Symmetry, Integrability and Geometry: Methods and Applications SIGMA 15 (2019), 016, 12 pages

The g-Borel Sum of Divergent Basic Hypergeometric
Series ,ps(a;b; g, x)

Shunya ADACHI

Graduate School of Education, Aichi University of Education, Kariya 448-8542, Japan
E-mail: s217m064Q@Qauecc.aichi-edu.ac.jp, s.adachi0324@icloud.com

Received June 15, 2018, in final form February 24, 2019; Published online March 05, 2019
https://doi.org/10.3842 /SIGMA.2019.016

Abstract. We study the divergent basic hypergeometric series which is a g-analog of diver-
gent hypergeometric series. This series formally satisfies the linear g-difference equation. In
this paper, for that equation, we give an actual solution which admits basic hypergeometric
series as a ¢g-Gevrey asymptotic expansion. Such an actual solution is obtained by using
g-Borel summability, which is a g-analog of Borel summability. Our result shows a g-analog
of the Stokes phenomenon. Additionally, we show that letting ¢ — 1 in our result gives the
Borel sum of classical hypergeometric series. The same problem was already considered by
Dreyfus, but we note that our result is remarkably different from his one.
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1 Introduction

We set ¢ € C* and 0 < |¢q| < 1 throughout this paper. Basic hypergeometric series with the base
q is defined by

a (a17 az,...,0ar; q)n n =D\ 14s—r 5
rps (a;b;q, @) ZT%( ;q,x> =Y DT n gt YT, (1)
b n>0 (bla"'absaQ)n(Qa Q)n

where z € C, @ = (a1, a2,...,a,) € C", b= (by,...,bs) € C*and by,... b, ¢ ¢ V.
Basic hypergeometric series (1.1) is a g-analog of the classical hypergeometric series

e (e = O (0,
rFaleifim) = oy <ﬂ’ ) ) AT (12)

where o = (041,042,‘..,047») eCr,B= (51,...,B8) € C® and f1,...,0s ¢ ZSD.

The radius of convergence of the series (1.1) and (1.2) are both oo, 1 or 0 according to whether
r<s+1,r=s+1orr > s+1. In this paper, we assume r > s+ 1 and ajas - - - a;b1bs - - - bg # 0.
Therefore the series (1.1) and (1.2) are divergent in this paper.

Basic hypergeometric series (1.1) formally satisfies the following linear g-difference equation:

(o) T - ago) — (1 — o) ]| (1 - bq’“o) y(z) = 0, (1.3)
j=1 k=1

where o, is the ¢-shift operator defined by o,y(z) = y(¢zr). As applying the local theory of
linear g-difference equations (cf. Adams [1]), we see that the equation (1.3) has a fundamental
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system of solutions around infinity':

0,(—a;z) a;, 94, %9 8900 qb1---b ]
yz(oo)(x) = #r@rfl @bl ) bg@ 7aibqs » Uy &7(] :q, S , 1<i<r, (1.4)
0 aig
Q(_J;) 0‘17.'.’(11'—1,0«7;-‘—1""7(17‘ ai - a;T

which are convergent in |x| > |gby - - - bs/ay - - - a,|.

In this paper, we construct an actual solution of (1.3) which admits (1.1) as an asymptotic
expansion and give its analytic continuation, by using ¢-Borel-Laplace transform (see Theo-
rem 3.1). This result shows a g-analog of Stokes phenomenon. After that, we consider to take
the limit ¢ — 1 in Theorem 3.1 (see Theorem 3.2).

The motivation of this study comes from as follows: Ichinobe [8] obtained the Borel sum of
divergent classical hypergeometric series.

