polynomial P(lr)(:c la,—a,c,—c|q,t) is expanded in terms of

the monomial symmetric polynomials as

15
Pary(z|a,—a,c,—c|q,t) = C(t”_T‘H, j)m(1r72j)($).
§=0

N3

Proof. It follows from (2.3a) and (2.10). [

Theorem 2.17. We have the three term relation (see Proposition 7.1)

C(s, ) + F(s,—1)C(st?,j — 1) = C(st, j), (2.11)
and the specialization formula for s =1, i.e., for m = —1 (see Proposition 7.2)
C(L,5) = djp0- (2.12)

Definition 2.18. Define the infinite upper triangular matrix C = (Cij);jez., by setting for
r, e >0

Cr,r—i—?i = C(tr+la 7;)7 Cr,r+2i+1 =0.
Theorem 2.19. The C;;’s satisfy the recursion relations in Theorem 1.1

(3070 = 1, Ci—l,i—l :Cm', 7= 1,2,3,..., (2.13&)
F(1,-1)C1j-1=Coj,  j=2,4,6,..., (2.13b)
Cictjo1+ F(t',=1)Ciy15-1=Cij,  i+jeven, 0<i<j. (2.13c)
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Proof. We have Cpp = 1. When i + j is even and 0 <14 < j, we have C;; = C’(t”l, (j— z)/2)
Therefore from (2.11) we have

Ci1j-1+ F(t',=1)Ciy1-1 = C(t',(j —0)/2) + F(t',-1)C (">, (j —i)/2 - 1)
=C(t", (j—14)/2) = Cyj, (2.14)
giving the three term recursion relation (2.13c) for 0 < i < j in (2.14). When 0 < i = j, noting
that Cj11,—1 = 0 from the upper triangularity, we have (2.13a). When ¢ = 0 and j € 2Z+, we
have from (2.12) that C_; j_1 = C(1,(j — 2)/2) = 0, hence (2.13b) holds. [

2.5 Proof of the main theorem

Now we are ready to present a proof of our main theorem.

Proof of Theorem 1.1. The transition matrix C is even and upper triangular. In view of
Theorem 2.16 and C(t" "+, j) = Cp—pn—rt2;, we have for any n > 0and 0 <r <n

l5]
P(lr) (x]a,—a,c,—cl|q,t) = Z Cnfr,nfr+2jm(1T*2j) (z),
§=0

indicating the stabilized transition formula (1.1c). The three term recursion relation (1.2a),
(1.2b) and (1.2c¢) are shown in Theorem 2.17. [

3 Koornwinder’s g-difference operator,
Koornwinder polynomials and Mimachi’s kernel function

We briefly recall some basic properties concerning the Koornwinder polynomials [10] and the
Mimachi’s kernel function identity [15].

3.1 Koornwinder’s operator and Mimachi’s kernel function

Let a, b, ¢, d, q, t be complex parameters. We assume that |¢| < 1. Set a = (abcal/q)l/2 for

simplicity. Let x = (x1,...,2,) be a sequence of independent indeterminates. The Weyl group
of type BC), is denoted by Wy, (~ Z5 x&,,). Let C [xf, a:Qi, e J:ij] " be the ring of W,,-invariant
Laurent polynomials in z. For a partition A = (A1, Ag,..., A,) of length n, ie., \; € Z>¢ and

A1 > -+ > Ay, we denote by my = m)(x) the monomial symmetric polynomial being defined as
the orbit sums of monomials

\Stab Z Hw

peEWn-A 1

my =

where Stab(\) = {s € W, | sA = A}
Koornwinder’s ¢-difference operator D, = D;(a,b,c,d|q,t) [10] reads

" (1= ax;)(1 = bx)(1 — cxy) (1 — dxy) —twjxy) (1 —tag/x) g
D, = T ' —1
z Z ath— 1(1 S )(1 _ qm H (1— TT (1 xz/m]) ( 4, )

n (1—a/$z)( b/xz)( C/CEZ 1—d/,1;l 1_txj/xz t/.’EiZ’j) o
; at"1(1—1/27) (1 - q/7) l;I (1—zj/x;)(1 —1/ziz;) (T = 1),

where we have used the notation Tilf(azl, ey Ty Ty) = f(:rl, g, xn)



Macdonald Polynomials of Type C,, with One-Column Diagrams 11

The Koornwinder polynomial Py(x) = Py(z|a,b,c,d]|q,t) € (C[xl ,...,:c#}wn is uniquely
characterized by the conditions
(a) Px(xz) = my(z) + lower order terms w.r.t. the dominance ordering,
(b) DyPy = d\Py.

The eigenvalue d) is explicitly written as

n

dy = Z <abcdq Ly2n=2j, > Z <at" e J>
j=1
where we used the notations (z) = z/2 — :cfl/ and (z;y) = (xy)(z/y) = +27 1 —y—y~! for
simplicity of display.

Definition 3.1. Define the involution * of the parameters by

a=a, g:b, c=uc, g:d, qg=rt, t=gq.
We write D, = D.(a,b,c,d|t,q) and ﬁ,\(x) = P\(z|a,b,c,d|t,q) for short.

Theorem 3.2 ([15, Lemma 3.2]). Let n and m be positive integers, and let x = (x1,...,Ty),
y=(y1,-..,Ym) be two sets of independent indeterminates. Mimachi’s kernel function

U(z;y) = (g ym) " [T — wiz) (1 = y5/0),

i=1j=1
enjoys the kernel function identity
(t)DaW (w3 y) + () Dy W (x5y) = (¢")(q™ ) {abedt" g™~ )W (x; y).

When we apply Mimachi’s kernel function, the following lemmas will be used. Recall that
the generating function F(z|y) is introduced in Definition 2.1

n

E|y) = [[Q -y —y/z) =) (1) E(x)y".

i=1 r>0
Lemma 3.3. We have
5]
n—r+ 2k
ET(SL‘) = Z < i )m(lrzk)(l’),

k=0
where (T) denotes the ordinary binomial coefficient.
Proof. For an integer s satisfying 0 < s < n, we can find that the coefficient of the monomial
n

z1@o - xs in E(z|y) = [T (1= (2 4+ 1/zi)y + y?) is (—1)*y*(1 + y*)""". Hence we have

i=1
- o n—s
E(z|y) = ZZ (1) y+2k< k)
5=0 k=0
15]
oy n—r+2k
= Z )y < i )m(lr—Qk)(.'E). [
k=0

Lemma 3.4. Let A = (\1,...,\n) be a partition satisfying the condition \y < n. We have
m
H E),(z) = my(z) + lower order terms. (3.1)

Proof. Note that for any partitions A and u, we have mym, = my, + lower order terms. By
using Lemma 3.3, we have E,.(x) = mr) + lower order terms. Hence we have (3.1). [
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3.2 Asymptotically free eigenfunction f(x;s) for D,
and reproduction formula

Let A = (A1,...,\n) € C" and s = (s1,...,8,) be a sequence of complex parameters as s; =
t—"tig=ri i =1,...,n. We use the shorthand notations z* = IL x;\’ and 27 = I 331_’\’ Let
f(z;s) € 27 C[[x1 /22, ..., 2n_1/Tn, z,]] be the infinite series satisfying the conditions

fais)=a™ Y epls)es  cols) = 1,
peQT

n

Dpf(z;8) = (as;0t™ ") f(ass),

i=1

where QT denotes the positive cone of the root lattice of type BC,. To be more explicit,
corresponding to the simple roots a; = €1 — €9, 00 = €3 —€9,...,Qp_1 = Ep—1 — En, A = Ep, WE
have ™ = z1/x9,..., 2% = 21 /Ty, 2% = x,. Assuming the genericity of the eigenvalue,
one can show that f(z;s) is determined uniquely.

