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Abstract. In this paper we study a restricted family of holomorphic symplectic leaves
in the Poisson-Lie group GL,(Kp1) with rational quadratic Sklyanin brackets induced by
a one-form with a single quadratic pole at co € P;. The restriction of the family is that the
matrix elements in the defining representation are linear functions of . We study how the
symplectic leaves in this family are obtained by the fusion of certain fundamental symplectic
leaves. These symplectic leaves arise as minimal examples of (i) moduli spaces of multiplica-
tive Higgs bundles on P! with prescribed singularities, (ii) moduli spaces of U (r) monopoles
on R?x S1 with Dirac singularities, (iii) Coulomb branches of the moduli space of vacua of 4d
N = 2 supersymmetric A,_; quiver gauge theories compactified on a circle. While degree 1
symplectic leaves regular at oo € P! (Coulomb branches of the superconformal quiver gauge
theories) are isomorphic to co-adjoint orbits in gl,. and their Darboux parametrization and
quantization is well known, the case irregular at infinity (asymptotically free quiver gauge
theories) is novel. We also explicitly quantize the algebra of functions on these moduli spaces
by presenting the corresponding solutions to the quantum Yang—Baxter equation valued in
Heisenberg algebra (free field realization).

Key words: symplectic leaves; Poisson—Lie group; Yang—Baxter equation; Sklyanin brackets;
Coulomb branch; multiplicative Higgs bundles
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1 Introduction

Complex completely integrable Hamiltonian systems can be typically constructed starting from
a locus M in the moduli space Bung(X) of holomorphic G-bundles or sheaves of certain type
on a complex holomorphic symplectic surface 3 with a structure of Lagrangian elliptic fibration
> — X, where the fibers ¥, are possibly degenerate elliptic curves, and X is an algebraic curve
typically called the base curve, see for example Section 0.3.6 in [27] and Section 3.8.2 in Donagi’s
lectures in [50] and [24, 25, 26, 27] for more complete details.

Indeed, the symplectic structure on ¥ induces the symplectic structure on the space M which
becomes the phase space of integrable system, the structure of Lagrangian fibration ¥ — X
induces the structure of Lagrangian fibration on M, and the fact that the fibers 3, are abelian
varieties (possibly degenerate elliptic curves) induces the structure of abelian varieties on the
Lagrangian fibers in M.

There are three cases to consider depending on whether the elliptic fibers are generically
cusped elliptic, nodal elliptic or smooth elliptic.

(1) Fibers are cusped elliptic. If X is an algebraic curve, and ¥ — X is a cotangent bundle
whose fibers are compactified to cusped elliptic curves, this construction produces algebraic
integrable system called Hitchin system on the curve X [28, 41, 49]. Hitchin system is an example
of an abstract Higgs bundle on X valued in an abelian group K over X for the case when the
group K is the canonical line bundle on X endowed with natural linear additive group structure
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in the fiber direction. The Higgs field ¢(x) is a holomorphic 1-form valued in the Lie algebra
adjoint bundle ad g. The respective integrable system is of additive type in the fiber direction.

(2) Fibers are nodal elliptic. If ¥ — X is a fibration whose fibers are nodal elliptic curves,
then Bung(X) is equivalently described as a moduli space of multiplicative Higgs bundles
mHiggs;(X), that is moduli space of pairs (P, g) where P is a principal G-bundle on X, and
Higgs field g(z) is a section of Lie group adjoint bundle ad G. The respective integrable system
is of multiplicative type in vertical direction. In Donagi’s lectures in [26, Section 3.9] one finds
a remark on three types of integrable system in the fiber direction corresponding to the three
types of connected 1-dimensional complex groups: an elliptic curve, the multiplicative group
G = C* and the additive group G, = C, and that the latter two can be considered as groups
of non-singular points in the elliptic case in the nodal and cuspidal limit respectively. He goes
on to clarify that Hitchin systems are associated to the cuspidal type and principal bundles
on smooth elliptic fibrations to smooth elliptic type, and then asks “Is there an interesting
geometric interpretation of the remaining “trigonometric” case, where the values are taken in
multiplicative group G,,7” We believe so and we refer to several geometrical perspectives on the
multiplicative case further in the introduction. For the basic definitions see [17, 30, 33, 42, 55].

(3) Fibers are smooth elliptic. If ¥ — X is an elliptically fibered complex surface with
generically smooth fibers, the corresponding case was studied in [25, 35]. Using Loojienga
description of moduli space of G-bundles on a smooth elliptic fiber as a space conjugacy classes
in the affine Kac-Moody Lie group G [47], we can also interpret Bung(X) as a moduli space
mHiggs - (X) of multiplicative Higgs bundles for the affine Kac-Moody group G. The respective
integrable system is of elliptic type in vertical direction.

The case (1) of additive Higgs bundles (Hitchin systems) received large amount of attention in
the mathematical literature in the context of geometrical Langlands correspondence and in the
physical literature in the context of 6d (2,0) superconformal self-dual tensor theory compactified
on algebraic complex curve X for G of ADE type [2, 7, 45, 57]. Quantization of additive Higgs
bundles on the curve X relates to the theory of Kac-Moody current algebras on X, conformal
blocks of W-algebra on X with punctures, D-modules on Bung(X), and monodromy problems
for various related differential equations.

The case (2) of multiplicative Higgs bundles on a complex curve X appeared first in the
context of current Poisson—Lie groups G(z) with spectral parameter x € X. A Poisson—Lie
group is a Lie group equipped with Poisson structure compatible with the group multiplication
law. There is a standard way to equip G(x) with Poisson structure called quadratic Skylanin
bracket given a holomorphic no-where vanishing differential 1-form on X (possibly with poles).
Quantization of this Poisson structure leads to the theory of quantum groups [29, 43] which
have been discovered in the context of the inverse scattering method, quantum integrable spin
chains, Yang-Baxter equation and R-matrix with spectral parameter. The standard horizontal
trichotomy of the rational, trigonometric or elliptic R-matrix corresponds to taking the base X
to be the P! with 1-form with a single quadratic pole (rational type), the P! with 1-form with
two simple poles (trigonometric type), or smooth elliptic curve (elliptic type).

For the smooth elliptic base curve X the multiplicative Higgs bundle was studied in [42],
following [11, 12]. Independently, the definition of multiplicative Higgs bundles was given in [33]
where they were called G-pairs. On another hand, multiplicative Higgs bundles on X have
been studied as periodic monopoles on real three-dimensional Riemannian manifold X x S*
via the monodromy map [15, 16, 17, 18, 37, 38, 55]. The relation between quantization of the
moduli space of monopoles on R? and Yangian has been proposed in [36] and further work in
this direction has been in [44]. Recently a quantization of the holomorphic symplectic phase
space of the moduli space of monopoles on X x S! by a formal semi-holomorphic Chern-Simons
functional on X x S! xR, where R, is the time direction, has been studied in [20, 21]. For simple
Lie groups G of the ADE type these moduli spaces appear as Coulomb branches of the moduli
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space of vacua of the V' = 2 supersymmetric ADE quiver gauge theory on R? x S! [13, 14, 53,
55]. Some constructions from the world of additive Higgs bundles have their versions in the
world of multiplicative Higgs bundles [30] leading to difference equations and their monodromy
problems [9, 58], g-geometric Langlands correspondence [1], g—W algebras [46, 54, 56].

The goal of this paper is to present very concretely a Darboux coordinate system on a mod-
uli space GL, multiplicative Higgs bundles of degree 1 on the rational base X = P.. The base
curve X is equipped with a holomorphic one-form dz that has the quadratic pole at zo, = co.
The holomorphic one-form dz together with the Killing form on the Lie algebra induces the
quadratic Sklyanin Poisson structure with the classical v-matrix of rational type in the spectral
parameter z. Equivalently, we are studying degree 1 symplectic leaves in the rational Poisson—Lie
group GL,(Kp1), where Kp1 denotes the field of rational functions on P!, and degree 1 means that
all matrix elements (L;;(x))1<;i j<r of the multiplicative Higgs field g(z) in the defining represen-
tation of GL, by r x r matrices L;j(x) are degree 1 polynomials of x, i.e., linear functions of x.

By concrete presentation we mean introduction of explicit Darboux coordinates (canonically
conjugated set of (p,q) = (pj, q’ ) variables with {p[, q’ } = §7) and presentation of explicit for-
mulae for the matrix elements L;;j(x) in terms of (p 7, q7 ) The complete set of commuting Hamil-
tonian functions is obtained from the coefficients of the spectral determinant of L(z). The matrix
L(z) valued in functions on the phase space is called Lax matrix and its matrix elements satisfy
quadratic Sklyanin Poisson brackets, see in particular [3, 31] but also the recent lecture notes [64].

The quadratic Sklyanin Poisson brackets can be also defined as semi-classical limit of the
quantum Yang-Baxter equation [61, 62]. In this paper we find all rational solutions of degree 1 in
the spectral parameter x associated to the classical Yang—Baxter equation defined by the rational
gl(r)-invariant t-matrix, cf. [8]. In another note we plan to consider the trigonometric case
associated to the base curve being a punctured nodal elliptic curve X = C} equipped with the
holomorphic one-form %’” that has simple pole at x = 0 and & = 0o, a related work appears in [32].

The case of G = GLsg is well studied. Here the Sklyanin relation admits three different
elementary types of non-trivial solutions with matrix elements linear in the spectral parameter z
that yield integrable models. These solutions are called the 2 x 2 elementary Lax matrices for
the Heisenberg magnet, the DST chain and the Toda chain. For an overview we refer the reader
to lecture notes of Sklyanin [63].

For higher rank r, to the best knowledge of the authors the explicit presentation of all linear
solutions is missing in the literature. The case regular at the infinity £, € X has been described
in [60] and many other places. Some partial cases of Toda like solutions for irregular case have
been described in [37, 38, 51]. The classifying labels appeared in [39]. In the quantum case
some solutions to the Yang—Baxter equation were studied in connection to non-compact spin
chains and Baxter Q-operators, in particular for the case of gl we refer the reader to [5, 22].
The solutions relevant for non-compact spin chains can be obtained by realising the quantum
R-matrix in terms of an infinite-dimensional oscillators algebra which is also known as free-field
realisation, see, e.g., [23]. The Lax matrices relevant for Q)-operators are certain degenerate
solutions in the sense that the term proportional to the spectral parameter is not the identity
matrix but a matrix of lower rank. These Lax matrices can be obtained from the non-degenerate
case through a limiting procedure as discussed in [6] for gl(2|1), [37, 38] for gls or directly from
the universal R-matrix as shown in [10] for gl(3). Vice versa to the limiting procedure and as
discussed in [5], one can also obtain the Lax matrices of non-compact spin chains by fusing the
degenerate solutions relevant for Q-operators.

Here we follow the strategy of fusion in order to construct a family of GL, Lax matrices L(x)
whose matrix elements are linear in spectral parameter x.

The discrete data of labels in our family is specified by two partitions A and g such that the
total size is |A|+|p| = r and whose columns !, ! are restricted by r. In addition to the discrete
partition labels (A, 1) we have a sequence of complex labels. There is a complex parameter z; as-
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signed to each column /\g of the partition A\. Geometrically speaking, each pair ()\f, :v,) describes
a type of singularity of the multiplicative Higgs field g(z) at finite point z; € C = P\ {700}
given by the conjugacy class of (z — xi)w*ﬁ where W, denotes k-th fundamental co-weight of GL,:
that is the highest weight of the k-th antisymmetric power of the fundamental representation
for the Langlands dual group GL,. Such highest weight is encoded by the column of height !
in the partition A. Equivalently, in the neighborhood of the point z; in the spectrum of the r x r
Lax matrix L(z) there are exactly A! eigenvalues which vanish linearly as x approaches z;, and
the remaining r — \! eigenvalues are regular non-zero at z;.

