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Abstract. We study invariant Nijenhuis (1,1)-tensors on a homogeneous space G/K of
a reductive Lie group G from the point of view of integrability of a Hamiltonian system
of differential equations with the G-invariant Hamiltonian function on the cotangent bun-
dle T*(G/K). Such a tensor induces an invariant Poisson tensor II; on T*(G/K), which is
Poisson compatible with the canonical Poisson tensor Il7-(g/k). This Poisson pair can be
reduced to the space of G-invariant functions on 7*(G/K') and produces a family of Poisson
commuting G-invariant functions. We give, in Lie algebraic terms, necessary and sufficient
conditions of the completeness of this family. As an application we prove Liouville integra-
bility in the class of analytic integrals polynomial in momenta of the geodesic flow on two
series of homogeneous spaces G/K of compact Lie groups G for two kinds of metrics: the
normal metric and new classes of metrics related to decomposition of G to two subgroups
G = (1 - Go, where G/G; are symmetric spaces, K = G1 N Ga.
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bras; Liouville integrability
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1 Introduction

By Maupertuis’s principle integrability of the geodesic flow of a (pseudo-)Riemannian metric is
a question as old as classical mechanics itself. In this paper we consider Hamiltonian systems
and understand integrability in the sense of Arnold-Liouville, i.e., as existence of a complete
family of first integrals in involution. The Clairaut theorem on existence of linear integral for the
motion of a free particle on a surface of revolution is traditionally mentioned as one of the first
results on Arnold—Liouville integrability of geodesic flows. Next classical cases are the Euler top
and geodesics on ellipsoid. In modern mathematical literature one could find many examples
of integrable geodesic flows on homogeneous spaces of Lie groups starting probably with the
papers [15, 30], see also the review [6] and references therein and later works [7, 12, 16, 17].
The present paper continues this line and develops a new approach for constructing integrable
geodesic flows on homogeneous spaces. Let GG be a reductive Lie group, K C G its closed
subgroup. The cotangent bundle 7*(G/K) with its canonical Poisson structure II is a phase
space of a Hamiltonian system with the Hamiltonian function equal to the quadratic form ¢ of
an G-invariant pseudo-Riemannian metric, which can be constructed as follows. Let (, ) be an
Ad G-invariant symmetric bilinear form on g, the Lie algebra of G. It gives rise to a bi-invariant
metric on G, which induces on G/K an G-invariant metric (, )q/x called normal. Besides, one
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can consider a symmetric ad £-invariant linear operator (called inertia operator) np. : £+ — &+,
where £ is the Lie algebra of K and £ is its orthogonal complement in g with respect to (, ).
It will give rise to an G-invariant (1,1)-tensor N: T(G/K) — T(G/K), which is symmetric
with respect to (, )g/k, and to another G-invariant metric (-,-)y := (N-,-)q/x. The question
of integrability of the geodesic flows of both metrics (, )q/x and (-,-)x on G/K consists of
finding a family of dim(G/K) — 1 independent analytic and polynomial in momenta functions
on T*(G/K) which Poisson commute with the quadratic form ¢ and with each other. It is
known [6, Section 5] that there are two families F; and F» of analytic functions on T*(G/K)
that Poisson commute with each other, in which one can look for desirable integrals. These are
the family F» of G-invariant functions and the family /7 of functions of the form p,, f, where
tean: T*(G/K) — g* is the momentum map corresponding to the natural Hamiltonian action
of G on T*(G/K) and f is an analytic function on g*. Obviously ¢ € F» and taking a family F
of commuting polynomials on g* (by the Sadetov theorem [29] there exist complete such families,
see also [3]) one gets the family A := u?, (F) of integrals of ¢ polynomial in momenta. Thus
the problem now is reduced to the following one: construct a family B C F» of commuting
polynomial in momenta integrals of ¢ such that the family A + B is complete.

An approach for constructing such a family B was proposed in [17]. The homogeneous spaces
considered were the coadjoint orbits O of G. A second G-invariant Poisson structure I1; was
constructed on T%(G/K') which is compatible with IT and the family B was the canonical family
of functions in involution related with the Poisson pair (I, IT}) being the reduction of the Poisson
pair (II,II;) with respect to the action of G. Essential role in the construction of II; played the
Kirillov—Kostant—Suriau symplectic form wp on O, as II; = (w + 7*we) ™!, where w = —I17! is
the canonical symplectic form on T*O and 7: T*O — O is the canonical projection.

In this paper we propose a novel approach for constructing the family B. Similarly to the
case above, we construct a second Poisson structure IT; compatible with II, but we use invariant
Nijenhuis (1,1)-tensors N: T(G/K) — T(G/K) for this purpose instead, in particular avoiding
the restriction on G/K of being a coadjoint orbit. In more detail, IT; = No II, where N is the
so-called cotangent lift of N, see Definition 4.5. Obviously, an invariant (1, 1)-tensor on G/K is
determined by a linear operator n: g — g. We get some Lie algebraic conditions on this operator
which are necessary and sufficient for the so-called kroneckerity of the Poisson pair (I, II})
obtained as the reduction of the pair (II,II;) and, as a consequence, of the completeness of
the family B (and A + B), see Theorem 5.1, the main result of this paper, and Theorem 5.4.
As an application we construct two series of invariant Nijenhuis (1, 1)-tensors on homogeneous
spaces Gy /K, of compact simple Lie groups, where (Gy, Ki) is (SU(2k),S(U(2k — 1) x U(1)) N
Sp(k)) or (SO(2k+2),SO(2k+1)NU(k+1)), which lead to invariant metrics with geodesic flow
Liouville integrable in the class of integrals analytic and polynomial in momenta (Theorem 6.2).
Besides we prove integrability of the normal metric on these homogeneous spaces. Below the
content of the paper is discussed in more detail.

In Section 2 we study Lie algebraic conditions on the operator n: g — g which guarantee the
vanishing of the Nijenhuis torsion of N (Theorem 2.7) and consider some examples.

A crucial role in our considerations play bi-Hamiltonian (bi-Poisson) structures, i.e., pencils
of Poisson structures generated by pairs of compatible ones. We devote Section 3 to related
notions and preparatory results which will enable us to study the completeness of families of
functions in involution. Theorem 3.7 gives some criteria of completeness of the canonical family
of G-invariant functions related to an action of a Lie group G on a bi-Poisson manifold M being
Hamiltonian with respect to almost all Poisson structures from the pencil. The theorem requires
some assumptions among which the most significant one says that the action of G on M is locally
free. This assumption enables to use the so-called bifurcation lemma and to prove the constancy
of rank of the reduced bi-Poisson structure for almost all values of the parameter, which is a first
step for achieving the kroneckerity.
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__ In Section 4 we study bi-Poisson structures on 7*(G//K) generated by Poisson pairs (I, I} =
N o II), where N is a semisimple invariant Nijenhuis (1, 1)-tensor. We show that almost all
(generic) Poisson structures from the corresponding Poisson pencil are nondegenerate and cal-
culate the dimensions of the symplectic leaves of the exceptional (not being generic) Poisson
structures (Lemma 4.8). We prove the hamiltonicity of canonical action of G on T*(G/K) with
respect to the generic Poisson structures, as well as the hamiltonicity of the actions of some
subgroups (stabilizers of the symplectic leaves) on the symplectic leaves of the exceptional ones.
We calculate the corresponding momentum maps (see Lemma 4.9) as well as these stabilizers
(Lemma 4.10).

The main result, Theorem 5.1, which gives necessary and sufficient conditions for kroneckerity
of the reduced Poisson pair (IT',II}) in terms of the indices of the Lie algebra g and some its
contractions (see formula (5.3)), is proved in Section 5. As a corollary we prove Theorem 5.4
stating the complete integrability of the geodesic flow of the normal metric and the metric with
the inertia operator n|,1 under the assumption that the sufficient conditions from Theorem 5.1
are satisfied.

In Section 6 we apply the above results to construct examples of metrics with integrable
geodesic flow. The main idea which enables to fit conditions of Theorem 5.1 is based on the
Brailov theorem (see Theorem 6.1) stating equality of indices of a semisimple Lie algebra and
its Zo-contractions. We observe that among the examples of invariant Nijenhuis (1, 1)-tensors
on a homogeneous space G/K from Section 2 related to the Onishchik list of decompositions
g = g1-+92 of a simple compact Lie algebra to two subalgebras (Example 2.12) there are two series
(g(k), g1(k), g2(k)) in which both the pairs (g(k), g1(k)) and (g(k), g2(k)) are symmetric, i.e., by
the Brailov theorem these examples satisfy conditions (5.3) of Theorem 5.1 (the Lie algebra ¢
of the group K is equal g1(k) Ng2(k)). In order to apply this theorem for the proof of complete
integrability of the geodesic flow one needs only ensure that the action of G on T*(G/K) is
locally free. This is done in the proof of Theorem 6.2 stating the complete integrability of the
geodesic flows of the normal metric and the metric with the corresponding inertia operator.

The explicit formulae for the realizations of Lie algebras g(k), g1(k), g2(k) for both series as
well as for the corresponding inertia operators are given in Appendix A. There we also indicate
conditions under which these operators (and the corresponding metrics) are positive definite.
We end the paper by concluding remarks (Section 7) in which we discuss some details of the
paper and possible perspectives.

Fix some notations. We write P: G — G/K, n: T*M — M, and p: M — M/G for the
canonical projections.

All objects in this paper are real analytic or complex analytic. Given a vector bundle E, we
write I'(E) for the space of sections of E, and £(M) will stand for the space of functions on
a manifold M (of the corresponding category).

2 Invariant Nijenhuis tensors on homogeneous spaces

Definition 2.1. Let M be a connected manifold. A (1,1)-tensor field N: TM — TM is
a Nijenhuis tensor if its Nijenhuis torsion vanishes, i.e., for any vector fields X, Y € I'(T'M):

where we put
(X, Y]y = [NX, Y]+ [X,NY] - N[X,Y].

Similarly, given any Lie algebra (g, [, |), a linear operator n: g — g is an algebraic Nijenhuis
operator if it satisfies T),(X,Y) := [nX,nY] —n([nX, Y]+ [X,nY] —n[X,Y]) = 0 for all vectors
X,Y € g (cf. [9, 13]).
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Let an action of a Lie group G on a manifold M be given.

Definition 2.2. We say that a (1,1)-tensor field N: TM — TM is G-invariant if for any
element of the Lie group g € G, the tensor N commutes with the tangent map g,: TM — TM
to the diffeomorphism g: M — M, i.e., the following diagram is commutative

™ N oTMm
1 g« 1 g«

™ X T

A distribution of subspaces D, C T, M is G-invariant, if for any g € G and any x € M we have
g*,x(Dm) = Dy

The following lemmas are crucial ingredients in further considerations. Let G be any Lie
group and K a closed Lie subgroup of G (the quotient M = G/K is then a smooth G-manifold).

Lemma 2.3. Let N: T(G/K) — T(G/K) be a semisimple (1,1)-tensor and assume that N is
G-invariant. Then the eigenvalues of N are constant.