Theorem 1.1 (Ichinobe [8, Theorem 2.1]). Let @ = (a1, 2, ..., ) € C" and B = (51, B2, - - -,
Bs) € C°. Assume oy — oy ¢ Z, i # j. Then ,Fy(o; B;x) is 1/(r — s — 1)-summable in any
direction d such that d # 0 (mod 27) and its Borel sum f(x) is given by

aj, 14+aj—B (1)
l+a;—aj’ T ’

F(#) = Cap S Cap(i) (=2)~ 411 Fy s (
j=1

where z € S(m, (r —s+1)m,00) 1= {& € C*; |7 —argz| < (r—s+1)7/2)} and a;; € C"! is the
vector which is obtained by omitting the j-th component from o and

Cap =Ty Casli) = g ==

(1.5)

Here we use the following abbreviations

T

P(a) =][]T(w), T(a—a;)= [] T(u-a).
=1

I=1,1#j

Since basic hypergeometric series (1.1) is a g-analog of hypergeometric series (1.2), whether
there exists a g-analog of Theorem 1.1 is a natural question. To answer this question, we use the
theory of ¢-Borel summability. It is a g-analog of the theory of Borel summability and studied by
many authors (cf. Ramis [10], Zhang [13, 14], Di Vizio-Zhang [3] and Dreyfus-Eloy [6]). Drey-
fus [4] proved that for every formal power series solution of a linear g-difference equation with
rational coefficients, we may construct a meromorphic solution of the same equation applying
several ¢g-Borel and ¢-Laplace transformations of appropriate orders and appropriate direction.

Our results are generalizations of Zhang [13] and Morita [9]. Zhang studied the g-Borel
summability of divergent basic hypergeometric series sy which is the case of r = 2 and s = 0
in our result. Later, Morita obtained similar results with Zhang for 3¢1, which is the case of
r =3 and s = 1 in our result. The common point of their assumptions is that r and s satisfy
r —s = 2. Our result gives the resummation of s in the case of r — s > 2.

This paper is organized as follows. We fix our notions and review the theory of ¢-Borel
summability in Section 2. Main results of this paper are given in Section 3. In Sections 4 and 5,
we give proofs of Theorem 3.1 and Lemma 4.2 respectively. A proof of Theorem 3.2 is given in
Section 6.

Tn his paper, Adams used the function qié(l"gq @)(logg 2=1) instead of f,(z). We remark that two functions
q_%(logq @)logge=1) and §,(z) play the same role in constructing formal solutions since they satisfy the same
g-difference equation

_ n(n—1)

oqy=x""q¢ 2 y.
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On an article of Dreyfus

We note that Dreyfus [5] treated the resummation of basic hypergeometric series (1.1) via ¢-
Borel summability. But his result is remarkably different from our result: In Dreyfus’ paper,
the order of g-Laplace transform and ¢-Borel transform are different. Therefore the function he
obtained doesn’t satisfy the same equation with (1.1). To explain this more detail, we use the
following notations which are used in Dreyfus’ paper [5] only in this subsection.

e g>1landp=1/p,
® q:= ql/(r—s—l) and pi= pl/(r—s—l),

e the definitions of Bq and L,[]d} are essentially same with this paper (see Section 2.2).

Under these notations, Dreyfus considered the resummation of ,¢s(a;b;p, z). He said that [5,
pp. 478-479]

, we can compute a solution of the same linear o,-equation than ;¢ (Zl’ o ’Zr; D, z)
- 1y---53Us —
a1, e 5P n(n=1) y 45— . . A
= Z o DD {(—1)”9 2 } *7"2" applying successively to it B, and L[gd].

However, since

n(n—1) 14+s—r _n(n—=1) n(n—1)
(B 2 > = p 2 = q 2 R

we have to apply g-Borel transform Bq to r¢s(a; b;p, 2), not g-Borel transform 3q. In addition,

the computation actually written in [5] seems to be wrong. He said that [5, p. 479]

Applying B, to ,¢s (Zl’ Y ZT;p, z), we obtain for all d # (r — s — 1)7[27]
- 1,05 =

ag, y G

R R s e

But actually the function h(¢) is equal to By(,¢s), not Bg(rws) (see Section 4). Here we

remark that the series BE(M,OS) must be still divergent because of ¢ > ¢. After that, the g¢-
Laplace transform of h(¢) was calculated in Lemma 7.2. As a result, the resummation denoted

by Sgi] (r¢s) in Theorem 7.3 is actually equal to

(L¥ 0 By) (rps)- (1.6)

Since the orders of g-Borel and ¢g-Laplace transformations are different, the function (1.6) doesn’t
satisfy the same equation with ;.

