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Abstract. There is a space of vector-valued nonsymmetric Jack polynomials associated
with any irreducible representation of a symmetric group. Singular polynomials for the
smallest singular values are constructed in terms of the Jack polynomials. The smallest
singular values bound the region of positivity of the bilinear symmetric form for which the
Jack polynomials are mutually orthogonal. As background there are some results about
general finite reflection groups and singular values in the context of standard modules of the
rational Cherednik algebra.
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1 Introduction

Suppose W is the finite reflection group generated by the reflections in the reduced root system R.
This means R is a finite set of nonzero vectors in RY such that u,v € R implies RuN R = {£u}

(z,0)

and vo, € R where o, is the reflection  — z — 2 (o) and (-,-) is the standard inner product.

This implies (xc,,y0,) = (z,y) for all 2,5 € RV and the group W generated by {o,: v € R} is
a finite group of orthogonal transformations of RY. For a fixed vector by such that (u,bg) # 0
for all w € R there is the decomposition R = Ry U R_ with Ry := {u € R: (u,by) > 0}.
The set Ry serves as index set for the reflections in W. In Section 3 it is assumed that
spang(R) = RV, while the other sections concerning the symmetric group use the root sys-

tem Axn_1 whose span is {x e RN: Z T; = O} The group W is represented on the space P of
polynomials in x = (:cl, ...,xN) by wp( ) = p(zw) for w € W. Denote Ny := {0,1,2,...} and
for a € N let |a| := Z a; and % := H z{", a monomial. Then P := span {z*: o € N}’ } and
Py, := span {x o€ IZ\T_Ol, la| = n} thels:;ace of polynomials homogeneous of degree n. Let k be
a parameter (called multiplicity function), a function on R constant on W-orbits. For indecom-

posable groups W there are at most two orbits in R (two for types By, Fy and I(2k), otherwise
one for type Ayx, Dy, Ep,, I(2k 4 1)) then the Dunkl operators {D;: 1 <1i < N} are defined by

— p(xoy)
Dip(x)— axz + Z Jj—wvi.

This paper is a contribution to the Special Issue on the Representation Theory of the Symmetric Groups
and Related Topics. The full collection is available at https://www.emis.de/journals/SIGMA /symmetric-groups-
2018.html
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2 C.F. Dunkl

N
Then D;D; = D;D; for 1 < i,j < N, D; maps P, to P,_1, and the Laplacian A, := Y D?
i=1

satisfies

Auf@) = () + Y (o) (VLR upl B =G

g By

The abstract algebra generated by W, D;, and multiplication by x;, 1 < i < N, acting on P
is the rational Cherednik algebra. There are two W-invariant bilinear symmetric forms of
interest here, denoted (-, ), and (-,-). . The first one (called the contravariant form) satisfies
(Dif,9)x = (fyxig)y for all i and f,g € P and (f,g), = 0 if f, g are homogeneous of different
degrees; also (1,1), = 1,(wf,wg)x = (f, g)x for w € W. The Gaussian form is derived from the
first one by (f, ¢)r.c = <6A~/2f, eA~/2g>K. This form satisfies (D; f, 9)r,c = (f, (xi—Di)g)x,q for
all 4, and thus multiplication by z; is self-adjoint because (f, z:9)x.¢ = (Dif, 9)r.c + (f, Dig) .G
For certain constant values of x the Gaussian form is realized as an integral with respect to
a finite positive measure on RY, in fact

(Fhna = [ f@ala) T] N o) O 2y )

vER,

where my is Lebesgue measure on RV (see [2, Theorem 3.10]). The constant c, is a normalizing
constant to match (1, 1), ¢ = 1. The explanation of the value of ¢, is in terms of the fundamental
degrees of W. By a theorem of Chevalley the ring of W-invariant polynomials is generated by N
algebraically independent homogeneous polynomials of degrees d; < dy < -+ < dy (generally ‘<’

N
holds), and these are the fundamental degrees (see [13, Section 3.5]). They satisfy [[ d; = #W

=1

N
and ) (d; — 1) = #R,. The Macdonald-Mehta—Selberg integral formula is
i=1

I'(1+dik)
2k —|x|?/2 _
/ |||:cv| dmpy(z c” Ta+n)

vERL

where ¢ is independent of k. There is a version of this for the By and Fj types. Etingof [8,
Theorem 3.1] gave a proof of the formula valid for all finite reflection groups. The integral
shows that the measure is finite and positive for x > —%. Henceforth we consider only the
one-parameter situation with W having just one conjugacy class of reflections.

This number —% appears in another context. Suppose for some specific rational value of k
there exists a nonconstant polynomial p for which D;p = 0 for 1 < ¢ < N, then p is called

a singular polynomial and k is a singular value. We can assume that p is homogeneous. In
N

this case (z% p(x))x = <1, II Df“p(:v)> = 0 for all @ € N} with a # (0,...,0) and thus
i=1 K

(f,p)x = 0 for all f € P. Furthermore A.p = 0 implying e*~/?p = p and (p,p)pg = 0. It
follows that x < —ﬁ (taking s constant). In fact the smallest (in absolute value) singular
value is indeed — [5 Theorem 4.9]. The theory can be extended to polynomials taking values
in modules of W Suppose 7 is an irreducible orthogonal representation of W on a (finite-
dimensional) real vector space V with basis {u;: 1 < ¢ < dimV'}. The space Pr := P ®@ V has
the basis {a:a Ru;: o € Név, 1 <4< dim V}. There is a representation of W on P, defined to
be the linear extension of

w = w(p(r) @u) = plew) @ (1(w)u), p € P, ueV.
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The associated Dunkl operators are the linear extensions of

Di(p(x) ® u) = agg) Qu+~K Z p(z) — p(aoy) p(mav)vi ® (1(oy)u).

The first bilinear form is a modification of the scalar one: let (-,-)1y be a W-invariant inner
product on V, that is, (7(w)ui, 7(w)u2)y = (u1,u2)y for all uj,us € V,w € W, this form is
unique up to multiplication by a constant. The symmetric form (-, -), satisfies (i) (1 ® u;,1®
ug)y = (uy,ug)y for up,ug € V, (ii) (wf,wg)x = (f,9)x for f,g € Pr and w € W, (iii) if
f,g € Pr are homogeneous of different degrees then (f, g), =0, (iv) (D;f, 9)x = (f,zig)x for all
1. As a consequence suppose « € N(J)V , lal =n, uw € V and f € P; is homogeneous of degree n,

N
then fo := [[ D" f(z) € V and (z* ® u, f)x = (u, fo)v. The Gaussian form is defined by
i=1
(f,9)nc = <€A’i/2f, eA*ﬂ/29>N as in the scalar case, and the definition of singular polynomials is
the same (D; f = 0 for all ¢, some specific value of k). The interesting question is for what & is the
form (-, -), positive-definite; this property is equivalent to positivity of the Gaussian form. The
property (f,2:9)x.c = (if, g)r.c Suggests that this form can be realized as an integral over RY
with a positive matrix-valued measure. Shelley-Abrahamson [16] proved there is a small interval
for k about zero for which this occurs. The interval is a subset of the interval for which the form
is positive. The containment may be proper but the question of equality is not settled as yet.