The partition u specifies a dominant co-weight of singularity of the multiplicative Higgs field
at the infinity point zo, € P!, or equivalently the asymptotics of the eigenvalues of the Lax
matrix L(z) as x — oo: given 7 rows (i) jef1,..,) of the partition u, the j-th eigenvalue of the
Lax matrix L(z) has asymptotics (z71)*~1 as 2 — oo.

We remark that the restriction on the total size of two partitions |u| + Y, Al = 7 is a con-
sequence of the restriction of the present paper to consider only Lax matrices whose matrix
elements are linear functions of x. In the complete classification, if we allow higher degree of z
in the matrix elements, which is not in the scope of the present paper, the label of a singularity
at any finite point x; is an arbitrary dominant GL, co-weight described by an arbitrary parti-
tion \;, so that if rows of partition \; are denoted by (Xi);ep,..., then j-th eigenvalue of the
Lax matrix L(z) behaves as (z — ;)4 as x — x;. We leave for another note the presentation of
explicit formulae for complete classification of the symplectic leaves of the degree d whose matrix
elements are degree d polynomials of z for |u| + >, A\l = dr. (By looking at the determinant
of g(x) we see that the moduli space is non-empty only if the total size || + >, Al is integral
multiple of rank r, cf., e.g., [42, 55]. This condition means that the total dominant co-weight
summed over all singularities @o; belongs to the lattice of co-roots.! To summarize, near every
singularity on CP! in a local coordinate w such that w = 0 is a position of singularity, we have
asymptotics [g(w)] ~ w*  where w¥: C — Tg is a co-weight (either A! or u) that characterizes
the singularity. Normally, because the total degree (U(1)-charge) vanishes, the sum of degrees
of all co-weights w must vanish. We have chosen to shift the notational representation of the
singularity co-weight at infinity by adding 1 to each row of the co-weight w, so that is described
by a positive partition . In consequence, the sum over all partitions \;’s and p is 7 is no longer
zero but 7, since there are r rows in wY, and each has been increased by 1 in our notations:
Hj = Woo,j + 1 for each row j =1,...,7r.

In our solutions we can obtain higher (non-fundamental co-weight) singularities at finite
point z, by collision of several fundamental singularities at z;,, x;,, ..., x;, which are associated
to some columns )\ﬁl, e ,ng of the partition A by sending all of them to the common point x,.
In this case, generically, the multiplicative Higgs field g(z) develops the singularity at point z,

k
specified by a higher (non-fundamental) co-weight Wyt -
A
As we will see, all Lax matrices regular at the injﬁnity Too, that is 4 = & in the current nota-
tions, and arbitrary A can be obtained by the fusion procedure of the elementary Lax matrices
used in the Q-operator construction [5]. Also the case regular at infinity has been described
in [60], where it was shown that degree 1 rational symplectic leaves for G = GL, correspond to
the co-adjoint orbits in the dual Lie algebra gl}. The parametrization by Darboux coordinates
of the holomorpic symplectic co-adjoint orbits in gl identical to the present paper has been
proposed in [4].
Then we proceed to build Lax matrices irregular at infinity from the fusion of a certain set
of elementary Lax matrices whose irregularity at infinity is of the simplest type.

In the monopole picture, the topological degree of gauge bundle induced on a surface enclosing all singularities
is trivial. The topological degree is an element in m1 (G) ~ A/Q, where A and @ denote the lattice of co-weights
and co-roots.
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Let us clarify the geometrical meaning of fusion. A Lax matrix Ly 4 ,(x;p, q) with a certain
prescribed type of singularities at x, x~ parametrizes by a system of Darboux coordinates (p,q)
a finite-dimensional symplectic leaf in the infinite-dimensional Poisson—Lie group G = GLT(IE]P;)
where KCp1 denotes the field of rational functions on P'. More geometrically, a Lax matrix
L(z,p,q) is a universal group valued (multiplicative) Higgs field on a Darboux chart in the
second factor of C; x M, represented in r X r matrices, where M), , is a moduli space
of multiplicative Higgs ﬁelds of a certain type (A, z, p), and complex spectral plane C, is the
domain of the Higgs field g(x). So for us a Lax matrix L) , , is a composition of Darboux chart
parametrization

C*Rr = My gy
with a universal Higgs field map
Cy x My g — Mat, .

Suppose we are given a symplectic leaf M) ; , C G described by a Lax matrix Ly 4 . (2;p, q)
and a symplectic leaf M/, , v C G described by a Lax matrix Ly , w(@;p',d'). By definition
of Poisson—Lie group strtfcﬁlre on G the group multiplication map

m: GxG—G (1.1)

is a Poisson map, i.e., the pushforward of the product Poisson structure on G x G coincides
with the Poisson structure on G. The symplectic leaves M, M’ are, in particular, co-isotropic
submanifolds of G, hence M x M’ is a co-isotropic submanifold of G x G. Now, since the
group multiplication map m in (1.1) is a Poisson map, and since the Poisson map preserves the
co-isotropic property of the submanifolds, the image m(M x M) C G is a co-isotropic subspace.

The G-elements in the co-isotropic subspace m(M x M) C G are represented by Lax matrices

Ly o (%0, )Ly o (w30, ') (1.2)

and their type of singularities is typically a combination of the types of singularities of (A, z, )
and (), 2/, i'). However, m(M x M’) C G is not in general a symplectic leaf but a co-isotropic
submanifold, and we can further slice it into symplectic leaves by determining the set of Casimir
functions ¢’ on m(M x M’) and a set of new conjugated coordinates p, §. We find that

L)\x,u(m p7 )L)\’ ( 7p7/,q7/):é( )f’iiﬂ( ﬁ7(j)

with the canonical transformation
dp Adg+dp’ Adg' = dp Adg+dpf Adg.

Notice that the conjugate variables ]5 to the Casimir functions ¢’ on S do not appear on the
right side of (1.2). The Lax matrices L~ . ~(3; P, ) represent elements of G in a new symplectic
leaft M5 . - covered by Darboux coordlnates D G-

The symplectlc leaves M ;. ,, arise as moduli spaces of multiplicative Higgs bundles of certain
type [30], and like additive Higgs bundles (Hitchin system), the symplectic leaves M, , ,, support
the structure of an algebraic completely integrable system. In fact, the moduli spaces Mz,
can be also interpreted as moduli spaces of U(r) monopoles on 3-dimensional Riemannian space
R? x S! where R? ~ C = P!\ {z.}, and consequently [16, 17, 18, 55] as moduli spaces of vacua
of certain N/ = 2 supersymmetric quiver gauge theories on R? x S' of quiver type A,_;. The
complex parameters z; € C which specify the position of singularities of the Lax matrix Ly z ,
play the role of the masses of the fundamental multiplets attached to the quiver node )\f in
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the A,_1 quiver diagram (i.e., the node associated to a simple root dual to the fundamental
co-weight A), and at the same time they play the role of the complex part of the coordinates of
the positions of the Dirac singularities of the U(r) monopoles on R? x S! under identification
R? ~ C. For polynomial Lax matrices that we consider in this paper the eigenvalues of L(z) at
the singularities  can have only zeros and no poles, thus the corresponding periodic monopoles
can have only negatively charged Dirac singularities.

If the partition p is empty, then the corresponding A,_; quiver gauge theory is N = 2
superconformal theory, and corresponding monopoles on R? x S! are regular at infinity. Non-
empty partition u corresponds to monopoles on R? x S! with non-trivial growth (or charge) at
infinity controlled by u, or to the Coulomb branches of asymptotically-free quiver gauge theories
with S-function controlled by .

Consequently, the integrable system supported on a symplectic leaf M) ; , is identical to
Seiberg—Witten integrable system for a certain A,_; quiver gauge theory.

The complete set of commuting Hamiltonians functions H;; can be extracted from the spectral
determinant of the associated Lax matrix

det (y — gooLaau(w;p,0)) = Y Hija'y’ (1.3)
ihj

by taking coefficients at the monomials z'y/ where the appearing pairs of indices (4, ;) can be
described by certain profiles like Newton diagrams. The spectral curves (1.3) coincide with the
spectral curves of the integrable systems studied in [55, 56]. Equivalently, since the determinant
can be expanded in terms of the characters trg, of the k-th external powers of the fundamental
representation, the commuting Hamiltonians are expressed as coefficients at powers of x in the
characters trpr L(x).

We remark that by switching the role of variables zz € C and y € C* (fiber-base duality) the
spectral curve (1.3) of multiplicative Higgs bundle on X can be also interpreted as the spectral
curve of additive Higgs bundle (Hitchin system) on Y = C* = IP’(l)’Oo. This is a peculiarity related
to the fact that we are considering the rational case of the base X = P! corresponding to the
monopoles on R? x S! and 4d quiver gauge theories rather than the trigonometric or elliptic
base X corresponding to the monopoles on R x S x S or St x S x 8! that relate to 5d or 6d
quiver gauge theories compactified on S' or S! x S', and also that we take the gauge group
to be of type GL,. In this situation, the moduli space of U(r) monopoles on R? x S! with
several singularities has alternative presentation (Nahm duality) as GL,, Hitchin moduli space
on C* with r singularities where n depends on the number and type of the singularities of the
multiplicative Higgs bundle on X [16, 17, 18, 55].

Anyways, the fusion method of this paper allows us to analyze the multiplicative Higgs bun-
dles in more general cases, which we leave for a future work, when Nahm duality of multiplicative
Higgs bundle to a Hitchin system is not known. In particular, in the future one can study classi-
fication of symplectic leaves with matrix elements of higher degree in z, one can analyze trigono-
metric case with the base curve X is C* = P!\ {0, 00} or elliptic case when the base curve X
is a smooth elliptic curve like [42] and consider arbitrary complex reductive Lie groups G.

The article is organised as follows. In Section 2 we remind and set notations about Poisson Lie
groups, Sklyanin brackets and Lax matrices. In Section 3 we build the Lax matrices for arbitrary
partitions A and empty pu = @ from certain elementary building blocks by fusion. Similarly, in
Section 4 we build Lax matrices for arbitrary partitions g with A = @ again employing certain
elementary solutions using a slightly modified fusion procedure. In Section 5 we combine the
solutions of Sections 3 and 4 to write down the Lax matrices for arbitrary A and p. In Section 6
we study the spectral determinant of the derived Lax matrices and compare our results with [55].
In Section 7 we say a few words on higher degree symplectic leaves. In Section 8 we consider
the quantization of the algebra of functions and the integrable system.



A Family of GL, Multiplicative Higgs Bundles on Rational Base 7

2 Rational Poisson—Lie group and Sklyanin brackets

Let X = P! be the base curve equipped with the differential holomorphic volume form dz that
has a single quadratic pole at zo, € P!. Fix a Killing form tr on g. Then the residue pairing

tr f;:o f(x)g(x)dx

induces the metric on gp = g((x)) with respect to which g[[z]] and z~'g[z™!] are isotropic
subspaces and we have gp = g+ & g_. This splitting induces the structure of the Lie bi-algebra
on g4, which means that the space of functions on g, is equipped with the Poisson bracket
(induced from the Lie bracket on g_). The data (gp, g+, g—) is called Manin triple. The Poisson
bracket on the functions on gy can be extended to the Poisson bracket on the functions on the
Lie group G+ with the Lie algebra g, and the resulting bracket is called Sklyanin quadratic
bracket with the rational r-matrix.

The space of rational multiplicative Higgs fields on X = P! with a fixed framing of the gauge
bundle at 2, forms a Poisson—Lie group [30].

