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Abstract. The real Jacobi group GY{(R), defined as the semi-direct product of the group
SL(2,R) with the Heisenberg group Hj, is embedded in a 4 x 4 matrix realisation of the group
Sp(2,R). The left-invariant one-forms on G{(R) and their dual orthogonal left-invariant
vector fields are calculated in the S-coordinates (z,y,0,p,q, ), and a left-invariant metric
depending of 4 parameters («, 3,7, d) is obtained. An invariant metric depending of («, ) in
the variables (z,y,0) on the Sasaki manifold SL(2, R) is presented. The well known Ké&hler
balanced metric in the variables (z,y, p, q) of the four-dimensional Siegel-Jacobi upper half-

J
plane X} = Sg(IQ()]RQ]R ~ X} x R? depending of («, ) is written down as sum of the squares of
four invariant one-forms, where X; denotes the Siegel upper half-plane. The left-invariant
metric in the variables (z,y,p,q, k) depending on (a,7,d) of a five-dimensional manifold

X/ = (s;éig? ~ X1 x R? is determined.

Key words: Jacobi group; invariant metric; Siegel-Jacobi upper half-plane; balanced metric;
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1 Introduction

The Jacobi group [39, 55] of degree n is defined as the semi-direct product G;} = H,, x Sp(n, R)c,
where Sp(n, R)c = Sp(n, C)NU(n,n) and H,, denotes the (2n+1)-dimensional Heisenberg group
[16, 17, 108]. To the Jacobi group G it is associated a homogeneous manifold, called the Siegel-
Jacobi ball D/ [16], whose points are in C" x D, i.e., a partially-bounded space. D,, denotes the
Siegel (open) ball of degree n. The non-compact Hermitian symmetric space Sp(n,R)c/U(n)
admits a matrix realization as a homogeneous bounded domain [63]:

Dy :={W € M(n,C): W =WF* 1, - WW > 0}.

The Jacobi group is an interesting object in several branches of Mathematics, with important
applications in Physics, see references in [13, 16, 21, 28, 29].

Our special interest to the Jacobi group comes from the fact that G; is a coherent state
(CS) group [79, 80, 84, 85, 86, 87|, i.e., a group which has orbits holomorphically embedded into
a projective Hilbert space, for a precise definition see [12, Definition 1], [13], [22, Section 5.2.2]
and [29, Remark 4.4]. To an element X in the Lie algebra g of G we associated a first order
differential operator X on the homogenous space G/H, with polynomial holomorphic coefficients,
see [23, 24, 25] for CS based on hermitian symmetric spaces, where the maximum degree of
the polynomial is 2. In [12, 26, 27] we have advanced the hypothesis that for CS groups the
coefficients in X are polynomial, and in [13] we have verified this for GY.
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It was proved in [16, 17, 21] that the Kéhler two-form on D;/, invariant to the action of the
Jacobi group G, has the expression

—iwps (2, W) = ETe(BAB) + pTr (A'M A A), A =dz+dWn,
B = Mdw, M= (1, -WW) 1 z e C", W € Dy, (1.1)
n=M(z+Wz). (1.2)

It was emphasized [17] that the change of coordinates (z, W) — (n, W), called FC-transform,
has the meaning of passing from un-normalized to normalized Perelomov CS vectors [92]. Also,
the FC-transform (1.2) is a homogeneous Kéhler diffeomorphism from D; to C" x D,,, in the
meaning of the fundamental conjecture for homogeneous Ké&hler manifolds [53, 61, 103].

We reproduce a proposition which summarizes some of the geometric properties of the Ja-
cobi group and the Siegel-Jacobi ball [21, 22], see the definitions of the notions appearing in
the enunciation below in [13, 19, 20, 22] and also Appendix B for some notions on Berezin’s
quantization:

Proposition 1.1.

(i) The Jacobi group G} is a unimodular, non-reductive, algebraic group of Harish-Chandra
type.

(ii) The Siegel-Jacobi domain D; is a homogeneous, reductive, non-symmetric manifold asso-
ciated to the Jacobi group G;) by the generalized Harish-Chandra embedding.

(iii) The homogeneous Kdhler manifold D; is contractible.

(iv) The Kidhler potential of the Siegel-Jacobi ball is global. D; is a Q.-K. Lu manifold, with
nowhere vanishing diastasis.

(v) The manifold D; is a quantizable manifold.
(vi) The manifold D;! is projectively induced, and the Jacobi group G is a CS-type group.

(vii) The Siegel-Jacobi ball D; is not an Einstein manifold with respect to the balanced met-
ric corresponding to the Kdhler two-form (1.1), but it is one with respect to the Bergman
metric corresponding to the Bergman Kdhler two-form.

(viii) The scalar curvature is constant and negative.

The properties of geodesics on the Siegel-Jacobi disk D‘II have been investigated in [13, 19, 20],
while in [22] we have considered geodesics on the Siegel-Jacobi ball D). We have explicitly
determined the equations of geodesics on D;]. We have proved that the FC-transform (1.2) is
not a geodesic mapping on the non-symmetric space D;, see definition in [82].

However, it was not yet anlayzed whether the Siegel-Jacobi ball is a naturally reductive
space or not, even if its points are in C"™ x D,,, both manifolds being naturally reductive, see
Definition A.8 and Proposition A.9. In fact, this problem was the initial point of the present
investigation. The answer to this question has significance in our approach [19] to the geometry
of the Siegel-Jacobi ball via CS in the meaning of Perelomov [92]. We have proved in [8] that
for symmetric manifolds the FC-transform gives geodesics, but the Siegel-Jacobi ball is not
a symmetric space. Similar properties are expected for naturally reductive spaces [9, 10].

In the standard procedure of CS, see [16, 92], the Kdhler two-form on a homogenous mani-
fold M is obtained from the Kéhler potential f(z,z) = log K(z, z) via the recipe

—iw = 09, (13)

where K (z,z) := (ez,ez) is the scalar product of two CS at z € M. In [21] we have underlined
that the metric associated to the Kahler two-form (1.3) is a balanced metric, see more details in
Appendix B.
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The real Jacobi group of degree n is defined as G;(R) := Sp(n, R) x H,,, where H,, is the real
(2n+1)-dimensional Heisenberg group. Sp(n, R)c and G are isomorphic to Sp(n, R) and G (R)
respectively as real Lie groups, see [17, Proposition 2].

We have applied the partial Cayley transform from the Siegel-Jacobi ball to the Siegel-Jacobi
upper half-plane and we have obtained the balanced metric on X;L] , see [17, Proposition 3].

However, the mentioned procedure of obtaining the invariant metric on homogeneous Kéhler
manifolds works only for even dimensional CS manifolds. For example, starting from the six
dimensional real Jacobi group G{(R) = SL(2,R) x Hj, we have obtained the K#hler invariant
two-form Wy (2.4) on the Siegel-Jacobi upper half-plane, a four dimensional homogeneous

manifold attached to the Jacobi group, Xj = Sgé% ~ X x R? [13, 14, 18, 19], obtained

previously by Berndt [37, 38], and Ké&hler [68, 69].
In the present paper we determine the invariant metric on a five dimensional homogeneous

manifold, here called the extended Siegel-Jacobi upper half-plane, denoted )E'l‘] = (S;é((ﬂs)) R

Xy x R3. Tt will be important to find applications in Physics of the invariant metric (5.25) on
the five-dimensional manifold )EIJ .

In order to obtain invariant metric on odd dimensional manifolds, we are obliged to change
our strategy applied previously to get the invariant metric on homogeneous Kéahler manifolds.
Instead of the mentioned first order differential operators on M = G/H with holomorphic
polynomial coefficients X associated to X in the Lie algebra g of G [12, 26], we have to use
the fundamental vector field X* associated with X, see Appendix A. We have to abandon the
approach in which the Jacobi algebra is defined as the semi-direct sum g{ := b1 x su(1,1),
where only the generators of su(1,1) have a matrix realization, see [13] and the summary in
Section 2.

The approach of mathematicians is to consider the real Jacobi group Gy (R) as subgroup of
Sp(2,R). In the present paper we follow the notation in [39, 55] for the real Jacobi group G (R),
realized as submatrices of Sp(2,R) of the form

a 0 b ¢
Al o K _fa b _
c 0 d —pl M—(C d)’ det M =1, (1.4)
000 1
where
a b\!
Vi () = X0 = ) (£ 7) = O e+ ) (15)

is related to the Heisenberg group Hj.

To get the invariant metric on é’E’l‘] , we have determined the invariant one-forms Aq,..., g
on G{(R), the main tool of the present paper, see details on the method in Appendix D.1.1.
Then we have determined the invariant vector fields L7 verifying the relations (\; | L7) = §;,
i,7=1,...,6, such that L7 are orthonormal with respect to the metric d52G J(R) in the S-variables
(z,v,0,p,q, k), see [39, p. 10]. This is the idea of the method of the movirig frame of E. Cartan
[49, 50, 56] explained in Section 5.4.

Firstly, we recover the well known two-parameter balanced metric on Xl‘] as sum of squares
of the invariant one-forms Ay, A2, A4, A5. Then the invariant metric on 2\?{7 is obtained as the
sum of the squares of A1, Aa, Ag, ..., Ag.

The paper is laid out as follows. In Section 2 we recall how we have obtained the Kahler
two-forms on the Siegel-Jacobi disk D;{ and on the Siegel-Jacobi upper half-plane X}, spec-
ifying the FC-transforms. Section 3 describes the real Heisenberg group H; embedded into



4 S. Berceanu

Sp(2,R): invariant one-forms, invariant metrics in the variables (A, u,x). Note that in the
formula (3.4) the last parenthesis (dk — pd\ 4+ Adu)? replaces (dx)? on the Euclidean space
R3(k, A\, 1) and the idea of the paper is to see the effect of this substitution in the invariant
metric of the five-dimensional manifold /'E'l‘] . Section 4 deals with the SL(2,R) group as sub-
group of Sp(2,R) in the variables (z,y, @), which describe the Iwasawa decomposition. SL(2,R)
is treated as a Sasaki manifold, with the invariant metric written down as sum of squares of the
invariant one-forms Ay, ..., A3 & la Milnor [83], while the metric on & is just A2 + A3. Invariant
metrics on SL(2,R) in other coordinates previously obtained by other authors are mentioned
in Comment 4.2. Details on the calculations referring to SL(2,R) are presented also in Ap-
pendix C.3. Section 5 presents the real Jacobi group Gy (R) in the EZ and S-coordinates [39].
The action of the reduced Jacobi group G”(R)q on the four-dimensional manifold Xj is re-
called [13, 14] and the fundamental vector fields on it are obtained. Also the action of G{(R) on
the 5-dimensional manifold 231‘7 , called extended Siegel-Jacobi upper half-plane, is established in
Lemma 5.1. The well known Kéahlerian balanced metric on the Siegel-Jacobi upper-half plane
is written down as sum of the square of four invariant one-forms in Section 5.4. For this we
have obtained the invariant one-forms on G{(R) in (5.16). In Comment 5.5 we discuss the
connection of our previous papers [13, 15, 19] on G{(R) with the papers of Berndt [37, 38, 39)
and Kéhler [68, 69], developed by Yang [108, 109, 110, 111, 112] for G;/(R). We have also deter-
mined the Killing vector fields as fundamental vector fields on the Siegel-Jacobi upper half-plane
with the balanced metric (5.21b). The same procedure is used to establish the invariant met-
ric on the extended Siegel-Jacobi upper half-plane, which is not a Sasaki manifold. All the
results concerning the invariant metrics on homogenous manifolds of dimensions 2-6 attached
to the real Jacobi group of degree 1 are summarized in Theorem 5.7. As a consequence, we
show by direct calculation that the Siegel-Jacobi upper half-plane is not a naturally reductive
space with respect to the balanced metric, but it is one in the coordinates furnished by the
FC-transform. In fact, this is the answer to the starting point of our investigation referring
to the natural reductivity of XlJ . We also calculate the g.o. vectors [77] on Xi] applying the
geodesic Lemma A.19.

