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1 Introduction

In the study of representations of real reductive Lie groups, intertwining operators play a decisive
role. The most prominent family of such operators is given by the standard Knapp—Stein opera-
tors which intertwine between two principal series representations of a group G. More recently,
intertwining operators have been studied and used in the framework of branching problems, i.e.,
the restriction of a representation to a subgroup H C G and its decomposition. Here one is
interested in operators from a representation of G to a representation of H, intertwining for
the subgroup. Such operators are also called symmetry breaking operators, a term coined by
T. Kobayashi in his program for branching problems (see, e.g., [7]).

Such symmetry breaking operators have been studied in great detail in the special case of the
conformal groups corresponding to a Euclidean space and a hyperplane by Kobayashi—Speh [10].
In this case some of the operators turn out to be differential operators, namely exactly the op-
erators found by A. Juhl [5] in connection with his study of @-curvature and holography in
conformal geometry. Further connections to elliptic boundary value problems [15] and automor-
phic forms [12] indicate the broad spectrum of applications that these operators provide.

In our recent work with Y. Oshima [14] we generalized the construction of symmetry breaking
operators by Kobayashi—Speh to a large class of symmetric pairs (G, H) and spherical princi-
pal series representations, proving meromorphic dependence on the parameters in general and
generic uniqueness in some special cases. In this paper we shall further extend our construction
to the case of vector-valued principal series representations; we establish many of the properties,
now for arbitrary vector bundles, in particular the meromorphic dependence on the parameters.
The main argument is a version of a well-known translation principle, namely by tensoring with
a finite-dimensional representation of the group. As an application and illustration we give all
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details for the case of spinors on a Euclidean space carrying a representation of the spin cover
of the conformal group; here we invoke a variation of the method of finding the eigenvalues on
K-types of Knapp—Stein operators. The result is a complete classification of symmetry breaking
operators from spinors on the Euclidean space to spinors on a hyperplane.

Let us now explain our results in more detail.

1.1 The translation principle

Let G be a real reductive group and H C G a reductive subgroup. For parabolic subgroups P =
MAN C G and Py = MypAp Ny C H we form the generalized principal series representations
(smooth normalized parabolic induction)

Ind$ ((® e ® 1) and IndgH (n®e” ®1),

where £ and 7 are finite-dimensional representations of M and My, and A € af, v € aj; ¢, the
complexified duals of the Lie algebras of A and Ap. Consider the space

Hompy (Indg (f Qe ® 1),IndgH (77 ®e’ ® 1))

of continuous H-intertwining operators. Realizing Indg (5 Qe* ® 1) and IndgH (7] ® e’ ® 1) on
the spaces of smooth sections of the vector bundles

VWW=Gxp (@M ®1) > G/P  and W, =Hxp, (n®e"" 1) - H/Py,

where p € a* and py € a}; are the half sums of positive roots, one can identify continuous
H-intertwining operators with their distribution kernels. More precisely, Kobayashi—Speh [10]
showed that taking distribution kernels is a linear isomorphism

HomH(Indg(f ®er® 1),IndgH (n®e’ ®1)) S (D'(G/P,Vy)® W,,)A(PH), A K4,

where V5 is the dual bundle of V) and W, the Pg-representation defining W, (see Section 2.2
for the precise definition).

Now suppose (7, E) is an irreducible finite-dimensional representation of G. Then the restric-
tion 7|p of 7 to P contains a unique irreducible subrepresentation i: E' < FE (see Lemma 3.1).
With respect to the Langlands decomposition P = M AN this subrepresentation is of the form
7 @ et @1 for some irreducible finite-dimensional representation 7 of M and ' € a*. Let
(E")Y = Homg(F',C) denote the dual of E’.

Theorem A (see Theorem 3.3 and Proposition 3.4). For every Py -equivariant quotient p: E|p,
— E" with E" ~ " @ e" @ 1 as Py-representations, there is a unique linear map

®: Hompy(Indf(¢®e*®1),Indff (n®e” ®1))
— Hompy (Indg((g RT)® A @ 1),IndgH ((77 7@ et @ 1))

with the property that for every intertwining operator A with distribution kernel K4, the distri-
bution kernel K®A) of ®(A) is given by K®W = o @ K4, the multiplication of K4 with the
smooth section ¢ € C*(G/P,G xp (E')Y) @ E" defined by

p(g) =por(g)oi€ Home(E", E") = (E')' ® E",  g€G.

The translation principle allows to construct new intertwining operators from existing ones.
But one can also reverse the roles and in some cases use the translation principle to classify
intertwining operators (see, e.g., Theorem 4.10).

We note that although ¢ is a non-trivial analytic section, the map ® might be trivial for
certain parameters. However, being a multiplication operator, ® behaves nicely when applied
to holomorphic/meromorphic families of intertwining operators (see Remark 3.5 for details).
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1.2 Knapp—Stein type intertwining operators

Now assume that (G, H) is a symmetric pair, i.e., H is an open subgroup of the fixed points G
of an involution o of G. For simplicity we further assume that G is in the Harish-Chandra class.
Let P = M AN C G be a o-stable parabolic subgroup, then Py = PN H is a parabolic subgroup
of H and we write Py = My Ay Ng for its Langlands decomposition.

In our previous paper [14] with Y. Oshima we constructed meromorphic families of inter-
twining operators between the spherical principal series representations Indg(l Qe ® 1) and
IndgH (1 ® e’ ® 1). We now generalize this construction and obtain intertwining operators
between vector-valued principal series representations using the translation principle.

Assume that P and its opposite parabolic P are conjugate via the Weyl group, i.e., P =
ﬁ)oﬁuio_ L where @ is a representative of the longest Weyl group element wy. Then for any
finite-dimensional representation £ of M and «, 8 € ag we consider the function

Keaplg) = E(m(ag'g™)  a(@y ™) a(@y g ole))’, g€,

where m(g) and a(g) are the densely defined projections of g € NM AN onto the M- and A-
component. For & = 1 the trivial representation, these are the kernel functions constructed
in [14]. Since a(g) is only defined on an open dense subset, it may happen that the factor
a(ﬁjo_ 1gila(g)) is not defined for any g € G, whence we additionally assume that the domain
of definition for a (@, 'g o (g)) is not empty. In [14] we showed that in this case K¢, (g) is
defined on an open dense subset in G, and also gave a criterion to check this.

Under the above assumptions, the translation principle combined with our previous results
from [14] yields:

Corollary B (see Corollary 3.9). Assume that the finite-dimensional representation & of M is
extendible to G (see Section 3.4 for the precise definition). Then the functions K¢ o g(g) extend
to a meromorphic family of distributions

Keap € (D(G/P,VY) @ W,)2 1) o Beap,
where
A= —woa + o —wf + p, v=—alagc — PH- (1.1)
Therefore, they give rise to a meromorphic family of intertwining operators
A(¢,a, 8) € Hompy (IndG (wo€ ® e* @ 1), Indf, (€ a, ® €7 @ 1)).
As in [14, Corollary B] this construction gives in particular lower bounds on multiplicities:
dim Homy (Ind§ (woé ® e* ® 1), Indf, (¢a, ® e’ ®1)) > 1

for all parameters (A, v) of the form (1.1).

1.3 Symmetry breaking operators for rank one orthogonal groups

We illustrate the translation principle in two examples, the first one being scalar-valued principal
series representations for the symmetric pair (G, H) = (O(n + 1,1),0(n,1)). The parabolic
subgroups P and Py satisfy

Mgy ~0(n—1)x0O(1) CO(n) x O(1) ~ M,

A =A~R,, Ny ~R" ! CR" ~ N.
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We identify af. ~ C such that p = %, and denote by sgn the non-trivial character of O(1) C
My C M. Then for §,e € Z/2Z and A\, v € C we consider intertwining operators between

T = Ind% (sgn‘s Qe ® 1) and Tye = IndgH (sgn® @ e” @ 1).
Tensoring with characters of G, it is easy to see that

Homp (7 s|m, Tv,e) = Homp (mx 15| 1, To1—c)-

For the pair (G, H), the restriction of a distribution kernel K € (D'(G/P,V;) @ W, )AFn)
to the open dense Bruhat cell in G/P, which is isomorphic to N ~ R", defines an isomorphism
onto a subspace of D’ (R") (see Kobayashi-Speh [10, Theorem 3.16] or Theorem 2.2 for details).
Let D’ (R”) ,» resp. D' (R”);V, denote the space of distribution kernels defining intertwining
operators in HomH(Tr,\ 5|H,Tve) With § +e = 0(2), resp. § +¢ = 1(2).

The space D’ (]R”) was classified by Kobayashi—Speh [10], and we briefly describe this clas-

sification, borrowmg thelr notation. First, they construct a meromorphic family of distributions
Kﬁj € D’ (R”)/\ L (M) € C?, given by

n—1
K@ @n) = 272 (|72 +22) 772, (2)20) ERTIXR=R"

Then they show that every distribution in D’ (R”) is given by K * or a regularization of it.
By a detailed analysis of the meromorphic nature, the poles and all pOSSlble residues of the fami-
ly K : they obtain a complete description of D’ (R"):V for all (\,v) € C2. More precisely, let

Leven = {(_p - ia —PH _j) 17] S N7Z _] S 2N}7
then the corresponding statement for symmetry breaking operators is: For § +¢ = 0(2) we have

2, for (A\,v) € Leven,

dim Hompr (m s, 73c) = dim D' (R™), = {1 for (\,v) €C2— L

and every intertwining operator is given by the distribution kernel Kf;r or a regularization of it.
We apply the translation principle to the kernels Kf; to obtain a meromorphic family
A,—

Ky, € D’ (R”)/\ given by

A— A, v —y—ngd
Ky, (z) =2 - K)\jiy(x) = sgn(zp )|z M (\:U P+22)" T, x € R™

In Theorem 4.7 we derive from the poles and residues of Kf: all poles and all possible residues

of the family Kf’y_ and use them to classify intertwining operators. For the statement let
Loaa = {(=p—i,—pu — )1 i,j €N,i— j € 2N+1}.
Theorem C (see Theorems 4.7 and 4.10). For § + ¢ = 1(2) we have

2, for (\,v) € Loqq,

dim Hompg (7 > T =
H( /\,5’H u,E) {1’ for ()\7,/) c C? — Lodd,

and every intertwining operator is given by the distribution kernel KA’_ or a regularization of it.

We remark that for A\—v = —5 — 2/, ¢ € N, there exists a residue of K "~ which is supported
at the origin in R", inducing a dlfferentlal intertwining operator. In thls setting G/P ~ S"
and H/Py ~ S" ! and the differential intertwining operators form the family of odd order
conformally invariant differential operators C'*° (S”,V,\) — O (S”_I,W,,) studied previously
by Juhl [5] (see also [9]). The even order Juhl operators were already obtained as residues of
the family K" by Kobayashi-Speh [10].
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1.4 Symmetry breaking operators for rank one pin groups

The second (and more involved) illustration of the translation principle is for the symmetric
pair (é, ﬁ) = (Pin(n + 1,1),Pin(n,1)). Here Pin(p,q) denotes a certain double cover of the
group O(p, q) (see Appendix A for details) so that we have compatible double covers G — G and
H — H with G and H as in the previous section. The preimages of the parabolic subgroups P
and Py under the covering maps are P ~ M AN and Py ~ My ANy with A, N, A and N
as in the previous section and

My ~ Pin(n — 1) x O(1) C Pin(n) x O(1) ~ M.

The fundamental representations of the Lie algebra so(n) of M are the exterior power represen-
tations AFR™ and the spin representations. Symmetry breaking operators for the exterior power
representations have been investigated in detail by Kobayashi-Speh [11] (see also Fischmann—
Juhl-Somberg [4] and Kobayashi-Kubo—Pevzner [8] for the case of differential symmetry break-
ing operators). Here we focus on the fundamental spin representations.

The group Pin(n) can be realized inside the Clifford algebra Cl(n) with n generators (see
Appendix A for details). The fundamental spin representations of Pin(n) are the restrictions of
irreducible representations of the complex Clifford algebra Cl(n;C) = Cl(n) ®r C to Pin(n), and
therefore we do not distinguish between the representations of Cl(n;C) and their restrictions
to Pin(n). For even n the Clifford algebra Cl(n;C) has a unique irreducible representation,
and for odd n it has two inequivalent irreducible representations. Let ({,,S,,) be an irreducible
representation of Cl(n; C) and ((,—1,S,—1) an irreducible representation of Cl(n — 1;C). If sgn
denotes the non-trivial representation of O(1), we have for all \,v € C and §, ¢ € Z/27Z principal
series representations

7/‘6‘75 - Indg((q” ® Sgn(s) ® e ® 1) and fu,s = IndgH ((Cnfl & Sgne) ®e'® 1)7
and we study intertwining operators in the space

HOH’lH (#)\,(5 |}~I’ 7LV,€) ’

As above, taking distribution kernels and restricting them to the open dense Bruhat cell in G/P
identifies the space of intertwining operators with a subspace

+

D'(R"; Homg (Sn, Sn—1))}

, € D'(R"; Homg (S, Sn—1)) ~ D'(R") ® Home(Sy, Sn-1),

where the sign + represents d + ¢ = 0(2) and the sign — represents 6 + ¢ = 1(2).
The translation principle applied to the distribution kernels K/\A’j: eD (R”)TV yields mero-

morphic families of distribution kernels PK i’f eD (R”; Home (S, Sn—l))iy given by
At A,
PR (@) = (PGu(a)) - K%, (@),
27 2

where (,(z) € Endc(S;,) is the value of the representation ¢, of the Clifford algebra Cl(n;C) at
the vector x € R" C Cl(n) C Cl(n,C) and 0 # P € Hompjy,(;,—1)([Cn ® det]|pin(n—1), (n—1). (Note
that the spin representation (,—1 of Pin(n — 1) occurs in the restriction [, ® det]|pin(n—1) With
multiplicity one, where det: Pin(n) — O(n) — {£1} denotes the determinant character.)

To state our result on the classification of intertwining operators, let

Leven={(=p— % —i,—pg — L —j):i,j €Ni—je 2N},
Loaa={(-p—3%—i,—pg—3%—4):i,j€Ni—je2N+1}.
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Theorem D (see Theorems 5.3, 5.4 and 6.5).

1. For 0 4+ ¢ =0(2) we have

27 for (A7 V) e Leven;
dim Hom ~ =
H(¢A76|H77V’E) {17 fO?" ()\7 V) S C2 — Levenf
and every intertwining operator is given by the distribution kernel PK fj or a requlariza-
tion of it.

2. For 0 + & = 1(2) we have

27 fO?" ()‘7 V) € l"odd:
dim Hom 5 = =
(sl 1) {1, for (\,v) € C? — Logq,
and every intertwining operator is given by the distribution kernel PK ﬁi’; or a requlariza-
tion of it.

In Theorems 5.3 and 5.4 we determine all poles and residues of the meromorphic families
PK f,/i , and hence give an explicit description of the distribution kernels of all intertwining
operators between spinor-valued principal series representations.

We remark that for A — v = —% — 20, resp. A — v = —% — 20, £ € N, there exists a residue
of PK fj , resp. PK fl,_ , which is supported at the origin in R", inducing a differential intertwi-
ning operator. These families of spinor-valued differential intertwining operators were previously
obtained by Kobayashi-Orsted—Somberg—Soucek [9], and it was conjectured that these are all
differential intertwining operators in this setting. Our classification confirms this conjecture (see
Remark 5.6).