However, we remark that the limit ¢ — 1 of S([Zd] (rps) in Theorem 7.3 is accidentally same
with the Borel sum of (classical) hypergeometric series (1.2). In other words, the statement of
Theorem 7.4 itself is correct, but the proof is incorrect.

In this paper we give the correct result about the resummation of basic hypergeometric
series (1.1) in Theorem 3.1. In addition, we consider the relation between the resummation and
local solution around infinity (1.4). We remark that this topic wasn’t treated by Dreyfus. In
Theorem 3.2, we give the limit ¢ — 1 of the resummation of (1.1) in Theorem 3.1, with a correct
proof.
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2 Preliminary

2.1 Basic notions

Let us fix our notations. We denote by 0,, the n-vector (0,0,...,0).
Forn=0,1,2,..., we set the Pochhammer symbol as

1, n =20,
(@)n = {a(a+1)...(a+n—1), n=1,

and the ¢-shift factorial is defined by

— (o.9]
H 1—aq Hl—aq

For any a € C, the infinite product (a; ) is convergent. We set

-
(a1,a2,...,0r;q)n = H(aj;q)n forn=0,1,2,... or n = co.
j=1

The theta function with the base ¢ is defined by

n(n—1)
=21 7 "

ne’

which is holomorphic on C* = C\ {0}. The following properties hold:

Oq(x) = (¢, —7, —q/7; @) s, (2.1)
0,(¢"x) = x*”q*@&](x), n € 7, (2.2)
0,(qz) = eq;(f) =4, (i) . (2.3)

For A € C*, we set the g-spiral [\; q] := A\¢” = {\¢"; n € Z}. From the equality (2.1), we see

9q<—/\>:0 &z € [Nql

X

We remark that the g-spiral [);¢q| is identified with an element of C*/q”.
The g-gamma function I';(x) is defined by

(@D o 1
Ly(z) :== (qm;q)oo(l q) "

When ¢ is a real number and satisfies 0 < ¢ < 1, the limit of I'y(z) as ¢ — 1 gives the gamma
function (cf. Gasper-Rahman [7, Section 1.10))

limIT'y(z) = I'(x). (2.4)

q—1
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2.2 Review of g-Borel summability

We review the theory of ¢g-Borel summability (cf. Zhang [13, 14] and Dreyfus-Eloy [6]).
Let C[[z]] be the ring of formal power series of z and f(x ) Z anz™ € C[[z]]. For f(z), we

define its g-Borel transform B, : C[[z]] — C[[¢]] by

n(n—1)
q71f Z anq 2 &-n

n>0

We denote M(C*,0) the field of functions that are meromorphic on some punctured neigh-
borhood of 0 in C*. More explicitly f € M(C*,0) if and only if there exists V, an open
neighborhood of 0, such that f is analytic on V' \ {0}.

Let [A\;q] € C*/¢” and f € M(C*,0). It is said that f belongs to ]HI[ 9 if there exist a positive
constant £ and a domain  C C such that:

U {zeCslz— A" <elg™\} Cc Q.
meZ
e The function f can be continued to an analytic function on 2 with g-exponential growth

at infinity, which means that there exist positive constants L and M such that for any
x € Q\ {0}, the following holds:

|f(@)] < LO)g (M]|z]).
We note that this estimate does not depend on the choice of A.

Let [\;q] € C*/¢%. For f € H,[;;\iQ], we define its g-Laplace transform Egﬁq} : Hgﬁq] — M(C*,0)
by

Aoo
s q] 1 f f
et =2, [ S =T ey
Here, this transformation is given in Jackson integral (cf. Gaspar-Rahman [7, Section 1.10]). For

sufficient small |z|, the function (E[ ) f) () has poles of order at most one that are contained
in the g-spiral [—A;¢]. We remark that the well-definedness of g-Laplace transform can be
shown in the same way as Théoreme 1.3.2 of Zhang [13]. If the function f(z) € C][x]] satisfies

B .1f H[A’q], we call that f is [A; g]-summable and E[ ’Q] o B 1f is the [A;g]-sum
q; q; 1 q;
of f(x).

We give some fundamental properties of g-Borel-Laplace transform without proofs.