In four appendices we recall several basic mathematical concepts used in paper. Appendix A
is devoted to naturally reductive spaces [51, 71, 88]. We have included the notions of Killing
vectors, Riemannian homogeneous spaces [4], the list of 3 and 4-dimensional naturally reductive
spaces [35, 36, 76, 100], the famous BCV-spaces [41, 48, 104]. Appendix B recalls the notion of
balanced metric in the context of Berezin quantization. The Killing vectors on S2, Dy, R? are
presented in Appendix C. Appendix D refers to notions on Sasaki manifolds [42, 45, 95].

The main results of this paper are stated in Lemma 5.1, Remark 4.3, Propositions 4.1-5.8,
and Theorem 5.7.

Notation. We denote by R, C, Z, and N the field of real numbers, the field of complex
numbers, the ring of integers, and the set of non-negative integers, respectively. We denote the
imaginary unit v/—1 by i, and the Real and Imaginary part of a complex number by Re and
respectively Im, i.e., we have for z € C, 2z = Rez +ilmz, and zZ = cc(z) = Rez —ilmz. We
denote by |M| or by det(M) the determinant of the matrix M. M (n,m,F) denotes the set
of n x m matrices with entries in the field F. We denote by M (n,F) the set M(n,n,F). If
A € M,(F), then A* (A") denotes the transpose (respectively, the Hermitian conjugate) of A.
1,, denotes the identity matrix of degree n. We consider a complex separable Hilbert space $
endowed with a scalar product which is antilinear in the first argument, (Az,y) = X(z,y),
z,y € H, A € C\0. We denote by “d” the differential. We use Einstein convention that repeated
indices are implicitly summed over. The set of vector fields (1-forms) are denoted by D' (D).
If \ € ©; and L € D, then (\|L) denotes their pairing. We use the symbol “Tr” to denote
the trace of a matrix. If X;, i = 1,...,n are vectors in vector space V over the field F, then
(X1,X2,...,X,)r denotes their span over F.



The Real Jacobi Group Revisited )

2 The starting point in the coherent states approach

We recall firstly our initial approach [11, 13] to the Jacobi group G{ which we have followed
in all our papers devoted to the Jacobi group, except [28] and [29]. The Lie algebra attached
to G is

g = by xsu(1,1),
where b is an ideal in g‘lj , l.e., [hl, gf ] = b1, determined by the commutation relations

[a,aT] =1, (2.1a)
(Ko, K+] = K4, [K_, K] = 2Ky, (2.1b)
[a, Ki] = al, [K_,aT] =aq,

[Ky,al] = [K_,a] =0,

1 1
[KO,aT] = §aT, [Ko,a] = —5a
The Heisenberg algebra is

b1 = gm, = (is1 + zal — Ta)seRr, zeCs

where a' (a) are the boson creation (respectively, annihilation) operators which verify the canon-
ical commutation relations (2.1a). The Lie algebra of the group SU(1,1) is

su(1,1) = (2i0Ko + yK; — §K_)ger, yec,

where the generators Ky, K, K_ verify the standard commutation relations (2.1b), and we
have considered the matrix realization

1/1 0 . (0 1 .(0 0
Y N R () o)

We have determined the invariant metric on the Siegel-Jacobi upper half-plane X7 from the
metric on D{ and the FC-transforms, see [13, 14, 18, 21]. For the actions in Proposition 2.1,
where G = SU(1,1) x C, see [17, Proposition 2] and Lemma 5.1 below.

Proposition 2.1. Let us consider the Kdahler two-form

2k ANA

—iwps (w, 2) = mdw A dw + um, A= Aw,z) =dz + fdw, (2.3)

G{-invariant to the action on the Siegel-Jacobi disk D{

<SU(1,1)xc29 (’;’ g),a> (w, ) = (’”“”q z*"“‘”“).

qu+p  qu+p
We have the homogeneous Kdhler diffeomorphism FC: (D{,wa) — (D1,wp,) ® (C,we),
—iwe = dn A d7,

Z+ zZw

FC: z=mn—wn, FC™': p="""—1
1= Jwl

and

FC: A(w,z) — dn — wdn.



6 S. Berceanu

The Kdihler two-form (2.3) is invariant to the action (g,a) x (n,w) = (m,w1) of G§ on C x Dy:

m = pn+a)+q(i+a).
Using the partial Cayley transform

A4+ w z
= u

Pt p=i——r = C 1
v=ig— T w,z € C, lw| < 1,
d: w:Q, z:2iL_7 v,u € C, Imv >0,
v+1 v+1
we get the Kdhler two-form
2k 21 _
—i ,U) = B A B,
way () = E T i)
i 9 e
B(v,u) :A<U ?, 1u‘> —du— " Qfdv, (2.4)
v+1 v+1 v—v

G’ (R)g-invariant to the action on the Siegel-Jacobi upper half-plane X{

<SL(2,R)><(CQB<CCL b),a)-(v,u):<av+b “+m+m>, a=m+in. (2.5)

d cw+d  cv+d
We have the homogeneous Kahler diffeomorphism

FC12 (XIJ’WXIJ) — (X1,WD1) D ((C7W(C))
ut — v +1i(u — u)
v—v ’

FCi: 2iu= (v+i)n— (v -1, FC ' n=
The situation is summarized in the commutative diagram of the table FC-transforms

Di > (w;z)A(w;n) €D xC

o | l‘l’”

X5 (viu) —z (vipg) € X1 x C,

where
o poq+ip, @ (¢,p) 2 n=q+ip.

We recall that in Proposition 2.1 the parameters k and g come from representation theory
of the Jacobi group: k indexes the positive discrete series of SU(1,1) (2k € N), while p > 0
indexes the representations of the Heisenberg group. Note that in the Berndt—Kahler approach
the Kéhler potential (5.24) is just “guessed”, see Comment 5.5.

Here we just verify the invariance of the Kéhler two-form (2.4) to the action (2.5), see also
Lemma 5.1. We use equations (2.6)

dv v—U

dvy = —, v — 01 = W, where A =cv+d, (2.6)

and the particular case n = 1 of equations in [17, p. 17]

d d—c(u+ B
du  n c(u+m)

du1 = A A2 dU, Bl = X,

where B is given in (2.4).
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3 The Heisenberg subgroup of Sp(2, R)

The composition law of the 3-dimensional Heisenberg group Hj in (1.4) is:

M )N 1) = N+ N, p+ 'k + 6 4 A — N ).

We denote an element of H; embedded in Sp(2,R) as in (1.4) with M = 1,

1 0 0 pu 1 0 0 —p

I R 1| -A 1 —p =k
29=1o 01 2" 9 |0 0 1 2
000 1 0 0 O 1

(3.1)

A base of the Lie algebra b = (P, @, R)r of the Heisenberg group H; in the realization (3.1)

in the space M (4,R) consists of the matrices

000 O 0 0 01 0 000
1 00 O 0 010 00 01
P= 000 —1]° @= 0 00 0] f= 0 00O
000 O 0 00O 0 00O

which verify the commutation relations
[P, Q] = 2R, [P,R] = [Q,R] =0.
If we write
Hy 2 g(A\ p,k) =14+ AP + uQ + kR,
then, using the formulas, see details in Appendix D.1,
g ldg = PN+ QN + RX, dgg=t = PpP + Qp? + Rp",

we find the left-invariant one-forms (vector fields)

AP = d), LP = 8y — udy,
A = dy, L9 = 8, + A\,
A =dk — Adp + pdA, L" = 0,,
and the right-invariant one-forms (respectively vector fields)
PP = dA, RP = O\ + 0k,
p? = dp, R1 =0, — A0y,
p" =dk — pdX + Ady, R" = 0.

We have the commutation relations
[LP, L9 =2L",  [RP,R% = —2R".
We get the right (respectively left) invariant metric on H;
9t (k) = (0)? + (012 + (p)? = AN + dp? + (dk — pdA + Adp)?,
gh (A s k) = (W) + (A2 4+ (A)? = dA? + dp? + (dk — Adp + pd))?.
The left (right) invariant action of H; on itself is given by
exp(AP + p@Q + KR) (Ao, po, Ko) = (A + Ao, it + po, & + Ko + Ao — pAo),

(Ao po, ko) exp(AP + pQ + KR) = (A + Ao, 1+ po, £ + Ko + Aoft — poA).

With (3.5), we calculate the fundamental vector fields
P* = 0) + 110y, Q" = 0y — A0k, R* = 0.

(3.2)
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4 The SL(2,R) subgroup of Sp(2,R)

An element M € SL(2,R) is realized as an element in Sp(2,R) by the relation

a 0 b 0 d 0 —b 0
fa b o1 o oof ., o (o 10 0
M= <c d> 79 e 0 do0]€ Gi(R), 9 7l=c 0 a 0 (4.1)
0 001 0 0 0 1
A basis of the Lie algebra sl(2,R) = (F, G, H)gr consists of the matrices in M (4, R)
0010 0 00O 10 0 O
00 0O 0 0 0O 00 0 O
F= 0000}’ G= 1 0 0 0" H= 00 -1 0
00 0O 00 0O 00 0 O
F, G, H verify the commutation relations (C.11). With the representation (4.1), we have
g tdg = FMN +GN + H\, dgg~t = Fpl + Gp? + Hp".
Using the parameterization (4.1) for SL(2,R), we find
A = ddb — bdd, ol = —bda + adb,
N = —cda + ade, p9 = ddc — cdd, (4.2)
M = dda — bde = edb — add, p" = dda — cdb.