Definition 3.5. The adjoint D}, of D, is defined to be
. = 1 (1 —az;)(1 —bx;)(1 — cx;y)(1 — dxy) (1 —tzijz;)(1 — ta;/xy)
b= Z (Taw = 1) at" 11— 2?) (1 — qa?) JI;IZ (1 — ;) (1 — 2 /x;)
" (i afa) (= ) (= efa) (1= dfw) pr (1=t /e (1= i)
+;(T 1) at"1(1—1/z2)(1 — q/x?) ]l;lz (1—aj/z)(1 = 1/azj)

Definition 3.6. Denote by V(x) the Weyl denominator of type C),

Viz) = H :c,?"'”c_l H (1 — :cf) H (1 —2ixj) (1 — a5 /xj).
k=1 i=1

1<i<j<n

Definition 3.7. Define the involution * of the parameters by
a=gqfa, b=gq/b, T=gq/c, d=gq/d, T=gq, T=gq/t.

Write for simplicity the composition of the two involutions * and * as ¥ = *. Note that % is not
an involution but has order 6

a=t/a, b=t/b, CT=tle, d=t/d, G=t = t=t/q.
Proposition 3.8 ([8, Proposition 6.2]). We have
V(z)'DiV(z) - D, = Z (@t 7 at™ 7).
j=1

Theorem 3.9. Let n > m be positive integers, and x = (z1,...,%n),y = (Y1,...,Ym) be se-
quences of independent indeterminates. Let A = (A1, \g,...) be a partition satisfying £(\) < m
and \1 <n. Set

5 = %‘feri Z]\*/\m+17z'+m+1*i+n7 1<i<m. (32)

~

Let f(y;s) be the formal series in y uniquely characterized by ¢o(s) =1 and

m
iy _>\'m —itm+1—it -~
Flyss) =T Lo "m0 37 By,
=1 BeQt+
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Dyf(y;s) =Y (as;;al™ ") f(y;s).
i=1
Then we have
Py(@|a,b,c,d|g,t) = (~)N [W(;9)V () [y 9)] (3.3)
where the notation [- - - |1, denotes the constant term iny, and N is the conjugate diagram of X.

Proof. Firstly, we show that the product ¥(z;4)V (y)f(y; s) has a non-vanishing constant term
in y. Write

H M=) ] QO=ww)Q=wify;)- D sy’ = > chs)y’,
i=1

1<i<j<m e+ peQt

for short. Noting that we have £(\') < n from the assumption A\; < n, we have

(@) V@) fws)],, = [[Tw " T E@ v - Y ehls)y”

i=1 i=1 BeQt Ly
m
= <_1)‘)\| Z (— )Zklcﬁ( I w— ('/I;)HE)\erlfrFki—l*ki(x)
B=>"kic,€QT =2

= (—=1)PMmy () + lower order terms # 0.

In the last step, we have used Lemma 3.4.
Next, we can show that the constant term satisfies the eigenvalue equation as

™ {(q™) {abedt™1gm 1 y
(Dx_ () ()¢ lzt;lf 4 >> (Wi y)V ) Fly:s)],,

B @~ ~ D e N BV Tl
_ K_@)py\p(w)) V) Fly: 3)} = W BV f)l,

U(z; )V (y) <<13y + <atAm_i;&t~m_i>> f(y;8)>]
Ly

__{@ <Z<as,.1; atm =ty + (@i a?”‘”) [ () V () F (5],

=1

iz

-~

)
-4 <Z<asi1;a%m—i>> W@V o),

Here we have used Theorem 3.2, Proposition 3.8, and the property (z;y) + (y; 2) = (z; 2).
To check that the eigenvalue is the desired one, we prepare some lemmas.

Lemma 3.10. The eigenvalue of the Koornwinder polynomial Py/(x) can be recast as

m Al m
Z Z atnfiql;atn i Z 1 <t/\l /\l+1><a2qlt2n 1-\— /\l+1>
=1 Z:)\H_l-i-l =1

<Qm>( m/2,—1/2+n -1 _-m/2,1/2—n

2L (g™t +a g t )

m
QZ ¢ 1/2t—1/2+n—>\l+a—1q—l+1/2t1/2—n+>\l)_
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Lemma 3.11. We have

1><tn><qm><abcdtn—lqm 1y +Z<% (ag!/2Hm=tg1/2 4 g~ 1g=1/2mig1/2)
=1

_ (¢™) (aqm/2t71/2+n +a’1q’m/2t1/2*”).

£

Using Lemmas 3.10 and 3.11, and by noting & = aq'/2 Y2, & = a~1¢1/2t3/2 and (3.2), we
can show that

1 q “
" m abedt™™ 1 m 1 1/ tm 7,
m l m
_ n—i l. n— z i ¢ 1/2,—1/24n—X —1_—I4+1/2,1/2—n+X
;i:/g;ﬁl@zt q;at <t ; t '+a 'q t 1)
m m
. Z @(aq1/2+m—lt—1/2 + a—lq—1/2—m+lt1/2) . @ Z <@s;1; &;m—i>
= ) =
A
= - Zl <at” iq at”_2>
=1 Z:)\l+1+1

Therefore we have

[\I'(az,y)V(y)f( )] = (=1)Plmy () + lower order terms,

m

D, [ (a;9)V (y) [ = > {at" N0t ) [U () V() [ (v 9)]
=1
thereby proving Py (z | a,b,c,d|q,t) = (—1) [‘I’(%Z/)V(Z/) A(?/% 5)]14’,- u

3.3 Macdonald polynomials of types (C,, C,), (C,, B,) and (D,, D)
We consider some degenerations of the Koornwinder polynomials to the Macdonald polynomials.
As for the details, we refer the readers to [10, 13, 22].
Setting the parameters as (a, b, ¢, d; q,t) — (61/2, —bY2 gL 2p12 _gl/2pY/2, t) in the Koorn-
winder polynomial Py(z), we obtain the Macdonald polynomials of type (C,, Cy,)
C7L10n
P/S )(.1‘ | b7 q, t) = P)\ (.ZU | b1/2a _b1/27 q1/2b1/27 _q1/2b1/2 | q, t) .
We obtain the Macdonald polynomials of type (C,, By,) as
Cn’Bn
P B (1 by g, 1) = Py (2|02, 0", ¢, —¢ | ,1),
and the Macdonald polynomials of type (D, D,) as

Dy.Dy
PP (11g,) = Py(z |1, 1,62, —¢"/? | ¢, ).

Note that P{""")(z|q,t) = PL“) (2| 1;4,1) = PP (2| 154,1).
Note that setting the parameters as (a, b, ¢, d; q,t) — (a, —a, ¢, —c; q,t) and the application of
the twist * on (a, —a,c, —c; q,t) gives

(t/a,—t/a,c/t,—c/t;t, t/q). (3.4)
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4 Koornwinder polynomial with one column diagram

When we apply Theorem 3.9 to the simplest case m = 1, namely when we plug the BC,
asymptotically free eigenfunction f(y; s) into the formula (3.3), we have the Koornwinder polyno-
mials P;ry(7) with one column diagrams. Note that in m = 1 case, f(y;s) does not have the
parameter t. To execute the explicit calculation based on this, we need to recall the fourfold
series expansion of the Askey—Wilson polynomials [8].

Let D denote the Askey—Wilson ¢-difference operator [2]

1—az)(1—bz)(1—czx)(l—dzx)
(1—2?)(1 - qa?)

L d=a/x)( —b/x)A —c/2){d — d/x)

(1—1/22)(1— q/a?)