In the following we consider gauge group G = GL, and for a Higgs field g(x) we call L(x)
the representation of g(x) by r x r matrix valued functions L(x) called Lax matrices. The space
of Lax matrices L(z) carries the quadratic Poisson bracket of rational Sklyanin type

{L(x) @ I,1® L(y)} = [L(z) @ L(y), v(x — y)], (2.1)

the quantization of which gives quantum Yang-Baxter equation [62]. Here the I denotes the
r x r identity matrix, and the classical rational t-matrix of gl(r) is

T
t(z) = 2P, with P = Z €ab @ Epq- (2.2)
a,b=1

The bracket on the right-hand-side of (2.1) denotes the commutator [X,Y] = XY —YX. In
a system of Darboux coordinates (]3, g) = (pl, q’ ), the Poisson bracket is

0X Y  9X aY
XY= (777
XYy n <8p18q1 8q18p1>’

where we sum over all conjugate variables (p, ¢) in the Lax matrices L. In index notations, the
Poisson bracket of matrix elements (2.2) reads as follows

1
r—y

{Lij(z), Lu(y)} = — (Lij(x)Lia(y) — L (y) La(x)).

The solutions to the Sklyanin relation (2.1) that appear in this paper are labelled by two
partitions

A:()‘la)‘Qa"wAT% ”:(Mlau%"'nur)a

with A\; > Ao > -+ > A\, and pg > po > -+ > pp, where A\, pu; € Z>p. The total number ||
of elements in the partition A combined with total number |u| of elements in the partition u
is equal to r. We study solutions L) 5 ,(x;p,q) whose matrix elements are no higher than of
degree 1 in the spectral parameter z. We can assume that

L,\7£7M(QZ;B,Q) =z x diag(0,...,0,1,...,1) + M/\,Lu(ﬂvﬂ)'



8 R. Frassek and V. Pestun

Here uf denotes the first column, i.e., the first element in the transposed partition u' =
(1, p, ... pt) and Mg ,.(p, ) denotes an r x r matrix which is independent of the spectral
parameter z. In total the matrix M), ,(p,q) contains

/\1 M1
1 2 2
na= (- S0 0 -So 0, 29
i=1 i=1
pairs of variables (pj,ql), ie, I =1,2,...,dy,. Again the transposed partition is denoted as
A= (Xi, Ao, )\f,), and A are called columns. The dimension of the corresponding symplectic

leaf or the moduli space of multiplicative Higgs bundles will be given by

dime My, g, = 2d3 .

O.J)\t

We fix the singularity of the L(z) at points x — x; to be of the form [g(x)] ~ (z — z;) e,
up to a regular factor, where @y is the k-th fundamental co-weight associated in Young nota-
tions to a column of height k, and at infinity * — x. we take the singularity to be [g(x)] ~
(xfl)z" “ui " Here &y is a co-weight associated to the column of height r and denoting the
diagonal homomorphism GL; — Tgr,, where T stands for the maximal torus, that is a co-weight
dual to the weight of the determinant line representation.

The determinant of L(x) determined by the partition A is a polynomial of degree |\| with

roots x; of degeneracy Al

A1

det Ly g u(z5p,q) = H(x - a;i))‘g. (2.4)
i=1

The explicit form of the matrices Ly 5 ,(x;p, q) is given in Section 3 for = @, in Section 4 for
A = @ and for arbitrary X and g with [\ + |p| = 7 in Section 5.

As explained in the introduction, we can allow parameters x; to collide in which case the
dominant co-weight @, of the singularity at the collision point x, is represented by a partition
composed of several columns from A, and is equal to the sum of the fundamental co-weights
associated to each individual column in A. In this way we get a symplectic leaf M, , , whose
singularity type at z, € x is described by a partition A\, € A. Bearing this in mind, in the follow-
ing we assume that parameters x; are assigned to individual columns A! of a single partition .

3 Degree 1 symplectic leaves regular
with fundamental singularity at infinity

In this section we focus on the GL, Lax matrices that correspond to arbitrary partitions A of
size |A| and a single column p-partition, g = 1"\, In particular if |A| = r then p is empty.

Since p is a single column, the singularity at infinity is specified by a fundamental co-weight.
The associated A,_; quiver gauge theory with fundamental hypermultiplets [55] differs from the
conformal class by absence of a single fundamental multiplet in the node pf.

We will assume that each element of the transposed partition A, i.e., each column ! of the
partition A specifies a singularity of the Lax matrix Ly  ,,(z;p, ¢) at point x = x; of the type w,:.
Here @i denotes a fundamental co-weight of GL,. of the formi(li, ..., 1,0,...,0) in the basis dual

k r—k
to the standard basis of weights of the defining representation.

This type of GL, Lax matrices can be obtained by fusion of the fundamental solutions associ-
ated to a single column A = 10 and a single column p = 1~ The fundamental solutions are
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o o

I o

Figure 1. Single column partition for r = 5 with A = 18/ and p = 112

given in Section 3.1, and the fusion is described in Section 3.3. The Lax matrices for arbitrary
partitions A are given in Section 3.2. We closely follow [5] where the elementary building blocks
were derived, the factorisation was discussed on the quantum level and a closed formula for the
Lax matrices was obtained for the case A = (1), see also [22].

3.1 Fundamental (A, ) orbits
The fundamental building blocks are r x r matrices that correspond to the partition
w=(1,...,1), A=(1,...,1),
|1 Al
o

with r = |A| + |p/, see Fig. 1. They contain |A| - || pairs of conjugate variables (p;;,gj;) where
1 <i<|p|and |p| < j <r and can be written as

Lygp(@ip,g) = (-=——1-———=————————- : (3.1)

Here the upper diagonal block is of the size |u| x || and the lower one of size |A| x |A|. The
block matrices on the off-diagonal are parametrized as follows
(Bup)ig = Pijul+ir  (Qxauig = Qui+ig-

The letter I denotes the identity matrix of appropriate size. In particular we have Ll[r]%@(:c) =
(z —a1)I and Ly 410 = 1. -

The matrices Ly 4, (2;p, q) satisfy the Sklyanin relation (2.1) as can be verified by a direct
computation using o

{(Pux)ijs (@a )k} = 0i10k, ;-

Consequently one finds

1@ Pur)igs @k} = +(Qx )ik, {@xpyPur)ijs (Pu)ki}t = —(Pux)k,j0i,

and

{(Q)\,,upu,)\)i,j? (Q/\,upp,)\)k,l} = 5k,j(Q)\,uPu,/\)i,l - 5i,l(Q/\,uPu,)\)k,j7

which is sufficient in order to check the Sklyanin Poisson bracket. It is instructive to see that
Ly z.u(%;p, q) is factorized into a product of upper diagonal, diagonal and lower diagonal matri-
ces:

I 10

I
Lyan(w:pg) = | —===+=-| | -=+————==-] [ _L_%L.
Aeu(T5D,q) Qr : I 0

The determinant is

det L) 5 pu(z;p, q) = (z — xl)w'
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o .

Tl T2 T3 T4

Figure 2. Regular partition with A = (4,3,1), x = (1,1) and r = 10.

3.2 Canonical coordinates on regular orbits

In this section we will construct solutions Ly 4 ,.(x;p, q) for arbitrary partitions with A composed
of columns A/ and a single column partition u' = (,uﬁ)

The columns \! are associated to fundamental singularities at z = x; of type !, which means
that the singularity of Ly ; ,(z;p,q) is in the conjugacy class of
diag((x — ), ..., (x —x;),1,...,1), i=1,...,),

X

i.e., distinct \! eigenvalues of L a,u(7;p, q) are vanishing linearly at z = ;.
The column p} describes a fundamental singularity at z = oo which means that the singularity
of Lz u(7;p,q) at x — oo is in conjugacy class of

:Udiag(x_l,...,x_l,l,...,1).
N———

I

We will prove recursively that regular Lax matrices Ly, ,(;p,q) can be parametrized as
a block matrix

Lyzu(xip,q) = | —=——p—————————————- ) (3.2)

where the upper-left block is of size u! x p} and bottom-right block is of size |[A| x [A]. The
matrix elements of block P, ) and block Q) , are canonically conjugated variables with

{(Pur)ijs (@x )k} = 0dji

and the matrix elements of J) ) satisfy the algebra of A x A-matrices with respect to the Poisson
brackets

{Jij, Ju} = dudrj — OrjJa, (3.3)

while Poisson commuting with matrix elements of P, y and Q) ,.
The matrix elements of the |A| x |A| matrix J)  have an explicit parametrization in terms of
the canonically conjugated coordinates as follows

Ian = QX + [PAaQaa]+)Q5 ), (3.4)
cf. [4, 60] and Appendix A. Here X denotes the diagonal matrix

Xy =diag(z1, ..., 1,22, ., T2y .oy Tayy vy Try)- (3.5)
——— S———

At AL A
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The corresponding blocks on the diagonal are of the size A}, ..., )\f\l. The matrix [Py xQx ]+ is
strictly upper block triangular and reads

| | |
| Prg |- P
0y 0 Py 2,M
Py Qs e i i
WA+ = | ! .
B
O: 0 : 0 : 0 :P,\I,L)\l
ol 010101 o0

Here the matrices ]51-]- are of the size A\l x )\§ and explicitly given by

A1
Py = (P + ) (Pa)i(@): (3.6)
k=j+1

The matrix @y ) is lower triangular and only depends on the variables ¢ while P, ) is upper
triangular and only depends on the variables p. They read

0 i Prs i P 3 i i Py,
P TP T L [
01 0 | Pog i P
B R il Iy I
Pa=1ol o}l o0 || :
N
01 0 1 0 1 1 Py_1y
S I B R Rt
0{ 010 ;0 0
I 1 0 1ol 0o 1o
S S ——
Qu! I 1ol 0o o
——— g —————t—————— =
Q= Qa1 | @2} I} 0 10 (3.7)
R N
| [ 1 0
_____'____T__T ______ '__.
P

Q}\l,l : Q)\1,2 e Q}\l,)qfl : I
where Q;; and P;; denote Al x /\§- block matrices explicitly given by

(Qij)kt = Q(iyrhegy+s kLA e[,
(Pij)kl = Pegiyrheiy4r: ke LA Le[L ).

i—1
Here we defined (i) = |p| + > AL
k=1

The realization (3.4) of the gl(|A]) algebra, also known as free field representation, can be
constructed as algebra of twisted differential operators on the flag variety G/Py . Here G =
GL(|A|) and Py denotes a parabolic subgroup of GL(|\|) whose Levi is [[, GL(A!). The big
cell of the flag variety G/P . is identified with the A’-blocks unipotent subgroup N, _ whose
elements are represented by matrices @y as in (3.7). In the classical limit twisted differential
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operators in Jy ) form a co-adjoint orbit Ox, in the dual Lie algebra g* for g = gl(|A]) of the
semi-simple element X (3.5). See details in Appendix A.

The number of pairs of conjugate variables in the Lax matrix (3.2) agrees with (2.3). There
are pf x |A| pairs in P, 5, Qx, and Y X;)\; in Jy . Further we verify that the determinant

i<j
of (3.2) agrees with (2.4).
3.3 Regular orbits from fusion of fundamental orbits

We will construct the solution in the form of (3.2) associated to regular (A, i) by fusion of two
solutions associated to (A, u) and (X, u'). Here (A, 1) is defined such that

M= (A, A= AN,

where (A, AY) denotes the partition given by the union of X' and A*. The partitions y, z/ and i
are single columns

ph= =), W ==X, B = (=)

Then, by assumption of the recursion we represent Ly, ,(z;p,q) in the form

|
Lz pu(zip,q) = 0 1+ I — Py . (3.8)
Qai | Qx| ol —Jax — QriPax — Qan Py
The blocks on the diagonal are of the size ||, [\'| and |\| respectively, with |g]| + |N| + |A| = r.