We use the notation of [39, Section 1.4]. The Iwasawa decomposition M = NAK of an
element M as in (4.1) reads

1
(1 z\ [yz O cosf) sinf
M= (0 1) ( 0 y‘%) (— sinf cos 0) ’ y >0 (4.3)

Comparing (4.3) with (4.1), we find

a=y"?cos — xy~/?siné, b=y"?sin0 + zy~/?cos, (4.4a)
c=—y Y%sino, d=y Y?cosh, (4.4b)
and
ac + bd 1 ) c d
xr = d2 627 y:m, Sln@z—ﬁ, COS@ZW. (45)
From (4.4), we get the differentials
_1 1 x . (. x
da = —y 2sinfdz + — <cost9 + —sin 0) dy — y2 <Sm9 + —cos 0> dé, (4.6a)
2y2 Yy Yy
1 X 1 X
db =1y 2 cosfdxr + — <sin0 — —cos 0> dy +y2 (COSH — —sin 9> dé, (4.6b)
2y2 Yy Yy
0 osf
de = y=1/? <sm dy — cos 9d9) dd = —y~1/? < dy + sin 9d9) (4.6¢)

Let M, M’ , M; € SL(2,R) such that MM’ = M, matrices of the form (4.1). With (4.4) we
calculate the explicit action of M € SL(2,R) on (2/,y/,0")

(az’ +b)(ca’ + d) + acy + iy’
A )

x1+iy = A = (cz’ +d)* + (cy')?, (4.7a)
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(cx’ 4+ d)sin® — cy’ cos @’

/i 7

cy' sin® + (cx’ + d) cos ¢’
VA '

sin#, = costh = (4.7b)

With (4.7), we find out

dzy _ [(ea’ + d)? — (cy)?]dz’ + 2¢y/ (ca’ + d)dy’

% YA )

% _ _QCyl(CfE/ + d)d:E/ + [(C{L‘/ + d)2 _ (cy’)2}dy’

n YA )
'da’ — (ca’ + d)dy’

do; = o’ + L ([C\“ )y

Introducing (4.4) and (4.6) into (4.2), we find the left (right)-invariant one-forms A-s with
respect to the action M - (2/,y/,0") = (z1,y1,61), M € SL(2,R) and (z1,y1,61) given by (4.7)
(respectively p-s),

( d d 24 y?
/\f:icos29+—ysin29+d0, pf:dx—fdy—kx Ty de,
Yy 2y Yy
M= 9T nzg W0 de, pI = —d—e, (4.8)
Yy 2y (
dz | dy dy =
M= ——5in 20 + —Z cos 26, h= 2 _ 246
2y 2y P Ty Ty

We determine the left-invariant vector fields L/, LI, L" on SL(2,R), dual orthogonal to the
left-invariant one-forms A, A9, \" (4.8)

0 0 0
L = 20— in 20— +sin® 0 4.
1 COS Haw—i—ysm Hay—i—sm 989’ (4.9a)
0 d 0
L9 = 20— in 20— — cos? 0~ 4.
Yy cos Oax—i—ysm Qay cos 960’ (4.9b)
0 0 0
L" = —2ysin 20— + 2y cos 20— + sin 20—~ 4,
y sin 08x+ Yy cos 98y+sm 989’ (4.9¢)

which verify the commutation relations (C.11) of the generators F, G, H of the Lie algebra
sl(2,R). In fact, LY, L9, L" in (4.9) give the Lie derivative of the matrices F', G, respectively H,
see, e.g., [78, p. 114].

From (4.8), we also get

1
M 4+ M9 = = (cos 20dx + sin 20dy),

Yy
1

oA = ;(— sin 20dx + cos 26dy),

d
Mo =& a0,

Y

and

1 1
i(Lf + L9) = ycos2088$ + ysin29§y — 200520880,
1 10
(19 = =L
(=) = 55
1 1
5Lh = _ysin29(,i + ycos2988y + 28i1’129§9.
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Taking a, 8 > 0, let us introduce the left invariant one-forms

A = Va(M 4+ N) = @(COS 20dx + sin 26dy), (4.10a)
Yy
A2 = 2o\ = @(— sin 20dz + cos 26dy), (4.10b)
Yy
A3 = /BN =N\ = ﬂ(dﬁ + 2d6). (4.10¢c)
Yy

The parameters «, 5 introduced in (4.10) will appear in the invariant metrics (4.21) on SL(2,R)
and (5 27) on G{(R), while only a will appear in the invariant metrics (5.22) on X} and (5.25)

on Xl
Note that in the commutation relations of the generators e, es, e3 of the Lie algebra s[(2,R)
o
le1, e2] = —4—=e3, le2, e3] = 44/ Bex, le3, e1] = v/ Bea,
VB
where

er = Va(F +G), ez = 2v/aH, es = /B(F - G),

there are 2 positive structure constants and one negative, as in the scheme of classification of
three-dimensional unimodular Lie groups, see [83, p. 307].
We determine the left-invariant vector fields L7 such that (\; | L7) = 65, i,5 = 1,2,3,

1 0 J 1 0

L' = Lf+ 19 20— 20— — = cos20 4.11
Qf( +L9) = \/a(ycos 98 + ysin Gay cos 09> (4.11a)

SR R U ST BT IS SR )

L _2\/5L =7 ySln298x+y008208y sm2989 (4.11b)
1 1 9

DPP=— (L -19=-—"F~-. 4.11
NG )= 5750 1)

If we take in (4.11) the limit # — 0, we project the invariant vector fields of SL(2,RR) on the
Siegel half-plane X; = {(x,y) cR?|y > O}, and we recover the invariant vector fields which
appear in Theorem A.10(2) equation (A.11)

llzig ﬂzig
07 Jaox 07 Vady

Now we calculate the fundamental vector fields f*, g*, h* of manifold SL(2,R) attached to
the base F', G, respectively H, invariant to the action (x,y,0) - (2/,vy',0") = (x1,y1,21) given by
the composition law MM’ = M, applying (C.21), (4.4), (4.5):

0

(4.12)

f — Fl — 5 (4.13&)
9 _ ~) o 0
=G — —2XYy— —Y— 4.1
. o 0 0
h*=Hi =2 <x8m + y@y) , (4.13c)

where we have denoted with a subindex 1 the fundamental vector fields (C.23) of SL(2,R),
corresponding to the action of the group on the Siegel upper half-plane &. In fact, F}, G], HY
are F, G, H in the convention of Section 1. Evidently, the vector fields (4.13) verify the same
commutation relations as F', G, H, with a minus sign.
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Using (C.22) or directly with (4.13), we calculate the fundamental vector fields v*, h1*, w*
of SL(2,R) corresponding to

v=va(F+G), hl=2yaH, w=+/BF-G),

o ) o
* 2 2\ Y -~
v =+Va [(1 x°+y )G:U Qxyay y89] , (4.14a)
= ava (22 4y 2 (4.14D)
N Ox yay ’ )
0 0 0
* 2 2
w* = /B [(1 +a2°—y )—ax +2xy—8y +y80} . (4.14c)

Now we consider SL(2,R) as a contact manifold in the meaning of Definition D.3. Firstly we
define an almost contact structure (®,&,n) as in Definition D.1. We take n = A3 and & = L3,
verifying (D.3a). We have dn = dA3 = /B94%  and the condition (D.6) (with n = 1) that 1 be

y2
a contact form is verified. The only nonzero component of the associated two form ® in (D.7)
is @xy = %, ie.,
o .
. [Boo Doy Dot 27
®= Py Dy Pyp | = _@ 0o ol (4.15)
Dy, Py, DPoo 2y

Pr  P* z 0 \2/5 0
x Y
o= (el of op) |- o
0 0 0 «
o, Py Dy . - ﬁ .
day
It is convenient to work with the matrix
9% 0 1 0
P="d=[-1 0 0. (4.16)
VB 0 —L 0
Yy

With (n, £, ®) chosen as ()\3, L3, @ ), equation (D.3b) and the conditions of Theorem D.2 for an
almost contact structure for the manifold SL(2,R), where Rank(®) = 2, are verified.
We have

o 10 a>, (417)

Ker(n) = (Vi ¥8) = (57 = 5o 55 30

and we can write the (1, 1)-tensor ® (D.2) as
= -Voxdr+V;®dy.

If X = Aa% + Ba% + C’%, then ®'X = BV; — AV,, and the contact distribution D = (V4, Va)
verifies the condition of Remark D .4.

We also observe that SL(2,R) is a homogeneous contact manifold in the sense of Defini-
tion D.5.
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Now we construct the 4-dimensional symplectization (C(SL(2,R)),w, g) of SL(2,R), where

g(rv x,Y, ‘9) = dT2 + T2gSL(27R) (:L‘v Y, 0)7 W= d(?"2)\3) . (418)

In order to see that the Riemann cone (C(SL(2,R)),w, g) of the manifold SL(2,R) is normal in
the sense of Definition D.10, we calculate the components (D.17) of the (1,2)-tensor N! (D.9),
using equations (4.15) and (4.16). Because the tensor (D.10) is antisymmetric in the lower
indexes 7, j, we have to calculate only the 9 components (Nl) (Nl)x 0 (Nl); g L =T,Y, 0,
which were found to be 0. In accord with Definition D.10, the Rlemann cone (C(SL(Q, R)),w,q)
is Sasaki, and, in accord with Theorem D.12, it is a K&hler manifold.

It can be verified that the vector & = L3 is a Killing vector for the metric (4.20), and SL(2,R)
has a K-contact structure, in the sense of Definition D.10. In fact, with Remark A.3, it is verified
that % and % are Killing vectors for the metric (4.21) below, because none of the coordinates x
and 0 appear explicitly in (4.20). For completness, if X = X1 -+ X288 + X3 8 then the
equations (A.6) of the Killing vectors in the case of the homogeneous metric (4. 21) are

—2(a+ B) X%+ 2(a + B)yd. X + 455?09, X> = 0, (4.19a)
a0; X% + (a+ )0, X' + 2B8y0, X* = 0, (4.19b)
—26X% +28y0, X' + (a + B)0p X! + 2By0y X3 =0, (4.19¢)
~ X% +y9,X% =0, (4.19d)
2Byd, X' + 4By%0, X3 + adpX* = 0, (4.19¢)
BOpX " + 2Bydg X3 + 09 X + 28y9p X3 = 0. (4.19f)
In fact, we have
Proposition 4.1. The metric on the group SL(2,R), invariant to the action (4.7), is
dz? 4 d 2
ds%L(z,R)(ZC,Z/ﬁ) =N+ A3+ )\§ = 796 " Y + 5 ( + 2d9>
dz? dy?
_lath) Oy pag v 4P das. (4.20)
Yy Yy
The matriz associated with the metric (4.20) is
9zx 0 9z0
gsLiew) (@ y,0) =1 0 gy O |,
g0z 0 goo
a+p e 23
e = —5 yy = 5> geo = 4167 Gzp = —. 4.21
S s : (421

The invariant vector fields L', L?, L3 given by (4.11) are orthonormal with respect to the
metric (4.20). The Killing vector fields associated to the metric (4.20), solutions of the equa-
tions (4.19), are given by (4.14).

(L3,)\3,<I>’) defines an almost contact structure on SL(2,R), where L3, \3, ® are given
respectively by (4.11c), (4.10c), (4.16). A3 is the contact structure for SL(2,R), L3 is the Reeb
vector and the contact distribution D is given by (4.17). (SL(2,R)(x,y,0),X1,ds?,) is a sub-
Riemannian manifold and

dS%L(ZR) (z,y,0) = d82X1 + A2,
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where dsg(1 is the (Beltrami) Kdhler metric (A.11), (A.17),

dz? + dy?

dsh, =M+ X =a 2

(4.22)
on the Siegel upper half-plane x,y, € R, y > 0. The invariant vector fields I}, 13 given by (4.12)
are orthonormal with respect to the metric (4.22).

The manifold SL(2,R) admits the homogenous contact metric structure ()\3, L3, (I)/7gSL(2yR)).
The group SL(2,R) has the K-contact structure associated with ¢ = L3, and it is a Sasaki
manifold with the Riemann cone (C(SL(2,R)),w, g) with respect to the metric (4.21), where g
and w are given by (4.18).