It is the purpose of this note to show that the positivity interval is bounded by the smallest
singular values, to illustrate the theory by constructing singular polynomials for exterior powers
of the reflection representation of any W, and to construct vector-valued Jack polynomials which
specialize to singular polynomials for the symmetric groups. In this situation the representation
is determined by a partition 7 of N and the smallest singular values are 4 e where h, is the
longest hook-length of the Ferrers diagram of 7 (see Etingof and Stoica [9, Section 5]). The
isotype (that is, a partition of N) of these singular polynomials is determined.

There are two ways of finding singular polynomials, either define them directly (as in [9])
or describe the nonsymmetric Jack polynomials which become singular when specialized to the
appropriate parameter value. Feigin and Silantyev [10] found explicit formulas for all singular
polynomials which span a W-module isomorphic to the reflection representation of W.

The presentation starts with the result on the positivity of the Gaussian form, then the defini-
tion and properties of P, the exterior powers of the reflection representation, the nonsymmetric
Jack polynomials, results about the action of D; and the construction of the singular polyno-
mials. The theory of vector-valued nonsymmetric Jack polynomials, originated by Griffeth [11],
allows detailed analyses of P;. In fact he constructed these polynomials for any group G(r, 1, N),
the group of N x N monomial matrices whose nonzero entries are 7' roots of unity. In [12,
Section 5] he determined the unitarity locus associated to the contravariant forms associated to
these polynomials. These are regions in the parameter space R" and the highest-dimensional
components can be shown to be the regions of positivity.

2 Region of positivity of the (Gaussian form

Fix an irreducible representation 7 of W. The form (-, -), is normalized by (1 ® u1,1 ® ug)x =
(u1,u9)y where (-,-)y is a W-invariant bilinear positive symmetric form on V' (it is unique up
to a multiplicative constant).

Definition 2.1. Let  denote the region of x € R for which (f, f), > 0 for all f € P..

The following is due to Shelley-Abrahamson [16].
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Theorem 2.2. The region ) contains a neighborhood of k = 0.

This result includes the existence of a matrix measure on RY which realizes the Gaussian
form.

Lemma 2.3. Suppose for some k € ) there is a polynomial f € Pr such that f # 0 and
(f, [)x =0 then the space Xy :=span{wf: w € W} can be decomposed as a sum of irreducible
W-modules and g € Xy implies (g,p). =0 for all p € P-.

Proof. The decomposability is a group-theoretic property. By the W-invariance property of
(-, )i it follows that (wf,wf), = 0 for all w. The Cauchy—-Schwartz inequality for (-,-) is valid
because k € Q thus [(wf,p)x|? < (wf,wf)e(p,p)x = 0 for all w € W and p € P,. In particular
(wif +waf,p)x =0 for any wy,ws and thus g € Xy implies (g, p), = 0. |

We will show that the set of singular values is a subset of a set of rational numbers with no
accumulation point, that is, there is a minimum nonzero distance between elements.

Proposition 2.4. The eigenvalues of the class >, o, considered as a (central) transformation
vERL

of the group algebra RW are integers in the interval [—# R4, #R4].

Proof. The basic idea is that the solutions of the characteristic equation are algebraic integers.
The details are in [7, p. 194]. [ |

Because the right regular representation of W on RW is a direct sum of all irreducible

representations of W the integer property of eigenvalues applies to Y. p(o,) for any irreducible
vERL
representation p. Since p is irreducible and > p(o,) is central there is just one eigenvalue,
vERL

denoted by £(p). Denote the set of equivalence classes of irreducible representations of W by W,

N N
Proposition 2.5. Suppose f € P; then > x;D;f = > aji% + H(E(T)f - > avf). If f is
i=1 i=1 ! vERL

singular and homogeneous of degree n then xk = E(p)fs(T) where p € w.

Proof. Let p € P, and u € V then

- o~ Op()
Z z;D;i(p(x) @u) = Z:c, 5 QU+ K Z (p(z) — p(zoy)) ® (T(0y)u)
i=1 !

=1 vER

— ) @t (ep) B u— 3 o) @ 0)).

vERL

The statement Y p(z)® (7(0y)u) = e(7)p(z) ® u follows from the fact that V' is the represen-
vERL
tation space for 7. The relation is extended to all of P, by linearity. That is, if f € P, ® V then

g i Di(f(z)) = nf(z) + ke(r)f(z) — Kk > ouf(x). If fis singular then it must be an eigen-

Zﬁ:;lction of 3 o,. The space span{w}e:Rlz € W} consists of singular polynomials (same k)

and can be nggmposed into irreducible W-submodules, thus the eigenvalues of Z}; o, are ele-
ve

ments of the set {e(p): p € W} Hence there is some p € W such that o ouf :+ e(p)f and

0=nf+k(e(r) —e(p))f. (The case (1) = €(p) is impossible.) e |
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It is possible that £(p1) = (p2) for some p1, p2 € W with p1 # p2, but then f can be decom-
posed into two components, each being singular (by convolution with the respective characters).
The minimum distance between two singular values is bounded below by (m;ix le(T) — E(p)|)_1
Recall {e(p)} is a set of integers contained in [—#Ry, #R].

For each n > 1 restrict the form (-,-),, to P, ® V. The condition that the form is positive-
definite is that the leading principal minors of the Gram matrix are positive (for example use
the basis {* ®@u;: |a| =n, 1 <i < dimV}). The minors are polynomials in x and are positive
in a neighborhood of 0. Let z, denote the positive zero of any of the minors closest to 0, that
is the form is positive for 0 < k < z, and is positive-semidefinite for k = z, and there exists
fn € Pn,®V such that f,, # 0 and (fp, fn)x = 0 (which implies (f,,,g)x =0 for any g € P, @ V
by the Cauchy—Schwartz inequality). If there are no positive zeros set z, = co.

(The reason for the following careful argument is to avoid the hypothetical situation z, =
1+ 1 minz, =1 and there is no nonzero polynomial f with (f, f),, = 0 for k = 1.)

Lemma 2.6. Suppose z, > zpt+1 then z,11 is a singular value.