Proposition 2.1 (Dreyfus-Eloy [6, Section 1]). Let [A; q] € C*/¢* and f be an analytic function.
Then, the followings hold:

® (Bq;lf) € H([;)-\iq]7
(ﬁ[)\lq] o Bq 1f) -

Proposition 2.2. Let [\;q] € C/¢”. For f(z) € C[z]] and g € Hgﬁd, the followings hold.

o (B (amayf)) = (Be:1f),

° ( [)\ Q](é-mo.ng)) q 5 l.mo_gz—m([/([];i‘ﬂg)'
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The first equality is shown by direct calculation. The second equality can be proved by using
the property (2.2) of theta function. From this proposition, we have the following important
corollary.

Corollary 2.3. Let f(x) € Cl[[z]] be a formal solution of a linear q-difference equation. If f($)
is [A; q]-summable, its [X; q]-sum satisfies the same q-difference equation with f(x).

At the end of this section, we give asymptotic properties of the g-Borel-Laplace transform.
Let [\;q] € C*/¢%, f(z) = Y. anz™ € C[[z]] and f € M(C*,0). Then we define
n>0
A R
fa g

if for any positive numbers ¢ and R, there exist positive constants C' and K such that for any
N > 1 and

ve{reCla| <RI\ | {z €C |z + A" <elg™Al},

meZ
we have
N-l N(N—-1)
‘f(fv)—Zanfc” < LMY
n=0

Proposition 2.4 (Dreyfus-Eloy [6, Section 1]). Let [X; q] € C*/¢% and f € C[[z]] with (Bq;lf) €
HN. Then (L3 0 Byt f) ~15 F.

3 Main results

In this section, we give our main results which are about the resummation of the basic hyper-
geometric series

f(l‘) = r@s(a; b; q, x) =rPs <Z» q, :U> . (31)

We remark that f(z) is the formal power series solution of the linear g-difference equation (1.3).
Our results are stated as follows.

Theorem 3.1. We put k = r —s — 1 and p = ¢*. Assuming a;/a; ¢ ¢*, i # j, basic

hypergeometric series (3.1) is [\;p]-summable for any A € C*\ [(—1)k;q] and its [A;p]-sum
rfs(a;b; A q, ) = (ﬁz[,ﬁp] o Ap;lf) (x) is given by

rfs(a; b; )\; q7$) _ (CLQ, ey Qpy bl/al, ey bs/al; q)oo 9p(pa’f:6/)\) eq((—l)l_kzl)\)
(blv'-‘7b87a’2/a15‘°'7a’r‘/a1;Q)00 ep(pz/A) 91]((_1)1_ )‘)
« <a1,a1Q/b1,...,G1Q/bs,0k‘ qb1b8>
r¥r—1 sy
a1Q/a27"‘7a1Q/a7’ ay - Qrpx
+idem(aq;aq, ..., ar), (3.2)

where x € C*\ [=\;p] and |gbibz---bs/ay---ayx| < 1. Here the symbol “idem(as;az,...,ar)”
means the sum of r — 1 terms which are obtained by interchanging a1 with each as, ..., a, in the
preceding expression. The function . fs(a;b; \; q,x) has simple poles on the p-spiral [—\; p].
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From Corollary 2.3 and the well-definedness of g-Laplace transform, we see that the [A; p]-sum
rfs(a; by \;q, ) = (ﬁg‘ip} o Ap;lf) (x) itself becomes the meromorphic solution of (1.3) on some
punctured neighborhood of the origin in C*. The expression (3.2) gives the analytic continuation
of ,fs(a;b; \;q,z) to the neighborhood of infinity. In addition, this shows a g-analog of the
Stokes phenomenon. Indeed, an actual solution (3.2) has (3.1) as its asymptotic expansion (see
Proposition 2.4) and its value changes depending on the choice of [\;p] € C*/p”. Using the
fundamental system of solutions around infinity (1.4), the [A; p]-sum (3.2) can be expressed as

rfolasbi g, ) = Mj(z, /\)yj(oo) (),

where M;(z,\) = C;T;(x, \) and

(b1/aj,b2/aj, ..., bs/a;;q)c0 (@35 @)oo
C; = G
’ (b1,b2; - -+, s @)oo 1<igi;£j (@i/aj; q)oo
k _
oy - B 0,10

Op(pz/X)  0g((=1)'7FA) Oy(—ajz)

The coefficients M are called g-Stokes coefficients. Unlike the case of differential equation, the
values of coefficients M; change continuously dependent on A € C*\ [(—1)’“ ; q].