The last assertion in Proposition (4.1) is well known, see [2, Example 7].
Now we enumerate other invariant metrics on SL(2,R) appearing in literature, different of
the metric (4.20) in Proposition 4.1:

Comment 4.2. An explicit invariant metric on SL(2,R) in coordinates different of the coordi-
nates (x,y, 0) appears in [74, Theorem 2, p. 141], see also Theorem A.11. A different form of the
invariant metric on SL(2,R) appears in the context of the BCV spaces, see our Remark A.17,
where we have applied the Cayley transform to the metric appearing in Theorem A.15, repro-
duced after [101] and [47, Example 2.1.10, p. 59]. See also [91, Proposition 2.2, p. 1072 and
equation (2.14)].

We also give a direct proof of the some well-known facts, see (b2) in Theorem A.11.

Remark 4.3. The Siegel upper half-plane X} admits a realization as noncompact Hermitian
symmetric space

v _ SL2R) _SU(L1)
' s0(2) T U@

(4.23)

Xy is a symmetric, naturally reductive space.

Proof. We use the equivalence (C.14), but we look at the level of groups. We consider the case
of Sp(n,R). The group Sp(n, K) is the group of matrices M € M(2n,K), where K is R or C, for
which

(Mo, MB) = (a,8),  where a8 € M(n,1,K),

and
o _ 0o 1,
(a, B) ==’ J B, J_<—ﬂn N
i.e., we have (4.24)

Sp(n,R) = {M = <CcL Z) € GL(2n,R) | M*JM = J}, a,b,c,d € M(n,R). (4.24)

We can identify the complex linear group GL(n, C) with the subgroup of matrices of GL(2n, R)
that commutes with J, i.e., a + b € GL(n,C) is identified with the real 2n x 2n matrix (4.25),
see, e.g., [71, p. 115]

(_“b 2) . (4.25)
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It is easy to prove, see, e.g., [97, 60], that if M € Sp(n,R), then M is similar with M*
and M~!. If M € Sp(n,R) is as in (4.24), then the matrices a,b,c,d € M(n,R) in (4.24) verify
the equivalent conditions

abt —bal =0, ad' —bct = 1,,, cd —dct =0, (4.26a)
ale — cta =0, atd — b = 1,,, bld — d'b = 0. (4.26b)

Note that the inverse of the matrix (4.24) is given by

AT4:<d2_fv. (4.27)

—C a

The matrices from Sp(n,R) have the determinant 1.
Using the expression (4.27) it can be shown that the matrix

M € Sp(n,R) N Ogy,

has the expression (4.24) and

AJ:(be>, ada+bb=1,  a'b="ba. (4.28)
If M € M(2n,R) has the property (4.28), let
M :=a+ibe M(n,C), (4.29)
and the correspondence M — M’ of (4.28) with (4.29) is a group isomorphism
Sp(n,R) N Og, = U(n).
We identify R?" with C" via the correspondence o = (p, ¢) +— a,

a_p+m
V2

Following Bargmann [7], it is useful to introduce the transformation

p,q € R",

W: R?" & C?n, a=(p,q) — ac = (a,a),

1 (1 il 1 1 1
g — 2_7 n n —1 — 2—* n n
ac = Wa, w 2 <]ln —i]ln> , w 2 (—i]ln i]ln> ,

where
at: (ptvqt)a pt:(p17"'7pn)'

To M € M(2n,R) as in (4.24) we associate M¢ € M (2n,C)

A%:WMWAZI(

a+d+i(c—0b) a—d+i(b+c)>
2

a—d—ilc+b) a+d+i(b—c) (4.30)
If 5= Ra, R € Sp(n,R) then
Bc = Reag, where Rc = WRW™! € Sp(n,R)c,

and Rc € Sp(n,R)c = Sp(n,C) NU(n,n), cf. [7, 59, 66].
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From (4.26) we see that SL(2,R) ~ Sp(1,R). Next we apply (4.30) to M = (¢ %) € SL(2,R),

and we get Mc = (% g), where a = $(a+d+i(c—b)), 8 = 3(a—d+i(b+c)), i.e., Mc € SU(1,1)
because |a|? — |8|?> = 1. In particular, if a = cosf, b = sinf, ¢ = —b, d = a, then a = e,
B =0, and (4.23) is proved.

Now we prove that X; is a naturally reductive space verifying that the condition (A.10) is
fulfilled. We take into account (C.14) and (C.15a). If we consider sl(2,R) > g = m + b for the
homogeneous space M = X as in (4.23), then h = (H), m = (F,G) = (F — G, F + G), and the
relation (A.7c) [m, h] C m follows, i.e., A is reductive.

In order to verify the condition (A.10), we take X = aL! +bL3? Y = a1 L' + b1 L3, Z =
agL* +byL3. We get [X, Z] = (agb—bga)L? € h and [X, Z]y = 0. (A.10) is trivially satisfied. W

We mention that naturally reductive left-invariant metrics on SL(2,RR) in the context of
BCV-spaces have been investigated in [62].

5 The Jacobi group GY(R) embedded in Sp(2,R)

5.1 The composition law

The real Jacobi group G (R) is the semi-direct product of the real three dimensional Heisenberg
group Hj with SL(2,R). The Lie algebra of the Jacobi group Gy (R) is given by g{(R) =
(P,Q,R,F,G, H)r, where the first three generators P, @, R of h; verify the commutation
relations (3.2), the generators F, G, H of s[(2,R) verify the commutation relations (C.11) and
the ideal b in sp(2,R) is determined by the non-zero commutation relations

P Fl=Q  [@G]=PF [PH=P  [HQ=Q. (5.1)

Let G{(R) > g = (M, h), where M is as in (4.1), while H; > h = (X, ), X = (\,u) € R?
and similarly for ¢’ = (M’, h'). The composition law of G (R) is

!
9 =g, where My=MM, X\=XM+X, :m+n’+’X)?,4 (5.2)
where
_ [ad +bc ab +bd
N=\ed +dd o +dd' )
A, p1) = N +Xd +pd )/ + N +pd), k=K + K+ —pp'.
The inverse element of g € G (R) is given by
d 0 =b —u
_ _ _ -p 1 —q —k
(M, X,m) " = (M7 =Y, —r) » g = | 2 0 T (5.3)
0 0 O 1

where Y was defined in (1.5).
Using the notation of [39, p. 9], the EZ-coordinates (EZ — from Eichler and Zagier) of an
element g € G (R) (1.4) are (z,y,0, \, i1, k), where M is related with (x,y,6) by (4.4), (4.5).
The S-coordinates (S — from Siegel) of g = (M, h) € G{ (R) are (z,y,0,p,q, x), where (z,y,0)
are expressed as function of M € SL(2,R) by (4.5).
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5.2 The action
Let

T =1+ 1y, z:=pr+q=§&+1n, &neR. (5.4)

Let X/ ~ X1 x R? be the Siegel-Jacobi upper half-plane, where X; = {7 € C, y := Im7 > 0}
is the Siegel upper half-plane, and 221‘] = Xl‘] X R denotes the extended Siegel-Jacobi upper
half-plane. Simultaneously with the Jacobi group GY(R) consisting of elements (M, X, k), we
consider the group G”(R)q of elements (M, X). It should be mentioned that there is a group
homomorphism G{(R) > (M, X,x) — (M, X) € G’/(R)g, through which the action of G{(R)
on X7 can be defined, see [17, Proposition 2]. Then

Lemma 5.1. The action G’ (R)g x X{ — X is given by

/ b !/ )\ /
(M, X) x (,2') = (11, 21), where T = %, z1 = %, (5.5)

(MvX) X (xlvy/7p/7q/) = («Tl,yl,pl,Q1), (56)
where 2 =p't' + ¢, 7' =2’ +1y as in (5.4),

-1
b
(p1,q1) = (p,q) + (V. q) (Z d) =(p+dp —cd,q—bp' +ad), (5.7)

while (x1,y1) are given by (4.7a).
The action G{(R) x X{ — X/ is given by
(M, X, k) x (7,2, k) = (11, 21, K1),
(M7X7 ’k‘:) X (xlay/7p/7q/7’%,) = (x17y17p17QI7’%1)7

/

/
T] X
ki =k+K + X —pup, ,q) = <y,,£' - y,#) - (5.8)

Proof. The assertion (5.5) is expressed in [39, p. 11], reproduced in [13, Remark 9.1]. Details
of the proof are given in [14, Remark 1]. The calculation of 1 in (5.8) is an easy consequence
of the composition law (5.2). The expression of (p/,¢’) in (5.8) is a consequence of (5.4). [ |
5.3 Fundamental vector fields

In order to calculate the change of coordinates of a contravariant vector field under the change
of variables (5.4) (x,y,&,m) — (z,y,p,q), where (p,q) = (ﬂ & — gzn), we firstly observe that the

y7
Jacobian is % = —y < 0, and we get easily

1
Op — Oy — pdy, Oy — 0y — g(ap —20), %0 Oy (G -ad). (59)

In order to calculate the change of coordinates of a contravariant vector field under the change
of variables (5.4) (z,v,p,q,k) = (z,y,&,n, k), we get easily

Op — Op +pde, Oy — Oy +pdy,  Op = 20c +ydy, Oy — 0. (5.10)

With (5.9) and the action (5.5) on &7, and then with (5.10) for the action (5.8) on X;, we get
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Proposition 5.2. The fundamental vector fields expressed in coordinates (7, z) of the Siegel-
Jacobi upper half-plane X on which act the reduced Jacobi group G’ (R)g by (5.5) are given by
the holomorphic vector fields

F* =0,, G* = —7120, — 270,, H* =270, + 20,, (5.11a)
P* =10, Q* =0, R* = 0. (5.11b)

Then the real holomorphic fundamental vector fields corresponding to T = z + iy, y > 0,
z = & +in in the variables (x,y,&,n) are

F*=F, G =G+ ny—&x)0 — (§y +xn)0y, (5.12a)
H* :Hf+§6§+n8n, P :x8§+y8n, Q" :85, R* =0, (5.12Db)

where FY', G, H{ are the fundamental vector fields (C.23) attached to the generators F', G, H
of sl(2, R) corresponding to the action (5.5) of SL(2,R) on Xj.

If we express the fundamental vector fields in the variables (x,y,p,q) where & = px + q,
n = py, we find

F* = F{ — pOy, G* = GT — q0p, H* = H{ — p0y, + q0q, (5.13a)
P* = 0y, Q" = 0y, R*=0. (5.13Db)

Now we consider the action (5.8) of G{(R) on the points (1,2, k) of Xi.
Instead of (5.11), we get the fundamental vector fields in the variables (T, z,p, q, k)

F* = 0;, G* = —7%0, — 270,, H* =270, + 20,,
Im(z) Im(zT)

P* =710, + qam Q* = 0. _pam R* = Ok, b= q= Im(T) .

Instead of (5.12), we get the fundamental vector fields in 2%1‘] in the variables (x,y,&,m, K)
F*=F, G =GI+(ny—&x)0 — (Ey +an)oy,
H* = H{ 4 £0¢ + 10y, P* = 20t + y0, + qOx, Q" = 0¢ — pOx, R* =0,.
Instead of (5.13), we ge the fundamental vector fields in the variables (x,y,p,q, k)

F* = F{ — pOy, G* = GT — q0p, H* = H{ — p0y, + q0q, (5.14a)
P* =0y + qOk, Q" = 0y — pOk, R* = 0. (5.14Db)

5.4 Invariant metrics

We explain the method to get invariant metrics on G-homogeneous manifolds M from invariant
metrics of G, see also Appendix D.1.1.