Proof. Set x = z,41. By the definition of 2,1 and properties of the form

N

N
0= <fn+1, Z-Tipifn+1> = (Difot1, Difut1)n:
i=1

K i=1

By hypothesis the form is positive-definite on P,, @ V' for Kk = 2,41 < z,. Thus f,41 is sin-
gular. |

Define the subsequence {z,,} by n; = min{n: z, < oo} and n;y; = min{n: n > n;, z, <
zn—1} (essentially the points of decrease of the sequence). If there are no positive eigenvalues
then each z, = co and the form is positive-definite for k > 0. Now assume there is at least one
zp < 00. Bach z, > z,, for some 1.

Theorem 2.7. Let 29 = min{z,,: i > 1} then zg = z,, for some j, the form (-,-). is positive-
definite for 0 < k < z9 and zg is a singular value.

Proof. By the lemma the subsequence consists of singular values. The spacing of singular
values implies there is no accumulation point thus the minimum zg is achieved at one of the
values z,,. Hence there exists f € Pp; ® V such that f # 0 and f is singular for £ = zo. |

The same argument can be applied to negative k: let z/, be the negative zero closest to 0 of
the leading principal minors of the form restricted to P, ® V' so the form is positive-definite for
2, < Kk < 0;if 2] 1 > 2], then 2, is a singular value and so is 2, = max{z,} (excluding the
situation of no negative singular values where 2z, = —oc0).

To summarize there is an interval z, < k < 2z for which (-, -), is positive-definite and zp, 2,
are singular values if finite, respectively.

3 Exterior powers of the reflection representation

Suppose W has only one conjugacy class of reflections and spang(R) = R™. Specialize 7 to
the reflection representation of W on V = R". (The previous two statements imply that W is
indecomposable and the reflection representation is irreducible.) Let A"(V) =V AV A--- AV
(m factors) with 1 < m < N. We will show that P; ® A" (V) has singular polynomials for
K = :tﬁ, where dp is the largest fundamental degree of W (also see [9, Corollary 4.2]), and
1 <m < N. Ciubotaru [1, Section 5] proved a necessary condition for the region of positivity
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for any W (in fact, also for complex reflection groups) and any irreducible W-module U, which
involves the decomposition of U @ A™ (V') into W-irreducible subspaces.

N
Let {u;: 1 <1i < N} be the standard orthonormal basis of V', and let x = > z; ® u;.

i=1
Lemma 3.1. Fora,b € V the symmetric bilinear form % = #ﬁ+ (a,b). In particular
vERL
V5 R
> i = ey
vERL
Proof. For a,b € V define [a,b] := > ﬁ(a,v)(b,w then
vERL
1 1
laou,bou] = > Wmau,w(bau,w =) W(a,vau)(b,vau> = [a, b]
vERL vER,

for all w € Ry. Thus [aw, bw] = [a,b] for all w € W and the matrix representing this bilinear

form with respect to the basis {u;} commutes with each w. By hypothesis 7 is irreducible
and by Schur’s lemma the matrix is a scalar multiple of the identity and [a,b] = c(a,b) for all
a,b € V. The matrix representing the form % has trace 1 thus the trace for the sum

over v € Ry is #R,. The form (a,b) corresponds to the identity matrix and has trace N. The
other conclusion follows from v;v; = (u;, v)(uj,v). [

Henceforth assume |v|? = 2 for all v € R, and set v := 2#—]}\?*, called the Cozeter number (see

[13, Section 3.18]); thus > v;u; = 7d;;. The computations use a boundary operator.
vERL

Definition 3.2. Suppose a, by, bs,...,b, € V then

Aa)(by Aby A Aby) = > (1) Ha,b)by Aby A+ Abi A+ A b,
i=1
where the caret indicates the omitted factor. The operator d(a) is extended to all of A™ (V') by
linearity.

m—1
It can be checked that 0(a) is well-defined, for example suppose that b,, = >  ¢;b; then
i=1
m—1
6(a)(b1 Aby A+ A bm) = (_1)m—1 ((a, bm> — Z ci(a, b») by N~ Aby—1=0.
i=1

Lemma 3.3. Suppose a,byp € V and b € N"(V) then 9(a)(bo A b) = (a,bo)b — by A O(a)b and
d(a)?(bo A b) = 0.

Proof. The first part follows directly from the definition. Apply d(a) to both sides of the
equation

d(a)*(bo Ab) = (a,by)0(a)b — {{a,bo)d(a)b — by A d(a)?b} = by A I(a)?b.
Set b = by A- - - Aby, and repeatedly use this relation to show d(a)?b = by A---A3(a)?*b,, =0. N

Denote the exterior power of 7 on A™ (V') by 7,,,. The operator > 7,,(0,) acts as multipli-
vERL

cation by (7)) = (§ — m)~y on A™(V). (Assume that v = v/2u; € R and consider the action
of 7, (o) on the basis

{wiy Ny Ao ANt 1<y <idg <+ <y < N}
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there are (7Nn j) eigenvectors for the eigenvalue —1 and (Ngl) eigenvectors for 1 thus Tr(7,,(0y))

= (") = (7)), then e(mn) = #Ry Tr(rn(o))/ dim A™(V) = 3y(N — 2m).)

m m—1

Proposition 3.4. Suppose v € R and b € AN"(V') then T, (0,)b = b — v A O(v)b.

Proof. Let b =01 Aba A -+ A by,. By definition

Tm(0p)b = (b1oy) A+ A (bnoy) = (b1 — (b1, v)v) A -+ A (b, — (b, v)vV)
=b-— <b1,’U>U/\b2/\"'/\bm— <bg,v)b1/\v/\---/\bm—

:b—U/\(<b1,U>b2/\"'/\bm—<b2,11>b1/\b3/\"') :b—v/\ﬁ(v)b. [ |
To compute the terms in D;p we find % = v; and W = {(a,v). Note z and x

are different objects, with different transformation rules for W, in fact o,x = x, because
N
— — 2,
OpX = Z(% — (z,0)1;) ® (u; — viv) = x — 2(z,v)v + (T, v)|v]*v = x.
i=1
N
Theorem 3.5. Suppose a € V,b € N™(V) then x Ab € Py @ AL (V), Y a;Di(x Ab) =
=1
(1 —=vyK)a Ab, and x \'b is singular for k =1/~.