Let s € C be a parameter. Introduce \ satisfying s = ¢~*. Then we have Tq@x_’\ = sz~ . Let
f(z;s) = f(x;s]a,b,e,d]| q) be a formal series in x

b

(Tyz = 1)

(Tyw — 1)

f(z;8) =2 Z ™, co # 0,

n>0

satisfying the g-difference equation

as q

abed _q abed

Df(x;s) = <s+ )f(a:;s). (4.1)

With the normalization ¢y = 1, (4.1) determines the coefficients ¢, = ¢,(s]|a,b, ¢, d| q) uniquely
as rational functions in a, b, ¢, d, g and s. We call f(x;s) = f(x;s|a,b, c,d| q) the asymptotically
free eigenfunction associated with the Askey—Wilson operator D.

Definition 4.1 ([8, Definition 3.1]). Set

®(z;8|a,b,c,d|q) = Z ce(k,1;q™ s | a,c| q)co(m,n; s |a,b,c,d| g)a?FT2HmTn,
k,l,m,n>0

where

qa*/c*; q%), (¢*s/c* q?) (P52 /et 4P)
(a% ®)i(as/c% ¢?), (¢3s?/a%c?; %),
(CQ/Q;Q)I(S;Q)%H 2/.2)!
(45 01(4%5/¢%9) g1y @/
(=b/a;qQ)m(qs/cd; @)m
(¢ O)m(—qs/ac; @)m
(SSQ)m-i—n(_qS/aC; Q>m+n(q32/a202;Q)m+n
“(@fabed:q), (@ Ps/acq),, , (~aPs/aciq),
(=d/c;@)n(gs/ab; q)n n
@ Dnl—gsaci ) V"

ce(k,l;s) = (

(¢%/a?)"

co(m,n;s) =

(q/0)™

Theorem 4.2 ([8, Theorem 1.2, Proposition 4.3]). The asymptotically free eigenfunction f(z; s)
associated with the Askey—Wilson operator D is expressed as the following fourfold summation

fla;s) =27 ®(z; 5] a,b,¢,d]| ).
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Lemma 4.3 ([8, Lemma 5.1]). We have

(1—2%) Y celk, )2 = " (kL5 |a,c| q)2? 2,

k>0 k>0
where
Cé(k, l7 S ’ a,cC ‘ q) = (qa2/02; qZ)k (qgs/CQ; Q2)k (q252/04; qQ)k (q2/a2)k
(4% 4%),.(as/c% ?) (352 [a%c%; ¢2),
(/a%q),(s/q; @)ons1 1 — P+ 15 (¢/c)"

(¢ i(a®s/c%5q) ., 1—a's
+

(4.2)

4.1 Koornwinder polynomial with one column diagram Py~ (x| a,b,c,d| q,t)

We move on to the proof of Theorem 2.2. Recall that n is a positive integer, x = (21, ..

)

is a sequence of variables, and Pyry(7|a,b,c,d|q,t) denotes the Koornwinder polynomial with

one column diagram (17).

Proof of Theorem 2.2. We consider the following special case of Theorem 3.9 above

x:(-rla"wxn)v ’I’LGZ>0, y:(yl)a mzla
U(zsy) =y " [J( = yz) (1 —y/zi) =y (1) En(x)y,
i=1 r>0

A= (r), reZsy and r<n, s=(s1)=t""" Viy) =y ' (1-9?),

Flyss) =y 0(y;s) = y T DT Bk, 1 8)C, (i, gy sy A
k20

where
Co(k,l;s) = ce(k,l;s|t/a,t/c|t), Co(i, J;5) = coliy i s|t/a,t/b,t/c,t/d]|t).

Then calculating the constant term in y, we have

(W y)V) fy:s)],, = [ | DD E@)y ™ |y (1-¢?)

r>0

s | gt Z B (I, 167 8) 8y (i, ; )y PR H2Hied

k>0 »

_ (_1)7" Z (_1)_i_jEr—2k:—2l—i—j (ZL‘)/C\IE(]{J, l; tn—r+1+i+j)’c\0 (’i,j; tn—r-i—l)
kvl7i7j20

= (_]‘)TP(IT)(:C|G“7 b? ¢, d|q7 t)a

where ¢.(k,l;s) = cL(k,l;s|t/a,t/c|t) (see (4.2) above). This proves Theorem 2.2.

4.2 Koornwinder polynomial Py~ (x| a,—a,c,—c|q,t)
with one column diagram

In view of (3.4), we need ®(x;s|a,b,c,d|q) written for the parameters

(t/a,—t/a,t/c,—t/c;t,t/q).
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Note that in this case we have the simplification of the coefficient as ¢,(m,n;s) = 6m,00n,0-
Hence we have a twofold summation formula for the ®(z;s). By Lemma 4.3, we have
(1= ) 2(y;5) = (1= y*)®(y; s | t/a, —t/a,t/c,—t/c|t) (4.4)

g (O, () S ), (1) 05t 1S
5o (t2; tz)k(scz/t; tQ)k(SQ(z%Q/t; tz)k (t;t); (502; t) . 1—st—1
Write s = t" "1 for simplicity. Plugging (4.4) in (4.3), we have

(1/02;t)l(s/t; t)opsi 1 — st2k+2-1
1—st1

P(IT)(:C | a,—a,c, —c¢ ‘ q, t) = Z ET_Qk_Ql(IL’) 2
0<2k+21<r (t;t)i(sc 3t)2k+l

(tC2/a2; tQ)k (sth; tQ)k (5264/752; t2)

k 2k
: 4,
(12;42), (sc?/t;:12), (s2a2c2[;12) ¢ (45)

This proves the formula in Corollary 2.3.

5 Transition matrices B(s), B(s)
and Bressoud’s matrix inversion

5.1 Bressoud’s matrix inversion

Theorem 5.1 ([4, p. 1, Theorem], [12, p. 5, Corollary]). Let M(u,v;x,y;q) be the infinite even
lower-triangle matrix with nonzero entries given by

(/Y5 9)i (ug" % q),,
My p—ai(u, v;2,y5q) = y'v' . L , (5.1)
e (6:9)i (uzq =% q)i(uyq =21 q),
forr,i € Zxo, i < [5]. The we have
M(u,v; 2,5 )M (u, v;y, 25 q) = M(u,v; 2, 25 q). (5.2)

In particular, M(u,v;x,y;q) and M(u,v;y,x;q) are mutually inverse.
Definition 5.2. Set

2012t ,
d, = ((u1/2;t))r (u1/4/v3/4) ‘

Let M(u, v; x, y; t) denotes the conjugation of the matrix M (u, vy X, Y; t2) by the (d,) with entries

Mr,r72i(ua VT, Y, t) = Mr,eri (u, VT, Y, tQ)dr/deri

. (x/y;tz)i (Ul/Qtr_2i+2?t)2z’ (“t2r_4i?t2)2i 1/2 7, 1/2\¢
T @), (WP ), (uatr 2 e2) (a2 ) (gl /0 %)

5.2 Transition matrices B(s) and B(s)

Definition 5.3. Let B(s) and B(s) be even lower triangular matrices defined by
B(s) = Mv(tz/s2c4, 1/s%t%: 2 Jta?, 1/t2;t)./\/l(1/s,t; 1/¢2, 1;t),
B(s) = M(1/s,t;1, 1/02;t)ﬂ(t2/8264, 1/s%t4: 1/2, 2 Jta?; t).
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Proposition 5.4. The B(s) and B(s) are mutually inverse.