The matrix L) ;. (2;p, q) explicitly depends on |A|(r —|A]) pairs of conjugate variables arranged
in the matrices Py x, Py and Q) ;, @\ defined as

7/‘:“
(Pax)is = Pijaleiniegs Py )i = Plaji v+
(@xp)is = Qv +ige (@AN)ij = QN |+, +50

and the matrix Jy y of the size |A| x |A| defined in (3.4).
Similarly, we consider another Lax matrix

/
I L 0
—_—_—————— F————-
LS\/7£/7M/($;B/7Q/) = Ql)\/7ﬂ : xl — J§\I7)\/ - Q/,\/7QP;27)\/ + P)/\’,)\Q//\,)\’ : —P//)\ s (39)
S L
0 —Qx [

with the same block structure as in (3.8). This matrix L), ,, ,(z;p,¢') explicitly depends on
[IN|(r — |N|) pairs of conjugate variables

/ / / /
Q)i = Qaprigs (@an)is = Qa0
/ / / /
Bax)ia = Pijags Py a)is = Plagsi g+ v 450
and another set of variables appearing in the expression for J}, ), like in (3.4). The matrix
LY\ (3, ¢') that appears in (3.9) is obtained from the canonical form (3.2) by permutation,

that is a conjugation by an element of the Weyl group of GL,, and a canonical transformation
in the variables p and gq.
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In the next step we multiply the matrices (3.8) and (3.9). It was pointed out in [5] for the cor-
responding solutions of the quantum Yang—Baxter equation that the product can be written as

2@ D, Q) (3.10)

~
>
i
=
—~
B
I=
S
&
H
=
0
IS
=y
S~—
Il
)
~e
>
&1

Here L ;\@’ﬁ(x; P, ) denotes a spectral parameter dependent Lax matrix and Casimir Q' is a lower

triangular matrix. They are of the form

0 10 It 0 10
i ——41— ——————— F—————— —— =
Lsza(m:p,@) =WU| 0 J'_J:I —Jva —Pva uttvt @ =0 I 107,
= - e L ___ ]
0] 0 Dol — Jya OIQ’M,iI
where
Lo
I 1010 ' [ (. I
e Lr 0 10 I} Piy | Pay
W=| Quaili0fo=10, T 01, v=|{%1"T 19
—j——ﬁ—ﬂ—— v Y S S
Qrp 1011 O{QM’:I of 0 | I
i i
expressed in terms of the new variables
Py = P\ + Pyx — Qi Pax, Qv = Qv
Py = Py — PixQy, Qxi = Qv
Py = Ppy, Qxi = Qi + Qv Qzs
P)I\/)\ == P>\/)\7 Qi\)\/ == Q/\)\/ - QI)\A/ (311)

The polynomial change of variables (3.11) is a symplectomorphism (i.e., canonical transfor-
mation) as we can directly verify. Indeed, computing the differentials we find

dPyx A dQax = (dPyy + dPyx — dQy Py — Qv pdPax) A dQhy,
APy A dQyj = (dPLy — dPaxQ5y — Paxd@Qi ) A dQ\vz,

dPﬁ)\ VAN dQ)\/] - dPﬂ/\ VAN (dQ,\/j + dQ/)\)\/QIXﬂ + QI)\)\/ng\’ﬁ)

dPyy AdQ\y = dPya A (dQax — dQ)\y),

and hence, after cancellations, we find that the canonical symplectic form is invariant

Yo AP AdQp+ ) dPpAdQ;

Te{aN iAMN A} Te{NA}
= Y AP AdQp+ Y dPAdQh.
Te{arNA} Te{aN M}

In analogy to the Yang—Baxter equation, the product of two solutions to the Sklyanin re-
lation (2.1) with different sets of conjugate variables (p,q) is again a solution to the Sklyanin
relation (2.1). o

Therefore the matrix in (3.10) satisfies the Sklyanin bracket when taking the Poisson bracket

with respect to the variables (p,¢) which denote the elements of the matrices defined in (3.11).
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Finally, we note that the result is independent of P, » Which allows us to strip off the
matrix Q' from (3.10). Thus we conclude that

| D .
- o Iy Pix
Ls; 2(@:0,0) = B et I
Qs ol =J55 = Q5 P 5
with
(Pis)y =Pt (Qxp)i; = Qalrig

is a solution of the Sklyanin relation. Here the generators j;\ 5 of the gl(]\'| + [A]) subalgebra
are realised as

5 I 10 Ty | Pya I 10
9 Sl I S I '~ 3 . 1
: A St At 5 ’
Qa1 0 1 Jaa Qa1
1 ) 1
where
(Pv) g = Plarsila+ g (@) = Qb v+ilal+i-

Let us remark that here we have chosen a certain order of fusion, but depending on the order
we would get different parametrization related by a polynomial choice of variables, see, e.g.,
Appendix G. It would be interesting to explore the resulting cluster structure in more details.

3.3.1 Linear fusion

Now to demonstrate the particular parametrization (3.4) for J 5 x it is sufficient to assume that X’

is a single column partition \'* = (\'}) while \ is an arbitrary collection of columns. In this case
Ty =X, Iar = Qua(Xn + [PA,,\QA,,\]Jr)QXi\-

Then we find that j;\ 5 can be again represented in the form

| 3
B I 10 I1 0 X | PyQax
J55 = _T__T_' PRI B s it
Qw1 1 01 Qx 0 X5+ [Paa@anl+
| -1 | -1
I1 0 I 10
X __.}__——- —t——‘:——— (3.12)
0} @ Qw1
or
-1
Jia = QX5+ [P55Q5310)Q5 5
with
| b
I 1 0 I Py,
Qus= [=—t===). Py
’ Qv 1 Qax ’
1

0 : PAQ\

As a consequence it follows that the Lax matrices (3.2) satisfy the Sklyanin relation (2.1).
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{H

Figure 3. Example of the decomposition in (4.1) for p = (5,4,2,1,1). We have a = (1,1,1), 8 =(1,1)
and v = (4,3,1).

4 Degree 1 symplectic leaves singular only at infinity

In the following section we focus on the Lax matrices that correspond to A = @ and arbitrary
partition p. Similar to the case labelled by pure A partitions in Section 3 the present case can be
obtained from fusion of the basic building blocks. These basic building blocks are generalisations
of the well-known Lax matrix of the Toda chain [31] corresponding to the partition u = (2).
They are introduced in Sections 4.1 and 4.2. The Lax matrices for arbitrary partitions p are
presented in Section 4.3. As discussed in Section 4.4 we can apply a similar fusion procedure as
in Section 3.2 to derive the general form of the Lax matrices.
To describe the Lax matrices it is convenient to introduce the partitions

a=(1...,1),  B=(1....,1), = (gh....u,)", (4.1)

wh ph—ph

as shown in Fig. 3. The partition s is then written as u* = (|| +|3],7,...,7%, ). For simplicity
we are only considering partitions with p; > p; for 1 <i < j < puf.
4.1 Elementary p partitions: a = and 8 =0

First we introduce the Lax matrices that correspond to the partitions A = @ and p = 23] with

a=(1,...,1), 5=0, v=(1,...,1),
S~—— N——

I 1

where pf = pf = § and r € 2N. The Lax matrices L, (x;p,q) = Lo g .(2;p, ¢) are r X r matrices

with |a| + |y| = r whose determinant evaluates to unity. They contain (%)2 pairs of conjugate
variables (pf, q" ) and can be written in the form

Lu(zip,q) = | -———F-—————- : (4.2)

For later purposes we labeled the upper block by o and the lower block by « such that the block
on the diagonal are of equal size |a| x |a| and || x || respectively. Further we introduced the
matrices

Fy=Q-GQZ, with G = Py + [PrQ-]1 + Qo[Q+P-]-Q; ™, (4.3)

where | ]+ denotes the projection on the upper and lower diagonal part respectively and

Kioa=Q-QQ+, Kon=-Q7'Qy'Q"'=-K .. (4.4)
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The matrices Q)+ o are parametrized in terms of the conjugate variables (p, q) as follows

|ul
Q=T+ Y agej,  Qy=I+ > agjey, Qo= Y eliey,
p|>i>5>ut pf <i<j<|pu| i=pf+1
and
||
- = E ij€ij s + = E i5€ijs = E i €ii-
P Dij€ij P qij€ij Py piie
lul>i>5>pf ph <i<j<|ul i=p1+1

We note that () is an upper triangular matrix containing variables ¢;; with ¢ > j, while Q_ is
lower triangular containing the variables ¢;; with ¢ < j. The diagonal matrix )y only contains
the exponential function of g;;. All variables p;; are contained in G which is decomposed as the
sum of a diagonal, a lower diagonal and an upper diagonal matrix.

The Sklyanin relation is equivalent to the commutators

{Fij, Kiu} = —Ky;0u, {Fij, Kii} = Ku0j, {Kij, K} =0, (4.5)
{Fij, Fru} = rjFi — 0uFy;. (4.6)
Here the latter can be identified with commutators of the gl(%) algebra, while the parametrization
of Ko, is given in terms of a Gauss decomposition of GL(5). These relations are verified
explicitly in Appendix C.
For pn = (2), i.e., |a] = |y] = 1, the Lax matrix in (4.2) reproduces the well known Lax matrix
for the Toda chain

0 —e?
L(2)(‘Tap’ q) = (eq ) :

r—p

4.2 Elementary p partitions: a =« and 3 # 0

We can extend the elementary Lax matrices to the case S # 0 which can be used to obtain the
Lax matrices for arbitrary partitions pu. They correspond to the partitions
w=(2,...,2,1,...,1),
—— ——
o= 18]

with |a| + 8] + |7| = r and contain |v|(Jee| 4 |5]) pairs of conjugate variables. The Lax matrices
can be defined from L, (z;p,q) with o =~ and 8 = 0 given in (4.2) as

I
L.(xz;p,q) = 0 v I —Ps . (4.7)
= | |
Kv,a ! Q'y,,b’ ! zl — F%W - Q'Yﬁpﬁﬂ

Here F, ., K.~ and K'%a are defined in (4.4) and do not depend on . The diagonal block
containing the identity matrix I is of the size |f|. The matrices P3 . and Q) g read

(PB.y)isi = Plaf+i, ol +18]+ (Qv,8)i.j = Glal+18]+i)al+j- (4.8)

The proof of Sklyanin relation is straightforward combining the proofs in Sections 3.1 and 4.1.
The determinant can be obtained using (B.1) and yields unity. From here one may build all other
Lax matrices corresponding to arbitrary p partitions by factorisation. The result is presented
in the next subsection.
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4.3 Lax matrices for p partitions

The Lax matrix for arbitrary p partitions can be written in the form

i
I I _PB,'y . (49)

The blocks on the diagonal of this Lax matrix are of the size ||, |3| and |v|, respectively, with
|a| + 8] + |7| = r. The matrices Pg, and @ 3 are defined as in (4.8) and contain || - || pairs
of conjugate variables. The remaining matrix elements can then be expressed in terms of
copies of the matrices defined in (4.3) and (4.4). We have

[ [ [
1 | P1s | | D
i ey Ely H |
Woi | Foo | Pas | | Py,
T T T T P
-1
Fyy=0Qyy W31 I W32 : F33 : : N (4.10)
it Rty Sty ittty ===
[ [ [ .
: : : : :P'Yl—lﬂ/l
_____ [ R S
Wi I Wii2 : ’ : Woim-11 Fyim
[ [ [
K@W::< pi ADLLA@Jg. :DQQR@WYJ=KQW1> Jh (4.11)
and
Kl,a
_ Ky oD
RKyo=Quqy |07 . (4.12)
Ky oDyt DI,