Next, we consider to take the limit ¢ — 1 in above result. To consider taking the limit of g,
we restrict ¢ to within a real number, and 0 < ¢ < 1. When ¢ is a complex number, the situation
is more complicated. For detail, see Sauloy [11].

Theorem 3.2. We assume that ¢ € R and 0 < ¢ < 1. Let @ = (o, 9,...,a,) € C,
B = (B1,B2..-,8s) € C° and a; — aj ¢ Z, i # j. Take a parameter X € C*\ (=1)FR;. Then
for any x € C*\ (—1)*1AR,, the following equality holds:

. o —1)k
lim . f, (q 1d% N g, <(1 _L;)
" . L _1\k
= Cop > Cagli)(=2) o1 Fyy (% L+a; =B, “)) , (3.3)
j=1

1+ a; — o x

where ¢* = (¢**,¢%2,...,q°"), @ = (qﬁl,qﬁ%...,q&) and ‘arg(—x) — arg(—l)k_l)\’ < 7.
Cap and Cog(j) are given by (1.5).

We remark that the left hand side of (3.3) formally converges to ,Fs(a;3;x) as ¢ — 1.
Therefore, Theorem 3.2 can be seen as a g-analog of Theorem 1.1.

4 Proof of Theorem 3.1

We show that f(z) = ,ps(a;b;q,z) is [\; p]-summable for any A € C\ [(=1)%;q]. Let g(&) be
the p-Borel transform of f(x )

(a1, a2> Q) n nn=1) sy nn=1
—1 2 2 .
96 = (B /)€ Z; (b1, .- -, Q)n(q; Q)n{( \'a P

Then, g(§) is convergent in |£| < 1 and again can be expressed by basic hypergeometric series:
(al,ag,...,ar;q)n —kes\ < ai,ag,...,ar —k >
_ Z 1 _ B » U2, ) . q; -1 )
o n>0 (b1, bs5@)n (g5 O (( ) 6) rert b1, b2,...,bs,0,...,0 (=7

To have the analytic continuation of g(&), we use the following proposition.
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Proposition 4.1 (Slater [12] or Gaspar-Rahman [7, Section 4.5]). The analytic continuation
of the basic hypergeometric series ypr—1(ai,ag,...,a;;b1,...,b,-1;¢,€) is given by

o < aly. .. 0y » 5) _ (a2, ...,ar,bi/ai,....,bp_1/a1;q) oo Og(—ai§)
b T (b1,...,bp_1,a2/a1,...,0;/a1;q)00 Og(—E)
(a1,a1Q/b1,~-7a1Q/br—1, qbl"'bs>
X rPr—1 9, £
aiq/az,...,a1q/a, ap---a

+idem(ay; a9, ..., ar). (4.1)

17"‘7b7"—1

Letting bsy1,...,bp,—1 — 0 in (4.1), it is seen that ¢g(§) is continued analytically to £ €
C*\ [(-1)%;q] as follows:

(ag,...,ap,bi/a, ... bs/a1;q)o Og((—1)" 1)
(bl...,bs,ag/al,...ar/a1§Q)oo Hq((_l)k_lg)

k+1
- ¢y b
X s41Pr—1 (a; b; q, (1)’“1k13>

g(§) =

al a2...aT£

+idem(aq;aq, ..., ar), (4.2)

where @ = (a1, a1q/b1,...,a1q/bs) € CT1 and b = (a1q/aq, ..., a1q/a,;) € C"~'. We note that
the basic hypergeometric series sy1¢,—1 in (4.2) is holomorphic on C*. In order to obtain (4.2),
we use

n(n+1)

li . nnzl- _ o PANE _ " — (—a)"g 2 .
lim(ag/b;¢)nb" = lim (b — ag) (b —aq”) --- (b — ag") = (=a)"q ">

Now, we shall show that (l’;’p;lf) &) =g € Hl[i;lp] for any A € C*\ [(—1)¥;¢]. The following
lemma holds.