In contrast to the proof of Theorem C which only uses the translation principle, we employ
the method developed in [13] for the proof of Theorem D. This method describes intertwining
operators between the underlying Harish-Chandra modules of principal series representations in
terms of their action on the different K-types. The explicit knowledge of the action on K-types
also allows us to determine the dimensions of intertwining operators between the irreducible
constituents of i A6 and 7‘1,7 . at reducibility points.

The representation 7 As 18 reducible if and only if A = i(p—i— % + 73), i € N. More precisely, for
A= —p— % —i the representation 7% A hasa finite-dimensional irreducible subrepresentation Fs ()
and the quotient T5(i) = #, 5/Fs(i) is irreducible. The composition factors at A = p + 24
can be described in terms of F5(i) and 75(i) by tensoring with the determinant character (see
Lemma 6.6 for the precise statement). We use the analogous notation for the composition
factors F.(j) and T(j) of Toeatv=—py— s—j,jeN

Theorem E (see Theorem 6.7). For m € {T5(i), F5(i)} and 7 € {T(j), FL(j)} the multiplicities
dim Hom g (7|7, 7) are given by

T~7T| F(5) T0G) T~T| F5) T0G)
Fs(7) 1 Fs(7) 0 0
T | 01 @ | 10

for0<j <i, otherwise.
i+j=0+¢(2),

We remark that the multiplicities are the same as in the case of spherical principal series (see
[10, Theorem 1.2]).
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1.5 Relation to conformal geometry

Let (X, g) be a connected oriented Riemannian manifold of dimension n with a spin structure.
Let G denote the conformal group of X, i.e., the group of diffeomorphisms A: X — X such that
there exists a conformal factor Q(h,-) € C®(X) with (h*g)g = Q(h,x)%g, for all h € G and
x € X. Write or: G — {£1} for the character of G which takes the value +1 on orientation
preserving diffeomorphisms and —1 on orientation reversing diffeomorphisms. Let XX — X
denote the spin bundle and C*°(XX) its smooth sections, also called spinors. For a spinor
o € C*(XX) and a diffeomorphism h € G the pullback h*o can in general not be defined
unambiguously, but there exists a double covering G — G and a smooth action of G on C*°(XX)
which resolves this ambiguity. Abusing notation, we lift the orientation character or and the
conformal factor €2 to the double cover G. This gives rise to a family @) s of representations

of G on C*(XX) depending on two parameters A € C and ¢ € Z/27Z given by
frs(Wo(z) = or(hPQ(h~Y2) 2 (h'o)(2), @€ X,he G oeC®(EX).

For X = S™ with the Euclidean metric the group G is essentially Pin(n+1,1) and the definition
of 7, 5 agrees with previous definition since G/P ~ S".

For an oriented submanifold Y C X we may consider the group H = {h € G: hY =Y} which
acts conformally on (Y, g|ly). Fixing a spin structure on Y we denote by C*°(XY") the space of
spinors and by 7, _ (v € C, € € Z/2Z) the corresponding representations of H on C*°(XY).

In this context it is natural to ask for a construction and classification of (differential) ope-
rators A: C*°(XX) — C*°(XY) such that Ao, ;(h) =7, _(h)oA for all h € H. The analogous
question for differential forms was previously discussed by Kobayashi-Kubo—Pevzner [8] and
Kobayashi-Speh [11]. In the model case (X,Y) = (S™,5"1) a complete classification for
differential forms was obtained in [4, 8, 11], and our results in Theorem D can be viewed as the
analogous classification for spinors. We also refer to [2] for the case X =Y = S™.

1.6 Structure of the paper

In Section 2 we fix the notation for (generalized) principal series representations of real reductive
groups, explain how to describe intertwining operators between them in terms of invariant distri-
butions, and recall the construction of Knapp—Stein type intertwining operators for symmetric
pairs from our joint work with Y. Oshima [14]. Section 3 explains the idea of the translation
principle in detail and contains the proofs of Theorem A and Corollary B. We then apply the
translation principle in two different situations. Firstly, in Section 4 we construct and classify
intertwining operators between principal series representations of (G, H) = (O(n+1,1),0(n, 1))
induced from one-dimensional representations (see Theorems 4.7 and 4.10 for a detailed version
of Theorem C). Secondly, in Section 5 we construct intertwining operators between principal
series representations of (G, H ) = (Pin(n + 1,1),Pin(n, 1)) induced from spin-representations
(see Theorems 5.3 and 5.4). To also obtain a classification in the second situation, we employ
in Section 6 the method developed in [13], yielding the classification results in Theorems 6.5
and 6.7. Together with Theorems 5.3 and 5.4 this proves Theorems D and E. Finally, Ap-
pendix A contains some elementary material about Clifford algebras and spin representations
needed in Sections 5 and 6.
Notation. N={0,1,2,...}, A)p =AA+1)---(A+n—-1),A-—B={a€c A: a ¢ B}.

2 Preliminaries

We recall the basic facts about (generalized) principal series representations of real reductive
groups, symmetry breaking operators, and their construction for symmetric pairs. More details
can be found in [10, 14].
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2.1 Generalized principal series representations

Let G be a real reductive group and P C G a parabolic subgroup with Langlands decomposition
P = MAN. We write g, m, a and n for the Lie algebras of G, M, A and N. Then A = exp(a)
and N = exp(n). Let @i denote the nilradical opposite to n and N = exp(#) the corresponding
closed connected subgroup of G. Then P = M AN C G is the parabolic subgroup opposite to P.

The multiplication map N x M x A x N — G is a diffeomorphism onto an open dense
subset of G, and for g € NMAN we define n(g) € N, m(g) € M, a(g) € A and n(g) € N by
g =n(g)m(g)a(g)n(g)-

We consider representations of G which are parabolically induced from finite-dimensional
representations of P. Let (£, V) be a finite-dimensional representation of M, A € af. and denote
by 1 the trivial representation of N, then ¢ ® e} ® 1 is a finite-dimensional representation of
P =MAN. Write p = %tr ad, € a* for half the sum of all positive roots and let V3 = £@e*P®1.
We define the generalized principal series representation IndIGg (5 Rer® 1) as the left-regular
representation on the space

C®(G, V) ={f € C®(G,V): f(gman) =a > *&(m) " f(g) Vg € G, man € MAN}.
If we write

V=G xpVy—G/P
for the homogeneous vector bundle associated to the representation Vy of P, then C®(G, Vy)¥
can be identified with the space C*°(G/P, V) of smooth sections of V.
2.2 Distribution sections of vector bundles

Let Vi = ¢Y ® e ® 1, where £ is the contragredient representation of &, and write V§ =
G xp Vy for the dual bundle of V). We define the space D'(G/P,Vy) of distribution sections of
the bundle V) as the (topological) dual of C*°(G/P,V5):

D'(G/P,Vy) = C>(G/P,Vy).
Note that since G/P is compact, smooth sections on G/P are automatically compactly sup-

ported. Then C*(G/P,V)) ~ C*(G, V))¥" embeds G-equivariantly into D' (G/P, Vy) by f — T},

where
(Ty ) = /K Gk dk Vi € (G, V7)P,

and dk denotes the normalized Haar measure on K.

Let (7, E) be another finite-dimensional representation of P and £ = G x p E the correspond-
ing vector bundle over G/P. Then every smooth section f € C*°(G/P,£) defines a continuous
linear multiplication operator

D'(G/P,Vy) = D'(G/P,E @ V), ur— f®u,
which is dual to the composition
(G, EY o Vi) I8 (G Ee EY @ Vi)F & 02(G, Vy)F

of the pointwise tensor product f® and the push-forward by the contraction map c: E® EY ®
Vi — Vi
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2.3 Symmetry breaking operators

Now let H C G be a reductive subgroup of G and Py = My ANy C H a parabolic subgroup
of H. Similarly, we define IndgH (n®e” ®1) for a finite-dimensional representation (n, W)
of My and v € aj ¢ as the left-regular representation of H on C*°(H,W,)#  where W, =
n®e P ®1, py = trad,,. Then C°(H, W, )" identifies with the space C°(H /Py, W,)
of smooth sections of the vector bundle W, = H xp, W, — H/Py.

In this paper we study continuous H-intertwining operators

df(¢@e*®1) - Indf (n@e” ®1).

By the Schwartz kernel theorem such maps are identified with H-invariant distribution sections
of some vector bundle over G/P x H/Py. Using the isomorphism A(H)\(G x H) ~ G which
is induced by G x H — G, (g,h) + g~ 1h, invariant distributions on G/P x H/Pg reduce to
invariant distributions on G/P (see [10, Section 3.2]):

Proposition 2.1 ([10, Proposition 3.2]). We have natural isomorphisms of vector spaces
Homp (Ind§ (€ ® e* ©1),Indf (n® e’ ©1)) ~ D'(G/P x H/Py, Vi @ W,)2E)
~ (D'(G/P,V}) @ W,)2Fm),

Under the isomorphism an H-intertwining operator A: Indg (§ Rer® 1) — IndgH (77 ®e¥'® 1)
maps to the distribution kernel K4 € (D'(G/P,V}) ® W,)2) such that

Af(h) = /G/Pc(f(x) ®KA(h_1x)) dz, feC>®(G/PVy),

where c: V) ® Vi @ W, — W, is the contraction map, and the integral has to be understood in
the distribution sense.

Sometimes it is convenient to work on the open dense Bruhat cell in G/P, because it is
isomorphic to the vector space n. Under certain conditions on the parabolic subgroups P and Py
the restriction of the invariant distribution sections in Proposition 2.1 to the open dense Bruhat
cell is injective:

Theorem 2.2 ([10, Theorem 3.16]). Assume that
Py =PNH, Mg =MnNH, Ag=ANH, Ng=NNH.

If additionally G = Py NP then the restriction to n ~ N — G/P defines a linear isomorphism
(D'(G/P,V}) @ W,)APH) — D'(|, Vi @ W, )Mudun,

Here the action of My Ay on D'(n, V¥ ® W,) is the obvious action induced by the actions
of MyAg on m, V¥ and W, and the action of ny is induced by the infinitesimal action on n
viewed as subset of the generalized flag variety G/P.

2.4 Symmetric pairs and Knapp—Stein type intertwining operators

For symmetric pairs (G, H) we provided in [14] explicit expressions of invariant distributions
defining symmetry breaking operators, which we briefly recall.

Let o be an involution of G and let H be an open subgroup of G?, the fixed points of o.
Then (G, H) forms a symmetric pair. We make the following two additional assumptions:

P and P are conjugate via the Weyl group (G)
P is o-stable. (H)
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Then (G) implies P = woPwy 1 where 1wy is a representative of the longest Weyl group ele-
ment wg. Further, (H) implies that Py = P N H is a parabolic subgroup of H.

Recall the a-projection g — a(g) € A from Section 2.1 which is defined on the open dense
subset NM AN C G. For a, 8 € af. sufficiently positive we define

«

a(u?(jlgfla(g))ﬁ, g €G.

Ka5(9) = a(g'g™")
Since the second factor might not be defined for any g € G, we make the additional assumption
The domain of definition for K, g is non-empty. (D)

In [14, Proposition 2.5] we showed that in this case the domain of definition for K, s is already
open and dense in G, and gave a criterion to check this.

In [14] we studied the meromorphic continuation of K, g in the parameters o, 8 € af, and
proved that they give rise to intertwining operators between spherical principal series:

Theorem 2.3 ([14, Theorems 3.1 and 3.3]). Under the assumptions (G), (H) and (D), the
functions K, g extend to a meromorphic family of distributions

Ko € (D'(G/P,V}) @ W,)A0H),
where

A= —woa+ o —wf + p, V= —alayc — PH- (2.1)
Therefore, they give rise to a meromorphic family of intertwining operators

Ale, B): Indg(l ®er® 1) — IndgH (1loe ®1).

3 The translation principle

We describe a technique, called the translation principle, which allows to obtain new symmetry
breaking operators from existing ones by tensoring with finite-dimensional representations of G.
3.1 General technique

Fix a principal series representation IndIGD (f Rer® 1) of G and let (7, E') be a finite-dimensional
representation of GG, then there is a natural G-equivariant isomorphism

b ndf((E@er®@1) @ Elp) Shdf(¢we* 1) ® E. (3.1)
When we view both sides as (V' ® E)-valued functions on G, this isomorphism is given by
(trf)g) = (d@7(9)f(9), g€G.
Now, for any P-stable subspace E/ C E we have a natural injective map
mdf((t@e*®1)®F) < hdg(((@e*®1)® E|p).

Suppose that NV acts trivially on E’ and A acts by a fixed character et i € a*, then the P-action
on E’ can be written as 7 ® e* ® 1. The above map becomes

mdG (@) @M ©1) = mdE(((@e* ®1) © Elp). (3.2)

Assuming irreducibility of 7 and 7/, there is essentially only one choice of such a P-stable
subspace £’ C E:
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Lemma 3.1. For every irreducible finite-dimensional representation (7,E) of G the restric-
tion T|p contains a unique irreducible subrepresentation E'. Moreover, E' is generated by the
highest weight space of E, and P = MAN acts on E' by 7' @ e ® 1, where 7' is an irreducible
representation of M, i/ € a* and 1 the trivial representation of N.

Proof. It suffices to treat the case of G connected since M meets all connected components
of G. We first fix some notation. Let t C m be a Cartan subalgebra, then ¢ = t ® a is a Car-
tan subalgebra of g and ¢¢ is a Cartan subalgebra of gc. Choose any system of positive roots
Yt (ge, cc) € (ge, ¢c) such that the non-zero restrictions of positive roots to a are the roots
of n. Then the non-zero restrictions of positive roots in m to t¢ form a positive system of roots
Yt (me, te) € X(mg, tc). We consider highest weights with respect to these positive systems.
Now let E' C E be any irreducible subrepresentation for 7|p. Since M is reductive, E’ decom-
poses into the direct sum E' = E] @ --- @ E/, of irreducible M-representations E/ of highest
weight A\; € t¢. Since M and A commute, A acts by a character p; € a* on E;. Now, let
1 <4 < m such that A; + p; is maximal among the A; + pj;, 1 < j < m. Then it is easy to
see that 7|y is trivial on Ef. Hence, E; C E is stable under P. Since E’ was assumed to be
irreducible for P, we have E' = E/ and hence N acts trivially on E’.

To show that E’ is unique, we simply observe that a highest weight vector for the action of M
on E’ is automatically a highest weight vector for the action of G on E which is unique (up to
scalar multiples). Hence E’ is the P-subrepresentation of E generated by the highest weight
space. |

Further, in the case of minimal parabolic subgroups, essentially every irreducible finite-
dimensional representation of M extends to G:

Lemma 3.2 ([16, Theorem 2.1]). Assume that G is a linear connected reductive Lie group and
P C G is minimal parabolic. Then every irreducible finite-dimensional representation (7', E') of
M is conjugate via the Weyl group to a representation that occurs as a direct summand in an
irreducible finite-dimensional representation (1, E) of G and on which N acts trivially.