Proof. Since the operator N is G-invariant, it follows that its eigenfunctions are also G-
invariant, therefore on homogeneous space they are constant functions. |

Given a real manifold M, we write TCM for the complexified tangent bundle to M.

Lemma 2.4. Let G/K be a real homogeneous space. There is a one-to-one correspondence
between G-invariant distributions D C TS(G/K) and subspaces d C g© such that €€ C d and
[Pc,d] C d (here g,¢ C g are the Lie algebras of the Lie groups G, K C G). An G-invariant
distribution D is involutive if and only if the subspace d is a subalgebra in g€. Moreover, D is
real, i.e., D = D, where the bar stands for the complex conjugation on T®(G/K), if and only if
50 is d, i.e., d = d, where the bar denotes the complex conjugation in g€ with respect to the real
form g.

Proof. Below we let P: G — G/K to denote the canonical projection. An invariant distribu-

tion D on G/K defines the distribution D := P;1(D) c TCG, which by construction is left

G-invariant. Indeed, the invariance of D, g. (D) = Dy, implies Lg-invariance of D as the

commutativity of the following diagram shows

¢ b 1.6
VP, L Py,

T,(G/EK) ©3  Tu(G/K);

here L is the left translation by g and y € G is so that P(y) =

Moreover, D is right K-invariant. To show this observe that, since P is a surjective sub-
mersion, in a vicinity of points ¢ € G and P(g) € G/K there exist local coordinate sys-
tems (1, ..., Tm,Y1,---,Yk) and (2],...,2},) respectively such that P(x1,...,Zm,y1,...,Yk) =
(2),...,2h), 2t =z, i =1,...,m. Let X1(2'),..., X;(2'), X, (2') = X}(2),..., 2}, )%,belocal
linearly independent vector ﬁelds on G/ K generating the distribution D. Then the distribu-
tion D is generated by the vector fields X, () = Xi(x1,.. )B‘Zi r=1,...,l,and Y1,...,Y},
where the last ones are the fundamental vector fields of the rlght K- action These last are tan-
gent to the fibers of P, locally can be expressed as combinations of 77~ and vice versa, % can
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be locally expressed as combinations of Yi,..., Y. Obviously, [Yi, X j] = [f;;Ys for some func-
tions f%, which together with the involutivity of the system of vector fields {Y1,...,Ys} gives
[v;, D] c D.

Let d := =D, C TEG, where e € G is the neutral element. The left and right K-i 1nvarlance
of D implies, under the identification TEG = g©, the Ad(K)-invariance of the subspace d C g,
or, on the infinitesimal level, its ad(€)-invariance: [PC, d} Cd.

Now if D is involutive, then so is D. Indeed, the systems of vector fields {X;} and, conse-
quently, {)? j} are involutive. Hence so is the total system of vector fields {Yi, X j}. Infinitesi-
mally this can be expressed as [d, d] C d.

Vice versa, let d C g(c >~ TC@ be an ad E-invariant subspace. Define a distribution D c TG
by Dg = Ly +d. Then D is left G-invariant and right K-invariant and descends to a uniquely
defined invariant distribution D C T®(G/K) by means of the complexified tangent map PC:
T°G — T%(G/K).

If d C g® is a subalgebra, then clearly the distribution D is involutive. Moreover, from
the above local description it follows that the system of vector fields {)?]} is involutive and
P.X ; = X;, and, as a consequence, so is the system {X;}. Therefore D C T®(G/K) is involutive.

The last assertion of the lemma is obvious. |

Lemma 2.5. Let D C T(G/K) be an G-invariant integrable distribution on G/K relative to
a subalgebra h C g, b D ¢ (as in Lemma 2.4 but we admit also the complex analytic case), and

let H C G be the corresponding subgroup. Denote by P: G — G/K the canonical projection.
Then

1) the leaves of the foliation tangent to D are the projections with respect to P of the left
cosets gH , g € G;

2) given § € g, the fundamental vector field X¢ of the G-action on G /K is tangent to the leaf
P(gH) if and only if £ € Adgh C g.

Proof. Consider the integrable distribution D built in the proof of Lemma 2.4. Then it is easy
to see that the foliation tangent to D coincides with the foliation of the left cosets gH, g € G.
Since P, (ﬁ) = D, the leaves of the corresponding foliations are projected on each other by
means of P, which proves item 1.

The right invariant vector field £ on G, {rle = &, is tangent to gH at the point gh € gH
if and only if fR(gh) S Tgh(gH) = Rgh,*(g) S Tgh(gH) = Lgh,*h & € e R(gh)*l,*Lgh,*h =
Adgnh = Adgh (here £ € g = T.G). Hence X¢ = P,{pr is tangent to P(gH) if and only if
£e€Adyh. |

Lemma 2.6. Let N: TM — TM be a semisimple (1, 1)-tensor with constant distinct eigenvalues
AM,...;0s € C (or Mi,...,\s € R) and let D; C T®M (or, respectively D; C TM) be the
eigendistribution corresponding to A;. Then Ty = 0 if and only if the distributions D; and
D; + D; are involutive for any i, j.

Proof. Assume N is Nijenhuis. It is easy to see that T_x; = Tn = 0 for any A € C. In
particular [(NC — A1) X, (NC = NI)Y] = (N© = X\I)[X,Y]yc_y,; for any vector fields X, Y
and the image of NC — \;J: T°M — TCM is an integrable distribution. As a consequence,
D; =y im (NC —XI) and D; + D = Mk ; Im (N® — M) are integrable.

Now, let the decomposition TCM = Dy @ --- @ D, be such that D; + D; are integrable for
any i, j. By the bilinearity of Nijenhuis torsion tensor it is enough to prove that T (x,y) = 0
for x € T'(D;), y € I'(D;), 1 < 4,5 <m:

TN($7@/) = [Nvay] _N([Nxvy]+[vay])—’_NQ[xay]
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(2

([, yli + [z, 9]5) = Ni([z, yli + [z, 9];)

([, 9l + [2,915) + N(\ilz, yli + Az, ;)

([, gl + [, 9)5) — (Nl yli + Az, ol + iz, s + Al yl5)
+ (A, yli + Aj[z,y);) =0

(here we denote by [x,y]; the i-th component of the element [z, y] with respect to the decompo-
sition above). The proof in the case of real eigenvalues is analogous. |

Let G be any Lie group and g = Lie(G) its Lie algebra, K a closed Lie subgroup of G and
t = Lie(K).

Theorem 2.7. There is a one-to-one correspondence between

(1) G—invariant semisimple Nijenhuis (1,1)-tensors N: T(G/K) — T(G/K) with the spec-
trum {A\1,..., As}, where \; are distinct, Mi,..., ap € C, \j = Aiyp fori=1,...,p and
)\2p+1,...,)\5 € R,

and

(ii) decompositions g€ = g1 + - - + g of g€ to the sum of subspaces such that:

1) Y, e, shizj 8 N g =5

2) the induced decomposition of the factor space g« /€€ is direct: g© /¢ = (gl/EC) DD
(95/%)

3) Vijefi,..s} 9i + g5 are Lie subalgebras in a<;

4) gi =Gitp fori=1,...,pand g; =; forj=2p+1,...,s

The decomposition (ii) induces the decomposition TC(G/K) = D1 @ --- ® Dy to involutive
subbundles, the corresponding (1,1)-tensor N is then given by N|p, = A\;i1dp, and, vice versa,

given N as in (i) one constructs the decomposition (i) by the decomposition T®(G/K) = Dy ®
@ Ds of T°(G/K) to the eigendistributions of N.

Proof. Let N be an G-invariant semisimple Nijenhuis (1, 1)-tensor on G/K with the spectrum
{0 A A € €N # N, for i # j}. From Lemma 2.6 it follows that there is a decompo-
sition T®(G/K) = Dy @ --- @ Dy into integrable distributions, which, as the eigenspaces of an
G-invariant tensor, are also G-invariant. By Lemma 2.4 there is a one-to-one correspondence
between G-invariant distributions D; and subalgebras g; containing €€, hence there is a decom-
position of g& = gy + - - - + g5, such that g; N g; = €€ for any i # j. Applying Lemma 2.4 to the
sum of distributions D; + D; we see that it is involutive if and only if g; + g; is a subalgebra.

Item 3 follows from the last assertion of Lemma 2.4 and from the obvious fact that D; = m
fori=1,...,pand D;=Dj for j=2p+1,....s

The proof in reverse direction follows the same argumentation with the use of the equivalences
in lemmas cited. u

Below we present some examples for which decompositions of Lie algebras mentioned in
Theorem 2.7 are given explicitly.

First series of examples come from semisimple algebraic Nijenhuis operators n: g — g, which
are ad t-invariant for some Lie subalgebra ¢ C g, i.e., noadk = adk on for all k € £. Then by
ad £-invariance we can extend it to an invariant Nijenhuis (1, 1)-tensor N on G/K.

In the literature the following two classes of algebraic Nijenhuis operators are widely known [9,
13, 27]:! first is related to a direct decomposition of the algebra g to two subalgebras, second

!The is one more class defined on the full matrix algebra by nX = AXB + BAX, where A* = B® = I [19].
For some particular cases of the matrices A and B the corresponding operator is semisimple. However these cases
are beyond the scope of this paper.
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is related to the operator of left multiplication on the full matrix algebra. Below we consider
particular cases of these two classes.

Example 2.8. Let g be a semisimple Lie algebra with the root system R with respect to

a Cartan subalgebra h C g. Let g = h + > g, be the corresponding root decomposition.
aER
Choose RT™ and R~ to be sets of positive and negative roots and let S C II be any subset of

the set of positive simple roots. We denote by [S] the set of positive roots generated by S.

Consider the decomposition g = p @ p*, where p:=h+ > go+ > ga is the corresponding
a€ER™ a€(S]
parabolic subalgebra and p~ = Y g, (the orthogonal complement with respect to Killing
a€RF\[9]

form). Then p= is obviously a subalgebra too. The operator n: g — g defined by nlg, = A1 Idg,,
nlg, = A2ld|g, with g1 = p and go = p* and with arbitrary A;, Ag is algebraic Nijenhuis
(cf. 9, 24]).

One may take £ = pNpoPPosite where poPPosite — 4+ S~ g, + > g,. Then the operator

ace—[S]CR~ a€ERT

n will be ad ¢-invariant and will generate an G-invariant Nijenhuis (1, 1)-tensor on G/K, where
G, K C G are the corresponding Lie groups. The decomposition of Theorem 2.7 looks as follows:
g1 := p, g2 := pOPPosi  Ap instance of such a situation for g = sl(3,R) can be schematically
presented as

* 0 0 0 * =x * ok ok * 0 0
p = |% x x|, pJ_ — O 0 0 7 popposite — 0 T E — 0 .
I S 0 0 0 0 * = 0 * =«

where the corresponding set S consists of the sole root es — e3, e¢;(H) being the i-th diagonal
element of H € b.