Proof. Suppose a € V then

Zaz (X Ab) = Za,uz/\b—l—/ﬁZZavvﬂm (ow)(uj AD)

veERy j=1
=aAb+k Z (@, V)T (oy) (v A D)
vERL
=aAb+k Z (a,v)(vAb—vAO(v)(vAD))
vERL
=aNb+k Z (@, v)(VAb— (v, V) v Ab+vAvAI(V))
vERL
=aANb—k Z (a,v) v ANb= (1 —yK)a A,
vERL
N N
because (v,v) =2 and > (a,v)v= Y > aUVuj =7 Y. aju; = ya. |
vERL i,j=1vERL =1

Theorem 3.6. Suppose a € V., b € N (V) then
d(x)b e PL @ A" H(V), Zaﬂ) A(x)b = (1 + vk)d(a)b,

and 0(x)b is singular for Kk = —1/~.
Proof. Assume b= by A--- A by, with b1,...,b,, € V. Then

Zaﬂ)@ b—Zala:UZ 17 N2, b)) ® (bl/\---/\bAj/\---)

i > {a,v) > (=170, b)) T (00) (b A Abj A
j=1

vER
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Z 1P Ha,bj) @ (LA Abj A )+ 5y {a,0)Tm(00)(9(v)d)

vERL

d(a)b+ K Z (a,v) — v A 9()?b) = (1 + vK)I(a)b,

vERL

=

because 9(v)?b = 0 (Lemma 3.3) and

Z Z Z aU}(bj,v>(b1/\-~/\5\j/\'~):’yﬁ(a)b. [

vERY j=1 vERY

Here is a table with data on the indecomposable groups with one conjugacy class of reflections.
The subscripts indicate the rank N of the group

w 12(216 + 1) AN Hs H, FEg E; FEg
#R,  2k+1 NMIH) 15 60 36 63 120].
dy  2k+1 N+4+1 10 30 12 18 30

Thus v = #R+ = dy, the largest fundamental degree, also called the Coxeter number (see [13,
Section 3. 18])

Considering the known situation for the symmetric groups and for the reflection representa-
tion it appears that for a large collection of representations 7 of degree greater than one that the
interval z{, < k < zp of positivity is symmetric, 2, = —zo, and zp > #. However this is not al-
ways the case: there is a nonsymmetric positivity interval arising in two degree 3 representations
of the icosahedral group Hs (see [4]).

4 Representations of the symmetric groups

The symmetric group Sy, the set of permutations of {1,2,..., N}, acts on CN by permutation
of coordinates. The space of polynomials P := spang, {1‘ a € Név } where k is a parameter.
The action of Sy is extended to polynomials by wp(x ) p(zw) where (vw); = 2,,(;) (consider z
as a row vector and w as a permutation matrix, [w];; = &;(;), then xw = z[w]). This is
a representation of Sy, that is, wi(wap)(z) = (wap)(zwi) = p(rwiws) = (wiws)p(z) for all
wy,wy € SN.

Furthermore Sy is generated by reflections in the mirrors {z: x; = x;} for 1 <i < j < N.
These are transpositions, denoted by (i, 7), so that x(i, j) denotes the result of interchanging z;
and ;. Define the Sy-action on o € ZV so that (zw)® = 2%

N

Fw=l()
H xw(z H Lj ’

that is (wa); = ay-1(3:)-
The simple reflections s; := (i,i+ 1), 1 <i < N — 1, generate Sy. They are the key devices
for applying inductive methods, and satisfy the braid relations:

5i8j = 5;5i, i —j| > 2, 8i8i+18; = Si+15iSi+1-

We consider the situation where the group Sy acts on the range as well as on the domain
of the polynomials. We use vector spaces, called Sy-modules, on which Sy has an irreducible
orthogonal representation 7: Sy — Op(R) (7(w)™' = 7(w™!) = 7(w)T). See James and
Kerber [14] for representation theory, including a modern discussion of Young’s methods.
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Denote the set of partitions
NPT = e Ny >0 > > )

We identify 7 with a partition of IV given the same label, that is 7 € Név " and |7| = N. The
length of 7 is ¢(7) := max{i: 7, > 0}. There is a Ferrers diagram of shape 7 (also given the
same label), with boxes at points (7,7) with 1 < i < /() and 1 < j < 7;. A tableau of shape T
is a filling of the boxes with numbers, and a reverse standard Young tableau (RSYT) is a filling
with the numbers {1,2,..., N} so that the entries decrease in each row and each column.

Definition 4.1. The hook-length of the node (i, j) € 7 is defined to be

h(i,g)=m—g+#{k: i<k <l(r),j<m}+1,
and the maximum hook-length is h; := h(1,1) = 74 + £(7) — 1.

Denote the set of RSYT’s of shape 7 by Y(7) and let

Vr = spang({T: T € Y(7)}
with orthogonal basis V(7). For 1 < i < N and T € )Y(7) the entry i is at coordinates
(row(i,T"),col(i,T)) and the content is ¢(i,T) := col(i,T') —row(i, T"). Each T € Y(7) is uniquely
determined by its content vector [c(i, T)]X.;. There is an irreducible representation of Sy on V;

also denoted by 7 (slight abuse of notation). To specify the action of 7 it suffices for our purposes
to give only the formulae for 7(s;):

1) row(i,T) =row(i+1,T) (implying col(i, T) = col(i+1,T)+1 and ¢(i,T) —c(i+1,T) = 1)
then

T(8;)T =T}

2) col(i, T) = col(i+1,T) (implying row (i, T') = row(i+1,T)+1 and ¢(i, T)—c(i+1,T) = —1)
then

7(s;)T = —T;

3) row(i, T) < row(i+ 1,T) and col(i, T) > col(i + 1,T). In this case
c(i,T)—c(i+1,T) = (col(i, T) — col(i + 1,T)) + (row(i + 1,T) — row (i, T)) > 2,

and T denoting the tableau obtained from T by exchanging i and i + 1, is an element
of V(1) and

1
c(t,T)—c(i+1,T)

()T =T + T,

4) ¢(i,T)—c(i+1,T) < =2, thus row (i, T) > row(i + 1,T) and col(i,T) < col(i + 1,T) then
with b = ¢(i,T) — e(i + 1,T),

1\ . 1
T(si)T—<1—b2>T()+bT.
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The formulas in (4) are consequences of those in (3) by interchanging 7" and T) and applying
the relations 7(s;)2 = I (where I denotes the identity operator on V;). The Sy-invariant inner
product on V; is defined by

= I (1 gumgmp) BTV

1<i<j<N,
c(4,T)<c(3,T)—2

It is unique up to multiplication by a constant.

N N
The Jucys—Murphy elements w; := Y. (i,7) satisfy > 7((¢,7))T = ¢(i,T)T. Thus
Jj=i+1 Jj=i+1
> 7((i,7)) acts on V; as multiplication by
1<i<j<N
N 1 4)
Z c 5 Z 7i( 2i+1)
j=1 i=1

(independent of T' € Y(7)).