Let M = G/H be a reductive homogeneous space. If g (h) is the Lie algebra of G (respec-
tively, H), then there exists a vector space m such that we have the vector space decomposition
g=m+h, mNh =, and the tangent space at z, T, M, can be identified with m, where H = G,
is the isotropy group at z, see Definition A.5 and Lemma A.6. Then let X;, i = 1,...,n be
a basis of the Lie algebra g such that

m:<X17"'7Xm>7 b:<Xm+1""7Xn>’

where dimm = m. The left-invariant one forms A; on G are given by

n
g7 dg =>_ NiX,
=1
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and the left-invariant vector fields L’ on G are determined from the relations (\;|L?) = §;,
i, =1,...,n. Then the invariant metric on G is given by ds% = > | A? and gg (L, L?) = 6, j,

i=1""

where i, =1,...,n. Let now Lg be the projections on M of the vector fields L7, j =1,...,m
We stil have (\;|L}) = &5, i,5 = 1,...,m and ds3, = >.7*, A?. The fundamental vector

i=1""
fields X, i = 1,...,m are Killing vectors of the metric gy.

Now we calculate the left-invariant one-forms on GY (R)
g ' dg = F+ 209G + \TH + ATP + \2Q + AR,

-1

where g is as in (1.4) and g~! as in (5.3). We find the left-invariant one-forms on GY (R)

Mo=MN A= M=)\ (5.15a)
M = d\ — pda — gde = edg + adp = AP — A\ — p)\I (5.15b)
= —y*% sin fdq + (y% cosf — xy*% sin 0)dp, (5.15¢)
A9 = ddg +bdp = A — pdb — gdd = X7 — A\ 4 " (5.15d)
= y_% cos fdg + (y% sinf + xy_% coS G)dp, (5.15€)
M= dk — pdg + qdp = A" + 22N — 1209 — 22u0h. (5.15f)

In (5.15), equations (5.15¢), (5.15e), (5.15f) are expressed in the S-coordinates (x,y,0,p,q, ),
M. A9, N\ have the expression (3.3) in the (\,p, x)-coordinates, while A/, A9, A" have the
expressions (4.2) in the (a, b, ¢, d)-coordinates of SL(2,R) and (4.8) are expressed in the (z,y, 6)-
coordinates. Also the elements a, b, ¢, d of the matrix M € SL(2,R) (1.4) are expressed in the
(x,y, 6)-coordinates by (4.4).

Now we calculate the left-invariant vector fields for the real Jacobi group

Proposition 5.3. The left-invariant vector fields L™ for the real Jacobi group G‘{(R) orthogonal
with respect to the invariant one-forms A\?,

(N |L%) = b0, @,B=F,GHPQR,
are given by the equations

=1/, 1S=r9, Lf=r" LP=LE+LY  L9=L9+LY (5.16a)
0 9 _cos O xcosh+ysing J

LY =d=——b—=— - , 5.16b

O Top 9 4 Op y3 dq (5160)

L7 = (bt qd) 2 = — L p(zcosd+ ysind) + geos 0], (5.16¢)

T =—pbtgd)y - = S x cosf + ysin gcost] - .16¢

0 0 81119 0 ycosh —zxsinf O

Q_ 90, 0 sinfd 9 16d

g cap—i-aaq y% 8p+ y% ¢’ (5.16d)

12 = (pa+ q0) 2 = —L p(ycosh — wsin ) — qsin ] (5.160)
)

rR_ 9

R (5.16f)

The invariant vector fields L¥, L¢, L¥, LT, L, L% verify the commutations relations (C.11),
(3.2) and (5.1) of the generators F', G, H, P, Q, R of the Lie algebra g{ (R).

Besides the formulas for A\, Ag, Az defined in (4.10), we introduce the left-invariant one-forms:

M= AAE A= A09 X =VarE, 40 >0, (5.17)
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where AP, A2, A% are defined in (5.15). Note that the parameters v, ¢ introduced in (5.17) will
appear also in the invariant metrics (5.25) on X7 and (5.27) on G7 (R), while in the metric (5.22)
on Xl‘] appears only +v. The invariant metrics on D;{ and X;L] depend only of two parameters
a,vy > 016, 17, 21, 109, 111]. In fact, the first time they appear in the papers of Kéhler [68, 69]
and Berndt [37, 38], parameterizing the invariant metric on Xl‘] .
Also, besides the left-invariant vector fields L', L?, L? defined in (4.11), we introduce the left
invariant one forms
L= iLP, L° = LLQ, LS = LLR, (5.18)
val val V6
where L¥| L2, L are defined in (5.16). The vector fields L?, i = 1, ..., 6 verify the commutations
relations

L' %] = —@Lff, L2 13 = LLl, L3 L' = LL% 5.19
07 == 1.0 = 5 75 [0 = 7 (5.199)
1y L g5 T N S 1 76] _
(L', L% = 2\/aL, L', L°] = 2\/aL, (L', L°] =0, (5.19Db)
2 r41_ L o4 2 151 1 .5 2 767 _
[L?, L% = 2\/aL, [L,L]_Q\/aL, [L?,L°] =0, (5.19¢)
3 741 L1 o5 3 057 1 14 3 767 _
[L°, L% = 2\/aL, [L,L]_NBL, [L?,L°] =0, (5.19d)
(L%, L°] = 2{%6, (L', L°] =0, (L5, L°] = 0. (5.19)
Similarly, we introduce
1 1 1
Li=—1F  3=—19  [8=_—_[LR 5.20
0 ﬁ 0 0 ﬁ 0 \/g ( )

Recalling also Proposition 2.1, where we have replaced u = pv+¢q, v = x +iy with z = pr+g¢,
respectively 7 = x + iy, and k = 2¢;, p = %, we have proved:

Proposition 5.4. The balanced metric (5.21) on the Siegel-Jacobi upper half-plane Xi, left-
invariant to the action (5.5), (5.6), (5.7) of reduced group G”(R)q is

drd7 2i -z
ds?\,J (1,2) = —1 T _T2 102_ (dz — pd7) X cc, p= : f, (5.21a)
i (t—7) T—T T—7
dz? +dy?* ¢
ds% (2, y,p.q) = C1T2y + 52[( 2 +1%)dp? + dg® + 2adpdq]
dz? + dy? 22 4 y? x 2 ydg 2
= —_ 21
C1 4y2 + c2 <dp+ .’IIQ + y2 dq) + <Jﬁ'2 + y2> ) (5 b)
da? + dy?
2 _
ds,le (x7 Y, 57 77) - 0147:[/2
Co 5 2 n
+ ” de? + dn? + (y) (dz? + dy?) — 2§<dxd§ + dydn) | . (5.21c)

The metric (5.21) is Kdhler.

If we denote G = a, ca = v, then the matriz attached to the left invariant metric (5.21b)

on X{ reads

g O 0 0

1 0 gy O 0
9x) = 0 0 9pp 9pg
0 0 9pqg Ygq



20 S. Berceanu

o x2+y2 T

~
Jzz = Gyy = —, 9pp =V——, 9qqg = —> Ipg = V—- 5.22
T vy 2 pp y qq y Pq y ( )

—

The metric (5.21b) can be written as

dsgq, =M+ A3+ A

The vector fields L% dual orthogonal to the invariant one-forms A;, (\; | Lé) =0;5,4,5 =1,2,4,5,

with respect to the bases dx, dy, dp, dq and 8%, 8%’ 6%’ 8% are

L= % <cos 206830 + sin 2988y> , L= % (— sin29§x + cos 29(%) ,
and L}, LY defined by (5.20). The metric (5.21b) is orthonormal with respect to the vector fields
Ly, L3, L3, LS.

The fundamental vector fields given by (5.13) are the solutions of the equations of the Killing
vector fields (5.23) on X; in the variables (z,y,p,q) corresponding to the metric (5.21b), in-
variant to the action (5.5), made explicit in (4.7) and (5.7), (5.8):

~ X%+ 90, X' =0, (5.23a)
0 X2+ 9, X' =0, (5.23b)
ea[(2? +42) 0, X3 + 20, X + Z—;apxl =0, (5.23¢)
%aqxl + oo (20, X5 + 9, X*) =0, (5.23d)
~X? 4+ y9,X* =0, (5.23¢)
e | (2% +12)9, X3 + 2o, x| + Lo,x2 =0, (5.23f)
y y
e [20, X3 + 0,XY] + L9, X2 =0, (5.23g)
4y
20y X' + (—x2 + y2)X2 + 2y(:ﬁ2 + y2)8pX3 + 21‘3/8,,X4 =0, (5.23h)
yX' — 2 X% 4 2y0, X° + yo, Xt + y(x2 + y2)8qX3 + 2yd, X* =0, (5.231)
—X? + 22y0, X3 + 2y0,X* = 0. (5.23)

We make a “historical” comment

Comment 5.5. In [37, p. 8], Berndt considered the closed two-form = ddf on Siegel-Jacobi
upper half-plane Xy, G/ (R)g-invariant to the action (5.5), obtained from the Kihler potential
)2

f(r,z) =cilog(r —7) — iczg, c1,c2 > 0, (5.24)
where ¢; = %, ¢y = 2u comparatively to our formula (2.4). Formula (5.24) is presented by
Berndt as “communicated to the author by Kéhler”, where it is also given equation (5.21a),
while (5.21b) has two printing errors. Later, in Section 36 of his last paper [68], reproduced
also in [69], Kéhler argues how to choose the potential as in (5.24); see also [68, Section 37,
equation (9)], where ¢; = %, co = ium, and the metric (8) differs from the metric (5.21) by
a factor two, because the hermitian metric used by Kihler is ds? = 29;;dzidz;.

We also recall that in [110] Yang calculated the metric on X/, invariant to the action
of GJ(R)g. The equivalence of the metric of Yang with the metric obtained via CS on D;
and then transported to X)) via partial Cayley transform is underlined in [17]. In particular,
the metric (5.21c) appears in [110, p. 99] for the particular values ¢; = 1, co = 4. See also
[109, 111, 112].
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Now we shall establish a metric invariant to the action given in Lemma 5.1 of G{(R) on
the extended Siegel-Jacobi upper half-plane X1 Because the manifold Xl is 5-dimensional, we
want to see if the extended Siegel-Jacobi upper half-plane is a Sasaki manifold, as in the case
of SL(2,R) in Proposition 4.1. If we take as contact form 1 = \g, then dyp = —2v/ddp A dg,
and n(An)? = 0. If we try to determine a contact distribution D = Ann(n), we get D =
<8% — q%,a% +p%>. From (D.4), we find ®§ = 0, and &) = q®, @;‘ = —p®), where
A =x,y,p,q, k. So & has Rank(®) < 4. In conclusion, (®,&,n) chosen as above can not be an
almost contact structure for the extended Siegel-Jacobi upper half-plane 2\?1‘] .