Proof. This follows from Bressoud’s matrix inversion (5.2). |

Theorem 5.5. We have

-P(lr)(zC | a, — —C ‘ q,t Z Brr 2k E,._ Qk(SC), (53&)

15]
= Z B r—ok(t") Par—2xy(z | @, —a, ¢, —c g, ). (5.3b)

Writing the coefficients explicitly, these read

|5 |22 1/¢2- 2k—1. 2%.
( /c ’t) (St t) (St t)2l 21

P r - - = E el
(x| a, —a,c,—clq,t) 22 2k—21(7) (65 0)1 (52025 ), (512615 8)
. (te /a2;tz)k(stCQ;tQ)k(5204/t2;t2)k(3?t)2ka2k (5.4a)
t2:2), (s¢?/:1%) (s%a®c[t:47) (sc?it) g,
LgJ =52 (¢3t),  (stht)
Z P(lr 21-2k) a,—a,c,—c|q,t) . l -1 2.l+2k
L Lo (Gt)e (sti=teit), o
(a2/tc% 2), (s24724 1), (s2A0F2h=2e4; 42) (5.4D)

2\ k
(t2:42),  (s2ttche?), (52t4l+2k73a262;t2)k(tc) ,

where s = t" "1, In particular form (5.4b), we have Theorem 2.4.

Proof. Clearly, (4.5) and (5.4a) are the same. We show that (5.4a) and (5.3a) are the same.
By (5.1) and s = t" "1 we have

(1/62;t)l(8t2k_1;t)l(8t2k;t)2l o (1/023t)z ( TR t)zz

(6 0 (sc225;2), (st 138) c = (GO (s 21T Je2;) (5120 2l+2;t)ltl
= M, _op o (t7",8,1/2, 15t),
and
(th/aQ;tQ)k(stcz;t2)k(8204/t2;t2)k(s;t)2k ok
(12:22), (s /:12), (s2a2c2/t: 22), (sc% 1),
B (tCZ/GQ;tZ)k ( flt 2k+1. t)gk (872t74k+4/c4;t2)2k (t/cg)k’

(t2; tQ)k (8_1t_2k+2/02, t) ok (S—Qt—2k+3/a202; t2)k (S—Qt—4k+4/c4; t2)k
= Moo (2712 /M 472070 2 ta?, 1/4%50).
As for (5.3b) and (5.4b), we have

Mg (8722 47274 1 /2 P Jta?s ) My o oo (87,1, 1,1/ t)
_ (a2/t02;t2)k ( —14—20-2k+1, t)% (s’2t*4174k+4/c4;t2)2k
(t2; tQ)k (S_lt_Ql_2k+2/62 t) (S_zt_4l_2k+2/c4; t2)k(8—2t—4l—4k+5/62a2; t2)k
2. —14-2041.
2/ 2 k(c ’t) ( t t)
% (t /a ) (t;t) (8 1g=2142 /02, t) (t/c)
(CQ.t) (Stl;t)l—i—Qk ( 2 /42 ,t2) ( 2t4l_2c4;t2)k (s2t4l+2k_204;t2)

_ \" k k (tCQ)k_ m
(t;t)l (Stl7162;t)l+2k (t2;t2)k (S2t4lC4;t2)k (S2t4l+2k73a262;t2)k
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5.3 Entries of B(s) and B(s) in terms of 4¢3 series

Recall that we have defined B(s, j) and B(s, j) in Definition 2.5 as

B(s, ) = ( 1)j = (52/t2;t2)j 1 — s%t—2 —sa?, —sc?, s2 272 172 2 g2

s,7) = (—1)s ;

) (t2;t2)j 1—s2t2 473 —s,—st,s2a2c2/t 7|7

S ooty (tszZ; t2)j _t—2j+2/5a2’ _t—2j+2/8627 t—2j+2/827 127 2 g2
(s,) = (st!7) (t25t2)j 4¢3 42 g, 42042 /5 $—43H5 [s2q2¢2 7 7T |

Proposition 5.6. We have

(52/752; tQ)j 1 — sttt —sa®[t, —sc? [t, s*t272 172
(t2;t2)j 1— st 47 —s,—s/t,s2a%c2/t
($PP05t%) 1 4ot
Dle s i (opd—1\—J /g S
B(s,j) =t (st'™") (242) 1+ st21

g

B(s,j) = (=1)/tis™7 ;tQ,tQ] .(5.5a)

423 /g2 4243 02 12042 /g2 =2
X 163 T sa%, ST s, U o o] (5.5b)
2042 /g =243 g 44145 /5222
Proof. This follows from the Sears transformation [7, p. 49, equation (2.10.4)]. |
Theorem 5.7. We have
Byr—2i(s) = B(st™"",4), (5.6a)
By, —2i(s) = B(st™"t14). (5.6b)

Proof. Recall that the bibasic hypergeometric series ® (see [7, p. 99, equation (3.9.1)]) is defined
by

i ((11, ey Qg1 q)n (Cla ) Cs;p)n o
(‘Lbl?"'?bT;Q)n (dla---ads;p)n ‘

(I)[al,...,arﬂ:cl,...,cs

4Pz =
bl,...,bridl,...,ds T :| =0

We use the g-analogue of Bailey’s transformation [7, p. 99, equation (3.10.14)]:

a?,at?, —at?,v?,c% : —at/w,t7" 5 awt'!
a, —a,a?t? /b2, a%t2/c? : w, —at’t1’ 77 h2c2

_ (—at,at?/w,w/at;t); 5 at,at?, a’t? /b>c?, a*t? Jw? =2 2 (5.7)
T (Ctat/w,wit); OOt a22/b2,a22)c2 a2 w, at i w0 | ’
When a = ¢2, (5.7) becomes
a?, —at?, b? : —at/w,t_i‘ 5 wtttl
—a,a?t?/b? : w, —atttl T b2
—at, at?/w,w/at; t); at, at? /b2, a*t? Jw? t=%
= 212 (5.8)
 (~t,at/w,w;t); Pla2e2/v2, at2ijw,at3 i jw’ " | '

Replacing the parameters in (5.8) as

(a,w,bQ) — (—ch/t, c2t7i+1,tc2/a2),
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we can prove (5.6a) as

: (1/62't>' (St?k_l;t)ifk (St%;t)ziﬁk 22k
k=0 (t t) (SCQtzk;t)i—k (StQk_l;t)Zi—%z
(tCQ/a tz) (ste?;8%) (52t /1%58%)  (sit)an o,
(t ) (scz/t;t2)k(82a202/t;tQ)k(scz;t)%a
_ (/) (/60 (it o
(t:t)i (sc2;t), (s/tt)2

S (), (st (a2 (ste? 82) (515542 o

Br,eri <5tr_1) =

X 4 ,
— (Cztﬂ“;t)k (sczﬂ;t)k (t2;t2)k(862/t;tQ)k(SQCLZCQ/t; tz)k
(1/02, )Z (s/t;t)i (s;t)2i o . [tc?/a?, sc?t, s2ct /12 sti=L 70 2 4o
= a
(Bt (sc2it), (s/t;t)2 sc2[t, s2a?c? [t : ATt chtZ’ ’
— (1/6 t)z (S/tv )z (3 t)Qz Ci
(t;t)i (sc?; )Z (s/t;t)2;
. ¢, —s t,t ) —S;t . _ 2 _ 2t2z 2 t—Qz
% (_1/862)2 ( / )l( )21 4¢3 sa SC 52 ) t27t2
(1/c2,—t;t) (—s/t; ) —s,—st,s ac?/t
= B(s,1).
When at = ¢?, (5.7) becomes
o a?, at?, —at?, b? : —at/w,t*i_tQ . wt
a,—a,a?t?/b? : w, —atit 777 b2
_ (—at,at? Jw, w/at; t); s at?, at/b?, a*t? jw?, t=% 2 2| | (5.9)
 (—t,at/w,w;t); 3 a2t2/b2 at?=t/w, at3~ Z/w '

Replacing the parameters in (5.9) as
(a,w, b2) N (—t‘2i+1/sc2,t_i+1/02, a2/t02),
we can prove (5.6b) as

N i (02,t_2i+2’“+1/5;t)i7

2 t 2't2 t72i+1 t
BT,T’*Qi(StT_l) = —k (a / ¢ )k‘ ( /Sﬂ )2k

k
- C -
P (t, t—21+2k+2/802; t)i—k ( / ) (t2; t2)k (t—21+2/802; t) o
y (t741+4/8264; t2) ok (t2/a )
(t—4i+2k+2/52c4. t2> N (t—4i+5/52a202; t2) N
(272 /st),