Similarly, for a fixed principal series representation IndeIH (n®e” ®1) we have an isomorphism

IndgH(n@)e”@l)®E:>IndgH((n®e”®1)®E|pH). (3.3)

We also take a Py-quotient space E — E” on which Ny acts trivially and Ay acts by a charac-
ter e#”’. Note that such a quotient always exists since the contragredient representation £ of E
possesses a Pp-stable subspace on which Ny acts trivially by Lemma 3.1. However, in contrast
to Lemma 3.1, there might be several possibilities for E” since E|g might not be irreducible.
Denoting the Py-action on E” by 7/ ® ¢* @ 1, we get a map

mdf ((n®e” ©1) @ Elp,) »dl (ner") @ @1). (3.4)
Now suppose that an H-intertwining operator
A: IndE(é@e*®1) > Indf (n®e” ®1)
is given, and form the tensor product
ARidg: dE((®e*®1)®E —Indp (n®e’ ®1)® E. (3.5)
Then we obtain an H-intertwining operator

D(A): Indg((é ® 7'/) ® e ® 1) — IndgH ((77 ® 7'") ® e ® 1)
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by composing the maps (3.2), (3.1), (3.5), (3.3) and (3.4), namely

mdg(@ ) @M ©1) - mdE (@t ©1) ® Elp)
Shdf(¢@er®l)0E
—Indf, (n®e’®1)®E
S Indp, (n®e” ®1) ® Elp,)
— Ind® (@ T") ® eVt ®1). (3.6)

This proves:

Theorem 3.3. Let (7, E) be a finite-dimensional G-representation, E' C E a P-stable subspace
with E'\p = 7' ® e’ @1 and E — E" a Py-equivariant quotient with E'\p, =7"® et 1.
Then (3.6) defines a linear map

P HomH(IndG(f Qe ® 1) Ind (17® e’ ® 1))
— Homp (Indg((ﬁ ®7)® e @ 1),Inde (ot ® et @ 1))

for all finite-dimensional representations § of M and n of Mpu and all X € ag, v € aj¢.

3.2 Integral kernels

Recall that H-intertwining operators are given by distribution kernels (see Proposition 2.1). Let
us see how the integral kernel behaves under the translation principle. Suppose that

A mdf(¢®@e*®1) - Indf (n®e” ®1)

is given by a distribution kernel K4 € (D'(G/P, V5) @ W,)A(P#) in the sense that
Af(h) :/ c(f(z)® K4 (h ') da, f e C(G/P,Vy),
a/p

where ¢ denotes the contraction map V) ® Vi ® W, — W, and the integral is meant in the
distribution sense (see Section 2.3 for details). Write i: E/ — E for the inclusion map and
p: E — E” for the quotient map, and let & = G xp E' and £” = H xp, E” denote the
corresponding homogeneous vector bundles over G/P and H/Py. Let u € C°(G/P,E" @ Vy),
then ®(A)u € C*°(H/Py,E" @ W,) is given by

®(A)f(h) = ((por(h™)) ®idw,)
X /G/P(idE ® ) (((r(x) 0 1) ®idyy ) (f(2)) ® KA (h~'2)) de
— /G elor (b oi) @) @ KOt ax
This implies:
Proposition 3.4. The integral kernel ®(K4) = K®M) of ®(A) is given by
(K =po K4,
where p € C®(G/P, (V) @ E" ~ C®(G, (E')V @ E")F is given by

©o(g) =pot(g)oic Home(E', E") ~ (E') @ E".



Knapp-Stein Type Intertwining Operators for Symmetric Pairs 11 13

Remark 3.5. Since the operator ® is given by multiplication with the fixed smooth function ¢,
and the multiplication map

D'(G/PV5) @ W, — D'(G/P,Vy ® (£)") ® (W, @ E"), K—opaK

is continuous, the operator ® maps holomorphic families of distributions to holomorphic families.
More precisely, if K, € (D'(G/P,V}) @ W,)2(F#) depends holomorphically on z € Q C C™,
then ®(K,) depends holomorphically on z € Q. More generally, if K, depends meromorphically
on z € Q) with poles in the set X C Q, then ®(K,) depends meromorphically on z €  and its
poles are contained in . However, it may of course happen that K, has a pole at z = zy whereas
®(K,) is regular at z = z( since the multiplication map K +— ¢® K can have a non-trivial kernel
(see, e.g., Remark 4.9). This also implies that a holomorphic/meromorphic family K., which
does not vanish identically, might be mapped to ®(K,) =0 for all z € Q (see, e.g., Remark 4.5).
If, however, the family K, has generically full support, i.e., supp K, = G/P for generic z € ,
then ®(K,) = ¢ ® K, cannot be identically zero for all z € Q. In fact, ¢ is an analytic function
which is non-zero due to the irreducibility of (7, E), so it has full support suppp = G/P and
hence

suppK, =G/P = supp(p® K,)=G/P.

Remark 3.6. Since ¢(g) is a matrix coefficient of a finite-dimensional repesentation, it is
obviously smooth in g € G. In view of Theorem 2.2 one can in some cases study the distribution
kernels by their restriction to 1 ~ N < G/P. On u the function ¢(g) is actually a polynomial.
In fact, the nilpotency of m implies that there exists N € N such that 7(X;)---7(X,) = 0 for
all X1,...,X, € nand n > N. This shows that |z is a polynomial of degree at most N.

3.3 Reformulation using P

We can also use the opposite parabolic subgroup P instead of P in the above procedure. Assume
there exists an element wo € K such that woPw, L'— P and Wo AW, ' — A. Then we have a
G-equivariant isomorphism

mdf(§ @ et ©1) = mdG(a5'c@e™ Y1), fr f( - ap0).

Here, w, ¢ denotes the representation of M on V given by (ﬂ)a 1.5) (m)=¢ (womzba 1). Suppose
that an H-intertwining operator

A: IndE(é@e*®1) - Indg (n®e” ®1)

is given. Composing with the above ismorphism we have
dS (d; ¢ @ e X ©1) - Indf (n®e ©1).

Then in a similar way, using P instead of P, we obtain an H-intertwining operator
dS ((dy '€ ®7') @ % M ©1) » Indf (ner") @+ 1)

for every P-stable subspace i: ' < E with E' ~ 7/ ® ¢’ ® 1 and every Py-stable quotient
p: E — E”. Composing with the map f +— f(-wp), we get

U(A): Indg((f ® W) @ T @ 1) — IndgH (o) ® et 1).
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Moreover, if A is given by the distribution kernel K4 € (D'(G/P,V;) ® W, )A(r) then we
similarly see that U(A) has distribution kernel ¥ (K4) = K ¥(4) given by

U(K*) = (por(-1p)0i) ® K4

Now assume additionally that Py C P with MgAy € M A and Ny C N, then E' and E” can
be chosen compatibly. More precisely, let E/ C E be the unique irreducible P-subrepresentation
(see Lemma 3.1), then E' is the lowest a-weight space and E' ~ 7/ ® e/ @ 1. Write E; for
the direct sum of all other a-weight spaces, then £ = E' @ E; and the projection £ — E’ is
Prr-equivariant. Hence we can take B = E:

Corollary 3.7. Assume that woﬁwo—l = P and that MgAg € MA and Ng C N. Let (1, F)
be an irreducible finite-dimensional G-representation and E' C E the unique irreducible P-
subrepresentation with E' = 7 @ e® ®1. Then for all finite-dimensional representations €& of M
and n of My and all A € ag, v € a}y ¢ we obtain a linear map

v HomH(Indg(g Rer® 1),IndgH (n@e” ®1))
— Hompy (Ind% ((¢ ® wor’) @ Mo’ 1),IndgH (&7 |my) ® e’ lan @ 1)),

which maps an intertwining operator A with distribution kernel K to the intertwining operator
U(A) with distribution kernel W(K4) = KY4) given by

U(KY) =y ® K4,
where ¢ € C®(G/P, (V) ® E' ~ C®(G,(E" @ E"? is given by

P(g) =7 (m(zbo_lgfl))_l 'a(zbo_lgfl)_”l € Endc(E') ~ (E')V @ E'.
Proof. It remains to show the formula for ¢(g). Write

u?o_lg_l = ﬁ(ﬁ)o_lg_l)m(wo_lg_l)a(u?o_lg_l)n(wo_lg_l) € NMAN,

then we have

givo = n(a; g™ Im(wy ™) ta(ay g™ a(wgtgTY) T € NMAN.

Since N acts trivially on E’ we have 7(n) o4 = i for 7 € N, and similarly p o 7(n) = p for
n € Ng C N. Hence

!

poT(ng)Q)Oi:T/(m(ﬂ)O_lgil)_l) -a(ﬂ)glg*l)_” ) [

Remark 3.8. We note that the function ¥ (g) resembles the integral kernel of the standard
Knapp—Stein intertwining operator

AN): IndE (7 @e* ®1) - IndG (o7 @ e 1),  Af(g) = /f(gwon) dm.
N
More precisely, it is shown in [6, Chapter VII, Section 7] that

Afe) = [ 7' (m(5 m))a(i; ') figm) d
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3.4 Application to Knapp—Stein type intertwining operators

We now specialize to the setting of Section 2.4. In this case, all assumptions of Corollary 3.7
are satisfied and we can apply it to the family A(«, ) of intertwining operators

Ala, B): IndIGD(l ®e® 1) — IndgH (1ee' ®1),

A and v given by (2.1), with distribution kernels

Kap(g) = alig'g ) a(ig g 'olg))’, geq.

We call an irreducible finite-dimensional representation & of M extendible if there exists
a finite-dimensional irreducible representation (7, F) of G such that

EN = {v eE:T(Mv=vVYmeE N} ~ ¢ as M-representations.

Corollary 3.9. Assume conditions (G), (H) and (D). Then for every extendible irreducible
finite-dimensional M -representation £ the functions

~— _ 1 o -~ a e 3
Keap(9) = &(m(wg'g ™)) alig g™ !) a(iy g 'ol9))", g€,
extend to a meromorphic family of distributions
K{,a,ﬂ S (2)/(61‘/P7 V:\k) ® VVV)A(PH)7

for X and v given by (2.1) and Vy = G xp (G @M ®1), W, = &|u,, ® e’ TP @ 1. Therefore,
they give rise to a meromorphic family of intertwining operators

A, o, B): IndIGp(u]of Qe ® 1) — IndgH (e’ ®1).

Proof. Let (7, E) be an irreducible finite-dimensional representation of G with EN ~ ¢ as M-

representations, then £/ = EN C E is P-stable of the form E/ ~ E®e! ®1. Now the statement
follows from Theorem 2.3 and Corollary 3.7. |

Remark 3.10. For (G, H) = (O(n+1,1),0(n, 1)) one can choose a representative wg of wp that
centralizes M. Hence, wo& = £ for all irreducible finite-dimensional representations & of M. By
Lemma 3.2 either £ or wo€ = £ is extendible, so that in this case all irreducible finite-dimensional
M-representations are extendible.

4 Example: (G,H) =(0(n+1,1),0(n,1))

We apply the translation principle to the symmetry breaking operators between spherical prin-
cipal series of rank one orthogonal groups studied by Kobayashi-Speh [10] and obtain new
symmetry breaking operators between non-spherical scalar-valued principal series.

4.1 Parabolic subgroups and the symmetric pair

Let G = O(n+ 1,1), n > 2, realized as the subgroup of GL(n 4 2,R) preserving the indefinite
bilinear form

n+2 2 2 2
R —>R, ﬂj’—>l‘1+"'+xn+1_l‘n+2.
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We choose the (minimal) parabolic subgroup P = Ppi, = M AN C G such that a = RH( with

0 1
Hy = 0,
1 0

and n = g, for a € a* with a(Hp) = 1. Then

£
M = m :m € 0(n),e =41 ) ~0O(n) x Z/27Z.

Let mo = diag(—1,1,...,1,—1) and identify m € O(n) with diag(1l,m,1) € M, then M =
O(n) UmoO(n). We further identify n = g_, = R" by

0 z' 0
R*—>n,z— |2 0, =x
0 —z' 0

and use this identification to parametrize N = exp(n) by

L4 [z?/2 2T Jzf?/2
R"—>ﬁex—p>ﬁ, T Ty = x 1, T
—lzP/2 —xT 12?2

The group M = O(n) UmyO(n) acts on € n =2 R"™ by the adjoint action as follows:
Ad(m)x =mxz, m e O(n), Ad(mg)r = —z.
Further, P is conjugate to its opposite parabolic P = M AN by
wo = diag(1,...,1,—1).
Let us identify az = C by A+ A(Hp), so that p = 7.
Lemma 4.1. For x € R"™:
Wy 'ny € NMAN &  x€R"—{0},

and in this case for A € ag ~ C we have

T

! Mg) = 1, — 288>

a(dy ') = 2™, m(ag

1

Now let o be the involution of G given by conjugation with the matrix diag(1,...,1,—1,1).
Then H = G? ~ O(n,1) and (G, H) forms a symmetric pair. It is easy to see that the pair
(G, H) satisfies the assumptions in Theorem 2.2 and we write Py = PNH = My AgNg. Then

MH:MQH:O(R—l)Um()O(n—l) and ag = a=RH.
Further, under the identification n ~ R” the involution ¢ acts by
o(x) = (x1,...,Tpn-1,—Tn), r eR",

and therefore the subalgebra ny = 17 is given by the standard embedding of R"~! into R™ as
the first n — 1 coordinates.
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4.2 Principal series representations and symmetry breaking operators

Denote by sgn: M — {£1} the character of M = O(n) UmoO(n) given by sgn(m) = 1 for
m € O(n) and sgn(mg) = —1. Abusing notation we also write sgn for the corresponding
character of My. For d,e € Z/2Z and \,v € ai ~ C we define the scalar principal series
representations (smooth normalized parabolic induction)

TS = Indg (sgn‘S Re*® 1) and Tye = IndgH (sgnE e’ ® 1).

We consider the space Homp (7 5|p,7ve) of symmetry breaking operators between my s
and 7, .. By Theorem 2.2 every such operator is given by a distribution kernel K € D’(n) MpAm,nm
satisfying certain invariance conditions for the action of My Ay and ng. Since mg € My acts
by K(z) — (—1)°*¢K(—=x), it is clear that D'(n)M#A#"4 only depends on the parity of & + ¢.
Identifying © ~ R" as above we write D’ (R”);\FV, resp. D’ (]R”)j\ry, for the space D’ (]R”)MH Asnat
with § +& = 0(2), resp. § + ¢ = 1(2). Then, te;king distribution kernels is a linear isomorphism

D’ (R”)+ for 0 + ¢ =0(2),

AV
D'(R™), =~ for6+¢e=1(2).

Homp (761, Tve) — {
AV

4.3 Construction of symmetry breaking operators

In this section we describe all intertwining operators in Hompg (my s, 7,) for all \,v € C, §,¢ €
Z/2Z. We note that the notation is essentially due to Kobayashi-Speh [10].

4.3.1 Spherical principal series

For 6 = € = 0 the representations m) s and 7, are spherical, i.e. possess a vector invariant
under a maximal compact subgroup. In this setting, Section 2.4 provides a meromorphic family
of intertwining operators Ay, € Hompg (7 0|, 7v,0) given by the distribution kernels

_n—1
Kyt(@) = |za M2 (j0P+22) 2, zeR™

By analyzing the poles and residues of Kfj explicitly, Kobayashi-Speh [10] completely deter-

mine the space D’ (R”)j\rl’ for all \, v € C. (Note that our parameters (A, ) are normalized such

)

that my s and 7, . are unitary for A, v € iR. Therefore, in our notation one has to replace (A, v)
by (A — p,v — pg) to obtain Kobayashi-Speh’s notation, see [10].) To summarize their results
let

W ={(\v): )\+l/:_%_2k,kEN},
)T ={(\v): )\—1/:—%—267561\1},
Leven = {(\,v) = (=p —i,—py — j): i,j € N;i— j € 2N} C //T.

For (A\,v) € \\* with A +v = —1 — 2k we further define

(|22 + 22) 77T 6@ (z,)

-
Ky () =

F(%(A v+ ))

k '(V ) e o o
Z ‘$/’1 n—2v 215(216 2i) (1: )
i!( 2]4:721 T % "

= (- +%))
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and for (\,v) € //* with A — v = —F — 2¢ we put

2oy
(20— 2j)!