We obtain

Proposition 5.6. The metric on the extended Siegel-Jacobi upper half-plane /'\N,’l‘], in the partial
S-coordinates (x,y,p,q,K):

ds%s = dsi (2,9,p,9) + X5(p. ¢, )
= < (da? + dy?) + B(aﬂ +y?) + 5q2] dp? + (; n 6p2> dq? + 6di?
+2 <'y;j — 5pq> dpdq + 26(qdpdk — pdqdk) (5.25)

is left-invariant with respect to the action given in Lemma 5.1 of the Jacobi group G (R).
The matriz attached to metric (5.25) is

gzz O 0 0 0

0 gy 0 0 O
g)E‘IJ = 0 0 gep gé)q gén )

0 0 97,, g?q g;m

0 0 9xp YGrg Ynw

g}’oq = Gpg — opq, g;m = dq, gfm = —6p, g;p = gpp + 5(]2,
glllq = Yqq + 5]92, g,{cn = 5a (526)

while guz, Gyys Gpps Ggq» Ipg O given in the metric matriz (5.22) associated with the balanced
metric (5.21b) on &7

The metric (5.26) is orthonormal with respect to the invariant vector fields LE, i = 1,2,
L', i = 4,5,6. The fundamental vector fields with respect to the action (5.8) in the variables
(x,y,p,q, k) are given by (5.14).

The extended Siegel-Jacobi upper half-plane /f’l‘] does not admit an almost contact structure
(®,&,m) with a contact form n = X\g and Reeb vector £ = Ker(n).

With (5.15¢), (5.15¢), (5.15f), we find the invariant metric on the Jacobi group G7 (R):

Theorem 5.7. The composition law for the real Jacobi group G{(R) in the S-coordinates
(z,vy,0,p,q,k) is given by (4.7) for (z,y,0), (5.6) for (p,q) and (5.8) for the coordinate K,
replacing in the matriz M € SL(2,R) the values of a, b, ¢, d as function of (z,y,0) given
by (4.4).

The left-invariant metric on the real Jacobi group G{ (R) in the S-coordinates (z,y,0, p,q, k)
is

d dy? d 2
ZV v + @ Ty +,B<x+2d0)

+ " [dq + (m +y )dp2 + 2xdpdq] + 6(dk — pdq + qdp)?, (5.27)
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where A1, ..., A3 are defined by (4.10), while A4, ..., ¢ are defined by (5.17), (5.15¢)—(5.15f).
The matriz attached to the metric (5.27) in the variables (x,y,0,p, q, k) reads

0 gy O 0 0 0
90z g9 O 0 0

)

0
/ / /
0 0 pp Ipa Ipw
0 0 0 op Igq Ign
0 0 0 Gy 9ng s
where gow, Gyy, 9z0, goo are those attached to SL(2,R) given by (4.21), gpns 9pgs Yaqr Iper g

gr... are given by (5.26).
We have

(Xi | L) = 64, i,j=1,...,6,

where L', ..., L3 are defined by (4.11), while L*,..., L5 are defined by (5.18), (5.16b)—(5.16f).
The vector fields L¥, i = 1,...,6 verify the commutations relations (5.19) and are orthonormal
with respect to the metric (5.27).

Depending of the values of the parametres o, 8, v, §, we have invariant metric on the following
manifolds:

1) the Siegel upper half-plane Xy if B,7,0 = 0, see Proposition 4.1,

2) the group SL(2,R) if v, =0, 5 # 0, see Proposition 4.1,

3) the Siegel-Jacobi half-plane Xi if 3,6 = 0, see Proposition 5.4,

4) the extended Siegel-Jacobi half-plane 2%1‘] if B =0, see Proposition 5.6,
5) the Jacobi group G{ if afyd # 0.

We show some consequences of Theorem 5.7. We investigate if the homogeneous manifold Xl‘]
is a naturally reductive manifold or not. The fact that A7 is not a naturally reductive 4-
dimensional manifold is well known, see Theorem A.12, but in Proposition 5.8 below we present
a direct proof.

Proposition 5.8. The Siegel-Jacobi upper half-plane realized as homogenous Riemannian mani-
fold (Xi] = Sgé%,g)q]) s a reductive, non-symmetric manifold, not naturally reductive with
respect to the balanced metric (5.21b).

The Siegel-Jacobi upper half-plane X{ is not a g.o. manifold with respect to the balanced
metric.

When expressed in the variables that appear in the FC-transform given in Proposition 2.1,
X{ is a naturally reductive space with the metric gy, X gg2, where gy, is given by (4.22) and gg2
is the FEuclidean metric (A.14).

If
gf 3 X =aL' +bL* + cL3 +dL* + eL’ + fLS, (5.28)

then a geodesic vector of the homogeneous manifold X{ has one of the following expressions
given in Table 1.

Proof. From the commutation relations (C.11), (3.2), (5.1), it is seen that for g{ (R), we have
m=(F,G PQ), b=(HR), (5.29)

because [m, h] C m, i.e., Xl‘] is a reductive space, cf. Definition A.5.
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Table 1. Components of the geodesic vector (5.28).

Nr. cr. a b c d e f
1 0 0 c 0 0 | f
2 a b 0 0 0 | f
3 rc 0 c +re 0 f
4 a 0 —a 0 evra | f
5 61621—\;6 €1e —6\1/67726 ear/re e f
Herer:\/g, e%:e%:@:
But [m,m] ¢ b, and &7 is not a symmetric manifold.
We verify (A.10) written as
g([Xl,Xg]m,XQ) + g(Xl, [Xg,XQ]m) =0, VX, X9, X3 €m. (530)

Instead of (5.29) we take
m= (L', L? L* L%),  b§=(L%LP),

where L', ... L3 (L%, ..., L%) are defined in (4.11), (respectively (5.18)).
We take

Xi = aiLl + biL2 + CZ‘L4 + diL5, 1= 1, 2, 3,
and, with the commutation relations (5.19), we find

2/a

Taking into account that the vector fields L', ..., L% are orthonormal with respect to the met-
ric (5.27) on GY as in Theorem 5.7, the condition (5.30) of the geodesic Lemma A.19 reads

(X1, X3] = [(dias — aids + c1bs — bies) L + (c1as — aics + bids — dibs) LP).

03(a2d1 — a1dy + bocy — 1)102) + d3(bld2 — body + ager — alcg) =0. (531)
The condition (5.31) implies that the system of algebraic equations

ards + bica = c1by + dyas,
aica — bids = cras — diba,

must have a solution for any a;, b;, ¢;, d;, ¢ = 1,2,3, which is not possible, and Xl‘] is not
naturally reductive with respect to the balanced metric.

Due to Theorem A.20, the four-dimensional manifold X} is not a g.o. manifold.

We also recall that in [17, Propositions 3 and 4] it was proved that under the so called FC-
transform, the manifold X/ is symplectomorph with X™ x C". The particular case of the Jacobi
group of degree 1 was reproduced in Proposition 2.1 and, in particular, Xl‘] is equivalent with
the symmetric space X; x C, which is naturally reductive, as in Theorem A.12.

To find the geodesic vectors on the Siegel-Jacobi upper half-plane X7, we look for the solu-
tion (5.28) that verifies the condition (A.22) of the geodesic lemma expressed in Proposition A.19.
Taking

m>Y =a L' + b L2 + d1L* + e, L,
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the condition (A.22)

a(bc+ed>+b1[ ac+1(d2 62)]
=+ == b D ST O R
VB Ve 2| VB Va
dq e1 | cd 1
— ——(bd — |—=+ —=(be—ad)| =0
2\/5( +ec+ae)+2[\/3+\/a(e a)]
must be satisfied for every values of a1, by, di, €1, i.e., the coefficients of the geodesic vector (5.28)
are solutions of the system of algebraic equations

rbc + de = 0,

—rac+d*> — e =0,

bd+e(a+c) =0,

red + be — ad = 0. (5.32)

The solutions of the system (5.32) are written in Table 1. [

A Naturally reductive spaces

A.1 Fundamental vector fields

A homogeneous space is a manifold M with a transitive action of a Lie group G. Equivalently,
it is a manifold of the form G/H, where G is a Lie group and H is a closed subgroup of G, cf.,
e.g., [6, p. 67].

Let (M,g), (N,g’) be Riemannian manifolds. An isometry is a diffeomorphism f: M — N
that preserves the metric, i.e., g,(u,v) = g}(p) (dfp(u),dfp(v)), Vp e M,Vu,veTM,. If (M,g)
is a Riemannian manifold, the set I(M,g) (or I(M)) of all isometries M — M forms a group
called the isometry group of M.

A Riemannian homogenous space is a Riemannian manifold (M, g) on which the isometry
group I (M) acts transitively. A Riemannian manifold (M, g) is a G-homogenous (or homogenous
under a Lie group G) if G is a closed subgroup of I(M, g) which acts transitively on M, cf. [40,
p. 178].

Let G be a Lie group of transformations acting on the manifold M, cf. [63, Chapter II,
Section 3, p. 121]. In [63, p. 122] it is introduced the notion of vector field on M induced by the
one parameter subgroup exptX, t € R, X € g, denoted X, where g is the Lie algebra of G. In
[70, Section 5, p. 51], in the context of principal fibre bundle P(M,G) over M with structure
group the Lie group G, it is introduced the same notion under the name fundamental vector
field associate to X € g, denoted X*, see also [70, Proposition 4.1, p. 42].

Let M = G/H be a homogeneous n-dimensional manifold and let us suppose that G acts
transitively on the lefton M, Gx M — M: g-x =y, where y = (y1,...,yn)". Then g(t)-z = y(t),
where ¢(t) = exp(tX), t € R, generates a curve in M with y(0) = = and y(0) = X. The
fundamental vector field attached to X € g at x € M is defined as

d

X = Sy)| = Slewx) o)

We write the fundamental vector field attached to X € g as

t=0

Xe = Z(X?k 52 (X)a = dyciit) ‘tzo’

Now, because [X*,Y*] = —[X,Y]*, see, e.g., in [63, Theorem 3.4, p. 122], it is observed
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Lemma A.1. If the generators X1,...,X,, of a Lie algebra g verify the commutations relations
[Xi, X;] = cf; Xx, (A1)
then the associated fundamental vector fields verify the commutation relations
(X7, X7 = - X
Note that if the action of G on M is on the right as in [70, p. 51], then

X7, X] = X

A.2 Killing vectors

A vector field X € D'(M) on a Riemannian manifold (M, g) is called an infinitesimal isometry
or a Killing vector field if the local 1-parameter group of local transformations by X in a neigh-
bourhood of each point of M consists of local isometries, see also in [70, Proposition 3.2, p. 237],
i.e.,

Lxg=0, X ecd'(M), (A.2)

where L x is the Lie derivative on M.

We recall below in Lemma A.2 the Killing equations (A.5), see, e.g., [113, Theorem 1.3, p. 5]
or [104, equation (40'), p. 247]. We use the tensor notation as in [104, 113].