T (6,672 s ). (t/e*)’

y @ 2/tc ,t 42+2/S2‘C4’t722’+3/862 t72i+3/862 . t*’i+1/8 t* ’t2 " t2/a
t—4z+5/82a202’t—21+1/802 —t 21+1/362 t— z+2/sc2 t— H—l/ 2
_ (—S/t,s;t)gi

(t/s) i(im1 ¢ —t 2Z+3/SC , —t 21+3/8a ,t 27,+2/8 ,t72i . t2 t2
(2, 52 12) AP paids 1520202 42042 fg _4=2it3 /g
) 7 7

= B(s, ). |



Macdonald Polynomials of Type C,, with One-Column Diagrams 21

6 Four term relations for B(s,i) and B(s, 1)
6.1 Four term relations
Recall that we have defined f(s) in (1.3) and have introduced the notation F'(s,l) in (2.7) as

(1—1t!/s)(1 =72 /sa2c?) (1 + ¢ /sa?) (1 + 1+ /sc?)
(1 — 1241 /52a2¢2) (1 — 2143 /222 :

F(s,l) = f(s/tl) =

Theorem 6.1. We have
B(s,i) + F(s,—1)B(st*,i — 1) = B(st,i) + B(st,i — 1), (6.1a)
B(s,i) + F(s,2 — 2i)B(s,i — 1) = B(st™,i) + B(st,i — 1). (6.1b)

%

Proof. Recall the shorthand notation (2.5), (2.6), and B(s, i) = b(s,) > 4¢3(s, 4, k). For (6.1a),

k=0
we need to show
i . b(st2,i — 1) A ,

Z4¢3(5’Z’k) + F(s, _1)W Z4¢3(3t T — 17k)

k=0 k=0
b(st, i) . b(st,i— 1) .

= t. 1,k _ t,i—1,k). 2

b(s.) ;04%(8 Ji, k) + b 0) ;:04@3(8 i —1,k) (6.2)

Firstly, we have

)

b(s,i—1
et (ws(s’i’k) +F(s, —1)(2’(;@'))@3(%2,1’ ~ 1k 1)>
k=1 )
. i (_sa2’ —sc?, st2, 2422 42 tQ)ktgk
: = (125, —s, —st, s%a?cP12)
2 02 42 (24202 42
—sa“”, —sc”, st, 571 ,t
e 5¢4 ;tZ, t2 ) (63)

s, —s, —st, s2a2c2t
Nextly, by setting

(t_%, s222, *862/25, 75a2/t; t2)

1P3(s,1, k) = k 2k,
493 ) (t2, 5222 [t, —s, —s/t; 12) .
we can write
i i
) 1+s1t ;i .
ZM’S(S’Z,]‘?) = mt 7’24%(572,]4?)‘
k=0 k=0

Hence we have

A b . 1 1 o
( (St’ Z) Rk it_l 4¢3(8t) ia k)

r.hs. of (6.2) = Z , 5
— b(s,i) 1+ s1t

b(St 7 — 1) 1 + 871 A L
) ‘ t—z—i—l fi 1k
b(s,i) 14 s—1t7242 1P3(st,i —1,k)

(t2, s, —s, —st, s2a®ct; t2)k

k t2k

k=0
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2

—sa®, —sc?, st?, s2 22 2%

= 504 12, t?| = Lh.s. of (6.3).

s, —s, —st, s2a%c%t

Now we turn to (6.1b). Set

~ (—st_l S't) . C
N A0 S i~ —i(i-1)

b(s, 1) := @ 0, (s7't)'t , (6.4a)

. . k o (_S—lt—2i+3/62’ —S_lt_2i+3/a2,S_Zt_2i+2,t_2i;t2)i ok b
a03(s,1, k) := (52t 445 /22, —g~ 14 22 g 142043, 7). £ (6.4b)
_ (172, =222 g1 2042 Jg2 14242 12 42

. . ) ) ) ) k 2k-
13(s, 1, k) = (52445 Jq22, —5 14212 g 14241, 42) e (6.4c)
for simplicity. Then we can write
B(s,i) =b(s,i) Y aps(s,i, k),
k=0

i 14+ g 1p—2it1 [—
Z4¢3(S’i7k) = —,1751 Z4¢3(Saia k)
Pt 1+s7¢ Py

We shall show
Z4¢3 s,1,k) + F(s,2 — 2i) Z4¢3 k)
k=0 8,1
B(stl i) = ~ .y . b(st,z‘— ) -,
= =2 uds(stT i k) + —=——2) ads(st,i—1,k). (6.5)
o 2 o) 2
We have
! b(s,i— 1
Lh.s. of (6.5) =1+ <4¢3(s k) 4 F(s2—on i 2 1k 1))
] b(s, )

(t—2z —2t—2i+27 —s_lt_2i+3/a2, _S—lt—2i+3/627 S—lt—2i+3; t2)k o

7
=1+> : : : .
(t2, 372t74l+7/a262’ _871t72z+3’ _571t721+2, 871t72z+1; t2)k

k
¢ t_%, S—Qt—2i+27 _S—It—2i+3/a27 —s_lt_2i+3/c2, S—It—2i+3 t2 t2 (6 6)
504 . . . . ] (0.
S—Qt—4z+7/a262, _S—lt—21+3, —S_lt_QH_Q, S—lt—21+1 LR

On the other hand, we have

r.h.s. of (6.5) = — — t* 4¢3 (st_l,i,k)
kZ:O b(s, 1) 1+ s~ 12

b(st,i—1)14s 17242 —
" (’5(3 i) ) 1+s1 "ads(sti =1 k)

2 (t_%, S—2t—2i+27 _S—lt—Qi—I—B/a27 —S_lt_2i+3/02, S—lt—2i+3; t2)

: (75(st—1,z‘) 1+ s~lg2i42

k 42k

— (t2, 372t74z+7/a202’ _871t721+37 _571t721+2, 871t722+1; t2)k
t_%, S—Zt—2i+27 —s_lt_2i+3/a2, —S_lt_2i+3/82, S—lt—2i+3 t2 t2
S_Zt_4i+7/a202, _S—lt—2i+37 —8_1t_2i+2, g~ 14—2i+1 LR

=r.h.s. of (6.6). [
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6.2 Another proof of Theorem 5.4

As an application of the four term relations B(s,i) and E(s,i), we present another proof of
Theorem 5.4, providing an amusing complementary argument based on the Bressoud matrix

inversion.

Proposition 6.2. The four terms relations in Theorem 6.1 imply that
i N i
> " B(s,k)B(st*,i - k) = 60, > " B(s, k)B(st*,i— k) = 60,

hence, that the matrices B(s) and B(s) are mutually inverse.
Proof. Set
Lh.s.(s,i) :== ) B(s, k)g(st%,i — k),
k=0

for simplicity.
First we show that for ¢ > 0 we have the difference equation

Lh.s.(s,i) — Lh.s.(s/t,i) =0

(6.7)

We prove this by induction. The case ¢ = 0 is clearly correct. Suppose that it is valid for

i — 1. Then we have
Lh.s.(s,i) — Lhs.(s/t, i) = ZBsk (st?71 i — k)
~ Fs, 2 — 2i)B(s t% i—k:—l) + B(st?M i — k- 1))
—Z F(s,0)B(st,k — 1)+ B(s,k — 1)) B(st*~' i — k)

= —F(s, 2 —2i)Lhs.(s,i— 1)+ F(s,0)Lh.s.(st,i —1) = 0.