Example 2.9. Let g = gl(n,K), K = R,C, and consider n = Ly4, the operator of left multi-

plication by a matrix A € g. Then it is easy to see that n is an algebraic Nijenhuis operator.

Taking A = diag(A1,...,A\n), Ai # Aj, © # j, we get a semisimple operator, whose eigenspaces

ker(n — A; Id) consist of matrices with the only nonzero i-th row. Obviously, n is ad ¢-invariant

for ¢ = Z(A), the centralizer of A, which coincides with the subalgebra of diagonal matrices.
n

The decomposition of Theorem 2.7 is g = »_ g;, where g; = ker(n — \;Id) + ¢ consists of the
i=1

matrices having non zero elements at most on the diagonal and i-th row.

The generalization to the case when multiplicities in the spectrum of A are admitted is
straightforward. This example has also an obvious generalization to the case g = sl(n, K).

Our next example is quite classical, as this is the complex structure operator on the adjoint
orbits of the compact Lie groups which was intensively studied in the literature. We adapt the
description of this operator to our notations. An alternative description can be found in [1,
Chapter 8.B].

Example 2.10. Let g be a complex semisimple Lie algebra, h C g a Cartan subalgebra, g = b+

>~ 8a the corresponding root grading. For any o € R choose E,, € g, such that (E,, E_,) =1
acR

and put Hy := [Eq, F_o]. Thenu= ) R(iHy)+ > R(E,—E_o)+ >, R@(E,+E_,)) C g,

a€ERT a€ERT a€ERT
where R™ C R is a subset of positive roots, is the compact real form of g [11, Theorem 6.3,
Chapter III]. By [10, Theorem 1.3, Chapter 6] the centralizer Z,(a) of any element a € u (which
is necessarily semisimple) is of the form Zy(a) = > R(iHy)+ Y, R(Ea—E_o)+ Y. R(i(Es+
aERT a€lS] a€lS]

E_,)), where S C R* is a subset of the set of simple positive roots (cf. Example 2.8). Consider
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the operator j: ut — ut, whereut := Y R(E,—F_o)+ Y R(@(E,+ E_a)), given
a€RT\[S] aeRT\[S]
by §(Ba — E—a) = i(Ea + E—a), §(i(Ba + E_a)) = —(Eq — E_y). Note that jC(Ey) = iEq,
J®(E_o) = —iE_,. The eigenspaces gj := Y. C(E,) and g := Y. C(E_,) are
a€RT\[S] a€RT\[S]

subalgebras as well as the subspaces g; := g, @ t© ¢ = Z,(a). Hence by Theorem 2.7 the
operator j induces an invariant integrable almost complex structure on U/K, where U, K C U
are the Lie groups corresponding to the Lie algebras u, £. We conclude that, although this
operator is not arising from an algebraic Nijenhuis operator, the corresponding decomposition
in fact coincides with that from Example 2.8).

Now we come to a series of examples of different nature.? The decomposition of Theorem 2.7
will still consist of two components which now need not be symmetric with respect to the
involution interchanging g, and g_,. In other words, any decomposition g = g1 + g2 of a Lie
algebra g to two subalgebras can be taken into consideration (with € = g1 Ngz2). One of possible
natural generalizations of Example 2.8 is considering two “nonsymmetric” parabolic subalgebras.
Their intersection is the so-called seaweed subalgebra.

Example 2.11. Let g be a semisimple Lie algebra with the root system R with respect to
a Cartan subalgebra h C g. Let g = h + > g, be the corresponding root decomposition.
a€ER
Choose R™ and R~ to be sets of positive and negative roots and let S, S’ C II be any subsets of
the set of positive simple roots. Consider the parabolic subalgebras g1 = b+ > ga+ D, ga

a€ER~ a€lS)
and go = h+ > 8o+ D ga- An instance of such a situation for g = sl(3,R) can be
a€ERT ae—[5']
schematically presented as

* 0 0 * k% * 0 0
g1 = |* * x|, go = [* *x x|, B= % x x|,
* ok ok 0 0 =x 0 0 =x

!/

(ol
nn

where the corresponding sets S an consist of the roots es — e3 and e; — e respectively, cf.

Example 2.8.

In [20] A.L. Onishchik classified all decompositions g = g1 + go for compact simple Lie
algebras g and we list them below. (In [21] he also gave a classification of decompositions of
reductive Lie algebras g to two subalgebras reductive in g, but we omit this case here.)

Example 2.12. Let g be a compact simple Lie algebra. The following table presents all pairs
of subalgebras (g1, g2) such that g = g1 + g2 together with possible embeddings i': g1 — g,
1. go — g up to conjugations. Below N stands for the trivial representation, ; for the specific
representation mentioned in [20] and T for the 1-dimensional Lie algebra.

3 Bi-Poisson structures, kroneckerity, G-invariance,

and complete families of functions in involution

If M is a real or complex analytic manifold, £(M) will stand for the space of analytic functions
on M in the corresponding category. We will write K for the corresponding ground field. We

2By this we mean that they are not necessarily related with an ad t-invariant algebraic Nijenhuis operator on
the Lie algebra g. For instance, in Example 2.11 there are two ways to build a compatible with the decomposition
g = g1 + g2 algebraic Nijenhuis operator n: g — g: nlg;, = A11dy,, nly, = A21dg, with gb = g7, or n|g, = f21dg,,
n\g/l = Idg/1 with gi = ga. However, in both the cases the operator in general will not be ad t-invariant.
Concerning the decompositions from the Onishchik list, see Example 2.12, it seems that it is even impossible to
build a compatible Nijenhuis operator for some of them.
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’ g ‘ g1 ‘ ¢ ‘ g2 ‘ 1 ‘ E=g1Ngo \ restrictions
Agp1 | Cp 1 Azp—o e1+ N Cn-1 n>1
A1 | Cy 1 Ay o®T | o1+ N | Cp 1 ®T n>1

B3 Go 2 By 1 + 2N Ay

Bs Ga V2 BodT | p1+2N | AT

Bs Go ©v2 D3 ©1+ N A
Dpiq B, | p1+N Ap 01+ on Ap1 n > 2
Dy i1 B, |p1+N| AT | o1+, | Ay 1@®T n>2
Doy | Bon1 | o1+ N Cn 1+ p1 Cn-1 n>1
Dy, | Byp1 |1 +N| C,dT pr1+¢1 | Ch1@T n>1
Dy, | Bap1 |1+ N | Co®Ar | op1+¢1 | Cro1 @ Ay n>1

Dsg By w1+ N By 04 B3

Dy B3 ©3 By ©1 + 3N A

Dy B3 ®3 Bo®T | ¢1+3N | AaeT

Dy Bs ©3 Bo® A | o1 +3N | A oA

Dy Bs ©3 D3 1+ 2N A

Dy B3 3 D3®T |1 +2N | AT

Dy Bs ©3 Bs o1+ N Go

recall basic definitions and concepts related to bi-Poisson structures, their kroneckerity and
invariance (cf. [17]).

We will say that some functions from the set £(M) are independent at a point x € M if their
differentials are independent at x. For any subset F C £(M) denote by ddim, F the maximal

number of independent functions from the set F at a point x € M. Put ddim F := max ddim, F.
xe

Definition 3.1. A bivector field (bivector for short) is a skew-symmetric morphism II: T*M —
TM. It is called Poisson if the operation {f, g} := II(f)g is a Lie algebra on £(M) (here
II(f) := I1(df) stands for the Hamiltonian vector field corresponding to the function f). Define

rank IT := m%(dimH(T;M) and R := {x € M| dim (T} M) = rankI1}. A function f € £(U)
Te
over an open set U C M is called a Casimir function for a Poisson bivector II if II(f) = 0. The

set of all Casimir functions for IT over U will be denoted by Z'(U) (note that Z'(U) is the
centre of the Lie algebra (£(U),{, }!1)).

Given a poisson bivector I, the generalized distribution II(T*M) C TM (called the charac-
teristic distribution of II) is integrable, the restrictions of II to its leaves are correctly defined
nondegenerate Poisson bivectors and the leaves are called the symplectic leaves of II. In partic-
ular the set R is the union of all the symplectic leaves of maximal dimension.

Definition 3.2. A set I C £(U) of functions over U C M is called involutive with respect to
a Poisson bivector IT if {f,g}!! = 0 for any f,g € I (we also say that such functions are in
involution). An involutive set is complete with respect to II if there exist fi,..., fs € I, where
s=dimM — %rank I1, independent at any point from some open dense set Uy C U.

If I is a complete involutive set over U, then among f; there are dim M — rank II Casimir
functions of II. Any such set I is a set of functions constant along a lagrangian foliation of
dimension %rankﬂ defined on an open dense set in any symplectic leaf of maximal dimension.

Definition 3.3. Two Poisson structures II; and IIs on a manifold M is called compatible if
I1; := t111; +t2115 is a Poisson bivector for any t = (t1,t2) € K2; the whole 2-dimensional family
of Poisson bivectors (in case IIj o are linearly independent) {II;};cg2 is called a bi-Poisson or
a bi-Hamiltonian structure.
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Definition 3.4. A bi-Poisson structure {II;} on M is Kronecker at a point x € M if ranke (¢ 11+
tolls)|, is constant with respect to (t1,t2) € C?\{0} (in the real analytic case we consider (I1;), as
a skew-symmetric bilinear form on the complexified cotangent space (77 M)®). We say that {II;}
is Kronecker if it is Kronecker at any point of some open dense subset in M.

Importance of this notion is explained by the following

Theorem 3.5. Let {II;} be a Kronecker bi-Poisson structure on M. Then for any open set
U C M such that ddim Z"(U) = dim M — rankIl; for any t the set

ZUeH(U) := Span ( U Znt(U)>
t£0

is a complete involutive set of functions with respect to any Iy # 0 (see Definition 3.2).

The reader is referred to [2] for the proof. The condition that ddim Z"¢(U') = dim M —rank IT;
for any t is always satisfied for any sufficiently small open set U and, in many cases also for an
open and dense set in M.

Remark 3.6. Recall that a real analytic submanifold M, dimg M = n, in a complex mani-
fold M€, dimg M€ = n, is called mazimal totally real if in a neighbourhood of any point in M
there exists a holomorphic coordinate system z = (21,. .., 2y), 2; = x; +1y;, such that M locally
is given by the equations y; = 0. We say that M€ is a complexification of M and M is real form
of M¢. The holomorphic coordinates as above will be called adapted to M. A complexification
exists for any real analytic M [33].

Let M be a real analytic manifold and M€ its complexification. Any real analytic tensor T
defined on M can be uniquely extended to a holomorphic tensor T defined in a vicinity of M
in M¢ by extending its coefficients to holomorphic functions and substituting a%- and dz;

by aizj and dz; respectively in the adapted systems of coordinates. Vice versa, if a holomorphic
tensor T is given on M¢ such that in the adapted coordinates its coefficients restricted to M
are real, then it is the holomorphic extension of some real analytic tensor 7" on M. Obviously,
if {II;}1ere, Iy = t111; + t2Ilo, is a real analytic bi-Poisson structure on M, then it is Kronecker
at a point m € M if and only if so is its holomorphic extension {II°};cc2, IIf = 111§ + to115.