5 Vector-valued Jack polynomials

For a given partition 7 of IV there is a space of vector-valued nonsymmetric Jack polynomials, also
called a standard module of the rational Cherednik algebra. The nonsymmetric vector-valued
Jack polynomials (NSJP) form a basis of P, = P ® V;, the space of V, valued polynomials in x,
equipped with the Sy action

w(z*@T) = (zw)* @ 7(w)T, ae Ny, T e Y(r),
which is extended by linearity to
wp(x) = T(w)p(ew),  p€Pr
Definition 5.1. The Dunkl and Cherednik—Dunkl operators are (1 <i < N,pe P, T € Y(1))

J))

019

®7((i, )T,

Di(p(z) ®T) =
J#z

Ui(p(x) @ T) = Di(wip(x ®T—’€ZP x(i,5)) ® 7((i, )T

extended by linearity to all of P-.

The commutation relations analogous to the scalar case hold, that is,
D;Dj = D;D;, Uil = Uil;, 1<4,7<N,
wD; :Dw(i)wv Vw GSNa Sju’t :uisja J #iilaia
sillisi = Uiy1 + Ksi, Uisi = silli11 + K, Uir15; = silly — K.

The simultaneous eigenfunctions of {U;} are called (vector-valued) nonsymmetric Jack polyno-
mials (NSJP). For generic « these eigenfunctions form a basis of P, (generic means that x # ™
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where m,n € Z and 1 < n < N). They have a triangularity property with respect to the partial
order > on compositions, which is derived from the dominance order:

i i
a<Be=> a;<> B, 1<i<N, a#p
j=1 j=1
a<dp<= (la|=B) A [(aT < BY)V (aT =BT Aa=<B)].
There is a subtlety in the leading terms, which relies on the rank function:

Definition 5.2. For o € Név, 1<i:<N
ra(i) =#{j: a5 > i} FH#{j: 1 < j <, o = oy},
then r, € Sy.

A consequence is that r,a = o™, the nonincreasing rearrangement of «, for any o € Név .
For example if « = (1,2,1,5,4) then r, = [4,3,5,1,2] and roa = a* = (5,4,2,1,1) (recall
woy = Oéw—l(z‘)). Also ro = I if and only if « is a partition (o) > ag > --- > an).

For each v € N} and T € Y(7) there is a NSJP (, 7 with leading term z*®7(r;')T, that is,

Ca =2%® T(rgl)T =+ Z ? ® tap(k), tas(k) € V7,
a>f

UiCar = (v + 1+ ke(r0(2), T))Ca,Ts 1<¢<N.

The list of eigenvalues is called the spectral vector &o.1 := [ + 1+ ke(ra (i), T))Y,.

The NSJP’s can be constructed by means of a Yang-Baxter graph. The details are in [6];
this paper has several figures illustrating some typical graphs.
A node consists of

(Oé, Ta 50&.T7 Ta, Ca,T))

where o € NJ, T € Y(7), &1 is the spectral vector. The root is
(0, To, [1 + we(i, To))iLy, 1,1 ® Tp),

where Tj is formed by entering N, N —1,...,1 column-by-column in the Ferrers diagram. Proofs
by induction in this context typically rely on sequences of applications of {7(s;)} and the inver-
sion number: for T' € Y(7) set

inv(T) == #{(,7): i < j, (i, T) — (4, T) > 2}.

If for particular 7" and i the relation ¢(i, T)—c(i4+1,T) > 2 holds then T(), the tableau formed by
interchanging 7 and i+1 in 7" is also a RSYT (the relation is equivalent to row (i, T") < row(i+1,T)
and col(¢,T) > col(i+1,T); the RSYT property implies that these two inequalities are logically
equivalent). In this case inv (T(i)) = inv(T) — 1. The inv-maximal tableau is Ty and the
inv-minimal tableau is T formed by entering N, N — 1,...,1 row-by-row.

Steps in the YB-graph correspond to 7(s;). There are several cases; we start with the situation
a; = ;1. These formulae restricted to 1 ® T' (so « = 0) are equivalent to the definition of the
representation 7 on V. Throughout the hypotheses are o € Ny, T € Y(7), 1 <i < N.

Case 1. a; = a;y1; define j := r4(i) implying ro(i + 1) = j + 1

1) I‘OW(j,T) = I"OW(j + 17T) then SiCa,T = Coz,T;
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2) COl(jvT) = COl(j + 17T) then Siga,T = _Coz,T;
3) row(7,T) <row(j+ 1,T) (thus ¢(j,T) —c(j +1,T) > 2) set
b/ = 1 = i
(4, T)—c(j+1,T)  &ar(i) —Ear(i+1)

then there is a step

s .
(O[, Ta é'a,Ta Ta, Ca,T) —Z> (Oé, TU), Siga,Ta Ta, <oz,T(j) )7 Ca,T<j> = SiCa,T - bICOz,Ta

Note 0 < ' < 1 and 7(s;)T = T 4+ ¥'T; furthermore the leading term is transformed s; (z*®
T(rag)T) = (2s)* @ T(sirg )T = 2 @ 7(r3*)7(s;)T because s;ry' = ryts;. The reciprocal
relation is

8o = —'Crt + (1 - V) o

Case 2. ajy1 > «j, then with
B K
a,r(i) —&ar(i+1)

there is a step

b:

.
(o, T,€0,1:Ta:Ca,1) — (8i, T, $i€a. 75 TaSis Cs;a.T)s Csia, 7 = SiCa, 7 — bCa,Ts

and the reciprocal relation is

SiCsia,T = _szia,T + (1 - bQ)Ca,T-

The reciprocal relations are derived from s? = 1. With the aim of letting x take on certain
rational values we examine the possible poles in the step rules arising from the factors

a,1(i) = &ar(i+1) = ;i — aip1 + K(c(ra(i), T) — c(ra(i +1),T)).
The extreme values of ¢(-,T) are 71 — 1 and 1 — ¢(7), and thus
le(ra(2),T) — c(ro(i + 1), T)| < hy — 1.

