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Abstract. Given a holomorphic C2-cofinite vertex operator algebra V with graded dimen-
sion j − 744, Borcherds’s proof of the monstrous moonshine conjecture implies any finite
order automorphism of V has graded trace given by a “completely replicable function”, and
by work of Cummins and Gannon, these functions are principal moduli of genus zero modu-
lar groups. The action of the monster simple group on the monster vertex operator algebra
produces 171 such functions, known as the monstrous moonshine functions. We show that
154 of the 157 non-monstrous completely replicable functions cannot possibly occur as trace
functions on V .
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1 Introduction

In this paper, we show that the monstrous moonshine functions are nearly completely charac-
terized by vertex-operator-algebra-theoretic properties of trace functions. In particular, we
strongly constrain the possible exotic automorphisms of any counterexample to the conjectured
uniqueness of the monster vertex operator algebra V \ (also known as the moonshine module)
constructed in [15]. Our constraints are derived from the following two recent vertex-operator-
algebraic results:

1. In [12], it is shown that the graded dimension of an irreducible g-twisted module (of
a suitable vertex operator algebra) is given by applying the τ 7→ −1/τ transformation to
the McKay–Thompson series for g. This is a refinement of an older result of [10].

2. In [4], we find that cyclic orbifold duality gives a correspondence between non-Fricke
elements of the monster and fixed-point free automorphisms of the Leech lattice satisfying
a “no massless states” condition. This was conjectured by Tuite in [19].

Monstrous moonshine originated in the 1970s with McKay’s observation that the low-degree
Fourier coefficients of the modular j-invariant could be decomposed into small combinations of
dimensions of irreducible representations of the monster simple group M. This initial observation
formed the basis of what is known as the McKay–Thompson conjecture, asserting the existence

of a natural graded representation V =
∞⊕
n=0

Vn of the monster, whose graded dimension is given

by
∞∑
n=0

dimVnq
n−1 = J(τ) = q−1 +196884q+ · · · . Conway and Norton formulated the monstrous
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moonshine conjecture as a refinement, asserting that the graded trace of any element g ∈ M
should be the q-expansion of a genus zero modular function Tg, and computed a list of candidate
functions.

The McKay–Thompson conjecture was affirmatively resolved by Frenkel, Lepowsky, and
Meurman with their construction of V \, and Borcherds showed that the monstrous moonshine
conjecture was true for V \ [2]. The main body of Borcherds’s proof was devoted to showing that
for each g ∈M, the graded trace function

Tg(τ) =

∞∑
n=0

Tr(g|Vn)qn−1

is completely replicable. The completely replicable condition implies strong recursion relations
on the coefficients of Tg, and indeed, these relations reduced the monstrous moonshine conjecture
to checking that the first 7 coefficients of each Tg matched the candidate list given by Conway
and Norton.

Borcherds’s proof of the completely replicable property did not use very much structure
in V \: he only required that it be a vertex operator algebra of central charge 24, with a self-dual
invariant form, and graded dimension equal to J . It is natural to ask whether it is possible for
other completely replicable functions to arise from other vertex operator algebras V satisfying
these properties. At our current state of knowledge, we cannot answer this question, because
we do not have much control over this class of vertex operator algebras. However, we can make
some progress by imposing additional natural conditions on V that are also satisfied by V \.

The additional condition we impose in this paper is that V be “holomorphic and C2-cofinite”,
which is equivalent to the condition that all (weak) representations of V are direct sums of V
itself. A well-known uniqueness conjecture proposed in the introduction of [15] implies any
such V is isomorphic to V \. In particular, assuming this uniqueness conjecture, it is clear that
the graded traces from V \ make up all possible completely replicable functions arising from
graded traces on such V . However, the uniqueness conjecture is still open, so it is still an
interesting question whether we can narrow down the possible functions using facts we already
know about vertex operator algebras. In doing so, we also narrow down the possible symmetries
of any counterexample to the uniqueness conjecture, assuming such a counterexample exists.