Let us consider a n-dimensional Riemannian manifold (M, g) and a vector field with the
contravariant components Xii=1,...,n:

X=) X e (A.3)
=1

If V denotes the covariant derivative, we have the standard formulas

Viudrx = gy = Thagox — D9, (A.da)
VXX = 0, XX + T8, X7, (A.4Db)
VuXy =0, X, — T, X, (A.4c)
X, = g X, (A.4d)
Lxgxy = X"0ugxy + goxOr X" + grp0, X" (A.4e)

Lemma A.2. Let (M, g) be a n-dimensional Riemannian manifold with a Riemannian (metric)
connection. The field X is a Killing vector field if and only if its covariant components X,,,
w=1,....n verify the Killing equations

00Xy  0X)
VaXy + VX = o T o —QF’;\XXp:O, Ax=1,...,n. (A.5)
Remark A.3. If the coordinate z* is not present in the expression of metric tensor gy, A, x =
1,...,n, then 6% is a Killing vector field for the metric g,.

With (A.4e), the condition (A.2) of a vector field (A.3) to be a Killing vector field is that its
contravariant components to verify the equations

XP 0,05y + GuxONX" 4+ g0 XM = 0, Ax,pu=1,...,dimM =n. (A.6)
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The system (A.6) of n(n + 1)/2 equations of a Killing vector field X!(x),..., X"(z) is overde-
termined, and no-nonvanishing solution is guaranteed, in general. The set «(M) of all Killing

vector fields on n-dimensional manifold M forms a Lie algebra of dimension not exceeding w

and dim(¢(M)) = % is obtained only for spaces of constant curvature, see [70, Theorem 3.3,
p. 238]. For example, maximal solution is obtained for the (pseudo)-Euclidean spaces E™"~",
for the sphere S™ or the real projective space RP™ = S™ /(+1), see, e.g., [70, Theorem 1, p. 308],
[104, p. 251] and [57, Section 4.6.6, p. 83]. We have ((E"*) = so(r,s) x R""5. The Euclidean
group E" of R™ has dimension n(n+1)/2, where n degrees of freedom correspond to translations,
the other n(n —1)/2 correspond to rotations, see also Proposition A.13 and Remark C.4 below.
The following remark is very important for the determination of Killing vector fields on
Riemannian homogeneous manifolds, see, e.g., see [35, p. 4] or [72, Proposition 2.2, p. 139]:

Remark A.4. If (M, g) is a Riemannian homogeneous space M = G/H endowed with a G-
invariant Riemannian metric g, then each X € g generates a one-parameter subgroup of the
group I (M) of isometries (motions) of M via p — (exptX) - p. Hence the fundamental vector
field X* on a Riemannian homogeneous manifold is a Killing vector. For Riemannian homoge-
neous spaces M = G/H, dim(I(M)) = dim(G).

A.3 Reductive homogeneous spaces

The following notions are standard, see [63, pp. 121, 123 and 125] or [70, p. 155] and [71, p. 187];
see also [3, 89, 90].

The set of elements G, of a given group G, acting on a set M as group of transformations
that leaves the point z fixed, is called isotropy group, also called stationary group or stabilizer.
If G is a Lie group and H is a closed subgroup, then the coset space G/H, in particular,
H = G, is taken with the analytic structure given in [63, Theorem 4.2, p. 123]. For z € G,
the diffeomorphism of G/H into itself is 7(x): yH — xzyH. The natural representation of the
isotropy group of a differentiable transformation group in the tangent space to the underling
manifold is called isotropy representation. If G is the group of differentiable transformations on
the manifold M and G, is the corresponding isotropy subgroup at the point x € M, then the
isotropy representation Is,: G, — GL(T, M) associates to each h € G, the differential Is,(h) :=
(d7(h)) sy of the transformation h at z, where A\: G — G/H is the canonical projection. The
image of the isotropy representation, Is,(Gy), is called the linear isotropy group at x.

If G is a Lie group with a countable base acting transitively and smoothly on M, then the
tangent space T, M can be naturally identified with the space g/g,, where g D g, are respectively
the Lie algebras of the groups G O G,. The isotropy representation Is, is now identified with
the representation G, — GL(g/g.), induced by the restriction of the adjoint representation
Adg of G to G. See details below in Lemma, A.6.

Definition A.5 (cf. Nomizu [88]). A homogeneous space M = G/H is reductive if the Lie
algebra g of G may be decomposed into a vector space direct sum of the Lie algebra § of H and
an Ad(H )-invariant subspace m, that is

g:h+m7 f)ﬂng, (A7a)

Ad(H)m C m. (A.7h)
Condition (A.7b) implies

[h,m] Cm (A.7c)
and, conversely, if H is connected, then (A.7c) implies (A.7b). Note that H is always con-

nected if M is simply connected. The decomposition (A.7a) verifying (A.7b) is called a H -stable
decomposition.
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Lemma A.6. If a homogeneous space M is reductive, then T;M can be identified with m,
while Is, can be identified with the representation h — (Adgh)|m. In this case, the isotropy
representation is faithful if G acts effectively.

So let us denote by z(s) the 1-parameter subgroup of G generated by X € m and let x*(s) =
A(z(s)) be the image of x(s) by the projection A of G onto G/H:

x¥(s) = z(s).0 = (exp sX™).o.
Identifying X* with X € m, we can write down
z*(s) = exp(sX).o.

The invariant tensor fields on a homogeneous space M are in one-to-one correspondence with
the tensor fields on T, M that are invariant with respect to the isotropy representation. In
particular, M has an invariant Riemannian metric if and only if T,,M has a Euclidean metric
that is invariant under the linear isotropy group.

In accord with [71, Proposition 3.1 and Corollary 3.2, p. 200] and [6, p. 78]:

Proposition A.7. Let M = G/H be a homogenous space where G is a Lie group acting effec-
tively on M, which is reductive.

The one-to-one correspondence between G-invariant indefinite Riemannian metrics g on M =
G/H and Ad(H)-invariant non-degenerate symmetric bilinear forms B on m

B(X,Y) = B(Ad“/" ()X, Ad“/ (n)Y), VX,Y em, heH,
s given by
B(X,Y)=g(X*Y"),,  for X,Y em, (A.8)

Explicitly, the Ad(H) invariance of the symmetric non-degenerate form B in (A.8) means,
see, e.g., [71, p. 201]

B(X,[Z,Y])+B(Z,X],Y)=0, X, Yem, Zebh. (A.9)

Usually it is asked that the group of isometries G acts effectively on M, cf. [51].

The canonical connection, see [71, p. 192], or canonical affine connection of second type,
see [88], on the reductive space M = G/H verifying (A.7a), (A.7b), is the unique G-invariant
affine connection on M such that for any vector field X € m and any frame u at the point o,
the curve (exptX)u in the principal fibration of frames over M is horizontal. The canonical
connection is complete and the set of its geodesics through o coincides with the set of curves of
the type (exptX)o, where X € m, see also [71, Proposition 2.4 and Corollary 2.5, p. 192]. In
a reductive space there is a unique G-invariant affine connection with zero torsion having the
same geodesics as the canonical connection, cf. [71, Theorem 2.1, p. 197]. This connection is
called in [71] natural torsion-free connection on M = G/ H relative to the decomposition (A.7a),
or canonical affine connection of the first kind in [88].

A.4 Naturally reductive spaces

For the next definition and (A.10) below, see in [88, Chapter II, Section 13, metric connections|,
[71, p. 202] and [51],
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Definition A.8. A homogeneous Riemannian or pseudo-Riemannian space M = G/H is natu-
rally reductive if it is reductive, i.e., it verifies (A.7a), (A.7b), and

B(X,[Z,Y]w) + B(Z, X]w,Y) =0, X,Y,Zem, (A.10)

where B is the non-degenerate symmetric bilinear form on m induced by the Riemannian
(pseudo-Riemannian) structure on M under the natural identification of the spaces m and M,,
as in (A.8).

If M = G/H is a naturally reductive Riemannian or pseudo-Riemannian space verifying
(A.7a), (A.7b), and (A.10), then the natural torsion-free connection coincides with the corre-
sponding Riemannian or pseudo-Riemannian connection on M [3].

Based on [4, Theorem 5.4], [71, Chapter X, Section 3|, [100, Theorem 6.2, p. 58] and [35,
Proposition 1, p. 5], it is formulated the following

Proposition A.9. Let (M,g) be a homogeneous Riemannian manifold. Then (M, g) is a nat-
urally reductive Riemannian homogenous space if and only if there exists a connected Lie sub-
group G of I(M) acting transitively and effectively on M and a reductive decomposition (A.7a),
such that one of the following equivalent statements hold:

(1) (A.10), or
9([X, Z]m,Y) + 9(X,[Z,Y]m) = 0 VX,Y,Z €m,

is verified;

(13) the Lewvi-Civita connection of (M,g) and the natural torsion-free connection with respect
to the decomposition (A.7a) are the same;

(1it) (x) is true, i.e., every geodesic in M is the orbit of a one-parameter subgroup of I(M)
generated by some X € m.

It is not always easy to decide whether a given homogenous Riemannian space is naturally
reductive [1]. The Riemannian manifold M = G/H might be naturally reductive although for
any reductive decomposition g = h+m none of the statements in Proposition A.9 holds, because
that might exist another appropriate subgroup Gcl (M) such that M = G / H and with respect
to such decomposition the conditions of Proposition A.9 are satisfied, see, e.g., [35, p. 5]. In
accord with [35, Proposition 2, p. 5], a necessary and sufficient condition that a complete and
simply connected manifold be naturally reductive is that there exists a homogeneous structure T
on M with Tyv = 0, for all tangent vectors v of M.

Ambrose and Singer found the condition for a Riemannian manifold be locally homoge-
neous [4].

A.5 Naturally reductive spaces of dimension < 4

The connected homogeneous Riemannian V,, naturally reductive spaces of dimension n < 6 are
classified.

For two dimensional manifolds, because the homogeneous manifolds Vo have constant curva-
ture, they are locally symmetric spaces, see, e.g., in [100, Theorem 4.1, Section 4].

Theorem A.10. The only homogenous structure on R? and S? is given by T = 0, cf. [100,
Corollary 4.2].
Let (M, g) be a connected and simply connected surface. Then (M,g) admits a homogenous
structure T # 0 if and only if (M, g) is isomorphic to the hyperbolic plane, cf. [35, Theorem 4.3].
Up to an isomorphism, H? has only two homogenous structures, namely:
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1. T = 0, corresponding to the symmetric case H> = SOy(1,2)/U(1), where SOy(1,2)
SL(2,R)/£1 is the connected component of the identity of the Lorentz group, see also (C.1

2. TxY = g(X,Y)é = g(&, V)X, E = ' BV + By, B = Lyl b, By = Lyt 5%,

1)

g=r*(y") " ((dy")” + (dy?)"), (A.11)

X, Y € DY (M), r > 0. This homogenous structure corresponds to the Lie algebra g with the
product (y1,vy2) (Y1, v4) = (1Y}, yivh+y2), i-e., the semi-direct product of the multiplicative
group R(J)r and the additive group R.

The case n = 3 was considered by Kowalski [74]. The proof of Theorems A.11 and A.12
below is based on the Ambrose and Singer theorem in the formulation of [100, Section 2] and the
classification of 3-dimensional unimodular Lie groups with left-invariant metrics of Milnor [83].