J
ARnfl

—c. .
Ky (2) = 022 6) (z).
§=0
Note that both I?%j and f(;(\:j depend holomorphically on v € C (or A € C).
Theorem 4.2. The renormalized distribution
A+
Ry o) - el
v oA +v+3))TGA-v+3))
depends holomorphically on (\,v) € C% and vanishes only for (\,v) € Leven. More precisely,
1. For (\,v) € C2— (\\* U //*) we have supp Kyt = R™.

2. For (\,v) € \\* — //T with A\ +v =—1 -2k, k €N, we have

~ _1\kLl
K@) = oy B @)

In particular, supp IN(/\A’j =R 1,
3. For (\,v) € //T — Leven with A\ —v = —3 — 20, £ € N, we have
n—1
Say_ (DT e
K)x,y ( ) - 2251—1(” + nT—l) AV (l‘)
In particular, supp I?f; = {0}.

4. For (—p —i,—pHg — J) € Leven, 20 = i — j, restricting the function (\,v) — IN(fj to two
different complex hyperplanes in C? through (—p—i, —pg —j) and renormalizing gives two
holomorphic families of distributions:

~C+ (_1)[2% - .
Ky (z) = ——=TWw+pn)K), (2), A—v=—1-20

L=
A+ 1 1\ A+ -
K)\,V (x):F(i(A_V—F?))K)\:y (.1,‘), V=—pH — ]
Their special values at (—p — i, —pg — J) satisfy
supp K& oy = 10},

_p_l’
I%{Aﬂr R”, for n even,
supp e =
prTPHTY R for n odd,

more precisely, forn odd and 2k =i+ j+n—1

~A+ (—1)kk'
—p—i—pE—] (2k)!

(‘x/‘Q +x2)j5(2k)(xn).

n

Proof. This is a summary of the results of [10]. [

+ .

These results can be used to describe the space D’ (R") N

Theorem 4.3. We have
CEﬁj’ fOT ()‘a V) € (C2 - Leveny

D'(R™) ' I/
(R") CK,, © (CK;?”:“, for (\,v) € Leyen-

A\ =

Proof. See [10, Theorem 1.9] and also [13, Theorem 4.9]. |
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4.3.2 Scalar principal series

We use the translation principle to describe D’ (R”);V in terms of D’ (R");FV.

Let (7, E') be the defining representation of G = O(n+1,1) on E = C"*2. Then
i: B =C<— E, z (2,0,...,0,2)7

is the maximal subspace on which N acts trivially, and E'|p = sgn®e®® 1. For the Py-quotient
space we choose

b: E_»Cv (217"'7zn+2)'_>z7l+17

then E”|p, =1® 1 ® 1. Now let us compute the (E')* ® E”-valued function po7(g)oi on N.
For g =7n,, x € R", we have

por(g)oi()T =p(1+ | 22,1 —|z]?) = 2,.
Hence, by Theorem 3.3, we get a linear map

T D’(R”); SDRYL,,,, K@ e oK),

Applying this map to the meromorphic family of distributions Kf:r(:v) we obtain another
meromorphic family

_y—n=1
Ky (2) = 2 - Ky, = sgn(an) |z M2 (jo' P +22) 777, 2 e R

)
7l/ n

To normalize Kf; (z) so that it becomes holomorphic in (A7) € C? we first consider the
kernel of the map

zn: D'(R™)), > D' (R, - (4.1)
Lemma 4.4. We have
CI?;}\B’;F, for \+v = —%,
(K € D(R),: euK 0} = { CREF, forA—v =1,
{0}, else.
Note that for (\,v) = (—4,0) we have Ky,f (z) = Ky («) = §(x).
Proof. If K €¢ D’ (R”);\FV such that 2, K = 0 then clearly supp(K) C R*~!. Hence,
M
K= tp()6™ (2,)
m=0
for some distributions wu,, € D’ (R"‘l). Since z,6(™) (xn) = —mé(m_l)(xn) we must have u,, = 0

for m > 0, so that K(z) = ug(z')d(z,). By the classification in Theorems 4.2 and 4.3 the only
possibilities for such K in the space D’ (R”)j\ry are

)

_ ! 1-n—2v Tn
K(o) = R (o) = )

with A+ v = —1 (i.e., k = 0) and

with A —v = —1 (ie., £=0). u
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Remark 4.5. Lemma 4.4 implies that the families

. _
KB = K& and  KC =K%
—5—VV —5 v

which depend holomorphically on v € C and are not identically zero, are mapped to 1dentlcally
zero families by (4.1), i.e., 2, KB = 2, K® = 0 for all v € C. However, the famlly K ’+ which

depends holomorphically on (),v) € C? has generically full support, i.e., supp K& /\ = R" for
generic (\,v) € C?, so it follows from Remark 3.5 that also supp Jinkf}’j = R” for generic

(A, v) € C2. In particular, the holomorphic family xnf(f’: is not identically zero.

For the full classification of D’ (R");V we also need to understand the kernel of the map

)

zn: D'(R"),, —>D’(R”)A+1V

Lemma 4.6. We have
{K eD'(R"), ,: 2aK =0} = {0}.

Proof. As in the previous proof any K with z, K = 0 must be of the form K(x) = ug(z')d(zy).
Now, if K € D'(R"),  then by the invariance under mo € My we have u(—z) = —u(x) and
since §(—xy,) = d(zy,) this implies

up(—a") = —ug(2').

On the other hand, invariance of K under O(n — 1) C My implies ug(ma’) = ug(a’) for all
m € O(n — 1), in particular for m = —1, hence

This shows that ug = 0 and the proof is complete. |

To state the analogue of Theorem 4.2 for Kfu_ (x) let
W ={(\v): A+v=-3 -2k keN},
3

Jm={(\v): A—v=—3 201N},
Lodd—{()\ay)—(_p_i_la_PH_j):i7j€N7i_j€2N} </

For (\,v) € \\™ with A +v = —3 — 2k we further define

~ 1 _y_n=1
KIB%,— _ i /2 2 v 3 5(2kz+1) n

k (1) 2k + 1) (v + 251), 32 )
L reris ) L

and for (\,v) € //~ with A —v = —2 — 2¢ we put

L 52025
Ky @)= Z (20— 2] !

(4

. 1826—2j+15) (1:)
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Theorem 4.7. The renormalized distribution

b
Ky, (x) = PgA+v+3)P(EA-v+3))

depends holomorphically on (\,v) € C? and vanishes only for (\,v) € Loqq. More precisely,

1. For (\,v) € C* — (\\" U //7) we have supp_f(f’; = R".
2. For (\,v) €\ — //~ with A+ v =—3 — 2k, k € N, we have

- (MR
K)x,y (SU) = (2]{3+ 1)] K)\,V (3}‘)

In particular, supp I?f’y_ =R L,

3. For (\v) € //~ — Loaqa with A\ —v = —3 —2(, £ € N, we have

(—)Hor" T ~c

oA, — —
K)\,V (x> - 22£]__‘(]/ + anl) AV

In particular, supp I?f’y_ = {0}.

4. For (—p —i,—pmg — j) € Load, 20 = i — j — 1, restricting the function (\,v) — I?f’y_ to
two different complex hyperplanes in C? through (—p—1i, —pg —j) and renormalizing gives
two holomorphic families of distributions:

~C.— (_1)@225 - ,

KAL(LU):ﬁF(VﬂLPH)KAL(fU), A—v=—5—-2
’ Or 2 ’

~A,—

K,,(z)=T((-v+ g))kﬁg(:p), v=—py—j.

Their special values at (—p — i, —pg — J) satisfy

o
supp K=, ;i =1{0},
e _JR" - forn even,
SUpp A i _pp—j T R 1 for n odd
5 )

more precisely, for n odd and 2k =n+1i+j —2

~A,— (—1)k+1k‘

K)\,V (SU) = mﬂx"Q —+ wz)]5(2k‘+1)(mn).

Proof. We first apply the map
+ —
i DR S DIRY)],

to the holomorphic family I?f’j , and obtain a holomorphic family of distributions
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By Theorem 4.2 and Lemma 4.4 we have xnf(ff{ ,=0if A+v = % or\—v = % We can

therefore renormalize the kernels
A (2) = xnf{f\%’—t,u(ﬂf) B K/\A’;(x)
W sA+v=3) 50 —v—3) TEA+r+3)T(EA-v+3))

This shows that I?AA; (x) depends holomorphically on (), r) € C2. Next, we apply the map

tn: D'(R"),  — D (R")A+1 , (4.2)
to I?fy_ () and find
~A— A+
an)\ v K)\—i-l v*
By Lemma 4.6 the map (4.2) is injective, hence K = 0 if and only if K A+1 = 0, which is

only the case for (A + 1,v) € Leyen, i€, (A\,v) € Lodd

1. Let (\,v) € Cc?— (\"U//7). Then (A\+1,v) € Cz—(\\+U//+) and hence supp (anf’_) =

R
supp (K )\_:E V) R™. This implies supp (K ) R™.
3
2

2. Let (\,v) e \™ — //~ with A +v = —
—md™m=(z,), that

— 2k, then it is easy to see, using ,0"™ (z,) =

wnKy, =20k + (v + k+ 1)Ky,

Hence,
~a 1 ~A
KA1 — o K +
A, 1 1 1 1 not -1,
YoM tr=3) (A -v—3) g
1 (=D)L (k+1)! R (=L)AL ~p
A

T k+)(vt+k+1)  (2k+2) v T 2k + 1)

3. For ()\ V) € //7 — Logq the same method as in (2) applies to show (3). Here we use that

an/\”;V— 4(v — L - 1)K, K&~ T for A—v=-3-20
4. Now let (—p—1i,—pu—j) € Lodd The first statement about K ' (x) follows immediately
from (3). For the second statement note that (—p — (i + 1), ,OH — J) € Leyen and we can
use Theorem 4.2(4). Restricting to v = —pg — j we have
A
~A, A, —
aw (@) =T (A —v+3))Ky, (@)
~ A, ~ A+
_ P(z(A—v+ %))an)\—JE,V(:E) _wpK g, (7)
A Fr=3)-3(0-v-3)  3(\+v-3)
The denominator is equal to 3(A+v —3) = —3(n+i+j) = —(k + 1) # 0, whence
%A,— ’X,A,—‘—
K, , depends holomorphically on A € C. Moreover, for even n we have supp K,_; , = R"

%A7+ %A,*
so that supp (a:nK ,\_17V) = R" and hence supp Ky, = R". For odd n it follows from

2,00 (z,) = —mé™ =V (z,,) that

N 1 (=DM (E+1)! N2 o 2\J <(2k+2)
_1\k+17. .
_ (—1)F k! (|$/|2 4 xi)]5(2k+l)($n)- n

(2k + 1)
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Remark 4.8. The differential intertwining operators belonging to the distribution kernels K i\cj
are the even order conformally covariant differential operators found by Juhl [5], sometimes also
referred to as Juhl operators. Kobayashi—Speh showed that they are obtained as residue families
of the non-local intertwining operators with kernels IN(/\A: Theorem 4.7 proves that also the

odd order Juhl operators with integral kernels Kf’y_ can be obtained in this way. Further, the
translation principle explains the following relation between even and odd order Juhl operators:

~(C7+ _ 1 N(C7_ N(C7_ _ NC»"’_
r Ky, = —2(A+v+ Q)KMLV and r Ky, ==K,

Remark 4.9. Theorem 4.2 implies that the unnormalized meromorphic family Kfj has poles

for (\,v) € \\T U //T. Multiplication with z,, gives the meromorphic family a:anj = Kfj:l’y

which, by Theorem 4.7, has poles for (A + 1,v) € \\~ U //~. This shows that for A + v = —%
and A+ v = —% the family Kf}j has a pole, while :can,j' does not.

Using the translation principle we can finally determine the space D’ (R”);V completely:
Theorem 4.10. We have
(Cf(ﬁ’y_, for (\,v) € C? — Loqa,
Cf?j:y_ &) (Cf(i’y_, for (\,v) € Loga-

D'(R"), =

Proof. By Lemma 4.6 the map

L - 24 (Rn);,u -7 (Rn);\:—l,u

is injective and hence

dimD'(R"), , < dimD'(R")},, - (4.3)

For (\,v) € C% — Lyqq we have 0 # I?f’y_ e?D (]R”)/\V,

ZA7_ =~ —
is > 1. For (\,v) € Loqq we have K , ,Kf’; eD (R") ), and these distributions are linearly

independent since

and hence the left hand side of (4.3)

~A.—
o <A,
supp K7, = {0} Csupp K, .

This shows that the left hand side of (4.3) is > 2. Now note that (\,v) € Lygq if and only
if (A + 1,7) € Leven, and therefore (4.3) is actually an equality for all (\,v) € C2, thanks to
Theorem 4.3. This finishes the proof. |

5 Example: (G, ﬁ) = (Pin(n + 1,1), Pin(n, 1))

We explicitly construct intertwining operators between principal series representations of G =
Pin(n+1,1) and H = Pin(n, 1) induced from fundamental spin representations of M ~ Pin(n) x
7)27 and My ~ Pin(n — 1) x Z/27Z using the translation principle.

5.1 Parabolic subgroups and the symmetric pair

We consider the two-fold covering

¢g: G=Pin(n+1,1) - O(n+1,1) =G,
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realized inside the Clifford algebra Cl(n + 1,1) of R"*L1. For details on the definition and
properties of the pin groups and Clifford algebras we refer the reader to Appendix A.1. In what
follows we will write S = ¢~%(S) for any subgroup S C G.

We choose the same parabolic subgroup P = MAN C G as in Section 4.1, then M =
Pin(n) - {1,mo = e1en+2}, where the embedding of Pin(n) into Pin(n + 1,1) is the restriction of
the embedding of Clifford algebras Cl(n) < Cl(n + 1,1) induced by

R" — RnJrl’l, €; — €i+1, 1< <n.

We note that mg = e1€,42 commutes with Pin(n) and hence M ~ Pin(n) xZ/2Z. Both A and N

split in the cover, so that A~ Ax7/2Z and N ~ N x Z/2Z, and we identify A and N with

AO, No CG. Then P=M MAN is the Langlands decomposition of the parabolic subgroup P of G.
For the Weyl group element wg we choose the representative

U~)0 = :I:en+2 (5.1)

with the sign yet to be determined. Since ¢(wg) = diag(1,...,1, —1), the element wg corresponds
to the representative chosen in Section 4.1 for the group G. Hence, by Lemma 4.1 we find

1
q(m(wy'n; ')~ 1) = 1, 2T$|2 , xz € R" —{0}.

The matrix 1, 2“]’””'2 € O(n) is the orthogonal reflection in R™ at the hyperplane orthogonal
to z, and the corresponding elements in the cover Pin(n) C Cl(n) are i|x - Therefore, we may

choose the sign in (5.1) so that under the identification M ~ Pin(n) x Z/2Z we have
m(d)alﬁgl)_l =~y € Pin(n) C M.
Further we note that

womaiy * = a(m) = det(m)m, m € Pin(n), Womoiy b = —my,

where o denotes the canonical automorphism of the Clifford algebra Cl(n) and det: Pin(n) —
O(n) — {£1} the determinant character of Pin(n).

The symmetric pair (G, H) = (O(n + 1,1),0(n, 1)) as introduced in Section 4.1 takes in the
cover the form (G, H) = (Pin(n + 1,1), Pin(n, 1)). We have

H=GnCl(n,1),
where the embedding of Cl(n, 1) into Cl(n + 1, 1) is induced by the embedding
R ROHLL = (21,00, 0, 0, Tp41).
Further, Py = PNH = My ANy is a parabolic subgroup of H with My = Pin(n—1)-{1,mo}.