Let G be a Lie group acting on a manifold M. Denote by £&(M) the space of all G-invariant
functions from the set £(M). We say that a bi-Poisson structure {II;} is G-invariant if so is
each bi-vector II;, t € R2.

Now we assume that the action of G on M is proper, as for instance is in the case of any
smooth action of a compact Lie group. Fix some isotropy subgroup H C G determining the
principal orbit type. In this case the subset

MH:{xeM:Gx:gHgfl forsomegEG}

of M, consisting of all orbits G - x in M isomorphic to G/H, is an open and dense subset of M
(see [8, Section 2.8 and Theorem 2.8.5]). It is well known that the orbit space M} = My /G
is a smooth manifold. There is a natural identification of spaces £¢(My) and p*&(M};), where
p: My — M}, = My /G is the canonical projection, in particular ddim, £ (M) = ddim £ (M)
for z € Mpy. Moreover, if an G-invariant bi-Hamiltonian structure {II;} is given on M, all the
Poisson bivectors II¢|ys, are projectable with respect to p, i.e., there exist a correctly defined
bi-Poisson structure {II}} on My /G such that II} = p,II;, and the identification mentioned is
a Poisson map:

p*{fag}n2 = {p*fvp*g}nta fvg € g(M;-I)
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Assuming that the reduced bi-Poisson structure {II}} is Kronecker, by Theorem 3.5 for a suffi-
ciently small U C M}, we get an involutive family of functions

7z (U) .= Span ( U ZHi(U)>,
t£0

which is complete with respect to any Poisson structure IT;. In some cases the corresponding set
of functions p*Z{W}(U) on p~'(U) € M which by the considerations above is involutive with
respect to any Poisson bivector II; can be extended to a complete involutive set of functions.
One such situation is touched in Theorem 3.7 below. This theorem also describes a method of
proving the kroneckerity of the bi-Poisson structure {II}} reducing the problem to the calculation
of rank of a finite number of the reduced Poisson structures, which was used in [17, 23].

Theorem 3.7. Retaining the assumptions above assume moreover that

(a) the associated action p: g — T'(T'M) of the Lie algebra g of G on M can be extended to
a holomorphic action p®: g& — T(TM?€) of the complezification g* of the Lie algebra g on
some complexification M€ of M on which a holomorphic extension {II{} of {I1;} is defined
(see Remark 3.6) and {II¢} is g®-invariant, i.c., the Lie derivative L ye(e)1§ is equal to zero
for any t € C? and any € € g©; here T(TM) stands for the space of real analytic vector
fields on M and T'(T'M?€) for the space of holomorphic vector fields on M¢;

(b) the action of G on M is generically locally free, i.e., the stabilizer H corresponding to
the principal orbit type is finite; in particular, a generic stabilizer algebra of the actions p
and p° is trivial;

(c) codim Sing g* > 2, where Sing g* C g* is the union of the coadjoint orbits of nonmazimal
dimension, i.c., Singg* = g* \ R"s* for the Lie-Poisson structure Iy« on g*;

(d) for almost all t the bivector II§ is nondegenerate and the action p¢ is Hamiltonian with
respect to 1I¢, i.e., there exists a set E C C? being the union of a finite number of 1-
dimensional linear subspaces (t1), ..., (ts), amap u§: M¢ — (g%)", t € C?\E (the so-called
momentum map), such that rank II§ = dim M, t € C?\ E, and any fundamental vector field
p°(€), € € g%, of this action is a Hamiltonian vector field Hf(Hf) with the Hamiltonian

function Hf(:c) = (uf(x),&) and p§ is a Poisson map from the Poisson manifold (M€, 1If)
to the Lie—Poisson manifold ((gc)*, H(GC)*);

(€) the restriction uy = u§|y, t € R?, takes values in g* C (gc)*; in particular the action p
itself is Hamiltonian with respect to any Iy, t ¢ RZN E: p(§) =11, (Hf|M), £eag.

Then

1) the set U == My \ (U,cge 11 ' (Sing g*)) is an G-invariant open dense set in My ;

2) the reduced bi-Poisson structure {II}} on M}, = My /G is Kronecker at a point x’ € p(U)
if and only if

/ . .
corankII; [,» = ind g, 1=1,...,8;

3) if {II} is Kronecker and F stands for any complete involutive set of polynomial functions
on (g*,Ilg<) (which exists by the Sadetov theorem [29]), the set of functions

7= p* (2" (M) | i, F (3.1)

is complete on My with respect to any ly,, to € E NR?;
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4) moreover, p* (Z{HQ}(p(U))) = Span (Ut;«éo wy (ZHG* (,ut(U))))

Here ind g, the index of the Lie algebra g, is the codimension of a coadjoint orbit of maximal
dimension, i.e., ind g = dim g — rank ITg-.

Proof. The G-invariance of the set U follows from the well-known fact that the Poisson property
of the moment map p; is equivalent to its G-equivariance (with respect to the coadjoint action
of G on g*), which implies the G-invariance of yf(Sing g*).

The so-called “bifurcation lemma” says that for any = € My the image (u¢)«(ToMp) C g*
coincides with the annihilator in g* of the Lie algebra of the isotropy group G* of = [22, Propo-
sition 4.5.12]. Since this algebra vanishes by Assumption (b), rank y;(z) = dimg* and the
image u:(Mp) contains an open subset of g*. The set Sing g* is algebraic and its complement
in g* is open and dense, hence Assumption (c) guarantees that the set U is also open and dense.

To prove item 2 observe that for any t # t;, ¢ = 1,...,s and any * € My, by the holo-
morphic version of the bifurcation lemma and by a simple algebraic fact (Lemma 3.8 below)
corank((I1f)"),; = corank(Ilycy«),e). Here ((IIf)); is the restriction of the bivector (IIf);
treated as a bilinear skew-symmetric form on 7)) M€ to the annihilator (T,0)° C TxM¢ of the
tangent space T, O to the gC-orbit O passing through x and it is known that the space T,O
is the skew-orthogonal complement to the tangent space through x of the fiber of the moment
map fif.

Hence, if moreover z € U, then corankg(Il}),) = coranke((I1§)"),m) = indg® = indg.
Therefore the reduced Poisson pencil {II;} is Kronecker at p(z) if and only if the corank at p(x)
of the reductions (II;,)’ of the exceptional Poisson structures IT;,, i = 1,..., s, is equal to ind g.

Item 3 follows from the well known fact that once we have a pair of Poisson submersions
p1: (M,II) — (Mq,11) and py: (M,II) — (Ms,I1s) with skew-orthogonal fibers with respect
to II and complete families of functions Fi, F2 on (Mi,I1;), (Ma,Il2) respectively, the family
pi(F1) Ups(Fa) is complete on (M, II) [23, Proposition 2.22].

The last item is a consequence of another well known fact that pj (an) = p (ZHQ) [23,
Corollary 2.19]. [

Lemma 3.8. Let V' be a vector space over K andw: VxV — K a nondegenerate skew-symmetric
bilinear form. Denote by I1: V* x V* — K its inverse bivector. Let V1,Vo C V be two vector
subspaces being orthogonal complements of each other with respect to w. Then the restrictions
of I to the subspaces Wy := V" C V* and Wy := V3 C V* have the same coranks.

Proof. Indeed, since Wi and Ws are mutual orthogonal complements with respect to I, we
have ker(H!Wlel) =WiNWy, = keI‘(H|W2><W2). |

4 Bi-Poisson structures on cotangent bundles
related to Nijenhuis (1, 1)-tensors

Definition 4.1. Let @ be a manifold and X € T'(T'Q) be a vector field on Q. Then the formula
X = H(Y), where I = w™! = 0q N\ O, is the canonical nondegenerate Poisson structure on 7@
inverse to the canonical symplectic form w = dpAdqg and X stands for the linear function on 7*Q
corresponding to X, gives a vector field X € I(TT*Q) which will be called the cotangent lift
of X. The local characterization in the canonical (g, p)-coordinates is as follows: if X = X?(q)-2

8(11 )
¥ i - i 0X7
then X = X*(q)p; and X = X'(q) 8?11' —pj 8q§Q) 8?;1-'

Remark 4.2. One can also describe the Hamiltonian function X as the evaluation 9()? ) of the
canonical Liouville 1-form 6 = p; d¢* on X.
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Remark 4.3. In particular, if a Lie group G with Lie(G) = g acts on a manifold @ and X¢ is

the fundamental vector field of this action corresponding to an element ¢ € g, then )Z'g is the
corresponding fundamental vector field of the extended cotangent action of G on T*Q.

Let (M,w) be a symplectic manifold, w; another symplectic form on M. Then w, w; are
Poisson compatible (i.e., the Poisson structures II := w1, T} := wy L are compatible) if and
only if the (1,1)-tensor N := ITy ow: TM — TM is Nijenhuis (cf. [14, Proposition 7.1]). Assume
this is the case. Let II* = IT; — AIl. We have II* = (N —AI)II, therefore im II* = im (N —\I)II =
im (]\Nf -\l ) since II is nondegenerate. This gives us relation between characteristic distributions
of Poisson structures and eigendistributions of a Nijenhuis tensor. In particular, we have proved
the following lemma.

Lemma 4.4. Retaining the assumptions above assume additionally that N is semisimple and

has constant eigenvalues Ai,...,As, \i # Aj, i # j (assumed to be real in the real category).

Let D;, i = 1,...,s, be the eigendistribution corresponding to the eigenvalue ;. Then the

foliation F; tangent to the distribution ) D; (which is integrable by Lemma 2.6) coincides with
J#i

the symplectic foliation of the degenerate Poisson bivector IT.

The following definition is due to F.-J. Turiel [32].

Definition 4.5. Let @ be a manifold and K: TQ — T'Q be a (1, 1)-tensor. Define its cotangent
lift K: TM — TM, M = T*Q, as follows. Let K': T*Q — T*Q be the map transposed to K
understood as a smooth map M — M, let w be the canonical symplectic form on T*Q), and let
wy = (Kt)*w. Put K := w1 ows.

o)
aqt

If {¢'} is a system of local coordinates on @ and K = K;(q) ®dg¢’, then in the corresponding

coordinates (qi, pi) on T*(Q) we have

- . ) 9 OKk  aKk\ 9 .
K =K — ®@d¢ + — @ dp; I |  ®dg.
(@ ((W@ I +8pj® p>+pk<3ql 3qﬂ>8qf® 4

Obviously, if K is a fiberwise invertible (1, 1)-tensor, then K-1=FRK1
Lemma 4.6 ([32]). Tx = 0 <= T3 = 0.
In particular, we have the following statement.