Lemma 4.2. The function g(§) has a p-exponential growth at infinity in

Qs ==C"\ | {€eCr|e— (-1)Fg™ < b]q™}

meZ

for any 6 > 0.

A proof of this lemma will be given in Section 5. For any A € C*\ [(—1)’“; q], there exists
positive constants d and € such that

U {¢ecrjg— 2™ <elp™Al} C Q.
meZ

Therefore we obtain g(§) € Hﬁ‘ip} for any A € C*\ [(=1)¥;¢]. In the other words, flz) =
rps(a; b;q,x) is [\; p]-summable for any A\ € C*\ [(—1)’“; q].

We consider the p-Laplace transform of g(¢). For any A € C*\ [(—1)’“; q], let - fs(a; b; A; q, x)
be the p-Laplace transform of g(§)

) Ap™
folasbydig.z) = (LoFg) (@) = o f;m) :
s 0 (%5-)

((_1)k71a1/\qkm) 1 eq((_l kflal)\)
(=1

_ )
((_ )k—l)\qkm) B a’fm 0q((—1)k_1/\) ’
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k1 ~ n
- 7 q bl"'bs (a7Q)n n(n—1) qul"'bs
sr1pr1 | @ b;q, (1) =y ——tp o :
( (b,q:q)n

a&ika/Q e a/’l”)\pm >0 a&ika2 . aT)\pm
Ap™

we have

and

I
7 N\
8>
N———

|
3

’EI

3
i

..@%
Y
8>
N——

D lagA) 1
ETIN) Op(A/x)

m
)\ ) pn(n271) +n_mn+m(7727,71)

((12,. . 'aaT)bl/aL' . 'abs/al;q)oo 9(1
(by...,bs,a2/a1,...,a,:/01;q)00 O

(@;q)n qbi---bs "
o DRI (S
me7Z

w50 (0. @)n \ay "az---a,

rfs(a;by A q, ) =

|
—~
|
—

k
aix

VR

+ idem(aq;ag, ..., ar).
Here we remark that

)\ m n(n—1) m(m—1) )\ n (m—n)(m—n—1) )\ m—n
_ T_‘_n_mn—i_f: _ 2 _
> (o) v () Z» ()
n

k

meZ aye 1 meZL
k
1

(a:) o (i)

(ag,y...,ar,b1/a1,...,bs/a1;q) 0o Gq((—l)k_lal)\) 9p()\/a’fac)
(b1...,bs,a2/a1,...ar/a1;q)oe g ((—1)F=1N)  Op(\/x)

(d; Q)n qbl tee bs "
X Z 7 ala2 DY arm

w50 (0.6 a)n

Therefore we obtain

rfs(a;b; N q, ) =

+idem(aq; a9, ..., ay).
From

Op(Nafz)  6,(pafz/N)

Op(A\z) — Op(pz/A)

(is seen from equality (2.3)) and

> (@0 ([ ghi-cbs N _ @0~ abi---bs
n>0 (b,q;q)n \a102- - arx rerl\ b "ayag-rapx )’

we finish the proof.

5 Proof of Lemma 4.2

In this section, we give a proof of Lemma 4.2, that is, we show

l9(§) < Loy, (MIE]), & € Qs,

where L and M are positive constants.
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As easily seen, the following inequality holds.

O1pi (AlE]) + 01y (BIE]) < 01 (CIED,

where A, B > 0 and C' = A + B. Hence, showing that the first term of (4.2) has p-exponential
growth at infinity in € is sufficient to prove Lemma 4.2. We write the first term of (4.2) as g1 (&),
ie.,

k— 1a
(€)= (ag,...,ar,bi/ay,...,bs/as; ) ( 1)1 1€)

(—
(br...,bs,a2/a1,. . ar/a1;q)oe  Og((—1)F1¢)
b

-~ 7 q
X sp1erot | @ibig (—1)F——— |,
a; ag...aré.

where @ = (ay,a1q/by,...,a1q/bs) € C¥T1 and b = (a1q/as, . .., a1q/a,) € CL.
We show that basic hypergeometric series s41¢,—1 has p-exponential growth. It holds that