5.2 Principal series representations and symmetry breaking operators

For the fundamental spin representations of Pin(n) we use the notation introduced in Ap-
pendix A.2. The group Pin(n) has for even n one fundamental spin representation, and for
odd n two fundamental spin representations. For n even we have (, ® det ~ (, for the fun-
damental spin representation (,, and for n odd and (,, any fundamental spin representation of
Pin(n) the representations ¢, and (, ® det are non-equivalent.
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Denote by sgn: {1,mg} — {£1} the non-trivial character of the two-element group {1,mg}.
Then for 6 € Z/27Z and a fundamental spin representation (, of Pin(n) we consider the repre-
sentation ¢, ® sgn® of M = Pin(n) x {1,mg}. Note that

T (e sgn‘s) = [¢, ® det] @ sgn!~°. (5.2)

For (¢n,S;,) a fundamental spin representation of Pin(n), § € Z/2Z and X € af ~ C we form
the principal series representations

Trs = Indg((Cn ®sgn’) @ e ®1).

Similarly, for (¢,—1,S,-1) a fundamental spin representation of Pin(n — 1), § € Z/27Z and
v € aj ¢ ~ C we form principal series representations of H:

H
7‘,/75 = IndﬁH ((Cn_l ® sgns) ®e’'® 1),
The main result of this section is the construction of symmetry breaking operators

A€ Homﬁ(ﬁ/\,élﬁ,fu’g). (53)

In Section 6 we then show that this construction actually gives a full classification of symmetry
breaking operators between spinor-valued principal series.

By Theorem 2.2 every intertwining operator in (5.3) is uniquely determined by its distribution
kernel K € D’ (R";HomC(Sn,Sn_l)). As explained in Section 4.2, the space of distribution
kernels describing intertwining operators in (5.3) only depends on (), v) € C? and the parity of
0 + . We therefore denote by

+

D’ (R”; Homc(Sy, Sn—l)) N

_CD'(R";Home(Sn, Sn1))

the corresponding space of distribution kernels of intertwining operators, where the sign +
describes kernels for 0 + ¢ = 0(2) and the sign — describes kernels for 6 4+ ¢ = 1(2).

5.3 Construction of symmetry breaking operators

We extend the representation ((,,S,) of Pin(n) to a representation of the Clifford algebra
Cl(n; C) and write ((,S) = (¢n,Sy,) for short (see Appendix A.2). Consider the representation
7 = [ ®det]® 1 of M ~ Pin(n) x Z/2Z. By Lemma 3.2 there exists a representation (7, E) of
G = Pin(n+1, 1) containing a subspace E’ C E invariant under M AN such that B! ~ 7' @e? @1
or E' ~ wor' @ e" ®1 for some ' € a*. By possibly replacing (7, E) by its twist (7 o 6, E) by

the Cartan involution 6 we may assume that E' ~ 7' ® e/ @ 1. It is easy to see that p/ = —%a.

By (5.2) we have
wo(r' @ e ©1) ~ ((@sgn) e @1,
Further, using Lemma 4.1 we have the following expression for the translation kernel:
~—1_—1\—1 ~1——1\—# —2u
' (m(wg'n,t) ) - a(wg 'ny ) = [C®det](—ﬁ) x| T = ().

Then Corollary 3.7 gives linear maps

1

HOH]H(W)\’(;‘H,TV@) — Homg(¢A+%,1_5,IHd§H (([C ® det] ® Sgnf) Re’"2 ® 1))7
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which are on the level of integral kernels given by
D'(R") — D' (R"; Endc(S)), K(z)— ((z) - K(x). (5.4)

To obtain intertwining operators into 7, _ note that (,—1 occurs in the restriction [(,@det]|pin(n—1)
with multiplicity one, and fix a prOJeCthD P [Gn ® det]|pin(n—1) = Cn—1. Then we have a linear
map

HOIHH(T(’/\ 5|H’T"5) — Homg (#)\—&-1 1- 577:/—5,5)

which is on the level of integral kernels given by
D/(Rn)iu — D/(Rn;HomC(Sn,Sn_l))L%W_%, K(z) — (PC(2)) - K(z).

By Theorems 4.3 and 4.10 all symmetry breaking operators in Hompg (7 s|m, 7vc) are ob-
tained from the meromorphic family of kernels Kfyi eD (R”))i\y. We therefore consider the
Home(Sy,, Sp—1)-valued kernels

PR (2) = (PC(2) - K2, (2).

)\—7 11+2

For n odd the restriction of the Pin(n)-representation ¢, ® det to Pin(n — 1) is isomorphic
to (p—1, so the map P is an isomorphism. Therefore, we can as well study the Endc(S)-valued
distributions

At ,
N (@) = C@) - KT ().
27 2

For n even the restriction of the Pin(n)-representation ¢, ® det to Pin(n — 1) is isomorphic
to the direct sum of (,—1 and (,_1 ® det. The next result shows that the poles of PK Iif S

D'(R™; Homc(Sp, Sp—1)) and K ff € D'(R";Endc(S)) agree and that the residues of PK ﬁ%f
agree with the composition of the residues of K ff with P. Note that

At - A,
@) = Y e K 0)es
i=1
where e; = (,(e;) € Ende(Sy).

Proposition 5.1. Assume n is even and let u € D’ (R”; End@(Sn)) be a distribution of the form

= E ui(x)e;
i=1

with u; € D’ (R”) Then supp u = supp Pu, in particular Pu = 0 if and only if u = 0.

Proof. We have

2) =3 ui@)- (Poe).

We claim that the operators P oej,...,P oe, are linearly independent, then the statement
follows.



Knapp-Stein Type Intertwining Operators for Symmetric Pairs 11 27

Decompose (, ®det into irreducible Pin(n — 1)-representations S,, = S} ©S?2, where P: S} —
S;_1 is an isomorphism and S% = ker P. Now note that for 1 <7 <mn — 1 we have

Poei=Po(y(e) =—Poll @det](e;) = —Cn-1(ei) o P

and therefore P o e; vanishes on S2. On the other hand, e, = (,(e,) maps S} to S2, so that

—= n’
P o e, vanishes on S.. Now assume that

n
Z)\iPOﬂ: 0.
=1

Restricting to S} this implies

n—1
> AiGna1(e) =0
i=1

and hence \y = -+ = \,—1 = 0 since (,—1(€1),...,(u—1(en—1) are linearly independent. Then
also A, = 0 and the proof is complete. |

To find the right normalization making K i’f (x) holomorphically dependent on (\,v) € C?
we first study the kernel in D’ (R")fu of the map (5.4). Note that {(z) = > | z;e;, and the

operators e1, .. ., e, € Endc(S) are linearly independent. Hence, for any distribution v € D’ (R”)
we have
C-u=0 < zu=0, 1<i<n
and
n
supp(¢ - u) = U supp(z;u). (5.5)
i=1

Lemma 5.2. For (\,v) € C? we have

CKyF =Co, forA—v=-1,
{0}, else,

{KeD'(R"),,: (- K=0}={0}

(KeDRY), : (- K=0}= {
Proof. It is easy to see that multiples of K = § are the only distributions with x; K = 0 for all
1 <% < n. Then the claim follows from Theorems 4.2, 4.3, 4.7 and 4.10. |

To state the analogues of Theorems 4.2 and 4.7 for K ff (x) we write IDgn-1 and D, for the
operators
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5.3.1 The distributions Ky} (z)

Let
W= {(\ ) A tv =3 -2k keN},
2* ={(\v): A—v=—-}—-20keN},
Leven={(=p—5—i,—pun —5—j):i,j €Ni—je€2N} C J/*.

For (\,v) € &Jr with A + v = —3 — 2k we further define

~B,+ 1
)
2k + 1)(‘$/|2 +xi)—V—% D, 5(216—1)(%1))7

and for (\,v) € ﬁ+ with A — v = —1 — 2/ we put

(C(a") (ja')? + 22) ™72 6@K D) ()

{—1 920—-25—1 1
~C+ 2262 (1/+§—€)ej1 4 |
) — —J J 2f—2]—1 o
K}\,V (gj) jgo ]'(2€ —2j — 1)| (ARnflan lDR L 5) (ZL‘)
L 92025 (I/—|— % . 6) . A
=5 (A 20—2j—1
: JZ?: T e B, 0)(x).

~ B+ ~Ct
Note that both KA,V and K)H,/ depend holomorphically on A € C (or v € C).
Theorem 5.3. The renormalized distribution

At
~ A+ _ )\,’1/ (1:)
B0~ T P e )

depends holomorphically on (\,v) € C% and vanishes only for (\,v) € Lewen- More precisely,

~ A+t
1. For (\,v) € C? — (&Jr UﬁJr) we have supp K, =R".
2. For (\,v) E&JF—ZJ“ with A+ v = —%—Qk‘, k € N, we have

~ A+ (—1)F1E ~ B+
K/\,u (z) = m AV ).

~ A+
In particular, supp KMJ =Rr1.
3. For (\,v) € lJr — Leyen With A — v = —% — 20, 0 € N, we have

(—1)i0r"s ~C+

~A+
K,\,u (z) = m AV ().

. ~A7+
In particular, supp KA,,, = {0}.

1 1 ~ A+
4. For (—,0— 5—14 —pPH—3 —j) € Leven, 20 = i — j, restricting the function (\,v) — K%V to

two different complex hyperplanes in C? through (—p—%—i, —pH—%—j) and renormalizing
gives two holomorphic families of distributions:

~C+ (—1)¢22¢ ~ A+ o

K,\,u ($):£'>7L_1F(V+PH+§)K,\,V (), /\—V:—%—(Z—J),

In™2
= At 1 1y ot 1
Ky, ($):F(§(A—V+§))K,\,u (z), V=—pH— 5]
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Their special values at (\,v) = (—p — % — 1, —pH — % — j) satisfy

~ (C7+
supp K_p_%_i,—pH—%—j = {0},
%Ari’ B R™, for n even,
SUPP R —p—f—i—pu—5—5 = R™=1 forn odd,
more precisely, forn odd and 2k =n+i+j—1

= (DML o v
—p—g—i—p—3-1 ~ m(’if * + )

x ()8 (2,,) — (2K + 1) B, 6@V (x,)).
Proof. By Theorem 4.7 the distribution

ko, B (@) K7, (@)
o (= s O = T TGO v+ 1)

depends holomorphically on (A, v) € C2, and by Lemma 5.2 it vanishes if and only if ()\ — %, v+
%) € Loqq, i.e., (\,v) € Leven. The rest is similar to the proof of Theorem 5.4 which we carry
out in detail, some arguments are even easier since in this case we do not need to renormalize
the kernel and we have

(/\,V)E&-i_@()\—%,l/—f—%)E\\_, ()\,V)€1+<=>()\—%,V+%)E//_. [ |

5.3.2 The distributions Kﬁt; (x)
Let

&7 {()\,V):)\—i—y _%_2k,k€N},

/T ={Av):x—v= —3 20,k e N},
Loaa={(-p—3—i—pn—3—j)i,jeNi—je2N+1} C J/".

For (A\,v) € \\” with A +v = — 3 — 2k we further define

1
r(z(A-v+3))
— 2k (|2 + 22) 72 B, 65D (),

Eyy (@) = (C@) (122 +22) ™ 2620 ()

and for (A\,v) € /7 with A—v = —3 — 20 we put

¢ 920-2j 1
~C,— 2 J(V—E— 7)5_- . 01—
Kiw (@) :-E% Tl 2! * (A1 057 Dign-1.8) ()
]:
£ 920-25+1 1
27T W = )i ad A2
+z; TS O LRSI
J:

~B,— ~C,—
Note that both K)\,,, and KA,V depend holomorphically on A € C (or v € C).
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Theorem 5.4. The renormalized distribution
Ky, ()
PaA+v+3))(GA-v+3))

~A,—
K)\,l/ (x) =
depends holomorphically on (\,v) € C? and vanishes only for (\,v) € Loqqa. More precisely,

~A—
1. For (\,v) € C? — (W~ U //7) we have SuppKM/ = R".
2. For (A, )E\\i_// with A +v = — %—2k,k€N,wehcwe

kk' ~B,—

Ko @) = TER R ),

(2k)!
~A,—
In particular, supp KA,V =R 1,
3. For (\v) e /|~ — Loaq with X\ —v = —% — 20, ¢ € N, we have

( )Z—Hﬂﬂ. 2 ~C,—

K/\,l/ (@ZW /\1/( )-

~A,—
In particular, supp K, = {0}.

~A,—
4. For (—p—%—i, —pH—%—j) € Load, 20 = i—7j—1, restricting the function (\,v) KA’V to
two different complex hyperplanes in C? through (—p— % —1, —pH— % —j) and renormalizing
gives two holomorphic families of distributions:

—C_ V102041
@) = e DR @), A—v= =l (i),

O 2
~A,—

K)\,u('r):r(%( —v+ ))K)\I/(x)7 V:—/)H—%—j-

Their special values at (\,v) = (—p — 5 — 1, —pH — % — j) satisfy

~C,—
supp K1 i 15 = {0},
%A,— _JR7, for n even,
SUPP R —p—g—iipr—5-3 ~ R forn odd
) )

more precisely, for n odd and 2k =n+1i+ j:

~ A= (—1)kk!

Keptmimon-1-5 = g (12 +22) (C(&)0) () — 2k B, 62 ().

Proof. By Theorem 4.2 the distribution

() K3 (@)

FGA+r+))PGA-v—3))

depends holomorphically on (\,v) € C?, and by Lemma 5.2 it vanishes if and only if A — v =
or ()\ — %, v+ %) € Leven- Renormalizing shows that

(@) K (0) =

1
2

(@) ft s @ (o) K3, (@)

F0—v—3) TR )ITGO v+ )

Ky (@) =
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depends holomorphically on (\,v) € C2. To prove the remaining statements, note that

A+ 2 A+
~A ((x)? K\ +;($) |- K\ +;($)
’ YT _ 2oV T3 .id :_KAJr d
C(LE) KA,V() %(}\—U—%) %()\—l/—%) 1ds )\+§’ _%(CC) 1ds
and hence
~ A+ A
supp KA+%,uf% Csupp Ky, - (5.6)
L. Let (A\,v) € C2=(\\"U//7), then (A\+3,v—3) € C*~(\\"U//") and hence suppK)\J’rJr bl =
2’ 2
R™. Now (5.6) implies supp K A\ ’l, =R".
2. Let (\,v) € \" = //~ with A+v = —5—2F, then (A— 2.v+1) € \\* and by Theorem 4.2(2)
and using x,0%%) (z,) = —2k6(k— 1)($n) we have
A+ B+
P e @ KTy e
v s(A—v—13) (2k)! s(A-—v-1 (2k)! Y

3. Let (\,v) € J/” —Loaa With A—v = —3-2(,then (A—3,v+3) € //+ with (A—3)—(v+3) =

—% —2(¢+1) and by Theorem 4.2(3) and using [A] ;] = 2jAT71 52 we have

]Rn—l?
Ky, @) (@) K,y @) s et @K
v ) = = - .
. O I S N )

(-1)*er e ~(C—( )
= o1l 1 n\ A :
22+1T (1 + 1)

~C,—
4. Now let (—p— 5 —i,—pm — 5 — j) € Loaqa. The first statement about K, (x) follows
immediately from (3). For the second statement note that (—p — (i + 1), —pg — j) € Leyen and

we can use Theorem 4.2(4). Restricting to v = —pg — % — j we have
~A,— 1 3 ~A,—
(@) =T =—v+3))K,
~ A
P(z(A=v+3))C) - K0 (@) ~a+
= 1 i S :g“(x)-K,\_%’w%(:c),
s(A-v—3)
~A,+
which clearly depends holomorphically on A € C. Moreover, suppK_, (;11)—p,—j = R",
=~ A+
resp. R" ! so that suppz; K _, —(i4+1)—pr—f = R™, resp. R" !, for 1 < i < n — 1, and hence

~A,—
suppK,p,%,Z —pu—1—j = R", resp. R"~ L by (5.5). For odd n and 2k = n +1i + j we further

have by Theorem 4. 2(4)

~A,— ~A, _1\k | .
Ko sion @) = €@ B (@) = S 6@ (2 +.22) 6% a,)
(=D*k! o (2k) (2k—2)
= CER (a2 1 22)! (C@)) () — 20 1, 542, .