Hence —ﬁ <K< ﬁ and oy # a1 Imply o 7(i) — €ar(i+ 1) # 0 (in case a; = ;41 the
bound 0 < &' < § applies).
The other links in the YB-graph are degree-raising (affine) operations. Define

®(ay,az,...,an) = (az,as,...,an,a; + 1), Om = 5152 Sm—1, 2<m< N,

so that 6, is the cyclic permutation (12...m). The cycle 0y interacts with ® and the rank
function by req = rofn (that is, rofn (1) = ro(i + 1) = 19a(i) for 1 < i < N, and ro05(N) =
Ta(l) = r3a(N)). The jump is given by

P _ _
(O[, T7 €Oc7T7 Tas Ca,T) — ((I)Oé, T7 (I)§Q7T, T'agN, xNHngoz,T)v C<I>O¢7T - wN9N1COc7T~

The leading term is z%® ® T(Gx,lrgl)T and 05 r;! = (rofn)~!. For example: a = (0,2,5,0),
re =1[3,2,1,4], a = (2,5,0,1), reo = [2,1,4, 3].
For any k there is a unique bilinear symmetric Sy-invariant form on P, which satisfies

(f,g € Pr):
NRT1RT") . =(T,T)o, T, T € Y(7),
<wf7wg>m: <fag>m ’wESN, <Difvg>n: <f7xig>m 1<i<N.
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i—1
As a consequence (7;f,7ig)x = (Dizif,9)x = (f,Diwig)x and U; = Dijz; — k Y (i,]) is self-
j=1
adjoint; furthermore ((o7,Cs77)x = 0 whenever (o, T) # (B8,T") because &7 # &g for
generic k. The form is defined in terms of (4,7, (a,7)x and is extended by linearity and orthog-
onality to all polynomials. It is a special case of a result of Griffeth [11]. The first ingredient is

n
the formula for ¢y 7 for A € Név’+ (the Pochhammer symbol is (¢), = [[(t +i—1))
i=1

N
(Ot Onr)e = (T, T)o H(l + ke(i, T))a,
=1

Xi—Aj ) ,
’ H H (1 - <£+ k(c(i, T) — C(j,T))) > ’ (5.1)

1<i<j<N ¢=1

The second ingredient expresses the relationship between (Co, 7, Ca,7)x and ((o+ 1, (ot 1) Let

2
E(a,T) := 1— ’f ' .
( ) 1§il<_JI'§N ( (Oéj —a; + k(c(ra(4),T) c(ra(z),T))> >
a; <oy
Then
<CO¢,T; Ca,T>n = E(Oé,T)_l@oﬁ-,T, Ca+,T>m [ RS N(])V7 T € y(T) (5'2)

From the bounds on ¢(i, T') —¢(j, T') and the formulae it follows that (a7, a,7)x > 0 provided
—i <K< i Denote (f, f)« by || f||* for any generic value of  (slight abuse of notation).

6 Differentiation formulae

First we prove formulae for D;(, 7 for l(a) < j < N (recall the length of « is l(a) :=
max{i: o; > 0}). We need the commutation relations (part of the defining relations of the
rational Cherednik algebra), p € P;:

N
Di(xp) —z:Dp=p+r > (i,5)p, (6.1)
=1,
N
Recall the Jucys—Murphy elements w; := > (¢,7) for 1 <i < N and wy := 0.
j=it+1

Proposition 6.1. Suppose p € Py and 1 < i < N then D;p =0 if and only if U;p = p + kw;p.
Proof. By the above
N
Up =Di(zip) — £ Y (i.j)p=aDp+p+r > (i,i)p—rY (i,j)p
j<i j=Lj#i j<i
N
=zDpp+p+r Y, (i,4)p. L
j=i+1

Corollary 6.2. Suppose o € N, T € V(1) and {(a) < N then DiCor = 0 for £(a) <i < N.
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Proof. By hypothesis 7o(N) = N and {,(N) = 1 + kc(N,T) = 1; also (1 + kwn)Ca,7 = CaT
thus UnCo, 7 = Ca, 7P = Car + KWNCor and Dy(o 7 = 0. Proceeding by induction suppose
Di(gr = 0 for m < i < N with m > (o) + 1 and all 77 € Y(7) and § with £(3) < {(«).
Then D,,—1(8,7" = $m—1DPmsm—1{g 1. By the transformations in Case 1 (note By,—1 = B = 0)
Sm—1¢g, " = (g7 O Spy_1(g7 is a linear combination (independent of k) of (g7 and (g7~
where T" is the result of interchanging m and m—1in T". In any of these cases Dp,Spm—1(g 1 = 0
by the induction hypothesis. |

Suppose £(a) =m < N. We turn to the evaluation of D,,,(, 7. Define
a= (o, —1a,02,...,00,-1,0,...,0).

The use of & appeared in Knop [15] in a creation formula for nonsymmetric Macdonald polyno-
mials. We prove the following in several steps:

Theorem 6.3. Suppose o € N, T € Y(7) and £(a) = m < N then

I<arlI”

CaT = L.
DPmta ll¢a,r ||2m “

Proposition 6.4. Suppose i # j then
U;Dj — DjU; = KDyyin(i (3, 7)-
Proof. Suppose i < j then (by use of (6.2))

U;D; = Djz;D —nZst = Di(Djz; + (3, 7)) /{DJZlS
s<1 s<1
:Djui—i-lﬁpi(i,j),

because D;D; = D;D;. Suppose ¢ > j then

UDj =Dx;Dj — K Z (i,s) k(2,7)D;
§<4,5%#]
= D;(Dji + k(i, §)) — kD; > (i,s) — kDi(i, j) = DU + £D; (i, j). ]
§<1, S#£]

Proposition 6.5. The spectral vector of 0, Do, equals &g 1.
Proof. For the rank r; consider

ra()=#{j:1<j<m,aj>an -1} +1=#{j: 1 <j<m, o > an}+1=ry(m),
and for 1 <i<m

ra(t) =#{j:2<j<i, a1 > it +H#{j:J >0, aj1 > a1 )+,

where ¢; = 1 if oy, — 1 > a1 equivalently if a,, > a;—1 and ¢; = 0 otherwise, thus rz(i) =
ro(i —1). Apply (6.1) with ¢ = m to D, (s, to obtain

Dm$mDm<a,T =Dnm <Dm$m —1-k Z(lv m) — kK Z(Z7 m)) Ca,T

<m >m

= Dm(um - 1><a,T — K Z(Z’ m>Di<a,T = (éa,T(m) - 1)DmCo¢,T7

i>m
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because D;(q,7 = 0 for ¢ > m, and OmDmamb,t = Dixy = Uy. Thus U107 Do = (a7 (M) —
1)0 Do, Suppose 1 < i < m then by the commutation relations for /; and s; we obtain
O 1U0,, = U;_1 — k(i — 1,m). Apply this operator to DyCa,r:

0, Ui0 DinCor = Ui—1DinCor — #(i — 1,m)DpCat
= (Dmui,l + K,Difl(i -1, m))Ca,T — K,(i —1, m)Dm(mT
= éa,T(’L’ - 1)DmCa,T
by use of Proposition 6.4 and (i — 1,m)D,, = D;—1(i — 1,m). Suppose m < i < N then
Hgllulem = U, and
ar;luiamDmCa,T = (Dmuz + "'{Dm (i, m))COz,T = goa,T (i),DmCa,T + /'i(i, m)DiCa,T
= ga,T(i)DmCa,T-

Thus the spectral vector of 8, Dy, (o7 is

Sar = (bar(m) —1,6ar(1),... . &ar(m —1),&r(m+1),...). u
We can now finish the proof of Theorem 6.3. If m =1 then @ = (ayq — 1,0,...) and 6; = 1.