(@59)n| =1~ all1l —ag| - [1 — ag"™!| < (1 +]a])",
n
(aig/aj; )l = [1 = aiq/a;||1 — aig®/a;| - [1 = aiq" /] = <kien§* {i aiqk/aj‘}> >0

for any o € C and 1 <4, < r. Therefore we obtain

n

k+1
T kg by (@5 q)n| | mewtn) | gby-- by
st1or—1 | asb;q; (—1 ) k. = |p| k. -
( a1 *a arﬁ)‘ nz;o b,q )\ ai Fagy - ané
Z|p‘n(n+1) ( 1 )n
T = M|
n(nt1) 1 \"
<Sb™ (5g) = omneD.
ne”L
where M is a positive constant. Hence we have
0, (=) 'as€)
91§ < C = Oy (ME]). (5.1)
eq((_l)kflg) e

Here C' is a positive constant.
Now, for any & € Qs, there exist an integer n and

§o€QsN{EeChp < ¢l <1}
such that £ = p™&y. Substituting & = p"&y into (5.1), we have

0q((—1)"'a180)

q ky—n
0y~ 1) | MIal) e

91 < C (M{ol)-

Since

-y O1p (M a1 |*|p]"|&0]) O (M]a1|*|¢])

Mlay|F)™" -
(Mlar[") "Ipl Op (Mlar[*&ol) Oy (M]ar|*[ol)

holds, we obtain

F1la1&)

)k 150)

O)p) (M [&0])
01| (M |ar|¥[&ol

)e\pl (M\all’“lﬁl).

H\—/
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Now, the function of &

Qq( 1 alfo)
Oq((—1)F1&0)

is holomorphic on the compact set 25 N {{ € C*; |p| < || < 1}. Hence there exists a positive
constant L such that

01 (M |€ol)
O (May[*|ol)

0o ((—1)Fta1&o)
0, ((—1)1&)

0\p|(M|€O|)
O1p (Mla1|*|Eo]) —

max
Qsn{€eC; |p<L|¢[<1}

6 Proof of Theorem 3.2

A proof of Theorem 3.2 is obtained from the following proposition.

Proposition 6.1 (Askey [2, Section 5]). We assume that ¢ € R and 0 < ¢ < 1. For any
x € C*\R_, we have

and

ep((lpjm)k)
lim —— 2"~ (1 — ¢)kB=a) = e, (6.2)
—1 pPa
Lo (g

Here we assume |argz| < .

Let us give a proof of Theorem 3.2. Substituting @ = ¢®, b = ¢® and = = (=1)F2/(1 — ¢)*
into (3.2), we have

k
s [ g™ B. . (1) l’) FQ(/B) ( )T q(aQ—al)"'Fq(ar_al) 1— g)—Fa
f (q yq A, (1 _q)k Fq( ) (Oé )Fq(ﬁl —041) Fq(ﬁs _al)( Q)
cx1+1
p( A(l—q)* >9q ) Fg1)
p(=DFz 1=k )
0, ()\(1 OF ) Oq((—1) )
g™ gt gt (1)
r¥Pr—1 ( q1+a1fa2’“'7q1+alfar g q7 (—l)kx

+ idem(qo‘l;qaz, .. ,qo‘r),
where y =14+ 081 +---+ Bs — (a1 + -+ + ;). Since we have

lim Ly(Br) - -Tq(Bs)Tg(az —az) - - Ty(ar — )

g=1 y(ag) - Tylar)Tg(B1 — 1) -+ Ty(Bs — 1)

_ I(B1)---T'(Bs)l (a2 — Oél) T(ar — ay)

(ag) - T(a)T(B1 —a1)---T(Bs —a1)’

O ((=1) kg )) - k-1

o e () ((—1Fay o,
Mt (=D

iy 2 e {0

kg
o (Rier)
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a a1 —0B +a1—0 k
lim Pr—1 <C] lvql ! 1,.--,611 ! Svok. . ’y(l_q) )

r¥r — _ q;q ——

1 ;1+a1 a2’.._7q1+a1 Qo P ( l)k{L'

l+a1—a;7 ' =z

A4+a; -8 (-1)F
—uF (a1 ar — 0, H)

from (2.4), (6.1), (6.2) and

T N
i g =

respectively, we obtain (3.3).

Acknowledgements

The author would like to thank the referees for their helpful suggestions and variable comments.
Additionally, the author is grateful for that one of the referee let him know the existence of the
papers [5] and [11].