By definition Lh.s.(s, 7) is a rational function in s, and it satisfies the difference equation (6.7).
Therefore, 1.h.s.(s,4) must be a constant. We have 1.h.s.(s,0) = 1. Then we can check that for

i >0 Lh.s.(1,7) = 0 (hence Lh.s.(s,7) = 0) by using the following lemma as
Lh.s.( ZB 1,k)B(t*,i — k) = B(1,0)B(1,4) — B(1,1).

Lemma 6.3. We have

L, j=0,
B(]-a]): _11 ]:17
0, 7>1,

B(1,i) - B(t*,i—1) =0,  i>1.
Proof. The (6.8) follows from the definition of B(s,7). By noting

(t2i+282;t2)i 1—g

E(Sa i)453(8, i, k) 7’5(8752’2. — 1)453 (st2,i —1,k) = g—ig—i(i=1)

(t%;¢%), 1 —st¥
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—2i42 /.2, 42 —2642 /2. 42 —20/.2. 42 —2i. 42
(=212 /sa? t2), (=722 /sct2), (C2/s%58%),  (E77582), o
(—tiZi/S; t2)k (_t72i+1/8; t2)k (t74i+5/52a262; tz)k (t2; t2)k K
where we used the notation (6.4a) and (6.4b), we have (6.9) from the identity
2i4+2 2. 42
(t st )1 1—s ‘
(t%:¢%), 1 —st¥
_t—2i+2/5a2’ —t_2i+2/302, t_Qi/sz, 42

42 42
X 403 42 [ g, 420+ [g = 4itD /52422 a0 il I ]

X

E(s,z’) — E(stQ,i — 1) — g i—ii=1)

7 Transition matrix C and (a, ¢, t)-deformation
of Catalan triangle three term recursion relations
7.1 Coefficient C(s,j)
Recall that in Definition 2.15, we have defined the function C(s,j) as
J )
. (Mt 2]
C(s,7) :—ZB(S,’L)( i > (7.1)
=0
Then (5.3a), (5.6a), and (7.1) imply (Theorem 2.16)
15]
Pary(z|a,—a,c,—c|q,t) = o, k:)m(lr_zk)(a:).
k=0

7.2 Deformed Catalan triangle recursion relations

Proposition 7.1. We have the three term relation

C(s,§) + F(s,—1)C(st?,j — 1) = C(st, j). (7.2)
Proof. We have

C(s,j) + F(s,—1)C(st?,j — 1)

S B(s, i) (m.—I— 2‘7) + § F(s,—1)B(st*,) (;71—; %7)

J
—1
1=0 J =0

_ (””,2'7) n Zj:(B(st,i) + Blst,i— 1)) <m.+2.j>

=1
i—1

(5 (5 o S (79 (712

Proposition 7.2. We have
C(lvj) = 035,0-
Hence the three term relation (7.2) for s = 1 reads

F(1,-1)C(#,7 — 1) = C(t, 7).



Macdonald Polynomials of Type C,, with One-Column Diagrams 25

Proof. We have C(1,0) = 1. From Lemma 6.3, we have for j > 0
0(17J)=3(1,0)< i ‘7>+B(1,1)< * 9>:< + J)_< * ‘7):0. -

J Jg—1 J Jj—1

7.3 Solution to the deformed Catalan triangle recursion relations

Theorem 7.3. We have C(t"71,0) = 1 for r € Z>q, and for i € Z=q,r € Z>0 we have

cirttiy = > FEtLd)F(tdy) - P dy), (7.3)
(d1,...,di)€'P[T7i]

where P[r,i] denotes the finite set defined by
Plril = {(d1,da,....d;) €Z'[0<dy <7, djy — 1 < djyq <rfor 1 <k <i}.
We prepare some lemmas.

Lemma 7.4. Forr € Z>q, we have
T
C(tti+1) =) F(t*, -1)C(t*2,4).
k=0

Proof. The case r = 0 holds since C(t,i + 1) = F(1,—1)C(¢*,i). Then we can show the
induction step as

C*i+1)=Ct i+ 1)+ F(t", -1)C(t"",4)

r r+1
=Y F(t,-1)C(E i) + Pt 1) c@ i) = > PR, -)e@ ). m
k=0 k=0

Lemma 7.5. We have

Plryi+1] = {(d,d1,ds,...,d;) € Z'|
0<di<r (di—d+1,...,di—d+1)€Plr—d+1,i+1]}.

Proof of Proposition 7.3. We prove (7.3) by induction on 4. It holds for ¢ = 0, since we have
C [t”l, 0] =1, r € Z>p. The induction step is shown as follows. Lemmas 7.4 and 7.5 and the
induction hypothesis give us

C(tH_l,’i + 1) — ZF(tk7 _1)C(tk+2’z) = ZF(tT-‘rl,d)C(tr—d-‘rQ"L.)
k=0 d=0

=> F(t",d) > F L d) F (T do) - F(£, d;)
d=0 (d1yeendy)EP[r—d+1,i]
= > F )P d) F(t™ T ds) - F (", d;). n

(d,dl,...,di)ep[’r,i—f—l]
8 Some degenerations of Macdonald polynomials of types C,
and D,, with one column diagrams and Kostka polynomials

This section is devoted to the study of several degenerations of our formulas for the Macdonald
polynomial P((SSL’C")(:U | b;q,t) (see Section 3.3).
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8.1 Some degenerations of B(s,j) and B(s, j)

8.1.1 (Cp,C,) case

Proposition 8.1. When a = t'/2, ¢ = ¢*/?t'/? in the equations (5.5a) and (5.5b), we have

(1/qt;t2)j(52/t2,t2)j 1 g2445—2
(t%2) (s%qt; 82) ;1 — 8772

5s.) (at;2%) (%%, 12)

B(s,j7) = — .

(t2;t2)j($2qt2] 1;t2)j

(qt)?,

B(S’j) =

Proof. Setting a = t'/2, ¢ = ¢*/2t1/2, we have by the Saalschiitz summation formula [7, p. 17,
equation (1.7.2)] that

; ($P/82) 1 - g2t —sqt, s2t2072 =2
B(S7]) - (_1)]3 J (t2t2) J T 309 q
g
2 /42,42 . N (2542 g2
_ (—l)jsfj (s Jt5t )j 1 — g244i—2 (1/qt,t )]( t2+2 /gt )j

17,82

—s, 82qt

(t2:12), 1= 8272 (=s;t?) (17242 /s%qt; 12)
(/g 2); (/8. 1%) 1 — 24102 (qt)’
(t512)  (s%qt;8%), 1 —s%77
and
25 2. 42 _9ia1 —2j+42 /.2 1—2j
e - [ 2
(t75%¢%) (at:¢%) ;(=s:%), (at:1%) ;(s°6%7,¢%)

= (st/71) . = A .
(tZ; t2)j (_t—23+2/8; t2)j (SthQj—l; tz)j (tQ; t2)j (SthQJ—l; t2)j

Corollary 8.2. When a = ¢'/2, ¢ = ¢, t = q, we have

1, 7=0,
B(s,j)=4¢-1, j=1, B(s,j) =1, j>0.
0, j7>1,

Corollary 8.3. Let m € C. We have

(_1)jtj(j—1) [

lim B(tm+ 7]) }a:t1/2,01q1/2t1/2 = T . .’
t

0 [m];2 J
sh B(4mHl m+2j
él_I}I(l) B(tm ,]) }a:t1/2,C=q1/2t1/2 = [ j :|t2 .