Proof. From the proposition and the uniqueness of spectral vectors it follows that D,,(o 1 =
b0,,' (5 for some constant b. Let 8 = (a1, ..., am-1,0,...,0, ), thus @& = 3 and ZL‘NQNICa,T
= (gr- Using the properties of the bilinear form we find

(Do 0 Car) = b(07" Carr, 05 Car) = blICar||®
= (Cars Tmb, Car) = (Carrs (Tmby ON)ON' Carr)-

Then 2,0, 08 = 2 (Smi15ma2 - SN—1) = (Smi1Smi2 - SN_1 )TN SO that (mmﬁfnlﬁN)GKfC&T
= (Sm+1Sm+2---SN—1)(s,r- By the transformation rules (sm41Sm+y2---Sn-1){8 17 = Ca, +
Z%T/ by 1 Cy 1 where by v € Q(k) and each ~ satisfies v, = 0 (and v; = o; for 1 <7 <m). By
the orthogonality of the NSJP it follows that (Dp.Ca,1, 05 Car) = [|Car||?. This completes the
proof. |

We specialize the formula to partition labels.

Theorem 6.6. Suppose « € NéV’Jr, T € )Y(r) and (o) =m < N then

DinGa,r = (am + re(m, T))0" o

y ﬁ Am + K(c(m, T) = (5, T) = 1)) A + £(c(m, T) — c(j, T) + 1))

(Am + £(c(m, T) = (4, T)))?

j=m+1

Proof. The multiplicative constant is

[, |I? ~ oy a7l
: =E&(a,T) : .
I¢a,rlI? ICa+ 72
Note at = (aq,...,am—1,m — 1,0,...) and

N N -1
{H(1 + mc(z’,T))m} X {H(l + /ic(i,T))aj} = oy + Ke(m, T).

i=1 i=1
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After some cancellations in formula (5.1) we find that

[SaII?

m—1 K 2\ —1
HC&J:,T’P = (Oém + HC(m,T)) ll;[ (1 — <ai "o + T H(C(i,T) — c(m,T))) )

x ﬁ 1 (1 - <am+,{(c(m,ﬁT) —C(j,T))>2> '

j=m+

Also

( (aj TR0 ) = c(rau),T»)Q)

( <aj1 —(am—1) + n(ﬁc(j —1,7) - c(m,T>>>2> |

Change the index of multiplication ¢ = j — 1 and this shows

2 N ) )
m = (am + ke(m,T)) H (1 - (am (e T) = c(j,T))> ) . (6.3)

j=m+1

ﬁ

E(a,T)
This completes the proof. |

7 Singular polynomials

For special rational values of  there exist nonconstant polynomials p in P, which satisfy D;p = 0
for 1 < 4 < N. These are called singular polynomials and the corresponding value of k is
a singular value. Suppose k is a specific rational number for which the form (-,-) is positive-
definite then x can not be a singular value, for suppose p is singular then (z*®T, p(z)), = (1T,
DDV p(x)), = 0 for any T € Y(7) and a € N} with |a| > 0, so that (p/(z),p(z)), = 0
for all p’ € P, and ||p||?> = 0. It is known that (-,-), is positive-definite for —i <k < % (see
formula (5.2) and [3]). We will construct singular polynomials for xk = :ti provided dim V; > 2.
Etingof and Stoica [9, Section 5] constructed singular polynomials for these parameter values
without using Jack polynomials. In the one-dimensional cases 7 = (N) the bound is k > —% =
—% and for 7 = (1N) the bound is k < i = %

First suppose ¢(7) > 2 then set | = {(7), a = (1”,0N*”) and T' = T}, the inv-minimal RSYT
which has NN —1,...,1 entered row-by-row.

Theorem 7.1. D; (o, = H T 1H(Z(hzlll 971 Ca,T -

There are several ingredients to the proof. The first 7; coordinates of the spectral vector
of (a1, are

2+r(n—0,24k(n—-1-10),...,2+ (1 =1)).

The contents ¢(r4(7),T1) for 71+ 1 <14 < N make up [ — 1 lists of consecutive integers, one for
each row, from row #1 to row #(I — 1). The following is easily proved by induction:

Lemma 7.2. Suppose g is a function on Z and a < b then

b . .
gli—1)g(i+1)\ gla—1)g(b+1)
11 ( g(i)? ) — gla)g(b)
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Consider the part of the product in (6.3) corresponding to row #i: the contents are 1 —i,2 —
i,...,7; — ¢ and by the lemma this row contributes

A+ r(l—1—(1—d)+ 1)1 +r1—1—(r—1i)—1))

)
A+r(—1—1—0)1+r(1—1—(r—1)))
(1+ #(i — 1+ 1))(1 — Kh(i, 1))

T (4 k(i —0))(1 = r(h(i,1) - 1))

)
to the product because the hook-length h(i,1) = 7; + 1 — i. Thus

-1

Gl _ (o (L s = L 1)1 = eh(i,1)
e~ D a0y )

-1

_H 1—/<ahz,1)
1—k(h -1)’

=1

the other factors telescope.

-1 .
Lemma 7.3. Suppose 1 < i <7 then Di(o1, = %GJIC&TT
i=1

1—k(h(7,1)—
Proof. By Case 1(1) si(a1, = (o, for 1 <i <7 — 1. Arguing inductively assume the stated
formula (known true for ¢ = 7;) and apply s;—1 to both sides, then s;_1D;(o 1y = Di—15:Can,
and 81;191-_1 = 51‘71(81 B -81) = 0;11. [ |

Theorem 7.4. (o1, is singular for k = i

Proof. There are no poles in any (g 7 provided — 1 <K< h — and the interval includes e
The factor 1 — kh(1,1) in the multiplicative constant shows that D; iCary =0for 1 <¢<m. By
Corollary 6.2 Di(a1, = 0 for ; <@ < N because a;; = 0 for j > 7. [ |

Each polynomial in span{w(, 7 : w € Sy} is also singular for K = 1/h,. The NSJP’s
appearing in this way will be discussed in the sequel. For the x = —% case suppose 71 > 2 and
T = To = = T > Tm+1; then let a = (1’”, ON_m) and T = Tj the inv-maximal RSYT with
N,N —1,...,1 entered column-by-column. Let 7/ denote the transposed partition of 7, then
1 =Ll )andm—T

el k(i)

Theorem 7.5. D,,,(o,1, = TIR(h (1)) =T) TZICa To-
=1

Proof. The first m coordinates of the spectral vector of (1, are
2+ k(mi—m),2+k(r1 —m+1),...,24+ k(m —1)).