Each block (i, 7) in (4.10) is of the size 7! x *y;f. The matrices ]%-j are defined as in (3.6) with

71
Pij = (P%v)ij + Z (P%v)ik(Q%W)kj‘
k=j+1

The corresponding matrices @~ and P, - as defined for the partition A in (3.7) read

I i 0 LOL 0 Jo 01 Pzl Pigl-l Py
_________________ S Rl o P

Q) I Lol 0 10 01 0 | Pogii Pay
Qa1 Qaal 110 10 D R U R

Qo= |_ 221 221 22 __|> Pvw=fol ol ol -] ;

oo | I
LA L MR of o o,
Q1| @y2l ) @yt [ ] Nl T e T T

[ | I q |
0, 0,0 ,0, 0
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where ();; and F;; denote block matrices explicitly given by

(Qij)kl = qo(s)+k,L(t)+1> ke [L’Yﬂa le [17'7;]7
(Pij)kl = De(s)+k,£()+1> ke [L’Yﬂv le [17'}/;] :

i—1
Here we defined (i) = |a| + |B] + > .
=1

The elements on the lower diagonal of the middle part of F,, in (4.10) are defined as the
product

Wij = —KiaDi - DKo,

which in particular yields Wii11; = — _i+1,aKa,i. The remaining matrices are parametrized in
terms of the matrices defined in (4.3) and (4.4) as

- -1 - k) Tk
Fuk = (@-GQ).y  + Qoo Pragogs Kot == | -mmmemmtol 7
R
|
. b
Kia = < (Q-Qu@+)yt } @t ot > : D, = diag(0,...,0,1,...,1). (4.13)
o [ee] =,

Here the matrices (Q—QOQ%—)'y}C,'ny’ (Q—QOQJF);I;% and (Q_GQil)v,tﬂi are built from the vari-

k—1

ables ¢;; and pj;; where £(k) < i,j < {(k+1) with £(k) = |a|+|8] + Y 7. Further the matrices
=1

Qnflal-rly, B4 Plaj—qg 5y, are of the form

(@ lot-nip)ij = Gewysingrss 0€ (Ll J € [Llal =],
(]D‘Ol|,%t€,|7|;€)ij = Doyt +i,0(k)+5 1€ [17 la] — ’Y}i]v JE€ [L’Yltc}'

The total number of pairs (pr,qr) in the Lax matrix for general p partitions is %(7"2 -

p1
> (,uﬁ)2> Here |B| - |y| pairs come from the elements P and @ in (4.9), the matrices P, ,

=1

and Q. contain Y7 iy} pairs of conjugate variables and the matrices Fyy, Ko x and Ko
i<j

in (4.13) contain for ]k: =1,...,7 in total || - |7y| pairs of variables.

The expression for the Lax matrix L,(z;p,q) in (4.9) is in principle valid for any ordering
of columns where |a| + |3] denotes the height of the biggest columns and 7 the partition that
remains after removing that column. If the partition is ordered, i.e., \; > A; for ¢ < j, we have
that D([)f],aD[oi]a = DELDEL = D([ﬂa for ¢ < j and Dg}a = 0 which simplifies the expressions
above.

4.4 Fusion procedure for p partitions

The formula for the Lax matrices of the p partitions can be shown in analogy to Section 3.2.
We define three partitions p, ¢’ and g with |u| = || = |ft| = r. They are related by fusion via

@] = max(jal,|o’l), 18] = min(|B.18), 7= (+',7"). (4.14)
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Here we consider a solution to the Sklyanin relation of the form (4.7) written as a 4 x 4 block
matrix

Dsal 0 1 0 | Kan
B e e
0110 —P;.
Lyu(x;p,q) = N T : (4.15)
____JI____JI.____{___________’_Yiy __________

Kya | Q5 | Qo | ol = Fyy = Q, 5P5., — Qyy Py y

The blocks on the diagonal are of the size |@/, |3], |7/| and ||, respectively with |&|+ |3|+ || +
|v| = r. The matrices Q% L Q~,y and Ps_, Py are explicitly given in terms of the conjugate
variables. They read

(P;

By)id = Plalsijal B+ (P

' )id = Pla| B4 a1 B
(Q,5)id = Yaipirivivijalris  (@ua)id = QapsiBiey|+ilal+1314+5

Furthermore we define a second Lax matrix, cf. (3.9), which also is a solution of the Sklyanin
relation. It has the same block structure as (4.15) and reads

Lo I / {
Digl 0 1 K., 0
B T
N Il P}, 0
L /(-f,p,Q) - _t___{____':_ ______________________ _{ ______
- - ! / / / /
K’Y’vd I Q’y/,/;’ I .’L'I F Q’Y BPB’Y + P Q%’Y’ } —]D,y/’,y
_____I____I________________________I ______
0 i 0 i —Q’w i I
We got
/ — ~ , . . — -~ -~
(P50 = Plajsijalcdlcis  Pya)id = Plapiflei a8+ 1+5°
/ — ~ . — -~ ~
(@ 5)id = Yapigieifalris  (Qua)id = Gapeiditi 446+ 13+

We proceed as in Section 3.2 and multiply the two solutions of the Sklyanin relation. The
product can again be written as

Lagu(zip, @)Ly (29, ¢) = Q' La(x, p, §),

’ d,a I ’
_______ S
- 0 11 0 | 0
Li(z.p,) =WU | ==~ ==717 7777 ——t-- | uTlv
7L ’Yl,d J_O_}_ x] ny/p//i P’Y/f}’
T T T i
Kfy,dDgé@ } 0 } K’Yde,'y’ i xl F’Y,’Y
and
1101 0 10
oty o
Q/ _ _O_J_£_L_£)__I_0_
“lolo}] 1 jo
oTTE T
0 | 0 ! Y 1
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Here we have written Lj(z, P, q) in a factorised form and introduced the matrices

[
£y 0 1010 Ij_()j_ 010
| | | o r T T
_O_JI__E_JI_O_I_O_ 011} 0 10
W= 01Quz1 110 | U= ojo0] I jo |’
e e ——
OTI—Q ~_{O=I O'O'Q P T
ISR LerE
1101 0 1 0
R
0,1,Pz., 5
U B R R
00 I | 0
S BN e A
oror o 11
They are expressed in terms of the new variables
Pyry = Pl + Pyy = Q;’BPB’Y’ Qyy = Qs
D _ p  _ p. ! S TS VA
PB’Y' - PB’Y/ PB’VQ’Y’Y" Q,y//g - Q’Y'ﬁ’
D. — p. N ~ / /
PB’Y - PB’Y’ Q’yﬁ - Q'yﬂ + Q’y’y’Q,Y/B7
P 4’7 = ' Q/w’ = Qyy — Q/w"

This is the same change of variables as in (3.11) and therefore it is canonical. Following the
same logic as in Section 3.2 we conclude that L;(z,p, ) is a solution of the Sklyanin relation.
For convenience we write it in the same form as L, (z;p, q) such that

el S _
La(x,pg)=| O | I | —Fp (4.16)
o\, P, q) = -L _:. By : ’
I
Kya 1 Qs 510l =155 = Q5505

The size of the block matrices on the diagonal is |@/, |3| and |5|. We defined the matrices

UﬁQMZPWHMHmM’ (QWQMZPWHmmww’

while the remaining elements are given by

[
F, ., I P/, I 10
~ ~ VY | vy _ . P R,
15 = Q- |t | QT with Qo= T2
_K%de,v’ : Fyy Qw 04 l
./
_ ~ v,& , | ~
K6 =Q- |~=====— [,  Kaz=| Daalay | Kay |Q_,
K%dD&,d
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4.4.1 Recursion

We specify the matrix elements in the fusion procedure to describe the fusion of one arbitrary
partition p as proposed in Section 4.3 and an elementary matrix (4.7) corresponding to the
partition g/ with the restriction o/ = «’. The resulting partition f is then written in terms of
and p/ as in (4.14).

This can be seen as follows. The primed letters correspond to elements of the Lax matrix
corresponding to p’ and read

and

The unprimed letters correspond to the partition p as given in (4.10), (4.11) and (4.12). We
find that

I -
/
Foy oy : Py 7@y
___________ _|._______________________
Pl . |
|
I Prag i Py
| - —-—————— T
Fros— O- - | I | | 1
34 = Qv _ I Way 1 Foo ! ' Q55
_QflK K.V __ oot [
VYT a,y’ 1 I T
| | | I 2
| P i Py
I JI__Af__V_l_
|
| W%,l | | W’ymrl ! F'nm
|

where similar as for the case of A-partitions in (3.12) we identify

N

~ [ | [
— 1 |
P’Y/7’YQ'Y,'Y - ( P’Y’,l | P’Y'Q i i P’Y'fh > :

Furthermore we identify

/
______ Balley Wiy
—_ 1 ______
1 ! KZ&DEJ&KL v WQ,'V’
_Q'\/,’\/ ’Y,dKa"y/ S = |~
L EFTRRT R I w. .
K%dD[ﬂf I Dg}ngﬁ, o
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and obtain
K
T
o= Qrs| S 2;;?_51;31{1 _____
T
and
Kag = (DR Dl | DR DEukar || Dl s ) @53
. , |

Thus we conclude that (4.9) satisfies Sklyanin’s quadratic Poisson bracket.

5 Generic degree 1 symplectic leaves

We will now define the Lax matrices Ly 4 ,(7;p, q) for arbitrary partitions A and p. They can
be obtained by fusing the Lax matrix for regular partitions (3.2) with the Lax matrix for p
partitions (4.9).

5.1 Lax matrix for A, u partitions

The Lax matrix for arbitrary partitions A and p can compactly be written as

I I
Lyau(z;p,q) = U : —Pg . (5.1)

= | |
Koy | O ! 2l — Fyyyn — Qyx8L3.90

The blocks on the diagonal are of the size |af, || and |y| 4 |A| respectively. Here Q» 5 and P, »
are defined as

(Py\)ig = Plal+18l+al+18|+1|+i> (@xv)ii = Qal+1Bl+ly|+i,lal+8]+i-

The remaining matrix elements in (5.1) are given in terms of the components of the Lax matrix
for regular partitions (3.2) and the Lax matrix for p partitions (4.9). We have

|
7 I j_O Fy : Py I _LO
PIAN=| " STV |\ Ty T T N bbb ol
QAG’ } I _QA,aKa,'y I J)\,)\ + Q)\,apa,)\ _QAW’ I I
and
K’Y)\va i e ) Ka,'y)\ = < Ka,'y + Pa,)\Q)\,A/ : _Pa,)\ > s
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|
Quapg=|-=—— ; Pgyn = ( Pgy | Pga ) :

Again we can check that the number of pairs of conjugate variables agrees with (2.3). First we
note that F* contains Y- ~{y5 + || - [y| and J contains Y A{A} pairs. The remaining variables

7
1< 1<
are contained in Py, JQW,\,/;, Py, Qra and P, y, QAN.]By construction, cf. Section 5.2, the
determinant of the Lax matrix in (5.1) satisfies (2.4).
The symplectic leaves that we found in the Poisson—Lie group G are orbits of certain represen-
tative elements under the dressing action of the dual Poisson—Lie group G*. These representative
elements are easily seen as Lax matrices at p = ¢ = 0. Here the Lax matrix (5.1) reduces to

a block matrix of the form

where
I, = diag(0,...,0,1...,1
M g( )
lal+18] o]

and X denotes the diagonal matrix defined in (3.5). The matrix ¥, is a permutation matrix
containing the elements +1. This matrix can be block diagonalized such that it contains |a|+|3|

blocks of the size p;, i = 1,...,|a| + |B], corresponding to the rows of the partitions u. The
diagonal of each block i reads diag(0,z,...,z) and its remaining elements +1 correspond to
a cyclic permutation of length p;. For example for a row of u; = 4 we obtain

0 -1 0 0

0 r -1 0

0O 0 =z -1

1 0 0 =z
For p; = 1 where i = |a|+1,...,|a|+|B|, we obtain a 1 x 1 block containing only the element 1.