8.1.2 (Dy, D)) case

Proposition 8.4. Ifa =1, ¢ = ¢"/2, we have
42) (&2 /42 42 ;

(t/q;t )j(s Jt2t )j 1_ stQJflqj

(t%2) (s%a/t:82), 1= s/t

.42 2427 42
Bloj) = AMEELENE), dasit
(t%:12)  (s2qt2=3;82) 1 + st 1
J J

B(S’j) =
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Proof. Whena =1, c= q1/2, we have

, L (S) i T sq 2422 %

B(s,j) = (-1)'s™ (t2-t2),j T2 392 q—st,$2q/t

(s2/8%8%) 1 — s289-2 (t/q,82) (—t73/5;8%)
(t2:12), 1= 8272 (=styt2) (72743 /s%q;1%)

C(#a@t?) (P 1 st

B (t2;t2)j(52q/t;t2)j 1—s/t “

12,12

= (~1)is

and
- R € 3 ) B PSS | U [ gq, =2 )2 42
SN Y e N J q, s, 12 42
B(s,j) =t (st’"") (t2.t2)' 1+ stZ-1372 | =242 /g 4—4i+5 /24 58
(s7;6%) 14 st71 (a/t:8%) ,(=s:1%),

1\—J
= (stj ) (t2;t2)j 1—|—St2j—1( = 2]+2/S t2) (82qt2j 3. t2)

(a/t:4%),(s*t7,82) . 145/t
NG 12) (s2qt273:42) 1 + st~

Corollary 8.5. Whena=1, c= @72, t = q, we have
B(s,j) =850,  B(s,4) = 60

Corollary 8.6. Let m € C. We have

lim B(¢m™t+! = (-1 Jtﬁ[mi
ql_r>r(l) ( j) }a:l,c:ql/2 (=1) [m] J e
. C1+t™ [m+25
m+1 =t/ ——=
él_IE%)B(t ‘7) }a=1,6=ql/2 =1 14 tm+2 [ J ]t2 '

8.2 Explicit formulas for P(l(’;’)“c")(w | t;q,t) and P(lr,,))"’D")(:c | gq,1)

Using the formulas obtained in the previous subsection, we give some explicit transition formulas

for the polynomials P((C’)“Cn (x|t;q,t) and P((DS“D" (x]gq,t) = P((lc;’;’c")(:n |1;q,1).

Theorem 8.7. We have

L3) (1/gt; 1) (2027 12) In—2r 44
(Cn,Chn) ] . ) ; ’ 1 —t J .
Pury (@t ) = Z; (212 A(q]th—QT—I—S.tQ)]A 1 — ¢2n—2r (qt)’ Er—25(z),
= ) 7

L5] ( 2 2n—2r+2j+2 ;2
qt; t*) (t S PR
E,(x) = Lplmi @t q,t),

= (t2 t2) (thn 2r+2j5+1. t2)
L3) (t/q; t2) (t2n-2r, t2) 2
(D’ﬂvD’ﬂ) _ ? j P 1—t J
P(lr) (x\q,t) - Z (t2 t2) (qt2n 2r41. t2) 1 —¢n—r qJET’—Qj(‘T)?
7=0

L5] (q/t, tQ)J(th 2r+2j+2 t2)j L4 bpu)
2.42 2n—2r+2j-1.42) 1 tn—r+2]t P(lT 27)

— (t%1%) (qt 112), 1+

(z]q,1).
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Corollary 8.8. Setting t = q, we have the formula for the Schur polynomials sgff))(x) =

Py (@ g 0.) and sy (2) = PGPV (@ g,0):

L3

s (@) = Bp(a) = Eea(w),  Be(@) =Y s (@), si) (@) = En(a).

Hence, from Lemma 3.3, we have

l3] . :
C,, n—r-+2j n—r-+2j
505 () (57 ot
]:
L5] )

B e (A PSS
—~n—r+j+1 Jj (A==
7=0
L3) .

D n—r+2j
SEU))(x) = ' O( ] )m(1r2j)($).
J:

8.3 Hall-Littlewood polynomials P((lc,,")“c")(:n | t;0,1), P((ll.z;“D")(a: |0, %)
and Kostka polynomials

Using the transition formulas we have established, we can study the Kostka polynomials associ-

ated with one column diagrams for types Cy, and D,,. Setting b =t, ¢ = 0 for (Cy,, Cy,) (or b =1,
q = 0 for (D, D,)) in P((%“C”)(x | b;q,t), we have the type C,, (or type D,) Hall-Littlewood
polynomials with one column diagrams.

Theorem 8.9. We have

L3

N3

PCO (g 10,0) = S (—1)yiggG-n [P Hle fn=rbi =1l g
(1 ) =0 [n - T]tQ ] t2
2! n—r-+2j Cp,C
B(x) = { | } PEC (| 1:0,0),
j=0 J v
(D, 2 cen—r+2j n—r+j—1
P r7“ n) (o O,t — VL . ET— i\x),
an @l = (U [ j }ﬁ ()

J=0

Ak n—r-+2j (Dn,Dp)
Er(a:):Ztiw[ ; LZP(ITQJ.) (z]0,1).

Then, applying the formulas for the Schur polynomials in Corollary 8.8, we can calculate
the Kostka polynomials (i.e., the transition coefficients from the Schur polynomials to the Hall-
Littlewood polynomials) of types C),, and D,, associated with one column diagrams as follows.

Theorem 8.10. We have

L5] ‘
(Cn)fon 9 [ —7+1]p [n —r+ 23} (CsCin) '
W)=Yt : , plone £0,t
8(1 ) (I') = [n —r j + 1]t2 j " (1 2]) (ZU | )



Macdonald Polynomials of Type C,, with One-Column Diagrams 29

L5 . ‘
> nert n—r+2j CniCri
N <[ J } 2 B [ j—1 :| 2) P((lr_zj))(x 1£,0,1), (8.1a)
7=0 t t
(Dn) & 1+t"" [n—r+2j ( )
Dn ' - Dn,Dy,
S(IT) (J,‘) = thm |: ] :| P(1r—2j) (gj ‘ O,t)

— o

s |

J
L . .
) — 25 —1 . — 25 —1
j—1 : j o) )
B t t

<

Hence we have Theorem 2.5.

Remark 8.11. The expansion coefficient of (8.1a) (times ¢~27) is identified with the g-ballot
(when m = 0, ¢g-Catalan) number [1, 6]

e (-B) -l

by the replacement m — n —r, ¢ — t>. The case m = 0 gives us the ¢g-Catalan number.
It is known that the g-Catalan or ¢-ballot number is a polynomial in ¢ with positive integral
coefficients (see [1, 6]).

The expansion coefficient of (8.1b) is identified with the following version of the g-binomial
number

1+q¢™ % [m s m-1 [m—1
= U Pl A R L R
14+g¢ J g Jg—1 ¢ 7 2

by the replacement m — n—1r+2j, ¢ — t. Note that this is also a polynomial in ¢ with positive
integral coefficients.

9 Some conjectures about Macdonald polynomials of type C,

9.1 Asymptotically free eigenfunctions for the Macdonald operator
of type A, _1

First we recall some facts about the asymptotically free eigenfunctions for the case A,_1. Let
n € Zso, and q,t € C be generic parameters. Let x = (z1,...,n,) be a sequence of independent
indeterminates. Macdonald’s difference operator of type A,,_1 is defined by

n
tr; —x;
DAn-1) = I
Z H wi—ay
i=1 j#i
For a partition A with ¢(\) < n, the Macdonald symmetric polynomial Py(x;q,t) € Clzq,...,
a:n]sn exists uniquely characterized by the conditions:

n
Py=mx+ Y unumyu,  DUIP =) "M Py
<A =1

Let s1,82,...,5, € C be complex variables. Let M(™ be the set of strict upper triangular

(n) e M 4 > j implies 91(;-1) =0.

matrices with entries in Z>, namely for o) = (Hij )ij€Z>o
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Definition 9.1. For n > 1, define recursively the rational functions cn(H(”); Sly.-+-y8n;q,t) €
Q(Q7t7 S1y--- 75n) by Cl(_; 513 Q7t) = 17 and

Cn (e(n)’ S1y---,5n54, t) = Cn—1 (‘9(”_1)7 q_el’nsla ceey q_enil’n Sn—1:4, t)

II (tsj+1/si39)0; (q_ej’nqu/ts“q)ei,n
1<i<j<n—1 (gsj+1/555 D)., (g %ms;/si3 q)e

X

i,n

Definition 9.2. Set

P sz = S @(0Wssn.smat) [ (%) ’

o) M) 1<i<j<n VT
Theorem 9.3 ([3, 16]). Write s; = t""'¢*, 1 < i < n for simplicity. We have
D=1 A A1) (5| 2} = (51 + -+ - + sp ) A=) (5] ).
When X is a partition with £(X\) < n, we have
P15 z) = Py(2).