The “holomorphic and C2-cofinite” condition allows us to connect V with the phenomena of
rational conformal field theory, and in particular, it gives us control over the twisted representa-
tions of V . The pioneering work of [10] showed that if g is a finite order automorphism of such V ,
then there exists an irreducible g-twisted V -module V (g), and it is unique up to isomorphism.
Furthermore, they showed that the graded dimension of V (g) is a constant multiple of Tg(−1/τ),
where Tg is the graded trace of g on V . This constant multiple was then shown to be equal to
one in [12]. We then obtain a nontrivial condition on Tg: because dimensions of vector spaces
are non-negative integers, it is necessary that the coefficients of Tg(−1/τ) are all non-negative
integers. As it happens, there is a refined version of this condition, involving non-negativity
of coefficients of a certain vector-valued modular function, that follows from the cyclic orbifold
theory established in [12]. However, this refined condition has not helped, in the sense that it
does not eliminate any functions that couldn’t be eliminated by less computationally-intensive
methods.

More recent developments give us an additional condition: In [19], a large amount of computa-
tional and physical evidence is given for a conjectured cyclic orbifold duality between non-Fricke
automorphisms of V \ and fixed-point free automorphisms of the Leech lattice satisfying a “no
massless states” condition. Using the cyclic orbifold theory established in [12], the conjecture
was proved in [4], and it implies that any completely replicable function with a non-Fricke mon-
strous replicate must be monstrous in order to be a trace function. We note that this implies
any counterexample to the uniqueness of V \ has no non-Fricke automorphisms.



Characterizing Moonshine Functions by Vertex-Operator-Algebraic Conditions 3

These two conditions are sufficient to eliminate all but three of the non-monstrous functions
from consideration, yielding our main theorem (Theorem 5.1):

Theorem. All primitive non-monstrous completely replicable functions except possibly 9a are
non-moonshine-like. All non-monstrous completely replicable functions except possibly 9a, 63a,
and 117a are non-moonshine-like.

The remaining question is to find a reason to eliminate the function 9a, because the elim-
ination of the other two functions, 63a and 117a, would follow automatically. We hope that
a thorough investigation of this question will yield some new condition that will eliminate this
function and thereby give a characterization of the monstrous moonshine functions by vertex-
operator-algebraic conditions. Some ideas from string theory, in particular the description of
Atkin–Lehner involutions in terms of dualities of CHL dyon models given in [17] and [18] look
potentially promising, but we have been unable to extract a strong argument.

There have been other attempts to characterize the monstrous moonshine functions in terms
of conditions on their invariance groups, starting with an incomplete characterization in [6],
where there were three extra “ghost” functions 25Z, 49Z, and 50Z (now called 25a, 49a, and 50a).
This was followed by complete characterizations given in [5] and [11]. However, we still do not
know a way to completely connect the conditions given in these papers to properties satisfied
by all possible vertex operator algebras similar to V \. In particular, all three of these papers
use the condition that the fixing groups of functions are contained in the involutory normalizer
of Γ0(N). That is, for any γ ∈ SL2(R) fixing a suitable function, one assumes that γ2 ∈ Γ0(N).
If we could find a vertex-operator-algebra-theoretic reason why this condition is necessary, we
could eliminate the three remaining functions.

2 Overview: completely replicable functions

Given a holomorphic function f(τ) = q−1 + a1q + a2q
2 + · · · (with q = e2πiτ ) on the complex

upper half-plane with ai ∈ Z, and a positive integer n, there is a unique polynomial Φf,n(x) =
xn + cn−1x

n−1 + · · · + c0 such that Φf,n(f(τ)) has q-expansion of the form q−n + O(q). The
polynomial Φf,n is called the normalized Faber polynomial of f .

We say that f is replicable if there are functions f (n) of the form q−1 + O(q) for all n ≥ 1,
such that f = f (1), and

Φf,n(f(τ)) =
∑

ad=n, 0≤b<d
f (a)

(
aτ + b

d

)
.