5.2 Fusion procedure

The Lax matrix (5.1) can be derived using the factorisation formula in Section 4.4 when substi-
tuting the ~ block for a A = A block as follows
Fyy = S35+ Q3aPss Kya = Qs Kag = —Psx Daa— L

a,\?

Here I is the |@| x |a| identity matrix. The primed elements in the second Lax matrix L’ are
taken to be as defined in (4.9) as
Fl, v =Fs  Kis=Kya,  Ki,=Ksz,  Dijsz=0.
Here D’ is equal to the |a| X |&| zero matrix.
This factorisation corresponds to the fusion of the partitions A\, u and X, y’ expressed in
terms of the resulting partition A, fi via

a=J, B=(1,...,1), v =, A=A,
N
|&[+|81+7]
o = a, g =(1,...,1), v =7, N =a.
——

1BI+]A|



24 R. Frassek and V. Pestun

0 vy r=|y|

I for a GL, Lax matrix

Figure 4. An example of non-vanishing commuting Hamiltonians Xi[z’”
Ly z..(2z;p, q) corresponding to a partition v = (5,5,2,2,1,1,1) with r = 17 and d,, = 106, with non-zero
mg = 3 and my = my = 1. The horizontal axis i labels the nodes of the A,_; quiver diagram for
i € [1,7 — 1], and the vertical coordinate j of the enveloping profile denotes the color ranks n; in the

quiver diagram.

The final result of the factorisation can be directly read off from (4.16). We conclude that (5.1)
is a solution to Skyanin’s relation (2.1).

6 Algebraic completely integrable systems
and Coulomb branches of A,_; quiver gauge theory

The symplectic leaf M) ; ,, i.e., the moduli space of multiplicative Higgs bundles with fixed
singularities, supports fibration of an algebraic completely integrable system

H: Mgy = Ungpe (6.1)

Here H denotes a complete set of independent commuting Hamiltonian functions (also known as
conserved charges or action variable or integrals of motion of an integrable Hamilonian dynamical
system) and U) ;. ,, denotes the space where the complete set of independent Hamiltonians takes
value. The fibers A, = H '(u),u € Uy, of the map (6.1) are abelian varieties which are
holomorphic Lagrangians with respect to the holomorphic symplectic structure on My ; ,, so
that

dimg Uy 4, = dime A, = % dim My g0
Let

1 .
dyzp =7 dimMyz,
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denote the half-dimension of the symplectic leaf (phase space) My ;. In the context of Seiberg—
Witten integrable systems [17, 18, 55, 59] the holomorphic symplectic phase space M} ., is the
Coulomb branch of the hyperkihler moduli space of vacua of N' = 2 supersymmetric quiver
gauge theory on R? x S' viewed as a holomorphic symplectic manifold at a distinguished point
¢ = 0 on the twistor sphere of complex structures. The complex base space U) , , is the moduli
space of vacua of the same N = 2 supersymmetric gauge theory on R* called -plane in the
respective context. In terms of action-angle variables, the complex action variables parametrize
the base U-plane, and the complex angle variables parametrize the abelian fibers A,.

To realize the structure of an algebraic completely integrable system (6.1) we need to con-
struct dy , , independent Poisson commuting Hamiltonian functions on M ; ,. Like in the case
of additive Higgs bundles (Hitchin system), the commuting Hamiltonian functions on multiplica-
tive Higgs bundles (or more general abstract Higgs bundles) can be realized by the abstract cam-
eral cover construction [27]. In the case of additive Higgs bundles on X, the cameral cover con-
struction generates Poisson commuting Hamiltonian functions as coefficients of P(¢(x)) where
the Higgs field ¢(x) is a section of ad g ® Kx and P is an adjoint invariant function on the Lie
algebra g. Similarly, in the case of multiplicative Higgs bundles on X, the cameral cover construc-
tion generates Poisson commuting Hamiltonian functions as coefficients of x(g(x)) where x is an
adjoint invariant function on the group G' and multiplicative Higgs field g(x) is a section of Ad G
on X. The complete set of independent Poisson commuting Hamiltonians for simple G is spanned
by the characters x g, of the fundamental irreducible highest weight modules R, whose highest
weight is the fundamental weight w; for each k in the set of nodes of the Dynkin diagram of g.

If G = GL,, the irreducible highest weight module R with highest weight wj associated
to the k-th node of the A,_; Dynkin diagram of the simple factor SL, C GL, is isomorphic
to the k-th external power R = /\k Ry, for kK = 1,...,r — 1, of the defining r-dimensional
representation Rp, and we set R, = \" R; to be the determinant 1-dimensional representation.
It is convenient to assemble the fundamental characters x, = xg, for £ = 1,...,r into the
spectral polynomial

T

det(ylrxr — L(Z))pxr = Z(—l)kyr_ka(g(x))a
k=0

where xi(g9(z)) = trg, pr(g9(z)) is a character for a fundamental representation pp: G —
End(Ry) evaluated on Higgs field g(x).

Now we illustrate explicitly the construction of commuting Hamiltonians for the Lax matrices
constructed in the previous sections that describe the symplectic leaves M) 4 ;.

First, for any symplectic leaf M, ., and its representing Higgs field gy, ,(z) we define its
twisted version

Inzmgrior(T) = 9LIrz 1 (T) IR,

which represents a symplectic leaf M) 4 1.9, g5~ Here gr € G,gr € G are arbitrary constant
(z-independent) Higgs fields. We remark that the symplectic leaves My 4 ., g5 are isomorphic
for various gy, gr, and for certain relation between g; and ggr they in fact coincide, in this
sense the labeling by both gr, and gr are redundant.? For the following, it is sufficient to take,

JL = Joo, gr = 1, and define the Lax matrix

L&Ll@goo (33) =pP1 (goo)LA,Lu(x)7 (6.2)

*What is exactly the degree of redundancy? We can see that for the case regular at infinity x4 = @, when L(x)
is an x-shifted co-adjoint orbit in g, the non-redundant label is the product grgr. In any case, the resulting
completely integrable system depends only on the product grgr as we see from the spectral polynomial (6.3).
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where p1(geo) is X 7 matrix representing go, € G. Note that due to the symmetries of the
t-matrix in (2.1) the product pi(goo)Laz,u(x) is a solution to the Sklyanin relation if Ly, , is.
Now define the spectral determinant to be a polynomial of two variables z and y

r

W gingoo (2,9) = det(y — Ly g oo () = Y _(=1)Fy" Fxi(2). (6.3)
k=0

The commuting Hamiltonians are coefficients of the monomials z7y’. With

xi() = o xM (g, (6.4)

we find that the spectral determinant can be written as

r—1
Wiz g (@y) =y + > (=17 QM @) M @)y + (-1)7 ) (x), (6.5)
=1

where QEA] is a polynomial in z, cf. (E.2), which is independent of the conjugate variables (p, q)
of the Lax matrix and which takes the form

Ait1

oM (@) =[] (@ — =)™ (6.6)

J=1

All commuting Hamiltonians are thus contained in Xip" ]( ). More precisely X Pou ]( ) is a poly-
nomial in z of degree

k
np =3 - 1) with v= A, ke[l —1). (6.7)
j=1
We note that the number of independent commuting Hamiltonians only depends on the total
dominant co-weight represented by the partition obtained by the union of columns of the parti-
tions A and g minus the shift by the diagonal co-representation (see below (6.10). The charges
are obtained as the coefficients of the expansion

>\u]

A] (A,
! ZXT g

cf. Fig. 4. The highest coefficients do not depend on the conjugate variables (pr,qr) but all
other coeflicients in the expansion do. The total number of linearly independent charges is equal
to the number of conjugate pairs in the corresponding Lax matrix

r—1
dyy =y m", (6.8)
k=1

cf. (2.3). This relation is shown using Frobenius-like coordinates for the partitions in Ap-
pendix D.

For given partitions we can plot the non vanishing coefficients of the spectral determinant in
a Newton diagram as done in Fig. 4. Here we introduce the parameters

m,[j"“] = (n,[:"“] — ngj‘_”i]) — (n,&)‘_s_’i] — nE:"“]) = Vg — Vga1 for ke[l,r—1] (6.9)

to label the partition and the corresponding Newton diagram.
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The representation theoretical meaning of the equations (6.7), (6.8) and (6.9) is the following.
The partitions A and p encode the GL, co-weights of the respective singularity of the multi-
plicative Higgs field at finite points z and x,. The encoding is in the r-dimensional basis of the
dual to the weights of the defining representation that we call é; with £ = 1,...,r. In terms
of e; define the simple co-roots «a; of SL, to be

Qp = € — €1, kE[l,T*l]
and define the fundamental weights to be

T

k
k
d}k:Zék—;Zé]‘, kG[l,T—l].
J=1 J

—1

The dominant co-weight associated to each singularity z, € x with associated partition
A = A1 = A2 > -0 > Ay = 0 is given by

.
Ge =) A éi
k=1

and the dominant co-weight associated to the singularity at x, = oo with associated partition p
is given by

T

Go = 3 (1 = 1)éi, (6.10)

k=1

so that the GL, multiplicative Higgs field behaves up to a multiplication by a regular function
as (z — 74)“* as ¥ — 1, and as (1/2)“~ as z — oo.
Let p be the Weyl vector

T

1 - — (2k+1
PZQZO‘:;WFZT(Q)%

a>0 k=1

and let

Wtot = Woo T § ‘Dx*

T €T

be the sum of the co-weights of all singularities in £ and x. Then we see that the dimension
formula (6.8) is equivalent to

dim My g igr.9n = 20020 = 2(p, Dtot)

in agreement with the general formula for the dimension of the moduli space of monopoles with
Dirac singularities encoded by the total co-weight wWiot.

The numbers ny and my, for k € [1,r — 1] are the number of colors in the node k and the
number of fundamental flavours attached to the node k of the Dynkin quiver [55], including
the “deficit” fundamental flavours multiplets of asymptotically free theory which would make it
conformal if added. We have

r—1 r—1
Wtot = § agng = E WE M
k=1 k=1
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Figure 5. Representation of the Newton polygon in Fig. 4 corresponding to the partition v =

(5,5,2,2,1,1,1) with » = 17 as quiver diagram. Here the integers in the circles denote the number

27|

of charges for a given index ¢ indicated below. The parameters m; are given in the squared boxes.

L[]

T1 X2 T3 T4 Tp T L7 T8

Figure 6. Decomposition of the partition A = (8,4) for r = 3 into three partitions (3,3), (2,1) and (3).

in agreement with (6.7) and (6.9). The position of each singularity =, € x to which we have
associated a column A/ encoding a fundamental co-weight @yt is the mass of the fundamental
flavour multiplet at the node \L.