(2k)!
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Remark 5.5. The identity

) By (0) = =R () ids

that was used in the previous proof can be explained by again applying the translation principle,
now with the dual representation (7/)*, and then projecting onto the trivial constituent in
7 @ (7')* = Endc(7') which is spanned by ids.

Remark 5.6. The intertwining differential operators C'*° (]R”; S) — C* (]R”_l, S) with integral

~C,£t
kernel K, , () have been obtained before [9, Theorem 5.7] and it was conjectured that these
operators exhaust the space of all intertwining differential operators. Theorem 6.5 confirms this
conjecture.

6 The compact picture of symmetry breaking operators
between spinors

We use the method developed in [13] to show that the symmetry breaking operators found
in Section 5 between spinor-valued principal series span the space of all symmetry breaking
operators. The notation will be as in the previous section.

6.1 Reduction to the pair (é’l, ﬁl)

To simplify computations we first reduce the study of symmetry breaking operators for the pair
(G H) (Pin(n + 1,1),Pin(n, 1)) to the pair (Gl,Hl) (Pin(n + 1,1)1,Pin(n, 1);), where

Pin(p, ¢)1 = Pin(p, ¢)++ U Pin(p, q)—+

We refer the reader to Appendix A.1 for the definition of Pin(p, ):t:t Note that P1 PNG;i =
MlAN is a parabolic subgroup of G1 with M1 Pin(n). Similarly, PH 1= PHﬂHl MHJANH
is a parabohc subgroup of Hy with MH 1 = Pin(n — 1). Further, Gl/Pl ~ G/P and Hl/f’H’l ~
H /Py, and hence

Frola, =1 = Ind% (o @l),

ol =7, = Indg;l (Co1®e” @1).
Note that the restrictions are independent of § and e.
Lemma 6.1. For \,v € C and d,¢ € Z/27 we have

dim Hom (#A(S’?Lyg)—i_dlmHom (7f>\1 5’7Lus)—d1mH0m (¢Av7L)

Proof. The proof of the two identities is analogous to [8, Theorem 2.10] and uses G / Gy ~
M /M, ~ 7,/27 and H/Hy ~ My /My, ~ 7,/2Z. m

In the remaining part of this section we determine dim Hom ; (#A,y‘ ) using the technique
developed in [13].
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6.2 Harish-Chandra modules

Let ¢ denote the Cartan involution of G = O(n + 1,1) given by conjugation with the matrix
diag(1,...,1,—1). Then 6 lifts to a Cartan involution of G which restricts to Cartan involutions
of G1, H and Hi. This gives the following maximal compact subgroups:

K, =G{=Pin(n+1), Kgi=H{=Pin(n).

The embedding I?HJ C K is given by the embedding Cl(n) C Cl(n + 1) induced from the
standard embedding R” C R*™! 2/ s (2/,0).

The method in [13] actually constructs and classifies intertwining operators between the
underlying Harish-Chandra modules of #, and #, which we denote by (#,)nc and (7,)uc.

As vector space (7, )uc is the space of all Ki-finite vectors in 7f,, or equivalently the sum of
all irreducible Ki-subrepresentations of #,. Hence, (#,)uc clearly carries a Kj-action. It is

further invariant under the action of the Lie algebra g of G; and hence carries the structure of
a (g,Kl)—module.
Since (7, )uc is dense in #,, we obtain an injective map

Homg (#,15,.7,) <= Hom(hyf?H,l)((ﬁ/\)HC‘(hJ‘EHJ)’ (7, )uc)-

Using the method in [13] we determine in this section the dimension of the space of intertwining
operators between the Harish-Chandra modules. This gives an upper bound for the dimension
of the space of intertwining operators between the representations 7, and #,. From the explicit
construction of intertwining operators in Section 5 we also have a lower bound, and it turns out
that these bounds agree, so that the injective map in fact is a bijection.

6.3 K-types

We study the representations %, and 7, in the compact picture, i.e. on sections of spin bundles
over Ky/M; ~ S™ and Ky 1/Mp ~ S™=1. More precisely,

filz, = (K1 x5, Ga)-

By Frobenius Reciprocity and using the classical branching rules for spin groups we easily obtain

o0
@ (C:Lr—i-l,i ©(pp1,)s form even,

(7f,\)Hc’f<l ~ {50
@ Cnt1,is for n odd,

i=0

where Cr(:-)l,i denote the higher spin representations of Pin(n + 1) (see Appendix A.3). By

Appendix A.4

i
+
CnJrM|[~(H’1 ~ @ Cnj (n even),
=0
i

Cn+1’i‘I?H,1 ~ @ ( 7—7&] P Cn_,]) (n Odd)

J=0

We use the notation o = (i,4) and o = j for even n, and a = i, o’ = (j,%) for odd n, and
write o/ C « if j <i. Denote by £(«) the subspace of C* (K 1 X357, Cn) which is isomorphic to
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the K- representation ¢* i1 i o= (1,£) and (p41,i if o = @, and similar for the corresponding
subspace &’'(a/) of C° (KHJ X T Cnfl). In this notation

(f)uclz, = @5 (7,)uclg, , = EBS/
Further,

|KH1 @504@

o' Ca
where £(a, /) ~ £'(o/). We fix a non-zero Ky 1-intertwining operator
Roo: E(a,d’) S E'(d)

for each pair (o, @’) with o/ C a.

6.4 Scalar identities for symmetry breaking operators
Write g = €@ s for the eigenspace decomposition of g under 0 and h = €5 ® sy for the one of b.
We identify s ~ R**! via

~ 0 Y
n+1 n+1
R"™ — s, Y — (YT O> .

Consider the map w: s¢ — C* (I?l/ﬂl) = C>°(S8™) given by
w¥)(x) =Y, zeS"Y eCnl,

Multiplication by w(Y’) defines an operator M (w(Y)): C*° (INQ X, () — C (I~(1 X Cn)-
From the weights of sc it is easy to see that M(w(Y)) maps £(a) to £(B) if and only if

a=(ik) and Be{i+1,4),(,F)(i—1L4)} (neven),
a=1i and pe{i+1,4,i—1} (n odd).
Write a0 <+ 3 if this is the case.
We use the same notation for o and " and write M (w'(Y")) for multiplication by the function
W(Y)z) =Yz, 2 € "1 Y € C" Further write (o, ) <+ (8,5) if & C «, ' C B and

a+ B, < p.
For (a, o) +» (8,') define
55 (v) = proj M(w(Y
wa,o/( ) PrOJe(p,p) © (w( ))‘S(Q,a’)a

wS:(Y) = pI'Ojgl(B/) (e} M(w/(Y))|g/(a/).

Then both Rg g owﬁ ’B, and w oRa o are KHl -intertwining operators s c ® £ (o, o "= &'(B).
Since &£'(8') occurs in s HC ® 5 (ar, @) with multiplicity at most one, we have

Rggowl (V) =0 wl(Y)o Row (6.1)

for some constant )\g’fél, e C.
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Now, every K m,1-intertwining operator T': (#,)uc — (#,)uc is uniquely determined by its
restriction to the subspaces £(«, ') on which it is given by

T|€(a,a’) = ta,oz’ : Roe,o/ (62)

for some scalars t, o € C. In [13] it is proven that T"is (b, IN(HJ)-intertWining if and only if for
all (o,a’) and o' > 3’ we have

2V +0p — op )ta,er = Z )\g:g/(Q)\ + 05— 0a)tg s (6.3)

g
(a,a’)(B,8")
Here the constants o, and o/, are essentially the eigenvalues of the Casimir element on the
K-types £(a) and &'(a/). From [1, Section 3.a] it follows that
2itn+1, for (a,8) = ((i,4), (i +1,4)) resp. (i,i +1),

o8 — 04 = 1 0, for (o, 8) = ((4, %), (i, F)) resp. (i,1),

1, =+
—2i—n+1, for (a,8) = ((4,%), (i —1,%)) resp. (i,i — 1),

and similarly for 0/’3/ — o!,. Hence, the only missing constants in (6.3) are the numbers )\g i /,
which we now compute after choosing explicit operators R, .

6.5 Explicit embeddings of K-types

We realize the K-types C +1 ; explicitly inside 7 .

Assume first that n is even, then the Ml—representation (n is equivalent to the restriction of
the Kj-representation (,+1 = C;[H to M. Hence

¢A|K1 - Ind (Cn+1|M ) = Indf\%(l) ® CnJrl =C> (I?l/Ml,SnJrl).

The underlying Harish-Chandra module is in this picture given by restrictions of S;,1-valued
polynomials on R™! to the sphere Ki/M; ~ S" C R"!1. Denote by M, (R™,Sp41) the
space of monogenic polynomials of degree i (see Appendix A.3 for details). By the Fischer
decomposition (A.2) we have

C®(S",Sni1) o = P (M (R, Spy1) © M (R™H,S44)),
=0

where we identify a homogeneous polynomial ¢: R — S,.; with its restriction to the
unit sphere $™ C R™™'. Then M;(R"*!,S,;1) carries the representation ¢, 14 = Cnt1, and
zM; (R n+l1 Sn+1) carries the representation ( i = (n+1,i ®@det. In the notation of Section 6.3
this means

M,; (Rn+1, Sn+1), for a = (i, Jr),
Ela) = .
zM; (RS, 44), for a = (4, —).

Now let n be odd, then the restriction of the K 1-representation (41 to Ml decomposes into
C’r—zi_ @ C;a where Cn = Cn and <7: = Cn ® det. Hence

Tilg, = IndKl (<+) < Ind (<n+1|M ) =~ (Kl/Mla Snt1)-
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Again, the underlying Harish-Chandra module is given by

o0

C™= (8™, Snt1)ge = P Mi(R"™,Sp11) @ 2M; (R™,Sp41))
i=0

but in this case M; (R”“, Sn+1) and zM; (R”“, Sn+1) are isomorphic K 1-representations, more
precisely they both are equivalent to (,+1;. A short calculation using Lemma A.2 shows that
the K-types belonging to 7, are given by

M (R™Sp11) = M (R™Spq1) @ 2M; (R, Spt1), ¢ ¢+,

where ¢V (z) = v(¢(2)), v: Spe1 — Spt1 being the map defined in (A.1) that intertwines (1
with (41 ® det. In the notation of Section 6.3 this reads

Ela)={p+z¢": ¢ € M;(R",S,41)} for a = i.
Using the same identifications for the K m1-types £'(a’) we now fix for each pair o/ C «

a Ky 1-intertwining operator

Sear: E'(d) = E(a,d)
as follows: For n even set

Sa,a’ ((b + £/¢V) = I]—)Z(¢)7 a = (Z') +)7 O/ = j7

Sa,a’ ((b + £,¢V) - QI]—M(¢V)7 = (7'7 - 70/ =17
and for n odd we put

Sa,oe’(d)) = Ij—)l(gi)) +£I]*>Z(¢)va o = iv a/ = (]7 +)a

Sa7a/(l/¢) = I]—)Z(qb)v +IIJ—>1(¢)7 a = i,O/ = (]7 _)
Then S, o is a K m,1-equivariant isomorphism and we can define the K H,1-intertwining operator
Roo: E(a,d/) = (/) by Ry o = S;i,. For this particular choice of operators R, o we can
now compute the proportionality constants )\gil, defined in (6.1).
Lemma 6.2. Let 0 < j <.

1. Forn even and (o, ') = ((i,%),7) we have

T (B,8) = (i-+ 1,),3 + 1),
VL (8.) = ((.%).5 + 1)
el (8,8 = (1= 1,4),§ + 1),
RV (8,8 = (i-+1,4),3),
o, - | Lt LA (6.8) = (), )
VL (8,6 = ((i — 1,%),9),
e et (8.8) = (li+1,%),5 — 1),
S I S VAL (8.8) = (.9 - )
R e e (B.8) = (i - 1,4, — D).
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2. Forn odd and (o, ') = (i, (j, %)) we have

n+25—1

T (B,5) = (i1, +1,4),
$(n+§;it)ii1;)i+l)’ (8,8) = (i.(j + 1, %)),
e (5,8) = (i — 1, + 1,4)),
T et (5.5 = i+ 1,6, 7)),
ot = et B A ) (B.5) = (i, (%),
T (B.5) = (i = 1,(7,%),
Ry e (5. = 41, ~1.5),
(n;z:—;:f))((;liQ;_J?; 2, (8.8) = (i —1,(j — 1,%)).

Proof. Since S, o = R;L, the defining equation (6.1) for )\ggl, is equivalent to

wﬁ:é,(y) o Sa,a’ = /\gﬁl : S,B,B’ o wﬁ (Y), Y € SHC-

Let first n be even and a = (i, +), @’ = j. Then for Y = ¢, 1 <k <mn, and ¢ + 2'¢" € £'(d/),
¢ € M;(R™;S,)}, we have
W) (6 +2'0Y) =2+ 2/ (2x0)" = (o) — /& + &) +2/ (6] —'df +0;)"
= (of +2'(¢f)") = ((60) " +2'(o0) ™) + (95 +2'(#5)")-

Hence,
/ Pp > B=j+1,
Wl (V)¢ = {(qb%)v, 8=,
by 5 g=j-1
and
(Lrisir1(o8),  (8,8) = (G +1,4),5+1),
el ((60)), (B,8) = ((i,—),5 +1),
Livisio1(of), (B,8)=((i = 1,+),7 +1),
/ Iisi( </>2)v)7 (B,8") = ([ +1,+),4),
Spp 0w (Vo= —zlini(8)),  (8,8)=((i,-).3),
— jmfl( ¢2)V)> (B8,8) = ((i = 1,+),7),
Lioisim (¢r), B8,8)=((i+1,+),7 1),
&Ij—1—>i((¢;;)v)a 8,6 = ((1,-),5 - 1),
Liasioa(ep),  (B,8)=(G-1,4),7-1)
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Note that ¢" = —v/—1e,11¢ by Lemma A.1(2). On the other hand,
Sa,a’¢ = Ij—n(d))

and
wW(Y)Saard = 2 lisi(9) = (@) — 2(Limi(0))f + (Lj—i(9))y -

Then Lemma A.5 gives the constants )\ggl, for (a,a’) = ((i,+),7). The case a = (i, —) and
o/ = j is treated similarly. The verification for odd n is left to the reader. |

6.6 Multiplicities for symmetry breaking operators
between spinor-valued principal series

Inserting the explicit constants )\gil, determined in Lemma 6.2 into the scalar identities (6.3) we
obtain an explicit characterization of symmetry breaking operators in terms of scalar identities.
We assume that n is even for the statement of these identities, the case of odd n is similar.