As noted in [14], the right side is a modification of the weight 0 Hecke operator. If f is replicable,
we call the function f (n) the n-th replicate of f . We say that f is completely replicable if it is
replicable and all f (n) are replicable.

The completely replicable functions have been classified in the following sense. A list of
candidate functions was computed in [1], and this list turned out to be complete by virtue of
later results, which we briefly summarize. In [8], the main theorem is that all non-degenerate
completely replicable functions are Hauptmoduln, that is, they are weight 0 modular functions
f : H → C invariant under a discrete subgroup Γf < SL2(R) containing some Γ0(N), such that
the induced map Γf\H → C is an open immersion with dense image. Finally, [7] contains an
exhaustive enumeration of genus zero modular groups. There are 328 completely replicable
functions, 325 of which are Hauptmoduln, and the three “modular fictions” are q−1, q−1 +q and
q−1 − q.

Completely replicable functions are intimately connected to moonshine because of the fol-
lowing result of [2]:
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Theorem 2.1. Let V =
∞⊕
n=0

Vn be a vertex operator algebra of central charge 24, with graded

dimension given by the modular invariant function J(τ) = j(τ) − 744 = q−1 + 196884q + · · · .
Suppose V admits an invariant bilinear form for which it is self-dual. Then for any finite order
automorphism g of V , the graded trace

Tg(τ) =
∞∑
n=0

Tr(g|Vn)qn−1

is a completely replicable function, and for any k ≥ 1, its k-th replicate is Tgk .

As we mentioned in the introduction, we don’t have much control over vertex operator alge-
bras satisfying only the hypotheses of this theorem. However, V \ is also C2-cofinite by [10] and
holomorphic by [9]. We therefore consider the following definitions:

Definition 2.2.

1. A vertex operator algebra is “moonshine-like” if it is C2-cofinite, holomorphic, and its
graded dimension is given by the modular invariant function J(τ) = j(τ) − 744 = q−1 +
196884q + · · · .

2. A completely replicable function is “moonshine-like” if it is given by the graded trace of
a finite order automorphism on a moonshine-like vertex operator algebra. Otherwise, we
say the function is “non-moonshine-like”.

Conjecture. For any moonshine-like function f , there is some g ∈M such that f = Tg.

Our goal, which we do not quite achieve, is to show the contrapositive, i.e., that all non-
monstrous functions are non-moonshine-like. The previous theorem immediately implies the
following:

Corollary 2.3. Let f be a completely replicable function. If f (k) is non-moonshine-like for
some k, then f is also non-moonshine-like.

Remark 2.4. This allows us to reduce our calculations substantially. In order to show that all
non-monstrous functions are non-moonshine-like, it suffices to eliminate those whose non-trivial
replicates are monstrous. We will call these functions primitive non-monstrous functions. The
full list of these is (in the notation of [1]): 2a, 4a, 5a, 6d, 8a, 8b, 8c, 9a, 9b, 9c, 9d, 12a, 12c,
12d, 15a, 16a, 16b, 16c, 16d, 16e, 16f, 20d, 24f, 24g, 24h, 25a, 27a, 27b, 27c, 32b, 36f, 40d,
44a, 44b, 49a. In the remainder of this paper, we show that all of these functions except 9a
are non-moonshine-like. To determine precisely what functions our methods can prove to be
non-moonshine-like, we must also consider functions that have 9a as a replicate. We show that
18e and 18h are non-moonshine-like, but our methods don’t work on 63a or 117a.

3 Condition I: positivity for twisted modules

Theorem 3.1 ([10]). For any holomorphic, C2-cofinite vertex operator algebra V with a finite
order automorphism g, there is an irreducible g-twisted module V (g), unique up to isomorphism.

Theorem 3.2 ([12]). The graded dimension of V (g) is given by the q-expansion of Tg(−1/τ),

where Tg(τ) =
∞∑
n=0

Tr(g|Vn)qn−c/24, and c is the central charge.

Corollary 3.3. If the q-expansion of f(−1/τ) has a coefficient that is not a non-negative integer,
then f is non-moonshine-like.
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Thus, we may work out our first explicit examples.