Lemma 4.7. Let N: TQ — TQ be a fiberwise invertible Nijenhuis (1,1)-tensor. Then the pair
of bivectors (IL,I11), where I1 := w™! is the canonical Poisson bivector on T*Q, T} := N oI,
and w is the canonical symplectic form on T*Q, is a pair of compatible Poisson bivectors on T*(Q).

Proof. Obviously, NoIl = Now ™! = (wo Nfl)fl = (wo ]7:1)71 = (((Nfl)t)*w)f1 =
Niw=! = NI, hence II; is a Poisson bivector. Since N is a Nijenhuis tensor, II and II; are
compatible. ]

From now on we assume that N is an invertible semisimple Nijenhuis (1, 1)-tensor with con-
stant eigenvalues Ai,..., A5, A; # Aj, @ # j (which are real in the real category) of multiplicities
k1, ..., ks respectively and let D; C T'Q to be the eigendistribution corresponding to the eigen-
value \;. We also denote by D; C T'M the eigendistribution of the (1, 1)-tensor N corresponding
to the eigenvalue \; (of multiplicity 2k;).

Let L(N) stand for the Lie algebra of vector fields on @ preserving N (i.e., V € L(N) if
and only if Ly N = 0) and let § = 61 + - -- + 05 be the decomposition of the canonical Liouville
one-form 6 on M := T*(Q related to the decomposition TM = D1 ® --- P Dy, i.e., Hi‘ﬁi = H\Ei
and 01( Z 5]) =0.

J#i
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Lemma 4.8. Retain the assumptions above. Then the following statements hold.

1. For any i € {1,...,s} the leaves of the symplectic foliation F; of the Poisson bivector
I =11, — N1 are all of the same dimension and have codimension 2k;. For any such
leaf F its image w(F') under the canonical projection w: T*Q — Q is a leaf of the foliation
tangent to the distribution D; := 3" D; (which is integrable by Lemma 2.6). The leaf (F)

J#i
is of codimension k; in Q. For any leaf Fy of the foliation tangent to D; the set 7~ (Fp)
is a Poisson submanifold of the Poisson manifold (T*Q, H’\i).

2. The vector fields from L(N) tangent to the distribution D; form an ideal L; of the Lie
algebra L(N) and there is a direct decomposition L(N) = L1 @ --- @ L.

3. For any V € L(N) and i € {1,...,s} the function fi, := 91(‘7) € E(T*Q), where V is
the cotangent lift of V (see Definition 4.1), is a Casimir function of the bivector IIN. In
particular, since f{/ linearly depends on V- € L(N), for any leaf F' of the foliation F; the
formula V + ®%(V) := fi,|r defines a linear functional on L(N).

4. If V. € L(N) is tangent to the leaf w(F'), where F is a symplectic leaf of the Poisson
bivector 11", then ®%,(V) = 0.

5. Given any leaf Fy C Q of the foliation tangent to the distribution D;, a vector field
V € L(N) is tangent to Fy if and only if V is tangent to 71 (Fp).

Proof. Recall that k; is the multiplicity of the eigenvalue \;, i = 1,...,s. By Lemma 2.6 in

a vicinity of every point on @) there exist a system of local coordinates (qﬁ - ,qj b N

¢'%), where (ji,....4% ..., 4,...4f.) = (1,...,dimQ), such that the eigendistribution D; is

spanned by the vector fields ajfi ey 8;%]-%. Then N = > )\i(:Z:I (aq% ® dqﬂ; + % ® dpj%))

and by Lemma 4.4 the tangent space to the symplectic foliation of II* is generated by the

vector fields a%l’ ap%, Ibm & {j{, . ,j,ii} (the corresponding Casimir functions are g/n, Dji

n =1,...,k;). On the other hand, the tangent distribution to the leaves of ) D; is spanned
J#

by the vector fields 8%1’ l g { Ji ]}%} This proves the first assertion of the lemma.
To prove item 2 notice that, given a vector field V = Vl(q)a%l, the equality £y N = 0 holds

if and only if [V, NX] = N[V, X] for any vector field X. Substituting X = aii to the last

q n
equality we get \; [V, 0 ] =N [V, i,i], which means that [V, 0 ] is an eigenvector of N
aq]n 8qﬂn ann

corresponding to A;. Hence [V, 0 ] is expressed as a linear combination of 9. e 0.
8(1] n 8(]] 1 an k;

. In

other words, the coefficients Vji, e vk depend only on the coordinates ¢* := (qji, e ,qj’z%)
for any 1.

For the proof of item 3 observe that 6; = > pji; dg’ in the coordinates mentioned and the
n=1

evaluation f{} of this form on the cotangent lift

. 0 oVi(g) o
— ! _
V=V g g

(4.1)

of a vector field V' € L(N) is equal to

Fo=2 Vi (d)py
n=1
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Any leaf Fyy of the foliation tangent to D; is given in these coordinates by the equations qﬂ} = cj:},
n=1,...,k;, and any symplectic leaf F' C 7~ 1(Fp) of the foliation F; by the equations ¢/n = ¢Jn,
pji = C'j}-1 ,n=1,...,k;, whose right hand sides are some constants. This proves item 3.

"If a vector field V € L(N) is tangent to m(F), then
ijl(ci):o, n=1,...,k;

where we put ¢ := (cji, .. ,cj’l“i), in particular ®%, = f{/|F = 0.
The last item follows easily from formula (4.1). [

Lemma 4.9. Retaining the assumptions of the preceding lemma assume that a transitive left
action p: g = I'(TQ), & — Ve, of a Lie algebra g on Q is given such that p preserves N, i.e.,
p(g) C L(N). Denote by p the extended cotangent action, p(§) = p(&), £ € g. (Note that p is an
antithomomorphism, the map V — Visa homomorphism, hence p is an antthomomorphism, i.e.,
a left action.) Given a leaf F of the symplectic foliation F;, i € {1,..., s}, let ¢’ = ®%0p € g*
be the linear functional induced on g by the functional ®% € (L(N))* from Lemma 4.8(3) and
let g stand for the stabilizer algebra of F, i.e., the set of elements & € g such that p(§) is tangent
to F. Let p;: T(TQ) — T'(D;) be the projection related to the decomposition TQ = D1 &®---&® Dy.
Then

1) foranyi e {1,...,s} the map L(N) — L, induced by the projection p; is a homomorphism
of Lie algebras; in particular p;: g — T'(TQ), where p; := p; o p, is a left action of the Lie

algebra g;
2) the action p is Hamiltonian with respect to the Poisson structure I for any X\ # \;,
1=1,...,s with the momentum map py: T*Q — g* given by
(pa(x), &) = (WA O)(p()) (), €, (4.2)

where 6 is the canonical Liouville 1-form on T*Q and ¥(X) is the diffeomorphism of T*Q
given by ((N — )\I)t)fl (we used the notation (-)! for the transposed map); equivalently,
(ur(x),&) = > %(;), see Lemma 4.8(3) for the definition of fi.; moreover,

i=1
px = Hean © P(A), (4.3)

where fean S the moment map corresponding to the canonical Poisson bivector 11;

3) given a leaf F of the symplectic foliation F;, the restricted action of gp on F is Hamil-
tonian with respect to the restriction of the Poisson structure II to F with the mo-
mentum map Mi: F — g* given by <[Li($)7§> = (¥3,0)(p(€)(x), £ € gp, where 0
is the canonical Liouville 1-form on T*Q and 1y, is the smooth map of T*Q given by
VY lpr = ((N — )\iI)t)_1|D;, j # i, ¥a|pr = 0; here T°Q = D} & - -+ @ Dy is the decom-
position corresponding to TQ = D1 @ --- @ Dy;3

—_~—

4) the cotangent extension p;, pi(€) = pi(€), of the action p; defined in item 1 is Hamiltonian
with respect to the canonical Poisson bivector 11 with the momentum map v;: T*Q — g*,

(vi(z),&) = f;(g) (x);

3Here an equivalent description of the momentum map similar to that from item 2 is also possible: (ui (2),¢) =

Fe®
X — N (

S
2
Jj=1

note that the i-th term in the sum is correctly defined since fpi(g) vanishes for £ € gp, cf. Lemma 4.8(4)).
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5) for any leaf Fy C Q of the foliation tangent to the distribution Dj its stabilizer algebra 9r,
with respect to the action p, i.e., the set of £ € g such that p(§) is tangent to Fy, coincides
with the stabilizer algebra of the submanifold == (Fy) with respect to the action p, i.e., the
set of £ € g such that p(€) is tangent to 71 (Fp);

6) the following inclusion holds: v;(m~*(Fp)) C gFO =(g/9r)";

7) moreover, the relation F +— @Y% = v|p is an gg,-equivariant one-to-one correspondence
between the symplectic leaves F of 1" such that ©(F) = Fy and linear functionals from
a k;-dimensional linear subspace in (g/8r,)* (which in fact coincides with (g/9r,)*, see
Lemma 4.10(4)).

8) the stabilizer algebra g C g of a leaf F C w~(Fy) with respect to p is equal to the stabilizer
algebra of the functional @i € (g/gr,)* with respect to the action of gp,.

Proof. The claim of item 1 follows from the fact that each L; is an ideal in L(NN) (see
Lemma 4.8(2)).
To prove items 2 and 3 use coordlnates from the proof of the previous lemma. We have

the following formulas: II = >’ Z 6p 8 ]Z, I, = Z)\ ( Z 8p ), = > (\ —
i n=1 ih b & i
ki
NS 32 A2, and TV = S5 (A — A))( Z 52 A —2-). For the vector field V = V; =
ne=1 pjjh Ogin iZj =1 pj;'z Ogin
k

N (i 0 o T
Zi: V£ (ql) Py its cotangent lift V' = V¢ takes the form

v ) o

= Z Z ijn (q 8an N Z Z In 8q]m apj:‘n

i n=1 i ny,m=1

and is a Hamiltonian vector field with respect to II: V = II(H¢), where He = 0(‘7) =

> Z VJ”( )pj% (cf. Remark 4.2). On the other hand, obviously, V = H)‘(Hé\)7 where we

i n=1

put

ki
HE =303 VI (d')pyg /(i = ).
i n=1
In fact, the functions Hé\ are global and correctly defined (i.e., they do not depend on the
choices of local coordinates), which can be seen from the equality H A = (P(N)*0) (175) Yet
another description of the function H 2 is as follows: Hy =3, fvg /(Ai — A) (see Lemma 4.8(3)
for the definition of f{,ﬁ)
Using the equality Vie o = [V, V] we get

m (EN D — VJ chm( ') Dji,
( f) ¢ SC]_Z Z ann i — A

i n,m=1

_Z ZPJ%WVC )\_)\ ZZV[?C /\i]_AZO’

i n=1

which proves the hamiltonicity of j with respect to II*, X # ;.
Formula (4.3) is a consequence of (4.2) as (fcan(2),§) = 0(p(€))(z).
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Now assume that V' = V¢ is tangent to the symplectic leaf F' given in the local coordinates
by the equations ¢/» = const, pji = const, n =1,...,k;. Then by (4.1) we get

S SIS S SEF S G R
F = " 5L, = ! 13 )
I#i n=1 aan I#i n,m=1 aqj apjin "

where He = Z Z V]"( ) /(A — Ai). The function He is global and correctly defined for

#in=1

any § as He = ;fvg/( — \;) and

ij( ) D
I (He)He — H (€4 = Z Z VJ éan N\ im)\,
l#i n,m=1 ¢
ki OVJ"( ) 1 Dl
S S TR AU RS o ol R

l#i n,m=1 l#i n=1

Since F is a Poisson submanifold with respect to II*¢, we have

{H£|FaHC|F}H>\ {Hf’HC}HAj|F = H[E:CHF

ilp

To prove item 4 notice that, if Ve = > Z VJ”( ) ‘Zi , & € g, is the fundamental vector field
q n

i n=1

of the action p, then p;(§) = E VJ"( ) . Its

cotangent lift p; () is a Hamlltonlan Vector ﬁeld with respect to II with the Hamiltonian function

Hé = féi(g) = f‘i/g = nzz:l Vg" (¢")p;i - Now it remains to use the equality p;([¢,¢]) = [pi(€), pi(C)],
which implies

avjm( ) ki m{gﬂ;(qi) .y
L(Hg) HE — Hig o = le )7&% Pji, — leﬁ; Dgin Vi (d')

ZV[?Z pj, = 0.