References

=

Adams C.R., On the linear ordinary g-difference equation, Ann. of Math. 30 (1929), 195-205.
Askey R., The ¢g-gamma and g¢-beta functions, Appl. Anal. 8 (1978), 125-141.

[3] Di Vizio L., Zhang C., On g-summation and confluence, Ann. Inst. Fourier (Grenoble) 59 (2009), 347-392,
arXiv:0709.1610.

N

[4] Dreyfus T., Building meromorphic solutions of g-difference equations using a Borel-Laplace summation, Int.
Math. Res. Not. 2015 (2015), 6562—6587, arXiv:1401.4564.

[5] Dreyfus T., Confluence of meromorphic solutions of g-difference equations, Ann. Inst. Fourier (Grenoble)
65 (2015), 431-507, arXiv:1307.7085.

[6] Dreyfus T., Eloy A., ¢g-Borel-Laplace summation for g-difference equations with two slopes, J. Difference
Equ. Appl. 22 (2016), 1501-1511, arXiv:1501.02994.

[7] Gasper G., Rahman M., Basic hypergeometric series, 2nd ed., Encyclopedia of Mathematics and its Appli-
cations, Vol. 96, Cambridge University Press, Cambridge, 2004.

[8] Ichinobe K., The Borel sum of divergent Barnes hypergeometric series and its application to a partial
differential equation, Publ. Res. Inst. Math. Sci. 37 (2001), 91-117.

[9] Morita T., The Stokes phenomenon for the g-difference equation satisfied by the basic hypergeometric series
3p1(a1, az,as;b1;¢, ), in Novel Development of Nonlinear Discrete Integrable Systems, RIMS Koékytroku
Bessatsu, Vol. B47, Res. Inst. Math. Sci. (RIMS), Kyoto, 2014, 117-126, arXiv:1402.3903.

[10] Ramis J.-P., About the growth of entire functions solutions of linear algebraic g-difference equations, Ann.
Fac. Sci. Toulouse Math. 1 (1992), 53-94.

[11] Sauloy J., Systémes aux g-différences singuliers réguliers: classification, matrice de connexion et monodromie,
Ann. Inst. Fourier (Grenoble) 50 (2000), 1021-1071, arXiv:math.QA /0211007.

[12] Slater L.J., General transformations of bilateral series, Quart. J. Math. 3 (1952), 73-80.

[13] Zhang C., Une sommation discréte pour des équations aux g-différences linéaires et & coefficients analytiques:
théorie générale et exemples, in Differential Equations and the Stokes Phenomenon, World Sci. Publ., River
Edge, NJ, 2002, 309-329.

[14] Zhang C., Remarks on some basic hypergeometric series, in Theory and Applications of Special Functions,
Dev. Math., Vol. 13, Springer, New York, 2005, 479-491.


https://doi.org/10.2307/1968274
https://doi.org/10.1080/00036817808839221
https://doi.org/10.5802/aif.2433
https://arxiv.org/abs/0709.1610
https://doi.org/10.1093/imrn/rnu137
https://doi.org/10.1093/imrn/rnu137
https://arxiv.org/abs/1401.4564
https://doi.org/10.5802/aif.2937
https://arxiv.org/abs/1307.7085
https://doi.org/10.1080/10236198.2016.1209192
https://doi.org/10.1080/10236198.2016.1209192
https://arxiv.org/abs/1501.02994
https://doi.org/10.1017/CBO9780511526251
https://doi.org/10.2977/prims/1145476691
https://arxiv.org/abs/1402.3903
https://doi.org/10.5802/afst.739
https://doi.org/10.5802/afst.739
https://doi.org/10.5802/aif.1784
https://arxiv.org/abs/math.QA/0211007
https://doi.org/10.1093/qmath/3.1.73
https://doi.org/10.1142/9789812776549_0012
https://doi.org/10.1007/0-387-24233-3_22

	1 Introduction
	2 Preliminary
	2.1 Basic notions
	2.2 Review of q-Borel summability

	3 Main results
	4 Proof of Theorem 3.1
	5 Proof of Lemma 4.2
	6 Proof of Theorem 3.2
	References