Remark 9.4 (branching formulas). We have the decomposition of the series ¢(»=1) in terms
of the ¢(4n-2) series as

go(A”*I)(sl...,sn]ajl ceeyTp)

E /‘ Ap— —0 —On—
= SO( n 2)(q 1"31,...7(] n Lnsn—l‘x17~--7xn—l)
91n,~~,9n71,n20

X

O . _ )
(t3511/555 Doy, (T2 053/135 0, T <”””>9
1<i<j<n—1 (qsj+1/5:9)0,,. (a7 %msj/si:4), i—1 \ i '

i,n

9.2 Asymptotically free eigenfunction of type C,

Let n € Zsg. Let x = (21,...,2,) and (s1,...,s,) be a pair of variables. Let DI =
D, (—tl/z, /2 — gt /21/2 g1/241/2 lq, t) be the BC,, Koornwinder operator degenerated to the C),
case.

Definition 9.5. Set

s; = VLGN 1<i<n.

We define the asymptotically free eigenfunction 2*¢(“) (s | x) of type C,, by

) (s|z) = PO (s1,. .. sn |21, 20)

CCQ kl xn kn—l 1 kn
= Z Ckly"'7kn(81""7Sn;q7t) ; - - fo ’
k1,....,kn>0 1 n—1 n

D) 22 () (5| z) = (O (5)a? (O (5] 2),

n

el@n)(s) = Z (i + s;t -t — t_i).

i=1
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9.3 (5 case

Definition 9.6. Let x1, x2, s1, s3 be variables. Set

10(02)(81,82 |21, 22)

012 B2 p1 P2
T 1 1 1
= g (019, 12, p1. p2; 51, 825 4, 1) (2> ( > <2> <2> ;
I X129 .Z‘l ac2

012,4112,01,p22>0

where
O o ) = g I g
(W), (720/12),,, <t/81>m (@2a/s1),,,,
(Q/‘S?)Mlz ( 012/32) 12 Mu( 12t/81)u12
O ), ),
(q ” (q612+M12qt/31) (q/t) 2 ( —912+#12q/82) (Q/t)

Conjecture 9.7. We have 1)(¢2) (51,82\301,962) = cp(CQ)(sl,SQ | z1,22). Namely, setting s; =

2N, 59 = tg??, 2t = :L‘i‘lzvg‘Q, we have

DAY s 2) = (O () s ),
e (s) =51 +so+s;  Fs7t—t2—t -t —172
When A = (A1, \2) is a partition, we have

) (s |2) = P (@ |t g.1).

9.4 (5 case with rectangular diagrams

We can study the decomposition of the C'5 Macdonald polynomials P)(\CS)(x |t;q,t) in terms of
the Cy Macdonald polynomials. It seems that such a decomposition becomes rather simple when
we consider the case of a rectangular diagram consisting of three equal rows A\ = (A3, A3, A3),

Definition 9.8. Let A3 € C and set
s1 = t%ss, S9 = t83, s3 = tq™3. (9.1)
Define

(C3),rect sal 1. 2o, 22) = (t)uls (1/ g)uw 13 (t/53)u13 (Q/ts3)u13
Y sl o) M13§>0 (Q)uls (Q/ ;2;) @/t ((.7/53)#13 (1/33)u13

" (q“13t/53) 1 H13 71\ P 3
y ( )p1 p1 (q/t)” ( > <2> (p(C2)(t33,q M1353|x2,x3)-

(@)p1 (q’mq/«‘i:a)p1 123 xy

H13

Conjecture 9.9. We have ¢(C3)’re0t(83 | 21,22, 23) = g0(03)(t253,t53,53|a:1,$2,x3). Namely,
setting x = (x12223)™3, we have

D:(ECS).T/\QD(CB)’reCt(Sg ’xh T3, $3) — 8(03)(S)$Ag0(03)’rem(83 ’mh T3, (L‘3),
@) (s) =51 +sat+s3+s3  +sy i+l -3 —t2—t—t7t 172473
where s1, s2, s3 are as given in (9.1). When A3 is a nonnegative integer, we have

C
LU)\(,O(CS)JeCt(SS | €1, T2, .’133) = P((A333\3,)\3)(x ‘ t, 4 t)
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9.5 Folding of A,,,_; eigenfunctions and decomposition
with respect to C,, eigenfunctions

Definition 9.10. Let n € Z~¢. Let z = (z1,...,2,) and

$=1(81,---,5n), s; = i LN 1<i<n,
be a pair of variables. Define the folded series 3421 (s|z) = gA2— (51, ... sp |21, .., 2T0)
by

&(A%*l)(s |z) = go(AQ”*l)(t"_lsl, e 1 Sy, T 1 " 2, ot a, .. J:n,sngl, e 1).

Proposition 9.11. When n =1, we have

N (ts159)0
(A1) (| A1 s1, 1]z, 27 :§ 1,4 t9 20
¥ ( ’ ) (1 ‘ 1 1 =t (qsl,Q) (/)

Hence we have A1) (s| x) = o€V (51 | z1).

We calculated the decomposition of the folded eigenfunctions @(42-1)(s | z) with respect to
the C,, series p(Cn) (s | z) for the cases n = 2 and 3 using Mathematica.

Conjecture 9.12. We have
A 1\ @
FUA) (51, 89| w1, 19) = Z ea(s1, 823 f112) () ol 2)(q_“12$1,q_“1232\xl,xg),
41220 T

where

ea(s1, $o; fi12) = (t/50)10s (£/82)ps (E)yury (€120/t5152)
2(51, S2; H12 ((1/81)M12 (q/s’g)u12 (q)u12 (q”m/slsg)

Conjecture 9.13. We have

2 (g e,
H12

1 H12
~( A=
1,92,93 1,42,L3) — 3 91,952,993, H12, L13, H23
P49 (51, 89, 83 | @1, 20, 3) = e3(81, 82, 83; (112, 14 M)x1$2
H12,p13,1423>0

1 H13 1 H23 o
X < > ( > SO( 3) (q*#12*ﬂ13817 q 2T gy TSI g | 1y g, x3)7
T1x3 T2X3

where
(t/sl)#12+,u13 (t/SQ)#12+M23 (t/53)u13+u23
(Q/Sl)u12+u13 (Q/32)H12+#23 (Q/33)H13+#23
t)mz (q“12+“13+u23Q/t5152),u12( /t)“u

) ; q
Q)ulz (qu12+,u13+u23 /8182)M12
t$3/31)ul2 (q*“23q33/t31)1“2 (t33/82)M12 (q7“13q<93/t82)m2
gs3/51)ma (a7#23s3/51),, - (453/52)m> (¢71353/52)

" s (qH12+lt13+u23 q/tslsg)

63(51,82,83;%2,#13,#23) =

K12
(tsa)51) s (@ "2 as2/ts1),
(q32/81)M13 (q—ﬂ2332/31)

H13 ©i3
t
s (qu12+u13+u23/3183)m$ (q/t)

)
)

t)mg (qu12+u13+u23 q/t8283)
)

q) pos (q#12+#13+ﬂ23/3233)

13

K (gt
H23

(
(
(
(
(
(
(
(
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