Item 5 follows from Lemma 4.8(5) and item 6 follows from Lemma 4.8(4) in view of the fact
that 71 (Fy) is foliated by the symplectic leaves of the Poisson bivector IT (see Lemma 4.8(1))
and from the equality ®%.(p;(€)) = f;i (5)] r, where F' is any such leaf.

To prove item 7 first notice that the gg,-equivariance follows from g-equivariance of the
moment map v;. Now recall (see the proof of Lemma 4.8) that

Pr() =Y Vi (),  tey,

n=1

where the constants ¢, Cji specity the particular leaf F' and Vfﬂl are the coefficients of the
fundamental vector field p(§) = Vgl(Q)a%l
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Now fix a leaf F of the foliation tangent to a distribution D;, i.e., fix constants (cz) For any
¢ € g we have a linear map?

ki

(Cﬂ',...,Cji ) — ngn(cl)Cﬂl,

n=1

expressing the correspondence F' +— gp} (&), where k; = corank D;. Thus the claim of item 7 is
equivalent to the nondegeneracy of the following matrix

VEHE) o V(@)
ji . ]k .
Ve (@) oo Ve ()
where &1,...,&;, € g are linearly independent elements not belonging to gr,. In turn, the

nondegeneracy of this matrix follows from the fact that g acts transitively on G/K and, as
a consequence, on the space of leaves of the foliation tangent to the distribution D;.
Finally the last item follows from item 7. |

Now we apply the preceding results to homogeneous spaces. Let G/K be a homogeneous
space and let N be an G-invariant semisimple Nijenhuis (1,1)-tensor on G/K with the real
spectrum {\1,...,As}. Then by Theorem 2.7 there exists a decomposition g = g1 + -+ + g5 to
the sum of subspaces such that

1) Vijeqi..spiz 808 =8
2) Vije{l,..,s} 8i + @, are Lie subalgebras in g;

3) the decomposition above induces the decomposition T(G/K) = D1 ®- - - @ D; to integrable
subbundles and N|p, = A; Idp,.

Write P: G — G/K and n: T*(G/K) — G/K for the canonical projections.

By the construction from the proof of Lemma 2.5 the eigendistribution D; of N corresponding
to the eigenvalue ); is equal P*ﬁi, where lA?z is the left invariant distribution on G obtained from
the subspace g; C g = T.G. In particular, since ker P, is the left invariant distribution obtained
from the subspace ¢ C g, C g = T.G, the rank of D, i.e., the multiplicity k; of the eigenvalue \;,
is equal to dim(g;/¥).

Denote §; := . g; (this is a Lie subalgebra in g by condition 2) and let G; be the corre-

JFi
spondlng subgroup in G. By Lemma 2.5 the leaves of the foliation 1ntegrat1ng the distribution

D; := )" D; are the projections with respect to P of the left cosets ¢Gi, g€ G. Let p;: TQ — D;
J#i
be the projection related to the decomposition TQ) = D1 @ - - - P Dsy.

Lemma 4.10. Let N be an invertible Nijenhuis (1,1)-tensor on a homogeneous space Q@ = G/ K
satisfying the assumptions above. Let 11 be the canonical poisson bivector on T*(G/K) and
II} = N oIl (see Lemma 4.7). Then

1) for any symplectic leaf F' of the Poisson bivector TINi := Iy — NI there exists an element
g € G such that 7(F) = P(géi); such element g is unique modulo right multiplication by

h e Gi,'

“Note that although the range of constants ¢’ is bounded by that of the local coordinates ¢°, the constants CJ’%
can take any value.
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2) the stabilizer algebra g(p) C @ of the leaf m(F) = P(géi) of the foliation tangent to the
distribution D; with respect to the G-action on G/K is equal to Adg §;;

3) the stabilizer algebra gr C g of the leaf F' with respect to the extended G-action on T*(G/K)
is equal to the stabilizer algebra g?% C Ad, §; of the functional ot € (g/Adyg;)* con-
structed in Lemma 4.9 by means of an action p, where we specify p: g — I'(T'(G/K)) to
be the natural action of the Lie algebra g on G/K;

4) if Fy € G/K ‘is a fized leaf of the foliation tangent to the distribution D;, Fy = P(g(v}i)
(g fized), the relation F — 4,0% is an Adg gi-equivariant one-to-one correspondence be-
tween the symplectic leaves F' of I such that w(F) = Fy and linear functionals from

(9/ Adg 8i)".

Proof. First and second items are consequences of Lemma 2.5 applied to the subalgebra h = g;.
Item 3 follows from item 2 and Lemma 4.9(8). Item 4 follows from Lemma 4.9(7) since k; =
dim g; — dim £ = dim(g/ Ad, §;)*.

5 Algebraic criterion of kroneckerity in the case
of a locally free action

The theorem below is the main result of this paper. Let G be a compact Lie group, K its closed
subgroup. Assume that the natural action of G on M = T*(G/K) is generically locally free, i.e.,
the stabilizer corresponding to the principal orbit type is finite. Fix such a stabilizer H. In this
case the subset

MH:{:EGM:G:E:gHg_1 forsomegEG}

of M, consisting of all orbits G - x in M isomorphic to G/H, is an open and dense subset of M
and the orbit space M}, := My /G is a smooth manifold (cf. Section 3). Write p: My — My /G
for the canonical projection.

Theorem 5.1. Let N be an G-invariant invertible’ semisimple Nijenhuis (1,1)-tensor on G/K
with the real spectrum {1, ..., s}, i.e., (¢f. Theorem 2.7) there exists a decomposition

g=g1+ - +0s (5.1)
to the sum of subspaces such that

° v@je{l,,..,s},i?ﬁj g; N gj = ?;
® Vjci1,..s) 9 t+0; are Lie subalgebras in g;

e the decomposition above induces the decomposition T(G/K) = D1 @ --- @ Dy to integrable
subbundles and N|p, = A\; Idp,.

Let (I1,11;) be the Poisson pair consisting of the canonical Poisson bivector I1 on T*(G/K) and
of the Poisson bivector I} = N o II, where N is the cotangent lift of the (1,1)-tensor N (see
Definition 4.5 and Lemma 4.7).

Then the bi-Poisson structure generated by the reduced Poisson pair (p.IL, p.Ily) is Kronecker
at any point of the set p(W), where W C My is the open dense set which will be specified in the
proof, if and only if for anyi=1,...,s

da; € (g/gz)* : ind g% + COdim(g/gi)* Oy, =indg, (5.2)

SInvertibility can be always achieved by adding the identity operator, which does not change the corresponding
pencil of operators and the related Poisson pencil.
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where §; = Y, gi and g% and O, are respectively the stabilizer algebra and the orbit of the
J#i
element a; with respect to the coadjoint action ad*: §; — gl((g/8:)").
FEquivalently, condition (5.2) can be written as

ind(§; x (g/:) = ind g, (5.3)

where the term in the lh.s. is the semidirect product of the Lie algebra §; and the wvector
space (g/8:) with respect to the ad-action.

Proof. We first note that conditions (5.2) and (5.3) are equivalent by Lemma 5.2 below.

Let U = My \ (U, 15 ' (Sing g*)), where the moment map 1y is specified in Lemma 4.9(2).

Observe that all the objects involved admit a natural complexification (cf. Remark 3.6): the
compact Lie groups GG and K are imbedded in their Chevalley complexifications G¢ and K¢
and the homogeneous space Q = G/K is imbedded into the complex homogeneous space
Q° = G°/K°. Moreover, the decomposition (5.1) implies the decomposition g = g(g 4+ 4+ g(sc,
which in turn induces the decomposition T'Q¢ = D{ @ - - - @& Dy of the holomorphic tangent bun-
dle to Q¢ to complex analytic involutive distributions and a complex analytic (1,1)-tensor N¢
given by N|pe = A;Idpe. By Lemma 4.9(2) the assumptions of Theorem 3.7 are satisfied (it is
well-known that for reductive Lie algebras codim Sing g* > 3) and we conclude that the reduced
bi-Poisson structure {(H’\)/}, (H/\)/ = pII; — Ap.Il, is Kronecker at a point 2’ € p(U) if and
only if corank p,I1*|,» = indg, i = 1,..., s, where II* = II; — \,II (see Theorem 3.7(2)). Below
we express the number corank p*HAi\ » in equivalent terms, see formula (5.4).

From Lemma 4.9(3) it follows that the restriction of the action p: g — I'(T(T*G/K)) to the
stabiliser subalgebra gp of any symplectic leaf F' of the Poisson bivector IT* is Hamiltonian
with respect to this bivector with the momentum map ui : F — g*. Obviously the action
of gr is also locally free. Therefore by the bifurcation lemma (cf. the proof of Theorem 3.7)
the corank of the reduction (H’\i|F )/ of the Poisson structure restricted to the symplectic leaf,
II1%|F, at the point 2’ = p(z), where z € F, is equal to the index of the Lie algebra of gr,
provided ,ui, () & Singgp. The algebraic set Sing gr is nowhere dense in g}, and the set

Up=(FnU)\ (U, (ui)_l)(Sing gr) is an open dense set in F' and, moreover, V = J, Ur
is open and dense in M. From now on we will consider only points 2’ € p(V).

Obviously, corank s, /) (HM);, = corankp/q,, (HAi|F);, + codimg, G - F. Here G is the
subgroup in G corresponding to the subalgebra gr, S; stands for the space of symplectic leaves of
the Poisson bivector IT*, on which a natural action of the group G is induced from the action of G
on M due to the G-invariance of IT*i, and G- F denotes the orbit of the point F' € S; with respect
to this action. Recall (see Lemma 4.8(1)) that the space S; is foliated by the submanifolds of the
form 7= 1(Fp), where Fy C G/K is a leaf of the foliation tangent to the distribution D; = > D;.