Corollary 6.3. Assume n is even. Then a IN(HJ—intertwining operator T': (1, )uc — (#,)uc
18 (h,KH,l)—mtertwmmg if and only if the scalars t(; 1) ; defined by (6.2) satisfy the following
three relations:

(n+2i— )(n+2i+1)(v+pu+ 3+ )tus),
=n+2i—-1)(n+2j—1)(A4p+ 3+ i)tur1,4) 401 20+ 25 — DV=1M; 5 i1
—(n+2i+1)(n+2i — (A= p+ 3 —i)t414)541,
(n+2i—1)(n+2i+ vt 4y
=F(i—j+Dn+2i—D)V-I1(A+p+ 3 +9)tar10),
+ (n+2i)(n+2j — )M 5,
42+ D)n+it+i—)V=I(A—p+3—i)t14),
(n+2i—1)(n+2i+1)(n+2j —3)(v—pu + 3 — j)tis),
=—(i—j+ 1) —j+2)(n+2i—1)(A+p+3+i)tuie),
£2(—j+1)(n+i+j— DV=IXG5),-1
+(n+2i+Dn+itj—2)n+i+tji—1DA—p+g—0)t 14,1

As previously carried out in [13, Section 4.3] for similar relations, we solve this system to
obtain the following result about multiplicities of symmetry breaking operators:

Theorem 6.4.

37 fOT’ ()‘a V) € L = Leven U LOdd}

dimHom(th,l)((#A)HC’(;}J}HJ), (7LV)HC) - {27 else.

Proof. We assume n is even, the case of n odd is treated similarly. It is more convenient to
work with the scalars

si; =g (1) 76y
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then the identities in Corollary 6.3 become

(n+2i—1)(n+2i+1)(v+pu + 3 +J)s;;
=(m+2-1)(n+2—)(A+p+3+i)siy
+ (—1)7H2(n + 25 — 1)V=1As};
—(n+2i+1)(n+2i - DA —p+3—i)si 41, (6.4)
(n+2i—1)(n+2i+ v F (=1)"7(n+2i)(n+2j — 1)A)s;;
= —(i—j+D)(n+2 - OV=T(A+p+ 5 +i)s7,
+(n+2i+D)n+i+j—D)V=TI(A—p+i—i)si,,, (6.5)
(n+2i—1)(n+2i+1)(n+2j—3)(v—pug + 5 — ')sfj
= —(i—j+Di—j+2)(n+2i—1)(A+p+3+i)si,, 4

+ (1) + D)(n+i+ 5 — V=17,

+(n+2i+Dn+it+j—2)n+i+i—1)A—p+5—i)s 1, (6.6)
Note that each identity only involves scalars sfj with one choice of sign 4, so that the system
of equations degenerates into two systems of equations, one for s. and one for s .. Fixing

Z?] Z?] :
a sign + we have to find the dimension of the space of tuples (Sfj)ogjgi satisfying the identities

(6.4)—(6.6). Let us first visualize the K;-K m1-type picture in a diagram:

Aj

*r— —0—0—0— >

Here the dot at position (i, ) represents the scalar slij. Now, each identity is a linear relation
between certain neighboring dots in this diagram, visualized as

(6.4) (6.5) (6.6)

o o e (i,7)
N N
1, ) ° ° °

Note that the only coefficients in the identities that can possibly vanish are those involving A
and v. Identity (6.4) at (i,1) gives

(n+2i —D)(A+p+3+1i)si 0 =0+2+1)(v+pu+5+i)si (6.7)

It is easy to see that the dimension of the space of diagonal sequences (sfcl) satisfying (6.7) is
equal to 1 if (\,v) € C? — L and equal to 2 if (\,v) € L (see [13, Lemma 4.4] for the same

argument in a similar setting).
Step 1. Now let us first assume that A ¢ —p — 2 — N, in particular (\,v) € C* — L.
Then identity (6.5) can be used to define S?EH, ; in terms of sfj and sil,j since the coefficient
+

()\ +p+ % + z) of si_l ; never vanishes. This shows that each diagonal sequence (s;;) uniquely
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determines the numbers si] for all 0 < j < i and hence, for both signs £ the dimension of the
space of sequences (s f]) satisfying (6. 4) (6.6) is

Step 2. Now assume A = —p — 5 —k, k> O, but (A,v) € C?> — L. Then the extension
argument from Step 1 using (6.5) still works for ¢ > k and hence any diagonal sequence uniquely
determines the numbers sjE for j > k. Next, we can repeatedly use (6.4) with j < k to define sfj
11 Ziﬁ_ i—1,+1- Note that the coefficient (I/ + pH + % + j) of siltj never
vanishes smce j <k and (\,v) ¢ L. Therefore, also in this case, for both signs + the space of
sequences (s;- ;) satisfying (6.4)—(6.6) is one-dimensional.

Step 3. Flnally assume (A\,v) = (—p — % —k,—pg — % — Z) € L, 0< ¢ <k Weonly
discuss the case where k — ¢ € 2N, the case k — ¢ € 2N + 1 is treated similarly. We divide the
I?rl?H’l—type picture into four regions accoding to whether ¢ < k or¢ > k and j </l or j > £:

in terms of si, 1 and st

A5 ! )
'
e @
O 1
e, 0o o
/+1 Oo Oo : e o
- - - - - - - -
/ e o o o o
* | 1
—eo—0o—0o—0o—0o >

k'k+1
Then from the diagonal identity (6.7) it follows that the diagonal entries in the upper left region
are 0 whereas the diagonal entries in the upper right and the lower left region can be chosen
independently (as indicated by the stars and zeros). This shows that the space of diagonal
sequences satisfying (6.7) is two-dimensional. Using (6.5) as before shows that in fact all scalars
in the upper left region have to be 0. Now we study what happens near the intersection of the

two dashed lines. For instance, we have two identities that relate s,f , and sf_l ¢» namely (6.5)
for (i, ) = (k, 0):

((n+2k = 1)(n+20) F (n+2k)(n+ 20— 1)),
=2(n+2k)(n+k+0—1)V-Is_,, (6.8)
and (6.6) for (¢,7) = (k, 0+ 1):
(k= O)si, = (n+2k)(n+k+ £ —1)V=1s;_, . (6.9)
Let us first consider the positive sign scalars s;fj. In this case the coefficient of Sz,f in (6.8) is
(n+2k—1)(n+20) — (n+2k)(n+20—1)=2(k—{)

so that (6.8) is a multiple of (6.9). Hence, the two identities (6.8) and (6.9) are dependent and

do not force sf , and si.c 10 to be 0. As above one can uniquely extend any diagonal sequence

to the whole lower left region s , w1th i < k, 5 < {. For the negative sign scalars s;_ 4j the

opposite is true: the relations (6 8) and (6.9) are independent and hence s, , = s, , = 0.
Extending the zeros in the other direction forces all scalars s, ;.; in the lower left region to be 0.
The same happens for the upper right region, where (6.4) for (i,j) = (k + 1,¢) and (6.5) for
(1,7) = (k+ 1,£ + 1) are two dependent resp. independent relations for SLMH and sli_+2,€+1’
resp. Spiq o1 and s 2041 This shows that the space of scalars in the upper left, lower left and

upper right region satisfying (6.4)—(6.6) is two-dimensional for s;" +; and trivial for s; ;. It remams

to extend such tuples to the lower right region. Assuming that we already have defined sZ ;
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in the first three regions, there are two linear relations for sf_H , and sag ,» namely (6.5) for
(i,4) = (k+ 1, 0):

((n+ 2k +3)(n +20) £ (n+ 2k +2)(n +20 = 1)) 55,

— 2k =L+ 2]V =15y, = %, (6.10)
and (6.6) for (i,7) = (k+ 1,0+ 1):
T+ k+ 04+ D)5, — (k—L+2)V=Tsp,, = * (6.11)

Here we write * for the right hand side which is a linear combination of scalars from the other
three regions which we already specified. Now, for the negative sign scalars the coefficient
of s, ,in (6.10) is equal to

(n+2k+3)(n+20) —(n+2k+2)(n+20—1)=2n+k+L+1)

and the two relations are dependent. This means that every choice of s;_ , , € C can be uniquely
extended to s; ;, 0 < j <, using the extension methods from (1) and (2) (with s, ; =01if i <k

or j > (). Hence, the dimension of the space of tuples (s; ;) satisfying (6.4)-(6.6) is 1. For
the positive sign scalars, it is easy to see that the relations (6.10) and (6.11) are independent,
and therefore SLM and S:Jru are uniquely determined by the chosen scalars in the other three
regions. Together with the extension techniques outlined in Steps 1 and 2 this implies that the

dimension of the space of tuples (s;r]) satisfying (6.4)—(6.6) is 2. This proves the claim. [ |

6.7 Classification of symmetry breaking operators
between spinor-valued principal series

Combining Theorems 5.3, 5.4 and Proposition 5.1 with Lemma 6.1 and Theorem 6.4 we ob-
tain a full classification of symmetry breaking operators between spinor-valued principal series
representations:

Theorem 6.5. We have

~ A+
C(PK, ,), or (\,v) € C? = Leven>
D/(Rn;Homc(Sn,Sn_l));y = ( zg’#) s for ( ) eve
(C(PK)\,V)@C(PK)\J/% fOT’ ()\,V) eLeven;
~A,—
C(P y )\) C* - odd>
D/(Rn;HOmC(Sn,Sn_l));V _ ( ffg:y_) e fO'r' ( V) € L dd
(C(PK)\,I/)@C(PK)\,I/)7 fOT’ ()‘7V)€Lodd

6.8 Symmetry breaking operators at reducibility points

We study symmetry breaking operators between irreducible constituents of 7, s and 7, _ at
reducibility points. For this we first describe the irreducible constituents.

Lemma 6.6.
1. The representation 1, 5 is reducible if and only if X € £(p + % +N).

2. For \=—p— % —1, © € N, the representation 1, 5 has a unique irreducible subrepresenta-
tion Fs(i) which is finite-dimensional, and the quotient Ts(i) = 7t 5/Fs(i) is irreducible.

3. For \=p+ % +1, © € N, the representation 1t 5 has a unique irreducible subrepresentation
isomorphic to Ti—s(i) ® det an irreducible quotient isomorphic to Fi_s(i) ® det, where
det: Pin(n+1,1) = O(n+1,1) — {£1} is the determinant character.
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Proof. We first describe the K-type decomposition of 7, 5. The maximal compact subgroup K

of G is a semidirect product of Pin(n+1) with the two-element group which acts on Pin(n+1) via
the canonical automorphism « of the Clifford algebra Cl(n + 1) (see Appendix A.1 for details).
As remarked in Section 6.3, the restriction of f, ; to Pin(n + 1) ~ Ki C K decomposes into
a multiplicity-free direct sum of higher spin representations. For n even, it is the direct sum
of Citl,i’ 1 > 0, and it is easy to see that Cr—i——l—l,i ® (,y1,; extends uniquely to an irreducible

representation En+1,z‘ of K. Forn odd, the restriction of 1, 5 to K is the direct sum of Cnt1,45
i > 0, and there are two inequivalent ways of extending (,,+1,; to an irreducible K -representation.

For fixed § € Z/27 let En+1,i denote the extension which occurs in 7, ;. Then, for both even
and odd n we have

(#rshic = D o
=0

The Lie algebra action of g maps Emu into the direct sum of Zn+1,i+1a Zn+17i and EnH,H.
From [1] and the computations in Section 6.4 it follows that one can reach Zn+1,i+1 if and only
if 2A 4+ 2i +n + 1 # 0, and one can reach Znﬂ,z-_l if and only if 2\ — 2 —n 4+ 1 # 0. Then
statements (1) and (2) follow with

To(i)uc ~ @ e and  Fs(iuc = €D Corn.
k=it1 k=0

To prove (3) observe that the standard intertwining operators in this situation (see, e.g., Re-
mark 3.8)

Indg((g“n sgn’) @e* ®1) — Indg(([Cn ®det] @ sgn' ) @ e @ 1)

map irreducible quotients to irreducible subrepresentations. Since the character det of M extends
to G we have

Indg(([ﬁn @det] @sgn'?) @ e ®@1) ~ Ind%((c‘n ®sgn' ) @ e ®1) @ det,
and the claim follows by specializing to A = :l:(p + % + z) |

Note that the representations Fs(i) and 7s(i) depend on the chosen spin-representation ¢ of M
that 7 Ao is induced from. However, as in the case of the full principal series, the multiplicities
of intertwining operators turn out to be independent of .

Denote by 77(j) and F.(j) the corresponding composition factors of 7,catv = :l:(pH—&—%—i—j),
jeN.

Theorem 6.7. For the representations © € {Ts(i), Fs(i)} and 7 € {T.(j), FL(j)} the multipli-
cities dim Hom 5 (|5, 7) are given by

7| FL() T() T~T| FG) T0)

Fs(i) 1 0 Fs(i) 0 0

T | 01 T | 10
for 0 <j <4, otherwise.

i+j=0+e(2),
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Proof. We only treat the case of even n, for odd n similar arguments can be used. Write
o0 . o0 .
(Frouc ~ @i and  (#,)uc ~ @Gy
i=0 §=0

for the decomposition into irreducible representations of K and K g. Then, as in the proof of
Theorem 6.4, an intertwining operator (7, s)uc — (#,.)uc is given by a sequence (s;;)o<j<i

of scalars, describing the action of the operator between (,41,; and En] Analyzing the action
SZ]- if
d + & = 0(2) and by the scalars s;; = s;; if § + & = 1(2). We can therefore use the identi-
ties (6.4), (6.5) and (6.6) for classification.

Next, observe that all intertwining operators between the irreducible constituents can be
obtained from intertwining operators between the full principal series. For instance, intertwining
operators T5(i) — T/(j) are intertwining operators %, 5 — 7 ®det for A = —p— 3 — i
and v = pg + % -+ 7 which vanish on the finite-dimensional subrepresentation of ¢A7 s (hence
factor to the quotient 75(7)) and whose image is contained in the irreducible subrepresentation
T.(j) € 7‘1,71_5 ® det. By replacing the spin representation (,—; of MH, that 7‘V’1_£ is induced
from, by (,—1 ® det we may as well consider intertwining operators #, s — 7,, _. Then the
multiplicity dim Hom  z (Ts(i)mc, TZ()) is the dimension of the space of sequences (sj ¢)o<r<k
satisfying (6.4), (6.5) and (6.6) (with + for 4+ (1 —¢) = 0(2) and — for 6 + (1 —¢) = 1(2)) such
that s; ¢ = 0 whenever k£ < i or £ < j. By Theorem 6.5 there is up to scalar multiples a unique
intertwiner 71‘)\7 5 7‘%17 ., and the arguments in the proof of Theorem 6.4 show that for this
intertwiner we have s; ¢ = 0 whenever k < i or ¢ < j if and only if j < i and i+ j =6 + €(2).
The other multiplicities are computed similarly. |

of H / H it is easy to see that intertwining operators are described by the scalars s; ; =

v,1—e

A Clifford algebras, pin groups and their representations

We recall the basic definitions for Clifford algebras, pin groups and their representations. Most
of the results are well-known or follow easily from the standard literature.

A.1 Clifford algebras and pin groups
For p,q > 0 we let RP4 = (Rp+q, Qp,q), where Q = Q, , is the following quadratic form on RP*:

Abusing notation, we also write Q(z,y) for the associated symmetric bilinear form on RP*9.
We define the Clifford algebra Cl(p, q) to be the unital R-algebra generated by RP*? subject
to the relation

ry + yr = 2Q(z, y)1.
For the standard basis vectors eq,..., e, € RPY this implies
e; = Q(ei)1, eie; +eje; =0, i # ]

For (p,q) = (n,0) we also write Cl(n) = Cl(n,0) for short. The Clifford algebra Cl(p,q) has
a natural grading into even and odd elements

Cl(p7 Q) = Cl(p, Q)even & Cl(Pa Q)odd-
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The map « of Cl(p,q) which acts by +1 on Cl(p, ¢)even and by —1 on Cl(p, q)odq is an algebra
involution called the canonical automorphism.