Now the spectral curve can be compared with [55] where a slightly different notation is
used. To do so we note that the polynomials QEM in (6.6) can be written in terms of the

(r.2]

parameters m,; ' introduced in (6.9) as

A my7!
oM@ = [[ Pt@), with Pros(z)= [ (@ —2r—jsa). (6.11)
i=k+1 j=1

This relation is shown in Appendix E. Setting m?’g] = 0 for ¢ > || we can now write the

spectral determinant (6.5) in the notation used in (7.5) of [55]. We find

r—1 1—1 r—1
Wiz pgee () =07+ > _(=C@) [P (@) Xi()y " + (—C2)" [ PI 7 (@),
i=1 j=1 j=1

where we defined
(@) =Po(w)  Xi(x) = (@),

with ¢ =1,...,7 — 1. We note that here the so-called matter polynomials P only depend on the
partition A and not on pu.

For singularities associated to the partition v = (5,5,2,2,1,1,1) as plotted in Fig. 4 the
quiver diagram is depicted in Fig. 5. Further examples are discussed in Appendix F.

7 Higher degree symplectic leaves

In this section we discuss some symplectic leaves of higher degree n in the spectral parameter z
corresponding to the partitions of the total size nr for G = GL,.

In the case r = 2 we can factorize the higher degree Lax matrices for partitions A = (2n) as
a product of degree 1 Lax matrices labelled by partitions A\ = (2)

Li2n)a,o(T50, @) = L(2) (01,22),0 (T3 P1,01) - L(2) (200 _1,200),2 (T3 Prs )
of. [60].
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For r = 3 the partitions are of the form A = (A;,3n— A1) with A\; < 3n. The Lax matrices for
these partitions can be factorized as a product of Lax matrices of partitions A = (3), A = (2,1)
and their conjugates. The conjugates correspond to the partitions A = (3,3) and A = (2,1)
respectively and are obtained via

Ly pu(w30,4) = det Ly (@39, ) Ly, (—3p, 9)-

This can be seen as follows. If 3n — A\; = 0 we can build the partition from copies of A = (3)
as for the case r = 2. Any such partition is extended to the case where 3n — A; = 1 by adding
a partition A = (2, 1) which again extends to 3n — A\; = 2 by adding another partition A\ = (2, 1).
Now we note that any A = (A1,3n — A1) can be reduced to the cases discussed when stripping
off multiples of the partition A = (3,3). An example is shown in Fig. 6.

A similar factorization of higher degree leaves to the product of the degree 1 leaves applies to
the case of GL4. However in the case of GL5 and higher rank such factorization fails, first time
for the n = 2 and the partition A\ = (4,3,3), i.e., Al = (3,3,3,1), of the total size |A\| = 10. The
Lax matrix associated to this partition is not factorized into a product of degree 1 Lax matrices.
However, we can compute Ly_4 33) using the fusion method.

7.1 Fusion of degree 2

In this subsection we present the degree 2 fusion of two elementary Lax matrices

T —21+ P1aQo1 | —Pi2 | PioPo3
L(z) = —Q21 L1 —Py3
___________ _'.____.‘____________
—Q32Q21 { Q32 } r—x1 — Q323
and
/ / [ / / [ /
T — 3 + P3Q3 { P3Q3 { — Py
______________________ R
L'(x) = P3Q5, I T — x + Py3Q3o I — Py,
SRR L=
—Q5, | —Q39 [

as introduced in (3.1). Here the blocks on the diagonal are of the size k; x ki, ko x ko and
ks x ks and the Lax matrices contain ko(k1 + k3) and ks(k1 + k2) pairs of conjugate variables
respectively.

We find that their product can be decomposed as

L)L () = QL(x),

where
Lo o
Q=01 10
0 i Q32 i I
and

Lz)=|-——=-"--m— T B . (7.1)
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Here we defined

and

As in the linear fusion we introduced the new canonical variables

Pyy = Py — P{3Q%,, Qa1 = Qa1,

Py = Py, Q%1 = Qb + Q5 Qa1
Py = Pyy + Pas — Qo P, Qb9 = Qb

Py3 = Py, Qs2 = Q32 — Q.

The final Lax matrix has k1 k2 + k1 ks +koks pairs (p, ¢) and det L(z) = (z—a1)F1H5 (g —z9)F1 k2,
It corresponds to the partition M= (k1 + ks, k1 + k2). This can be seen when setting all p and ¢
equal to zero in (7.1). One obtains

| |
L(x) e = diag < (:L' — xl)(x — l’Q)Ilekl } (33 — .’L'Q)I]g2><k2 } (3? — $1>Ik3><k3 ) .

7.2 Full fusion of degree 2

We can further multiply the resulting Lax matrix in (7.1)

with

which corresponds to a general regular partition (3.2) with arbitrary A and pu = 151]. The blocks
on the diagonal are of the size k1 x k1 and ko = ko + k3 as defined in Section 7.1. One finds

with
) I 10
= [z,
21 ! I
and
|
) 110 (¢ —a1)(@—a2)] | —Ply(al - J) I 10
La)= (=4 [ LR B
@11 0 | (2l — J) (2D — T Q11
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Here we defined
P{i:P{Q"‘Pﬁ’ P5 = P, QIQ1:Q/§1’ QQ1ZQQ1—Q/§1-

The final Lax matrix contains kiks + ky + kjr pairs of conjugate variables where k; and k
denote the number of pairs in J and J' respectively. It corresponds to the partition \! =
(k1 + ks, k1 + k2, AY). Setting p, g = 0 yields the block matrix

L(x) (x) = diag ( (x —1)(x — 22) Iy xky | (z — X\ (x = X\ g, o7 ) ) (7.2)

’p,q:@ I

Here X is defined in (3.5) corresponding to an arbitrary partition A and X}, follows from (7.1)
and reads

|
X;\/ :diag( ((x—xg)fk2xk2 : ($_«T1)Ik3><k3 )

7.3 Example X = (4,3,3)

The case GL5 and \ = (4,3,3) we discussed at the beginning of this section corresponds to
setting k1 = 1 and ky = 4 in Section 7.2 while setting A = (2,1,1) such that n; = 3. The Lax
matrix L’ is obtained in the case k1 = 1, ks = 2 and k3 = 2 from the fusion in Section 7.1 and
thus yields njy = 4. The half-dimension is %dim(c My 33 =11. For p,q = 0 the diagonal of the
Lax matrix follows from (7.2) when taking X, = diag(xs, z3, x3,x4).

8 Quantization

Notice that the classical Yang—Baxter equation (2.1) is a limit of quantum Yang-Baxter equation

~ N

Ris(x — y)Lis(2)Las(y) = Los(y) Liz(x) Ria(x — y)

in End(V) ® End(V) ® A where V ~ C" is the fundamental representation of gl, and A is the
quantized algebra of functions on the classical phase space parametrized locally by (p 7, q" ) Here

the quantum R-matrix is R € End(V)®End(V) and the quantum L-operator is L € End(V)® A,
that is an r x r matrix valued in operators in A. The quantum R-matrix is

eP
R(z) =1+ —,
(z) .
where € = —ih is the quantization parameter and PP is the permutation operator (2.2).

In terms of matrix elements L;; we have the quantum Yang Baxter equation in A

~ € A

[fzij(l‘), Lk:l(y)] = T y (I:kj(-T)Lil(y) - f/kj(y)ﬁil(if))

and its classical limit is

{Lij(x), Liu(y)} = —xl_y(ij(x)Lu(y) — Lij(y)La(z))

with the standard convention

[6,0] = elo. 9} +O(%),  e—0,
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where [gfg, 1[)} denotes the commutator of the elements qAS, 1[1 of the algebra A that correspond to
the quantization of the functions ¢, 1) on the classical phase space with Poisson brackets {¢, 1 }.
In particular the canonical coordinates pr, ¢/ have Poisson bracket

{pr.q’} =6

and the respective operators have commutation relations

[p1,4”] = 6]

that can be represented in the algebra of differential operators acting on Hilbert space of states
represented by function of ¢! as

A ) 3T

For a polynomial function f(¢,p) the normal ordering notation :f(g,p): means placing all
operators p; to the right of the operators ¢/ in each monomial.

The quantum version Ly () of all our classical solutions Ly , ,(x) is obtained by replacing
all variables (p,q) by the operators p, ¢ and assuming normal ordering convention. One can
check that such operator valued matrix L Az,u(x) satisfies quantum Yang-Baxter equation. The
commuting Hamiltonians are obtained from the expansion of the quantum spectral determinant
(quantum spectral curve) as in [19]

Ww, =trA, ( ey (:U)) (y — esa’fﬁé(:ﬁ)) e (y — egaxﬁ;(m))

_Z k Y ko (x_i_e)esk@z’ (8.1)

where L/(z) = pl(goo)ﬁé&#(:c), cf. (6.2), and Ay is the normalised antisymmetrizer acting on
the k-fold tensor product of C". The quantum characters whose coefficients generate the algebra
of quantum commuting Hamiltonians (Bethe subalgebra) are

Xi(x) = tr AL () - - Li (2 + e(k = 1)) (8.2)

see also [52]. The definition of the quantum spectral determinant (8.1) is a quantum version of
the classical spectral curve (6.3), and there is a quantum version of the factorization (6.4)

. AN SN
(@) = QY (@ + elu) B (@),
where the c-valued polynomials are

L+1jl

M - 1 1 (m—x]+e<z>\f+k—1>>

7=1 k=1

The quantization of the corresponding integrable systems in the context of the NV = 2 su-
persymmetric quiver gauge theories has been considered in [56], in particular the g-character
functions appearing in [56] after [34] stand for the eigenvalue of the quantum commuting Hamil-
tonians (8.2).

The quantized symplectic leaves M Az,p are modules, typically infinite-dimensional, for the
dual Yangian algebra Y (gl,.)* which is a quantum deformation algebra of the space of functions
on the Poisson-Lie group GLT(ICP; ). This representation theory relates to the ‘pre-fundamental’
modules of Hernandez—Jimbo [40] associated to the individual singularities at points z; labeled
by a fundamental co-weight Wyt
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A Twisted cotangent bundles of generalized flag varieties

Let g be a reductive Lie algebra and let g = n_ ®hPn, be a decomposition of g into the Cartan
subalgebra b, the negative nilpotent subspace n_ = @©,<0g, and positive nilpotent subspace
N4 = Ba>08q. Here a denote a root of g and g, the a-root subspace of g. Let by = h+n, and
b_ = b + n_ be the respective Borel subalgebras. If g = gl, then b, (or b_) is represented by
upper (or lower) triangular matrices including the diagonal, and n; (or n_) is represented by
strictly upper (or lower) triangular matrices excluding the diagonal.

Let G, H, N1, B the respective Lie groups with Lie algebras g, h, ni, by, and let z € h*
be a weight. Here we record explicit formulas for representation of Ug in x-twisted differen-
tial operators on the complete flag manifold G/B following the approach of Harish-Chandra,
Springer, Kostant, Beilinson-Bernstein. We identify the big cell of G/B; with N_ and denote
elements of N_ by Q.

We compute the vector field Ly associated to the action of Lie algebra element X on G/B+
from the left. Let € be infinitesimal parameter, and let 1+¢X be a group element corresponding
to Lie algebra element X € g. Let Q = Q + e6xQ denotes a coset representative in G /By
obtained from the action of 1 +eX on @ from the left:

(14eX)Q = (Q+e0xQ)(1 +eny +€h), ny €ny, heb, (A.1)
where (1 4+ eny + ¢h) is an element of By that gauges the deformation of Q). We find
XQ=Q(ny+h)+xQ, ny €ny, heb
and thus

IxQ=Q[Q™'XQ]_,

where [ ] denotes the projection g — n_. The corresponding vector field and the differential
operator on scalar functions on N_ is Lx = —(5XQ% that is
Ly =-QQ7'XQ]_
— aQ ?

where the minus sign comes from the standard convention of defining the vector fields associated
to the group actions on manifolds in such a way as to preserve the Lie algebra bracket.