J#

Since the group G acts transitively on G/K and as a consequence on the space of leaves of the
foliation tangent to the distribution D;, we have codimg,; G - F' = codimg;|r-1(r(ry) Gr(r) - F,
where G () is the subgroup corresponding to the subalgebra g, (r), i.e., the stabilizer of the sub-
manifold 71 (7(F)) with respect to the cotangent action (see Lemma 4.9(5)) and S;|7 (7 (F))
stands for the submanifold in S; of leaves contained in the Poisson submanifold 7~ (7(F)). In
view of Lemma 4.9(7), Lemma 4.10(4) and Lemma 4.9(8) S;|7~!(7(F)) can be identified with
(8/9x(F))"s Gr(r) - I with (’)@% and gp with g¥F, where % € (8/8x(r))" is the functional cor-
responding to F' and g“’lﬁ and O(p% are respectively its stabilizer and orbit with respect to the
action of gr(p) on (g/9(r))"-

Thus we have proven that corank(,y,, /) (sz);/ = corankp/q, (H’\"|F);, + codimg, G - F' =
indgp + codimg, jr—1(r(F)) Grr) - F = ind g¥F + codim(g/gwm)* Oe@%' Finally, in view of Lem-



Invariant Nijenhuis Tensors and Integrable Geodesic Flows 21

ma 4.10(2), we have g r)y = Ad, §; for some g € G and

corank (H’\i);, = ind g#* + codim(g; aq, 5,)* Oi - (5.4)

We are ready to finish the proof. Assume that {(HA)/} is Kronecker at x’. Then by Theo-
rem 3.7 indgw% + codimy g/ aq, §,)* OSD% = indg, 7 € {1,...,s}. Acting by Ad,1 we will get
condition (5.2).

Vice versa, assume that (5.3) is satisfied. Then by the Rais formula (see Lemma 5.2)
indg = indg* + codimg/s,) Oq, for a; € R((g/8i)*). Obviously also indg = ind g% +
codimg) ad, §;)* Oga; and g-a; € R((g/Adgg,)*) for any g € G, where g - a; := Ad . a;.
Fix g € G and let F; be the symplectic leaf of the Poisson bivector IT* corresponding to the ele-
ment g - a; by Lemma 4.10(4) (with 7(F;) = P(Ady G;)). Note that the leaves F; are mutually
transversal and ), codim F; = dim M, thus (), F; is a point, say .

Recall (see Lemma 4.9(6), (7) and Lemma 4.10(4)) that the map

vl = vileaaryy s 7T (E)) = 0rmy = (9/ Adg 8)°

is an epimorphism. The set (u-g)fl(R((g/ Ad, §;)*) is an open dense set in 7! (7 (F;)) and the

(2
set W=Vn (UQGG Ni_, (Z/f)fl)(R((g/ Adg gi)*)) is an open dense set in M.
Taking a; such that g - a; € v/ (W N7~ (n(F;))) for any i, we achieve that z € W C V.
Formula (5.4) shows that ind g7% + codimg/ ad, 5,)* Og-a; = corank p,I1" |, where 2’ = p(x).

By Theorem 3.7 we conclude that {(I1*)'} is Kronecker at z'. |

Lemma 5.2. Let g be a Lie algebra and by C g its Lie subalgebra. Then the condition of existing
a € (g/h)* such that

ind h® + COdim(g/h)* O, =indg, (5.5)

where h® and O, are respectively the stabilizer algebra and the orbit of the element a with respect
to the coadjoint action ad™: h — gl((g/h)*), is equivalent to the following one:

ind(h x (g/h)) = ind g, (5.6)

where the Lie algebra in the l.h.s. is the semidirect product of the Lie algebra b and the vec-
tor space (g/h) with respect to the ad-action. Moreover, if one of this condition holds, the
equality (5.5) holds for any a from the open dense set R((g/h)*) C (g/h)*, R((g/h)*) :== {a €

(g/b)" |35 € (b x (/b)) \ Sing((h = (g/h))"): @ = Blg/m)}-
Proof. Recall [28, Proposition 1.3(i)] that

ind(h x (g/h)) = ind h* + codimg/p)« Oy

for a € R((g/h)*). Hence (5.6) implies (5.5). On the other hand, for arbitrary a we have
ind h* + codim g /p) Op = corank [y, (g/p))<|s = ind(h x (g/h)), where 3 € Sing(h x (g/h))" is
any element with a = f8|(4/p) (cf. [25, Theorem 1.1]) and, moreover, the number ind(h x (g/bh)) is
bounded below by ind g (since b x (g/h) is a contraction of g). Thus, if ind b + codim4/p)« O =
ind g for some a, then ind(h x (g/h)) = ind g. [

Remark 5.3. In the case when K = {e} is the trivial subgroup of the Lie group G, condi-
tion (5.2) coincides with the necessary and sufficient condition of kroneckerity of the Lie-Poisson
pencil related to an algebraic Nijenhuis operator obtained in [24, Theorem 2.5].
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Theorem 5.4. Retain the assumptions of Theorem 5.1 and assume that one of the equivalent
conditions (5.2), (5.3) hold. Let b be the G-invariant metric on G/K, called normal, induced
by some biinvariant metric on G, i.e., by an Ad G-invariant bilinear form B on g. Then the
G-invariant metric by, by(x,y) == b((N + N*)z,y), x,y € I'(T(G/K)), on G/K corresponding
to the symmetric (1,1)-tensor N + N*, where N* is the adjoint to N (1,1)-tensor, b(N*x,y) =
b(x, Ny), as well as the normal metric itself have completely integrable geodesic flows in the class
of analytic integrals polynomial in momenta.

Proof. It is well-known that a function of the form pf,,f, where pican is the moment map
of the G-action on T*(G/K) corresponding to the canonical Poisson bivector IT and f is any
polynomial on g*, is analytic and polynomial in momenta. Indeed, the analyticity is obvious
and the polynomiality can be argued as follows. If £ € g is treated as a linear function on g*,
the function H¢ = pg, ¢ is the Hamiltonian function of the corresponding fundamental vector
field V¢, which in turn can be treated as a fiberwise linear function on 7*(G/K) (cf. Definition 4.1
and Remark 4.3). Thus, if f is a polynomial in &, then p, f is fiberwise polynomial.

By Theorem 3.7(3) the involutive set of functions Z (3.1), where II;, = II, is complete
on T*(G/K). We have to prove that the quadratic forms ¢(z) := b(z, ) and gy (z) := by(z, x),
x € I'(T*(G/K)), where we identified T(G/K) with T*(G/K) by means of b, is contained in
this set. Let Q(x) = B(x,x) be the quadratic form of B understood as a Casimir function on g*
after the identification of g and g* by means of B. Then by Theorem 3.7(4) the function p,,Q
belongs to Z. One can show that in fact p,,Q coincides with ¢g. Indeed, b belongs to the
class of the so-called submersion metrics obtained from the right-invariant metrics on G by the
canonical submersion G — G/K. The quadratic forms of all the submersion metrics are of the
form p?,, f, where f is the corresponding quadratic polynomial on g = g* [6, Section 7].

To prove that gy € Z recall that by Theorem 3.7(4) the set Z besides the functions uk, F
consists of the functions of the form p} f, A # X\;, f € Z1. On the other hand, 1y = ftcan o ((N —
AI)~H)! by formula (4.3), hence the functions of the form b(((N — XI)~!)*z, (N — )\I)*l)*x) =
b((N = A)"L(N = AI)7Y) 2, 2), 2 € T(T*(G/K)), belong to Z. Moreover, Z will contain also
the coefficients of the Laurent expansion b((N =)~ (N =AI)~1) 2,z) = szb(z, )+ 55b((N+
N*)z,z) + -+ corresponding to the expansion (N — A)™! = — (51 + /\%N + o).

Finally, the functions p} f, where f are polynomial Casimir functions of II, are polynomial
in momenta (since ((N — A\I )*1)t is a fiberwise linear map). [

6 Applications: two homogeneous spaces
with integrable geodesic flows

In the table from Example 2.12 among the triples (g, g1, g2) of compact Lie algebras such that
g = g1+9g2 of one can find two distinguished from our point of view series: (Aap—1, Cp, A2p—2®T)
and (D41, Bn, An @ T). For both of them the pairs (g, g;), ¢ = 1,2, are symmetric, i.e., the Lie
algebra g; is the fixed point set of an automorphism of g of second order (cf. [11, Tables II, III,
Section 6, Chapter X]). In this context we have to mentioned the following reformulation of the
result of Brailov [31, Theorem 5, Section 37].

Theorem 6.1. Let g be a semisimple Lie algebra and go C g its symmetric subalgebra. Then
ind g = ind(go X (9/90)),

where go X (g/go) is the so-called Za-contraction of g, i.e., the semidirect product of the Lie
algebra go and the vector space g/go with respect of the natural ad-representation of go in g/go.
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In particular, it follows from this result that both the series of decompositions g = g1 + go
mentioned satisfy condition (5.3) of Theorem 5.1. This allows us to formulate the following
theorem.

Theorem 6.2. Let G/K be one of the following homogeneous spaces:

(a) SU(2n)/(S(U(2n — 1) x U(1)) N Sp(n));
(b) SO(2n +2)/(SO(2n +1) N U(n + 1)).

Then the geodesic flow of

1) the normal metric b on G/K and

2) the G-invariant metric by (see Theorem 5.4) corresponding to the G-invariant Nijenhuis
(1,1)-tensor N on G/K with the real spectrum {1, A2}, A1 # X2, A # 0, related to the
decomposition g = g1 + g2 with £ = g1 N go by Theorem 2.7

1s completely integrable in the class of analytic integrals polynomial in momenta.

Here g and € are the Lie algebras of G and K respectively and the triples of subalgebras
(g,081,92) are equal to (Asp—1,Ch, Aop—o®T) and (Dyy1, Bn, A, ®T) respectively. The explicit
formulae for the embeddings g; C g as well as the decomposition ¢+ = & @y of the complementary
to ¢ space corresponding to the decomposition g = g1+ g2 and the “inertia operator” ngr +ny, =
(N + N*)|1, /Ky~ (here o = P(e)) are listed in Appendiz A.

Proof. In view of Theorem 6.1 the result will follow form Theorem 5.4 if we ensure that the
action of G on T*(G/K) is locally free (which is an essential assumption of Theorem 5.4). Below
we prove this fact, which is equivalent to the fact that the stabilizer £¥ := stab,(E) of a generic
element E in £+ under the isotropy action p: € — g[(?l) vanishes; here €' is the orthogonal
complement to ¢ with respect to the (nondegenerate) Killing form on g and we identify isotropy
and coisotropy action by means of this form restricted to €-. In other words, £¥ coincides
with Z(E), the centralizer of the element F € £ in €. In fact, since the function dim ¥ is lower
semicontinuous, it is enough to show the existence of an element E with £¥ = {0}. Note that
it is sufficient to show the existence of such an element for the complexified action which we do

below. We list explicit realizations of the complexifications (g(c, g(f, gg) for the above mentioned

triples (g, g1, g2) as well as the subspace (E(C)J' complementary to the subspace € = g(lc N g(zc with

respect to the Killing form. Besides, we indicate the element FE € (E(C)L with stab,(E) = {0}
and outline the proof of the last equality. We consider separately cases (a) and (b).®
Case (a): (agp—1,¢p, dop—2 B t).