Denote by Cl(p,q;C) = Cl(p,q) ®r C and Cl(n;C) = Cl(n) ®r C the complexifications
of Cl(p,q) and Cl(n). Abusing notation, we will also use @ for the extension of the symmetric
R-bilinear form @, 4 on RP*? to a symmetric C-bilinear form on CP*%. Note that Cl(p, ¢; C) ~
Cl(p + ¢; C) as C-algebras.

We define the groups Pin(p, ¢) and Spin(p, q¢) by

Pln pa {Ul c V- k Z Oyvi S anvQ(vi) = :l:]-} g Cl(pa q)a

Spin(p, ) = Pin(p, ¢) N Cl(p, ¢)even-
Further, put Pin(n) = Pin(n,0) and Spin(n) = Spin(n,0). Then Spin(n) is connected and
Pin(n) = Spin(n) U Pin(n)_, where Pin(n)_ = Spin(n) - e;. For p,q > 0 the group Pin(p, q) has
four connected components

Pin(pa q>++7 Pln(p7 q)+—7 Pll’l(p, q)—"r and Pln(p7 q)——7

where the first + (resp. —) means that the number of v;’s with Q(v;) = 1 in the product of an
element x = vy --- v € Pin(p,q) is even (resp. odd), and the second + (resp. —) the same for
the number of v;’s with Q(v;) = —1. Then clearly Spin(p,q) = Pin(p, ¢)++ U Pin(p,q)—_, so
Spin(p, ¢) has two connected components.

For all p, ¢ > 0 the group Pin(p, ¢) is a double cover of the indefinite orthogonal group O(p, q),
the covering map being

¢: Pin(p,q) = O(p,q),  alz)y = a(x)yz"".
The restriction of ¢ to Spin(p, ¢) induces a double covering

q: Spin(p,q) — SO(p, q).

A.2 Clifford modules and fundamental spin representations

We now describe the irreducible representations of Cl(n;C). For n = 2m even there is only one
irreducible representation, and for n = 2m + 1 odd there are two. To construct these we choose
the maximal isotropic subspaces

W=Cw &---&Cuw, and W' =Cuw,®- - @&Cuw,
of C", where w; = %(621'_1 + \/—legi), wh = %(622 11—/ 621) Then

o W oW, for n even,
| W e W & Ceamyr, for nodd.

We define an irreducible representation ¢, of Cl(n;C) on S,, = A* W by

Cn(w)'fl/\"'/\fkZWAflA"'A§k>

Gn(w)Er A - A&—ZZ DM, &) A A& A A&,

for w e W, w’ € W', and in case n is odd additionally

Cnlezmi1)ér A= A& = (—1)FV=1& A A&
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Then for n even ((,,S,) is the unique irreducible representation of Cl(n;C) and (, o a ~ (,,
where « is the canonical automorphism of Cl(n;C). More precisely, the map

v Sn%Sna 7(61/\"'/\&6):(_1)k§1/\"'A§k (Al)

intertwines ¢, o & and (,. For n odd, ;' = (, and ¢, = ¢, o @ are inequivalent and we obtain
two irreducible inequivalent representations ((F,S,,) of Cl(n;C). For € C" we write

I = Cn(li)

whenever the representation (, is clear from the context.

The restriction of any irreducible complex representation of the Clifford algebra Cl(n;C) to
Pin(n) C Cl(n) C Cl(n;C) defines an irreducible representation of Pin(n). These representations
are called fundamental spin representations and will also be denoted by ((n,Sy) for n even
and ((F,S,) for n odd. Note that for n even ¢, ® det ~ ¢, and for n odd ¢ ® det ~ (T,
where det is the one-dimensional representation of Pin(n) given by the determinant character
det: Pin(n) — O(n) — {£1}.

For n even the restriction of (, to Spin(n) C Pin(n) decomposes into the direct sum of two
irreducible representations of Spin(n) according to the decomposition

/\o W = /\even W e /\odd w.
They have highest weights ( yeees ;, += ) in the standard notation. For n odd the restrictions

of ¢;7 and ¢;; to Spin(n) define equivalent irreducible representations of Spin(n) whose highest
weight is (5 . 2)

A.3 Higher spin representations on monogenic polynomials

Let ¢ > 0. For n even the direct sum of the two irreducible Spin(n)-representations with highest
weight (z + %, %, e %, += ) extends uniquely to an irreducible representation of Pin(n) which
we denote by (, ;. Note that (,; ® det ~ (, ;. For n odd the irreducible Spin(n)-representation
with highest weight (z + %, %, cee 2) has two inequivalent extensions to Pin(n) which we denote

+
by C’I’L,’L“
We realize the representations Cflii) as monogenic polynomials on R™. For each i > 0 the

group Pin(n) acts on the space Pol; (R”; Sn) of S,-valued homogeneous polynomials on R" of
degree i by

(9-9)(@) = Calg)p(al9)"'z),  g€Pin(n), zeR™
We consider the Dirac operator I) on Pol (R” ) P,z Pol; (R ;S ) given by

n
9¢
2) = ek 5. -()
k=1

Then the space

M;(R™;Sy,) = {¢ € Pol; (R™;S,): D¢ =0}
of homogeneous monogenic polynomials of degree i is invariant under the action of Pin(n) and
defines an irreducible representation ¢, ; of Pin(n). For n even, ¢, ;®det =~ (, ;, the isomorphism
being

M;(R™S,) = M;i(R™;Sy), ¢ yog.

For n odd, C; i = Gnig and ¢, = (ny @ det define inequivalent irreducible representations

( maM (R™; Sn)) of Pin(n).
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A.4 Branching laws

We give the explicit branching laws for the restriction of the Pin(n + 1)-representations (fj_)l ;

to Pin(n).
A.4.1 Fundamental spin representations

We use the explicit realizations of the representations Q(zi) given in Section A.2. Then S, 11 =S,
for even n, and S,+1 = S, @ (Sp A wymyt1) for odd n = 2m + 1. Recall the map v: S, — S,
from (A.1).

For n even, the restriction of (Cf;rl, Sn+1) to Cl(n; C) stays irreducible and is isomorphic to
(Cna Sn)

Lemma A.1. Assume n = 2m s even.

1. The explicit .somorphisms (, ~ C,iq’Cl(n;(C) are given by

(C’I’MSTL) — (C;;.lagn—&-l)v W= w,
(Cny Sn) — (C;-Ha Sn+1)7 w = ’7("‘1)
2. Cnyilens1) = V—1r.
+

Proof. This follows immediately from the definition of ¢, and (,;; and the fact that v inter-
twines ¢, with (, o a. |

+For n odd, the restriction of ((pt1,Sp+1) to Cl(n;C) decomposes into the direct sum of
(¢;F,Sy) and (¢, ,Sy):

Lemma A.2. Assumen = 2m+ 1 is odd.
1. The explicit embeddings & — Cn+1]01(n;(c) are given by
( :7Sn)(_>(gn+17§n+l)7 W= w— V_]-W/\wm-i-h
(Cn»Sn) = (Cnt1,Sn+1), w = y(W) + V=17(w) A wmi1.

In particular, the image of the embedding (& < Cu11 is equal to
Sfﬂ = {w FV-1lwAwnt1:weE Sn}.
2. Guyi(ens1)]g= =T In particular, the map 3(id & Cyy1(ent1) © ) is the canonical
n+
projection Sp+1 — Sfﬂ.

Proof. It is easy to see that for w € S, C S,,+1 we have

gn-}—l(en)w = ’Y(W) N Wyt 1, Cn-‘rl(en)(w A wm-‘rl) = _’Y(W)v
Cnt1(Ent1)w = —\/—717(“) N W1, Gt 1(ens1) (W A wpg1) = —ﬁ’y(w),

then the claims follow. [ |

For the representations Cfi)l of Pin(n + 1) this implies

Cvf—i—l‘Pin(n) = Cn (n even),
Cntilpingm) 2 ¢F € ¢, (nodd).
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A.4.2 Higher spin representations

Using classical branching laws for the pair (so(n + 1),s0(n)) of Lie algebras, it is easy to see
that the branching laws for the higher spin representations are

i
<73Lt+1,i|Pin(n) &~ @ Cn,j (n even),
~

Cnt1,i | Pin(n) = @ (C D an) (n odd).

j=0

To make this branching explicit in the realizations on monogenic polynomials, we use the classical
Gegenbauer polynomials C2(z) given by (see, e.g., [3, Chapter 10.9, equation (18)])

/2 o
Cﬁ‘(z) _ Z ( 1) (/\)n—m(2z)n—2m.

£= ml(n—2m)!

The polynomial u = C; satisfies the differential equation (see [3, Chapter 10.9, equation (14)])
(1— 22" — (22 4 1)zu’ + n(n + 2\)u =

Lemma A.3. Let (¢ut1,Sn+1) be a fundamental spin representation of Pin(n + 1) and assume
(Cn,ySp) occurs in the restriction of (41 to Pin(n). If we identify S, with a subspace of Sp41,
then for every 0 < j <1 the map

Lisi: M;(R™:Sn) — M;i(R™, Spa),
Ij—m'(b(x,v Tny1) = (n+i+]j— 1)’$|Z_j¢(x/)ci*2j - (Ilnaj\l)

. i—j— "+1+j Tnt1l
+(n+25—1)|z| $€+1¢( ) 131( )

||

is Pin(n)-intertwining, where v = (x',xp41) € R*TL

Proof. We first show the intertwining property. Let g € Pin(n), then (¢(g)x) = q(g)x’ and
(¢(9))nt1 = Tny1. Further,

Cnr1(g) 0 'ent1 = Gura(g) o Cn+1( ") o Cnri(ent1)
= Cur1(a(@)2'g™") 0 Gura(alg)ent1g™") 0 Gusa(9)
Cn—f—l(Q( ) ) Cn—i—l( (g)€n+1)0<n+1(g)
= (g(9)2)ent1 0 Cuya(g).

Then the intertwining property follows. It remains to show that I;_,;¢ is monogenic, and for
this we abbreviate
n+1+j

and g=(n+2j-1C; % 7.

n—1
p=(n+i+j-1)C7% o

Then

i@, wngr) = |2l 9@ )p () + 2] enad(a)a (5.



48 J. Frahm and B. Orsted

Applying the Dirac operator to I;_,;¢ yields, after a short computation:

lﬁ( g—n¢ ! $n+1 Zek ]—> UC xn+1) +eny1 ((%Z:H)(m/axnﬂ)

= || 2 p(a’ )((2 - J)p(Z) —2p/(2) + (i —j — Dzq(2) + (1 - 2°)d(2))
+ |2 enp1d(2) (i — j)zp(z) + (1= 22)p'(2) — (n+i+j — 1)q(z)
+ (i —j — 1)2%q(2) + (1 - 2%)2¢/(2)),

+1 - This vanishes if and only if

(i—j)p—2p =—(i—j—1)2q— (1 - 2°),
(i—fep+ (L=22)p =(n+i+j—1g—(k—3j—1)z%— (1-2%)z.

Multiplying the first equation with z and subtracting it from the second one yields
pr=m+it+j—1)q
If we now insert this into the first equation we obtain

(1—22)p" — (n+25)2p' + (i — j)(n+i+j—1)p=0,

n—1

ﬂ( ), the classical

39)

which is the Gegenbauer differential equation with solution p(z) =

C’L
Gegenbauer polynomial. Finally, using (see [3, Chapter 10.9, equation (23

d
&C’é(z) = 2)\02‘21(2)

and renormalizing p and ¢ shows that indeed IP(I j—i¢) = 0 and the proof is complete. |

A.5 Multiplication with coordinates

By the Fischer decomposition we have

o

Pol (R™S,) = €P 27 M;(R™S,). (A.2)
i,j=0
Note that 22 = —|z|2. We now study how the product of a monogenic polynomial with a

coordinate function z, decomposes according to this decomposition.

Lemma A.4. Let ¢ € Mi(R";Sn) and 1 <k <n. Then
Tk € Mip1 (R™YS,) @ 2M; (R S,) @ |2°Mi—1 (R S,,).

More precisely, xi¢ = qb; -z + |x|2qz5,; with

1 0
o =z + Y <$€kz¢ $|26j> € M1 (R™;S,),

o1 2 9 .
Ok = 2 \ % e 9%, € Mi(R":Sn),
1 90

% = aTai—zom, < Mt S,
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Proof. This follows from the following identities which are easily verified:

D(wrg) = exd, D(zegd) = —(n + 2i)epd + 2:1;(%,
9¢ 99\ _ L 00
lp(ﬂdb) = _287@’ D (fﬂaxk> =—(n+2i— 2)8—%,
09 _ 200\ _, 00

Now, recall the intertwining map I;_;: M; (R”;Sn) — /\/li(]R"H,SnH) from Lemma A.3.
The next result relates the decompositions of the polynomials zx(l;—i¢)(2’, Ty 41) and zgpp(z')
forl1 <k <n.

Lemma A.5. For 0<j <14 and1 <k <n we have

n+2j—1
w21 (90 +
(i—j+1{E—-j+2) B
— I.i .
(n+2i+1)(n+2j—3) J 1~>’L+1(¢k)a
2(n+2j—1)
(n+2i—1)(n+2i+1
(212D e
(n+2i—1)(n+2i+1)77"\k
L AimiDkiti=)
(n+2i—1)(n+2i+1)(n+2j—3) J=1=2iEnt1Pg )
n+2j—1 n+it+j—1
-1 () - — L -
nt2i—1 7t 1(1) n4+2—1
(ntitj=2m+itji-—1, L (60)
(n+2i—1)(n+2j—3) RS

1—7+1
J 1Ij—>i+1 (en+107)

I. ..t =
(Ij=i®)y n+ 2+

(Limip)y = — )Ij+l—>i (ent10))

(Ij—n‘(ﬁ)g = Ij—m‘—l(@ﬁbg)

Note that we identify S,, with a subspace of S,,11, so that e,+1S,, is also a subspace of S,,+1
which is invariant under Pin(n). More precisely, if Pin(n) acts on S,, by ¢, then it acts on e, 1S,
by ¢, ® det.

Proof. This a lengthy but elementary computation involving several identities for Gegenbauer
polynomials. We provide these identities and leave the computation to the reader. First, we
have

%03 =220+ (A.3)
20200 — (n+1)Cq — 20C0 T =0, (A.4)
2ACIL — (n 4+ 2)0)C = 22200 (A.5)
2X\(1 - 2%) O = (n +20)2C) — (n+1)Cor, 1, (A.6)
A=1)Chy — (n+ N0 = (A= 1)Cpy. (A7)

(A.3) is [3, Chapter 10.9, equation (23)], (A.4) follows from [3, Chapter 10.9, equation (24)]
and (A.3), (A.5) is a consequence of [3, Chapter 10.9, equation (25)] and (A.3), (A.6) is [3,
Chapter 10.9, equation (35)] and (A.7) is [3, Chapter 10.9, equation (36)]. Moreover, (A.5)
combined with (A.6) implies

ANA+ 1) (1= 22)OM2 — 2020+ 1)2C0H] +n(2\ +n)C)r = 0, (A.8)
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(A.8) and (A.5) give
ANA+1)(1 = 22002+ (2A +n)(2A +n+ 1)C) — 202X + 1) =0,
and (A.4) together with (A.8) implies

ANAN+1)(1 = 22)CpFF —2X0(2A + 1)) + n(n — 1)C)y = 0. |

n n
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