We are actually interested in a more general situation, when the differential operator Lx
acts not on functions on G/By but on sections of line bundle induced from the H-bundle
G/Ny — G /By by a semi-simple co-weight = € h*, e.g.,

x1
xr = T2

T3

The additional connection term is —x(hx) for the diagonal variation hx in the coset computa-
tion (A.1)

LX@ = LX — 1’(h)
and since

hx = [Q7'XQ)],
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where [ ]o denotes the projection to the diagonal part g — b, we find the differential operator

Ly = -QIQ7XQ]_ 555 ~ (. [Q X))

acting on sections of the line bundle on G/Bx.

Now we fix g = gl,. Let (ej); e[, denote the standard basis elements of g, represented
by matrices whose (i, j)-entry is equal to 1 and the rest is 0. The upper-triangular Borel
subgroup B, preserves the standard full flag

0CCei1 CCe1@CeyC---CCei ®Ceqy---aCe,.

Further we define the coordinates (¢; ;) with 1 < j < i < r on N_ taking the matrix elements
of @) € N_ in the defining representation of gl,

gij = Qij, I1<j<i<r

for example, for gls we have

1
Q=|q1 1
31 q32 1

We evaluate in coordinates (¢);; the differential operator L, , associated to each basis element
X =¢;j in g, and we assemble r X r matrix L valued in twisted differential operators

Lij.=1L

€ji,T*
Let us denote

0

a. Z >j
0qij

DPij =
with
[Dij, ki) = dir0ji,

and assemble the upper triangular matrix with only non-zero entries (P);; = pj; for i > j

0 pa1 p31
P=10 0 p3
0 O 0

Then

Lejo=—trQ[Q 'e;Q] P—trQ 'e;jQr = —tre;Qz + [PQ)Q
= —(Qz+[PRIHQ™)

where normal ordering notation : : means that all symbols of the operators p;; are kept to the
right, and consequently we find

Lij = —(Q(z + [PQI1)Q™"), =

J

Ji

B Determinant formula

The determinant of a block matrix can be written as

A B

o p|=det(A—BD'C)det D. (B.1)
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C Sklyanin relation for elementary p partitions

In order to show that the Lax matrix (4.2) satisfies the Sklyanin relation (2.1) we verify (4.5)
and (4.6) in the following.
Starting with (4.6) we first note that F, , in (4.3) can be written as

Fiy=Jyy+Q GQZ  with G =R +QlQiP] Qg

where J, , has been defined in (3.4) and satisfies the gl(%) commutation relations (3.3).
It follows that (4.6) is equivalent to

[{([P+Q*]+)25 (Q:l)l}(Q*)la Gll] - [{([‘PJFQ*]Jr)l’ (Q:l)g}(Q*)Qa G/2}
where [X,Y] = XY —Y X denotes the anticommutator. Further we use the notation X1 = X®1I
and Xo = I ® X and P act as a permutation such that PX; = X,P. It is convenient to consider

different cases. Writing (C.1) in components and taking into account that G’ and Q)_ are lower
diagonal while [P, Q_]4 is upper diagonal results in the conditions

{Gaba /cd} = 5ch;d -4 dG, for a>bAc> d’

{(PrQ-11)e, @ 1}@ G/] = 0 Gl — 00aGly for ¢<d.
The first rela‘mon can be verified straightforwardly. The second relation follows when noting
that {([P+Q ab, @ I}Q, = —epg for a < b.

To show (4. 5) we note that K%a and K, . are independent of the variables p;;. Thus the
brackets reduces to

OF;; 0Ky _ OF;; 0Ky,
= + K0k, = —Kp;0;. C.2
Z Opst Oqts o Z Opst Oqts kI ( )
Here we suppressed the subindeces o and . The Latin indices take values i, j, k,l =1,..., 5.

Using the relation 9, K = K (9K ) K which follows from (4.4), one finds that the two equations
in (C.2) are equivalent. They can be written as

0G;; 0K,
Z apj 8qtkl = (QoQ+)a(Q-)k;- (C.3)
st s s

In order to show this relation it is again convenient to consider different cases and take into
account the dependence of G on p. For a particular choice of the indices ¢ and j we see that (C.3)
is equivalent to:

Case i < j
> O(PrQ-)ij 0(Q- )kt _ 5:2(Q )
s<t apst 8Qts ‘ !
Case t > j
Q4+ P-)ij 0(Q4)u
= 10k
sz>t 8pst aqts (Q+) 19kj
Casei=j
(PO)U (QO)kl
10k
SZ:; apst a(]lfs (QO)l g

These equations can be checked explicitly. The derivatives with respect to g;; for i # j essentially
yield delta functions while the derivatives with respect to p;; give the g-dependence.
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U2

v3

Figure 7. Frobenius-like coordinates of the partition (7,4,3,3,2,1): f =3, hy =4, ho = 1, hg = 0,
’01:3, 1}2:2,1)3:1.

D The number of independent commuting Hamiltonians

In order to show the relation (6.8) it is convenient to introduce Frobenius-like coordinates to
label the partitions, compare, e.g., [48].

Let us focus on the case u = @ which is sufficient as we will argue at the end of this section.
Using Frobenius-like coordinates any partition A can be written as

A= (hyd foo gt fofoo fof =1 f =1, 1, 1),
—— ——

vf VF_1—Vf V1 —V2

Here f denotes the length of the sides of the maximal square which fits into the lower left corner
of the corresponding Young diagram as shown in Fig. 7. the variables h; denote the number of
boxes on the right of the square in the ith row while the variables v denote the number of boxes
above the square in the kth row. The coordinates introduced in this way have the advantage
that the transpose can be obtained by interchanging h; and v; where ¢ = 1,..., f such that

M=o =@+ F v+ Ao ff =1 f =11, ),
—— N——
hy hy 1—hg h1—hs

To introduce Frobenius-like coordinates in (6.8) we decompose the sum over the elements of the
partition A as

r r k
>l = 373, -

k=0 k=1 j=1
f r—f
1
:Z(r—k—i—l))\k—i-Z(r—f—k—l—l)/\kJrf—T(T;). (D.1)
k=1 k=1

Now the first term on the right-hand-side of (D.1) can be written in terms of the variables h; as

f f
D tr—k+DXe=> (r—k+1)(hs+ f),
k=1 k=1
while the second one can be written in terms of the variables v; as
r—f vy
dr—f- k—l—l/\kﬂc—er—f k+1 +Zl Yo r—f-k+1)
k=1 k=1 =1 k= ’Ul+1+1

1 J f
=3 (ZU%—}—(?J‘—%— 1)2”!) .
=1

=1
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f f
Finally, using the relation r = >~ h; + f2 + Y v; we find that
i=1 i=1

, / ! &
N 1 1 2
E)&@_2<ﬂ—?;w+f 2: m—l) 2<ﬁ—§:OD>—dmw

k=0 =1

As ) is arbitrary it follows that the same relation holds for partitions p with A = @. Combining
the two relations we find that

ol el oy T D) =AM+ 1) = |p|(Jp] + 1)
Z" Z np M) + 5
k=0
2 2 2
Lt 0 e 1 d

= dpr o] +dig + 5 Wit

where we used that r = |A| 4+ |u|. Another way to show (6.8) is to use the relation (E.1).

E Rewritten polynomials

The relation in (6.11) can be shown using the relation

M=o orr—1,...,r—1,,...,1,...,1). (E.1)
—_—— ————— N—_——
>\T‘ )\7‘71_>\r )\1_A2

First it follows that QE)‘} in (6.6) can be written as

Aig1 r N\
A t_ X
M@ =[[@-a =] ] - H H (z —zp)' ", (E.2)
k=1 I=i4+1 k=\j41+1 I=i4+1 k=\j11+1

with A1 = 0 and using that \i, = [ for k = \11+1,..., \;. Note that the polynomiality of sz
is now manifest. Further we find

A1

-
A\ .
[] H H :L‘—J:k H H (x —xx - k+1)l L
l=i1+1 k=X\j11+1 l=i+1 k=1
Identifying m; = N\ — A\jy1 we recover (6.11). We remark that we can write the polynomial
simply as
e - TT T a0~ TT T -0,
I=i+1 k= /\l+1+1 I=i+1 k=1

after rearranging the product.

F Examples

We consider a couple of explicit examples associated to the diagrams as shown on Figs. 9 and 8.
The ranks in the gauged (circled) nodes on the right correspond to the heights of the profile on the
left. The ranks of the framed (boxed) nodes on the right counting the number of fundamentals
correspond to the (minus) change of the slope of the profile on the left in the corresponding
corner (negative second difference), cf. Section 6 and [55].
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Figure 8. (a) shows the Newton polygon and (b) shows the quiver diagram for p = (2,1), A = &
and r = 3. The ranks in the gauged (circle) nodes on the right correspond to the heights of the profile
on the left. The ranks of the framed (boxed) nodes on the right counting the number of fundamentals
correspond to the change of the slope of the profile on the left.

F1 p=(2,1)and A=90

The Lax matrix corresponding to the partitions = (2,1) and A = @ can be obtained from (4.7).
It contains two conjugate pairs of variables and reads

0 0 B3
Loy(rp,g=|( 0 1 —Pp23
e®3 q39 T —p33—q32P23

It resembles the structure of the DST and Toda chain. The Hamiltonians can be computed
explicitly. The emerging Newton polygon and quiver diagram are depicted in Fig. 8, cf. Section 6.

F2 p=(2,2)and A=0

The Lax matrix corresponding to the partitions = (2,2) and A = & can be obtained from (4.2).
They contain four conjugate pairs of variables and can be written as

where the 2 x 2 block matrices are given by

Flog) = < P33 = 44,3P3,4 D3,4 >
22) e~ B3py 3 — qu3(paa — P33+ qa3pP34a) Daa~+ qaspsa)’

Koo (TETT meT MM gsqs3 €T g5
2,2) = - _ ,
(2,2) e Uhtg, 3 —e— 44

R’ . e¢I3,3 eq3,3q3’4
2,2) — .
(2,2) eB3qy3 eIt 4 eB3g3 4qu 3

G Cluster structures

In this section we elaborate on the cluster structure of the fusion procedure in Section 3.3. As
an example we study the GLj3 case and introduce the Lax matrices

T+ plads + Pi3ds —Pla Dl
1
_qgl 0 1
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(a) (b)

Figure 9. (a) shows the Newton polygon and (b) shows the quiver diagram for p = (2,2), A = @ and

r=4.
1 —Pho 0
Lo(z) = | g5 = — q5yPg + P33y —Dhs | »
0 — 5 1
r 0 —p13
Liy(z)=10 1 —p23

g31 432 X — (431P13 — 432P23
Looking at the product
Ls(z — x3)Lo(x — x2)L1(x — 1)

there are two ways to proceed with the fusion. The standard way used in Section 3.3 first
computes the Lax matrix resulting from the fusion Ls(z —x3)La(z — x2) and then computes the
final result by fusing the result with Li(z — z1) from the right. It yields the matrix

Ligo(z) = Q(zx — X — [PQI)Q™

as introduced in Section 3.3. Alternatively we can first fuse Lao(x — x2)L;i(x — 1), bring it to
the canonical form, and then multiply by Ls(z — x3) from the left. This procedure results in

Ly = Q '(z — X — [QP]4)Q

with
B 1 0 O B 0 pi2 pi3
Q=|—-q¢an 1 0], P=10 0 po
—q31 —q32 1 0 0 0

The formulas are related by the canonical transformation

D12 = P12 — P13G32, D23 = P23 — G21P13, 431 = q31 + q32¢21- (G.1)

In other words, the fusion procedure to obtain the Darboux coordinates is not associative,
and the failure of the associativity is described by the symplectomorphism (G.1).
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