VAR

C C
g =sl(2n,C), gy =
( ) ! Zs —Z,7T

|Z2 = ZQTa Z3 = Zg} %sp(n, (C)a

of = {Z ft]1269[(2n—1,C),t:Trz}ggl(zn—LC),

ol ¢+ of o
cC 0 —-AT o

ol o of —¢
>~ sp(n—1,C) @ t,

|A,B,C eglin—1,C),B=BT, c=CT,teC

{AOBO
|

5We switch to modern notations and denote the classical Lie algebras by small Gothic letters.
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A V1 B Vo
T T

C V3 <AT V4

ul | ¢ [ul]a

a=—-TrA, bceC

|vi,u; e C" !, B=-BT c=-CT,

The isotropy action p: ¢ — g[(EL) can be decomposed into direct sum of two invariant

subspaces
A|0| B|O
— o jojo" |b
T clolAaT]o
0" | c| 0T |0

0 V1 0 Vo
o up 0 uo 0

V@ - 0 V3 0 V4 ’
us 0 uy 0

and a trivial 1-dimensional representation which will be neglected.

Let p: £ — gl(V1 @ V2) be the coisotropy representation with the invariant subspaces V; and
let E; € V;. Then obviously stab,(E1 + E2) = stabs(E2), where p := plap, (£,)-

Take the element

Alo] o |0
N ofol 0 [1
0l0]AT |0
ojlol 0|0
01
with 4 =

0
of the form

A0 B 0

v — 010 0 0

Sl clo|l=AT 0

010 0 0

where

—al as an—1
A= “

ag

- al

- o

C1 C2

C = .

[C1 €2 Cn—1

b1 bn—2
: bn—l
bn—2
bnfl

] , the standard nilpotent matrix. Then stab,(E1) consists of the matrices
1
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Choose Ey € Vo with uy = v = (1,...,1) and trivial v;, u;, i > 1. Then for Y € stab,(E) we
have
Olu | 010
\% 0 W2 0
By, Y] =
B2, Y] Olwi| 00|’
0| 0] 01O
where
- T
ar+---+ap—2+ap a
ar+ -+ ap—2 ai +ag
u = A 5 VvV = — . )
ax | a1+ a2+ -+ an-1
c1tcot o+ et [ b1 +bo+ -+ by
Co+ -+ Cp1 b2+"‘+bn71
w1 = — A W2 = .
Cn—1 L bn—l

0, and ¢; = 0, which implies stab,(E) = {0}, where

If Y € stabj(Es), then a; = 0, b =

E:=FE| + E».
Case (b): (0p41,bn, 0, D t).
C 21 Zo
g = ZT |Zi€g[(n+1,C),Z2:—ZQ,Zg——Z3 (2TL—|—2 C)
75 —
ul | 0 vl
Wi | —v| W
of = ujf - sz (Wo = —WE, Wy = —WT, v,ue C"\ = s0(2n + 1,0C),
W3 —u —WlT
o = { | esliennr L0} =g+ 1,0,
olof o] of
0] 410 A€ gl(n,C) » =gl(n,C
0 OT 0 OT ‘ €g (n7 ) =49 (n7 )7
0| 0|0
a uT
— 0
() ={ 7= v | [Zy=—2, Z5= -2, u,veC acC
A a|v_
—u| 0
For Y € ¢C and Z ¢ ({’(C)J' as above with
_ 0 W2T _ 0 W3T
Z2_|:—W2 B]’ Z3_|:—W3 c |’
where B and C are skew-symmetric n X n matrices, one has
0 —uTA 0 (AWQ)T
Av 0 —Aws | AB + BAT
Y, Z] = T T
0 —wz A 0 —(Av)
ATws | —(ATC +CA)| ATu 0
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We will prove the triviality of the stabilizer of the element £ = [ 3 g ] € ¢+, where J =

01
~1
. Observe that conditions Aws = 0, ATws = 0 for wo = w3 = (1,0,...,0)7 imply

-
10
that a1; = 0, a;;1 = 0, where we put A = [|a;;||7;_;. Thus for any Y € stab(E) the matrix A
is of the form [ 8 AO ] where A,,_1 € gl(n — 1,C). Next, such Y € stab(F£) if and only if
n—1
simultaneously
[0 0 0 0 0 07
0 0 azy Qs an,2
0 —a 0 * *
T 22 o
AB +BA = 0 —as * 0 * =0
0 : * * *
0 —ans + + o+ 0]
and
[0 0 0 0 0 07
0 0 a2 a93 a2.n
0 - 0
ATC + CA= 22 ' " =0
0 —a93 * 0 *
0 : * * *
10 —az, * * * 0 |
0 0 : . .
Therefore A has to be of the form 0l with A,_2 € gl(n — 2,C). By induction we
n—2
conclude that A =0, i.e., stab(E) = {0}. [

7 Concluding remarks

We would like to note that in the proof of Theorem 5.1 we tried to maximally accurately
indicate the open dense set W such that the reduced bi-Poisson structure is Kronecker at any
point of p(W) (and is not Kronecker in the complement). This is important from the point of
view of study qualitative analysis of the geodesic flow since outside this set the singularities of
the corresponding lagrangian fibration appear (cf. [4]).

The assumption of compactness of the Lie groups G and K which appeared in Theorem 5.1
(see also Theorem 3.7) was used in order to guarantee (1) the existence of complexification of the
homogeneous space G/K and as a consequence of other related objects; (2) the existence of an
G-invariant open dense set My in M = T*(G/K) (the set M) such that the orbit space My/G
is a smooth manifold. In fact, the assumption of compactness can be essentially weakened
(since conditions (1) and (2) can be achieved for a wider class of Lie groups) preserving the
conclusion of the theorem. We did not discuss these weaker assumptions as the main application
(Theorem 6.2) is aimed in the class of compact homogeneous spaces.

The assumption that the action of G on T*(G/K) is free, which is essential in Theorems 3.7
and 5.1, can be bypassed by a special reduction to smaller groups instead of G and K, see [18]
and [17].

We would like to mention that a matter of further research is the study of the cases when the
necessary and sufficient conditions (5.3) are not satisfied. In such cases the canonical commuting
set of functions B related to the reduced bi-Hamiltonian structure is not complete. However,
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based on the experience from the study [26] of bi-Hamiltonian structures related with Lie pen-
cils (hence in fact reductions of (7T*(G/K),II,II;) with trivial K) one could expect additional
symmetries in this case and, as a consequence, additional Noether integrals. One can ask for
algebraic conditions sufficient for the completeness of the family B enlarged by these integrals.

Finally, it is worth mentioning that our theory related to the triples (g, g1, g2) (see Section 6)
is very close to that appearing within the generalized chain method [5, 6]. Note however, that the
assumption of maximality of rank of the symmetric space, which is essential in [6, Theorem 8.6],
is not satisfied for our symmetric pairs (g, g;), i.e., the overlap between the theories mentioned
is minimal (and requires further study).

A Compact real forms of the triples (g, g1, g2)
and inertia operators

Below we list explicit realizations of the compact real forms for the triples (g, g1,g2) used in
Theorem 6.2 as well as the decompositions of the subspace ¢- = ¢; @ €5 complementary to the
subspace ¢ with respect to the Killing form induced by the decompositions g = g1 + g2, where
£ = g;NE", and formulae for the “inertia operators” . +ngy gL — ¢ induced by the operator
neL: B — &5 nyi e, = A\ Ide,. We also note that in both cases below the inertia operators are
positive definite under the restrictions

A A
0< A, 0<hy,  — o <<
(V2-1)

(V2+1)°
Case (Clznfl, Cn,0op—2 D f).

g=su(2n) = {A csl(2n,C)[A=—A"},
Z Z T
g = {[_212 Zﬂ |21 = =2y, Zy = ZzT} = sp(n),

92:{[2 i)t] \Zeu(Qn—l),t:TrZ}Esu(Qn—l)EBt,

OT
Z1 0] Zy| O
of |it|oT| 0o 7
£ = — — Ziegln—1,C), Z1=—2,,Zs=Z¥ teR
o [0 |07 | —it
= ﬁp(n - 1) @ t,
I Zl \% Z2 u
<1 T
-V a u z —
plo{x = | — 12 10 |21 = 71, Zo = 2%, v,u,vi,u; € C"1,
ZQ —Uu —Z1 V1
| —ul' | —z | —~¥]|a
z€C,a=-Tr 27, ,,
0 A% 0 u Zl V1 ZQ 0
T T I T
= v 07 u i , t = Vi ¢ bl 0 la=—-TrZy 3,
0 |—ua| 0 |V Zy | —m | =210
—ul'| —z|-vT |0 0 0 0 a
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)\QV )\111
Ao/ - Ao Z _
241 +wvl 242 +()\12)\2)u1
—)\QVT /\2111T
_u=Aa) T A2a (Ai=do) . T A1z
1 A% +
*(ngj_ +an_)X: 2 ! 1
2 T AT W7 A1vy
242 _(Alng)ﬁ 241 +(>\1f>\2)v
2 2
—)qﬁT _ —)\1V¥1
_(>\1—>\2)ﬁ{ e _MVT A2a
L 2 2 J

Case (0p+1,bn, 0, @ t), cf. [11, solution to Exercise B.3, Chapter VIJ.

- { [Vg I/ﬂ |ZW egln+1,C), W =-W',Z= _ZT} =oln b2 R)

g1 = | Z1, W, € gl(n,C), Z1 = —ZF, Wy = —W,,ueCn

A 0
g2 = [O —AT} |A€u(n+1)} =~ u(n+ 1),
o|o" 0] o”
oW, 10| O —7r| .
t= 0 OT 0 OT ‘ Wl = _Wl = u(”)v
0| 0 |0|W;
[ e |u?f | o |¥T
-ual| 0 -V | [1
1 _ _ 7T n
E=0X= 0 | vl | —ia|a? |2 =~2",acR uvel,,
| —V Zi| —u| 0
0 |uf] o |TT ia u{ 0
b —u| 0 u| 2 b — —a; | 0
1= 0 uT 0 ﬁT ) 2 — 0 iy u,{ ,
[ . )\1uT )\IVT
Agia +(,\1;A2)VT 0 —l—()‘l;”\Q)uT
_)\lﬁ —)\1V
1 N _()‘1;/\2)‘, 0 _()\1;)\2)11 M2y
i(nEL o)X= AvT : A’
0 +(>\1;>\2)ﬁT —Azla —l—(/\l;)‘Q)VT
—)\1V — —)\lu
| —epag | M epag |
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