Proposition 3.4. Let f be a completely replicable function invariant under Γ0(N), such that
either

1) the Fricke involution WN acts by −1, or

2) the Fricke involution WN acts by identity, and f has negative integer coefficients.

Then f is non-moonshine-like.

Proof. For the first case, because the class WN contains the transformation τ 7→ −1
Nτ , we have

f
(
− 1
τ

)
= −f

(
τ
N

)
= −q−1/N +O(1), which has a negative integer coefficient.

For the second case, suppose f has a negative integer coefficient ak attached to qk. Then
applying the hypothesis on WN yields f(− 1

τ ) = f( τN ), so the coefficient on qk/N is the negative
integer ak.

In either case, Corollary 3.3 applies, and we find that the function f is non-moonshine-like. �

We would like to know which completely replicable functions are eigenfunctions for a Fricke
involution. For those of type n|h, this information may be read off the tables in Section 1.3
of [13]. The information given is interpreted as follows: if n/h is even, then the notation
n|h + n/h means WN has eigenvalue −1, and if n is even but n/h is odd, then the notation
n|h+ n/h means WN has eigenvalue −1.

Corollary 3.5. The primitive non-monstrous completely replicable functions 2a, 4a, 8a, 12a,
and 44a are non-moonshine-like.

Proof. These are precisely the primitive non-monstrous n|h-type functions for which WN acts
as −1, so Proposition 3.4 applies. �

For the other functions in [1], we need to work a bit harder to determine which ones have
non-moonshine-like Fricke behavior. However, we can use the enumeration of cusps given
in [7].

Proposition 3.6. Let f be a completely replicable function, such that the coefficients of f(aτ+b)
are not all non-negative integers, for any a ∈ Q× and b ∈ Q. Furthermore, suppose the fixing
group of f has only one orbit of cusps. Then f is non-moonshine-like.

Proof. Because all cusps are equivalent under the fixing group of f , we see that f(−1/τ) is
equal to f(aτ + b) for some a ∈ Q× and b ∈ Q. By our hypothesis about the coefficients of
f(aτ + b), the conditions of Corollary 3.3 are satisfied. �

Corollary 3.7. The primitive non-monstrous functions 5a, 6d, 8b, 8c, 9b, 9d, 15a, 16e, 16f ,
24f , and 24g are non-moonshine-like. The non-primitive function 18h is also non-moonshine-
like.

Proof. We show that these functions satisfy the criteria of Proposition 3.6. The fact that the
relevant fixing groups have one orbit of cusps was computed in [7]. Specifically, the width and
number of cusps is given in Table 2 of [7], and the completely replicable functions are given
in Table 3, so we reproduce the names of the groups in the two tables, together with the cusp
width information:
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f Table 3 Name Table 2 Name cusps

5a 25A0 5A0
1 51

6d 18B0 3A0
2 31

8b 32B0 4B0
2 41

8c 32B0 4B0
2 41

9b 27A0 3B0
3 31

9d 81A0 9A0
1 91

15a 45A0 3A0
5 31

16e 128A0 8G0
2 81

16f 128A0 8G0
2 81

18h 54B0 3B0
6 31

24f 96A0 4A0
6 41

24g 96A0 4A0
6 41

For the claim about coefficients of f(aτ + b) it suffices to show that the signs of coefficients
of f are neither constant nor uniformly alternating, and this can be checked straightforwardly
from the tables in [16] or a short computation using the first few terms given in [1]. �

4 Condition II: cyclic orbifold duality

One of the main results of [12] is that if we are given a holomorphic C2-cofinite vertex operator
algebra V of CFT type, and a finite order automorphism g, then there exists a cyclic orbifold
dual V/g, which is also a holomorphic C2-cofinite vertex operator algebra of CFT type, and it is
equipped with a dual automorphism g∗ of the same order, such that (V/g)/g∗ ∼= V and g∗∗ = g.
We will use this duality to eliminate certain completely replicable functions from consideration.