The contents ¢(rq (i), T1) for 71+ 1 < i < N make up 71 — 1 lists of consecutive integers, one for
each column, from column #1 to column # (7 — 1). Consider the part of the product in (6.3)
corresponding to column #j: the contents are j — 7/, — 7/ + 1,...,7 — 1 and by the Lemma
this column contributes

I+an-1-G-D+))(A+kn-1-(G—-7)—-1)
1+ k(n—1-0G-1))A+s(n—-1-(—-1)))
(U4 =+ 1)+ Kh(1,5))
(1+r(m —5))A + k(h(1,5) — 1))
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to the product because the hook-length h(1,j) =1 + 7']( — j. Thus

T1—1 . .
Sa,7s II? 1 (L+s(m —j+ 1)1+ kh(1,)))
= (14+k(m — 1 : :
enE - O e s - )
B Ti—f 1 + kh(1,7)
1+ x(h(1,7) — 1)’
the other factors telescope. |

m1—1
Lemma 7.6. Suppose 1 <i < m then Di(om = (—1)"" jl:[l #ﬂ))l) i G T -

Proof. By Case 1(2) 5iCa, 1, = —Ca,1, for 1 <i < m — 1. The rest of the argument is the same

as in Lemma 7.3. |
The proof of the following is essentially the same as that of Theorem 7.4.

Theorem 7.7. (o1, 5 singular for k = —h—lT.

As mentioned before the polynomials in span{w(, 7, : w € Sy} are singular for the same .

Example 7.8. Let 7 = (4,4,3,1) then h, =7 and

12 8 5 2 12 11 10 9
11 7 4 1 8 7 6 5

To=119 6 3 ’ Li=1, 3 9
9 1

= (1,1,0"),  a=(0,1,0),8=(1,0"), 5= (0'?),

C(A+TR)(L+5K) _ (1=7r)(1 - 4k)
Daamy = (1+6r)(1+ SH)SICQ’TO’ Pigs = (1—5r)(1— :’m)(1 @ 1i).

Thus (o 1y, (g, are singular for x = —%, K= % respectively.

The results of Section 3 specialize to the symmetric groups Sy, of type An_1, as follows: let

V= {:1: € RV: Z T; = O} the space on which the reflection representation acts irreducibly,

then 7, on /\m(V) is isomorphic to the representation labeled by 7/ := (N — m, 1m) whose
content sum ¢(7') = N (%52 —m). The singular polynomials for £1/hy = £1/N are of degree
one.

7.1 The isotype of a space of singular polynomials

The subspace of P of polynomials homogeneous of degree n can be completely decomposed into
subspaces irreducible and invariant under the action of Sy, and these subspaces have bases of
{w; }-simultaneous eigenvectors. Suppose A is a partition of N then a basis {ps: S € Y(\)} (of
an Sy-invariant subspace) is called a basis of isotype X if each pg transforms under the action
of s; according to Case 1. The key point here is when does a subspace have a basis of isotype A
made up of NSJP’s. The transformation coefficients can be written as

K 1
ga,T(i) - ga,T(i + 1) B (% + C(Ta(i)vT)) - (% + C(Ta(i + 1)’T)) '
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So if Coz,T = ps, that is, ui(a,T = (ai +1+ Kc(ra(i)ﬂT))Ca,T = (1 + Hwi)ps = (1 + KC(Z', S))ps
and the equivalence is %f + c(r4(4),T) = ¢(i,5) (note T' and S have different shapes). (Some
aspects of the argument are omitted; this discussion is meant as illustration). Consider (, 7, (as
in Theorem 7.5) with k = —%. Apply the transformation

i + 1+ we(ra(i), T) — % + clra(i), T) = (3, S) (7.1)

to &u,7. The result is (with m = 7/, the length of the last column of 7)

(_hT + 7 —m, _h’T + 7 —m+ 17 R _hT + 71— 17 [C(iaTO)]é\;m—l-l)

= (1 -7 —m,2—T —m,...,—T], [c(i,To)]f\LmH).

This is the content vector of the RSY'T obtained from Ty by removing the last column of 7y and

attaching it to the bottom of the first column. The Sy-invariant subspace spanned by the orbit

of a1y is of isotype A where N = (7{ 4+ 7/,,75,...,7. _;) (another proof in [9, Theorem 5.9]).
The analogous computation for {, 7, and k = i gives the content vector (recall [ = /(7))

(he =14 7he =1+ 7 =1, he = L+ 1, [e(i, T 1)

= (7_1 + 7= 177—1 +n—2,... » T1s [C(ile)]i]\LTl—i-l)‘

This is the content vector of the RSYT obtained from 77 by removing the last row of Ty and
attaching it to the right end of the first row. The Sy-invariant subspace spanned by the orbit
of (a1 is of isotype A = (11 + 7,72, ...,7—1). In the trivial cases 7 = () one has kK = —%
with A = (N —1,1), and for 7 = (1) one has k = % and A = (2,1V1).

By this argument and the definition of isotype for each RSYT S of shape A there is a NSJP in
span{w(y 1, : w € Sy} whose spectral vector with k = 1/h, transforms (by (7.1)) to the content
vector of S. This polynomial is (g 7 where §; = 1 if row(i, S) =1 and 71 +1 < col(3,5) < 11+ 7
and 8; = 0 otherwise; (for a tableau 7" let T"[i, j] denote the entry at row #i and column #7)
then

T[lvj]:S[LJL 1§j§7_1>
Tli, 5] = S[i, j] + #{k: k> 71, S[1, k] > S[i, j|}, 2 <i<l, 1< <7,
Tijl=n+1-3j, 1<j<m.

An analogous formula holds for the (, 7, and K = —1/h, situation.

Example 7.9. Here is an example using 7 = (3,3,3,3) and N = 12, k = % and A\ = (6,3,3).
Let

12 10 9 8 7 5
S=111 6 2
4 3 1

then 8 = (0,0,0,0,1,0,1,1,0,0,0,0) and

12 10 9
11 8 5
= 7 6 4
3 2 1

Remark 7.10. We did not give any details about the indecomposable finite reflection groups
with two conjugacy classes of reflections, the types By and Fj. Griffeth developed the theory
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of vector-valued Jack polynomials for the complex reflection groups G(n,p, N). The analogous
result for By of ours on type-A singular Jack polynomials with minimal singular value can be
derived from Griffeth’s formulae [12] specialized to G(2,1, N), the hyperoctahedral group By.
This should show that the region of positivity of the Gaussian form is a neighborhood of the
origin in R? bounded by straight lines corresponding to singular values.
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