In [4], the first author proved a conjecture in [19], giving an orbifold-duality correspondence
between non-Fricke automorphisms of V \ and fixed-point free automorphisms of the Leech lattice
satisfying a “no massless states” condition.

Proposition 4.1. Let V be a moonshine-like vertex operator algebra, and let g be an auto-
morphism such that Tgk is a non-Fricke monstrous function for some k. Then V ∼= V \, and
g ∈M.

Proof. By our assumption that Tgk is a non-Fricke monstrous function, the proof of Theo-

rem 4.5 of [4] implies V/gk is isomorphic to VΛ. We note that the statement of the theorem
assumes V ∼= V \, but the proof only uses the completely replicable function Tgk and its repli-
cates and SL2(Z)-transforms, so it works under the assumption that V is only moonshine-like.
By Corollary 4.6 of loc. cit., cyclic orbifold duality then implies V ∼= V \, since (gk)∗ is then
a fixed-point free anomaly-free automorphism of Λ satisfying the “no massless states condition”
given in [19]. �

Corollary 4.2. The primitive non-monstrous functions 4a, 9c, 12c, 12d, 16a, 16b, 16c, 16d,
20d, 24h, 25a, 27a, 27b, 27c, 32b, 36f , 40d, 44b, and 49a are non-moonshine-like. The non-
primitive function 18e is also non-moonshine-like.

Proof. In each case, there is some k > 1 such that the kth replicate is a non-Fricke monstrous
function. �

5 The last three functions

We now summarize what we know:
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Theorem 5.1. All primitive non-monstrous functions except possibly 9a are non-moonshine-
like. All non-monstrous functions except possibly 9a, 63a, and 117a are non-moonshine-like.

Proof. The claim about primitive functions follows from Corollaries 3.5, 3.7, and 4.2. 9a is
a replicate of the functions 18b, 18e, 18h, 36b, 36c, 36e, 36h, 45c, 63a, 72b, 117a, and 126a,
so we need to check these to settle the second claim. However, 18e is non-moonshine-like by
Corollary 4.2 and 18h is non-moonshine-like by Corollary 3.7. Of the remaining functions, we
find that all but 63a and 117a have non-moonshine-like replicates, so are non-moonshine-like by
Corollary 2.3. �

We would have a complete characterization if the following were true:

Conjecture. The completely replicable function f9a = q−1 + 14q2 + 65q5 + 156q8 + · · · is non-
moonshine-like.

This conjecture seems much more plausible than its negation, which is equivalent to the
existence of a moonshine-like vertex operator algebra that admits an automorphism of order 9
with trace f9a, but no non-Fricke automorphisms.

The function 9a is the cube root of T3A(3τ)+42 = q−3 +42+783q3 +8672q6 +65367q9 + · · · .
From [13], we know that its eigengroup has the form

Γ0(9|3)+ =
(

1/3 0
0 1

)
Γ0(3)+ ( 3 0

0 1 ) ,

and the fixing group is the index 3 normal subgroup uniquely determined by the fact that

y =
(

1 1/3
0 1

)
acts by e(−1/3), and x = ( 1 0

9 1 ) acts by e(1/3). The fixing group contains Γ0(27) as

an index 6 subgroup. In particular, the fixing group lies in NSL2(R)(Γ0(27)), but not in the invo-
lutory normalizer. This failure to lie in the involutory normalizer is precisely the property that
eliminates this group from the Conway–Norton list of candidate functions. Unfortunately, the
involutory normalizer of Γ0(N) does not seem to have a vertex-operator-algebraic interpretation
at this time.

An extensive computation strongly suggests that all coefficients of the vector-valued modular
function F 9a, constructed in Section 3 of [3], are non-negative integers. The same seems to be
true for 63a and 117a. This means the existence of abelian intertwining algebras attached to
cyclic orbifolds (shown in [12]) does not yield a criterion that we can use to show that these
functions are non-moonshine-like.

Naturally, we would be very interested in any new conditions on trace functions that could
lead to a resolution to this conjecture.
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