The following theorem is [100, Theorem 6.5, p. 63], [36, Theorem 2] or [1, Theorem 5.2]:

Theorem A.11. A three-dimensional complete, simply connected naturally reductive Rieman-
nian manifold (M, g) is either:

(a) a symmetric space realized by the real forms: R3, S% or the Poincaré half-space H3, and
S? xR, H2 x R, or

(b) a non-symmetric space isometric to one of the following Lie groups with a suitable left-
invariant metric:
(b1) SU(2),
(b2) SL(2,R), the universal covering of SL(2,R), with a special left-invariant metric,

(b3) the 3-dimensional Heisenberg group Hy, where the Heisenberg group has a left-inva-
riant metric.

The Poincaré half-space H" is the set (z1,...,x,) € R", 21 > 0, with the metric proportional
with
n
ds? := 72 Z(dazi)Q. (A.12)
i=1

For the left invariant Riemannian metrics which appear in Theorem A.11, see [74, Theorem 2]
and [91]. For Hy = R3[z,y, 2] a left-invariant metric is

1

- (d2® + d2? + (dy — 2d2)?), beR;.

dsfq3 =
Note that in [35, Theorem 1, p. 6] appear only the non-symmetric naturally reductive spaces of
dimensions 3: SU(2) & S3, éi(ZR) and Nilg. The metrics of these spaces are particular cases
of the 7-families of BCV-spaces that appear in Theorem A.15, because the naturally reductive
spaces are a particular class of homogenous spaces.
The case of four-dimensional manifolds was treated by Kowalski and Vanhecke, see [76, Theo-
rem 1, p. 224] or [35, Theorem 2, p. 6]:

Theorem A.12. Let (M, g) be a four-dimensional simply connected naturally reductive Rieman-
nian manifold. Then (M, g) is either symmetric or it is a Riemannian product of the naturally
reductive spaces of dimension 3 of type (b) appearing in Theorem A.11 times R. In the last
cases, (M, g) is not locally symmetric.
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A.6 V5 and Vj; spaces with transitive group

The determination of the groups G3 of isometries with three parameters of a two-dimensional
space V2 with positive definite metric was done by Bianchi [41]. In Proposition A.13 below we
follow Vranceanu, see [104, Chapter V, Section 14, p. 288]. The generators of G3 in [104, equa-
tion (90)] considered by Vranceanu, in our notation (C.37), verifies the commutation relations

[X,Y]=—€Z,  [V,Z]=—-kX, [Z,X]=-Y, ==+l (A.13)

Below we also write down Va2 as a homogenous manifolds.
E(2) is the group of rigid motions of the Euclidean 2-space, denoted M (2) in [102, p. 195],
see also [102, Section 8.5].

Proposition A.13.
1. If k=0, e =1, then the invariant metric of Va is given by (A.14),
ds? = da? + dy?, (A.14)
and Vs is the Buclidean space E? = E(2)/0(2). The Euclidean group is E(2) = R? x O(2).
2. If k=0, e = —1, then the invariant metric of Vo is
ds? = da? — dy?,

on the pseudo-euclidean space Vo = B = E(1,1)/0(1,1), E(1,1) = R? x O(1,1).

3. A space Vo with group Gs always admits a simply transitively subgroup, except when the
generators (A.13) of the structure group for € = 1 and k > 0, when the stereographic
projection of the sphere from the south pole (0,0, —R) to plane tangent in the north pole
(0,0, R) has the expression (C.8), where m = %, and the generators (C.36) are

0 0 0 0 0 0
X = 9 _,<¢ R/ B 7,9 .9
vk <28x x@z) ’ \/E< Yo, +28y) ’ r x(‘?y’

i.e., rotations around the azes x, y, z. We have Vo = S? = CP! = SU(2)/U(1). The
metric of a space Vo with simply transitive abelian group may be written as

ds® = e2du? +edv?, k= -\ (A.16)
Ife=1 and k > 0, then (A.16) can be written down as

k(udv + vdu)? b= 1

ds? =dv? +dv? + ~— 77 —.
y ut 7)—i_l—k(uQ—l—vz)’ R?

4. If e =1 and k < 0, then the metric on Va is (the Beltrami) metric

_dE? +dn?

d82 = )\27"72, k = —A2, n > 0, (Al?)

see also (A.12). Va is of the type of a Siegel disk Vo = Dy = SU(1,1)/U(1) or, equivalently,
Siegel upper half-plane H,.

For (A.17), see [97, equation (2)] or [64, Theorem 3, p. 644].
The formulation of the following proposition is extracted from [65]:



The Real Jacobi Group Revisited 31

Proposition A.14. If (Va,g) is a homogenous space of dimension 3, then dim(I(V3)) = 6, 4
or 3.

1. If dim(I(V3)) = 6, then V3 is of the type of the real space forms, i.e., the real Euclidean
space E3, the sphere S3(k), or the hyperbolic space H? (k).

2. If dim(I(V3)) = 4, then V3 is either a Riemannian product Hz(/{)Nx R or S?(k) x R, or
one of the following Lie groups with left invariant metric: SU(2), SL(2,R) or Hy, see [83].

3. If dim(I(V3)) = 3, then V3 is a general 3-dimensional Lie group with left-invariant metric,
g., the Lie group Sols, i.e., the group with the composition law:

(21,91, 1) (w2, Y2, t2) = (21 + e'ma, y1 + e Fya, 11 + 12)
and the left-invariant metric

ds? = e 2da? + e dy? + dt?.

The above classification contains the eight model geometries of Thurston [99]: E3, H3, S3,
H? x R, S? x R, SL(2,R), H; and Sols.

Cartan classified all 3-dimensional spaces V3 with a 4-dimensional isometry group G4 in [48],
see also [41] and [104]. See also [91] for a modern presentation of Cartan approach.

The Bianchi-Cartan-Vranceanu (BCV) spaces are V3 spaces with dim((V3)) = 4 together
with E3 and S3(k), while the hyperbolic space H3(k) appearing in Theorem A.11 — a symmetric
naturally reductive — is missing in the list of BCV-spaces.

For k,7 € R, it is defined the open subset of R?

BCV(k, 1) = {(m,y, 2) €R3| D = D(x,y,2; k) >0, where D := 1+ g(mQ + y2)} ,(A.18)
equipped with the metric

da? + dy?

D2 (A.19)

dr — zdy\?
dsfoy (2, y, 23K, 7) = W)

—I—<dz+7' o)

Following [101, Section 2.5] and [47, Example 2.1.10, p. 59|, the BCV spaces are described as
in
Theorem A.15. All 3-dimensional homogenous spaces V3 with isometry group G4 are locally

isomorphic with the BCV-spaces. The BCYV family also includes two real space forms, with
isometry group Gg, see Proposition A.14. The full classification of these spaces is as follows:

1) if kK =7 =0, then BCV(k,7) = E3;
2) if K =47 #0, then BCV(k,7) = 53(%) \ {o0};
3) if K >0 and 7 =0, then BCV(k,7) = S%(k) \ {o0}) x R;
4) if Kk <0 and 7 = 0, then BCV(k,7) = H2(k) x R;
5) if k>0 and 7 # 0, then BCV(k,7) = SU(2) \ {o0};
6) if k<0 and T # 0, then BCV(k,7) = SL(2,R);
7) if k=0 and T # 0, then BCV(k, ) = Nils.
Here the Poincaré (Siegel) disc is
2 2
H2 (k) = {(m,y) €R?|D <0, ds? = d“”;dy} .
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An orthonormal frame of vectors on BCV(k,T) is given by

0 0 0 0 0

€1 o TY aza €2 ay + 71X 827 €3 827 ( )

verifying the commutation relations
K

le1, e2] = 5(—ye1 + zeg) + 27es, [e2, e3] = [e3, e1] = 0.

The dual 1-forms w;, (W'|e;) = 6ij, i,j = 1,2,3, to the orthonormal vector fields (A.20) are
dz dy ydr — zdy
1 az 2 _ 9 3 _
W=7 w ok w dz+ 71 ) , (A.21)

and we write down (A.19) as

3
dsdoy = Zwi ® W'
i=1
Let D be a distribution generated by ey, ea. The intrinsic (extrinsic) ideal is given by J = (ws)
(respectively, T = (w1, w3)).
If 7 # 0, the distribution is step 2 everywhere and w> is a contact form. If we consider the
sub-Riemannian metric

2
ds = E w' @ w',
i=1

then the BC'V-space is a sub-Riemannian manifold (BCV,D,ds%).

Remark A.16. Note that the BCV metrics appearing in Cases 1, 2, 5, 6, 7 are metrics on
the corresponding naturally reductive spaces of Theorem A.11. Note that naturally reductive
space H? in Theorem A.11, corresponding to the isometry group of dimension 6, is not a BCV
space.

See [58] for a generalization of BCV spaces to 7 dimensions.
Applying the Cayley transform, we can formulate Theorem A.15 on the Siegel upper half-
plane, instead on the Siegel disk D(z,y, z; k) defined by (A.18). We get

Remark A.17. With the Cayley transform

K v—i
AT
we get for (A.18)
4 Imwv
D k) =1+ — (2 +9%) =4 > 0,
(r,y,2;K) +K(l’ +y) 4P

where ¢ := x4+ iy. If v:=a +iB, E := o® + (8 + 1)?, then the left invariant one-forms (A.21)
in the new variables are

L V=R (-2 + B2+ 28+ 1)da - 2a(8 + 1)dB

W = 5

4 BE
L2 V—r (@ — B? - 28 — 1)da + 2adp
4 3E ’
st 27 (0® = g%+ 1)da + 2a5d6.
K BE
Instead of the family of metrics (A.19), we get in Theorem A.15

1 da? +dp?
dSIZBCV(a767Z;R:T) = _; a ;—26 + (w3)2.
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A.7 G.o. spaces

The natural reductivity is a special case of spaces with a more general property than (x), see [77]:
(xx) Fach geodesic of (M, g) = G/H is an orbit of a one parameter group of isometries {exptZ},
Z €g.

Definition A.18. A vector X € g\ {0} is called a geodesic vector if the curve y(t) = (exp tX)(p)
is a geodesic.

Riemannian homogeneous spaces with property (xx) are called g.o. spaces (g.0. = geodesics
are orbits). All naturally reductive spaces are g.o. manifolds.
Kowalski and Vanhacke [77] have proved that

Proposition A.19 (geodesic lemma). On homogeneous Riemannian manifolds M = G/H
a vector X € g\ {0} is geodesic if and only if

B([X,Y]m, Xm) =0, VY e m. (A.22)
It is known, cf. [77]:

Theorem A.20. Every simply connected Riemannian g.o. space (G/H,g) of dimension n <5
s a naturally reductive Riemannian manifold.

Kowalski and Szenteke [75] proved that

Theorem A.21. Any homogeneous Riemannian manifold admits at least one homogeneous
geodesic through every point o € M.

More details on g.o. spaces and examples are given in [54].

B Balanced metrics and Berezin quantization

In our approach to Berezin quantization on Kéhler manifold M of complex dimension n, see,
e.g., [21], we considered the Kéhler two-form

wu(2) =1 Y hog(2)dza NdZs,  hog=hpa = hg,.
a,f=1

We have considered homogenous Kéhler manifolds M = G/H, where the G-invariant Kéhler
two-form is deduced from a Kéhler potential f

0% f
haﬁ a azaé)ig'

We have applied Berezin recipe to quantization [31, 32, 33, 34], where the Kahler potential
is obtained from the scalar product of two Perelomov CS-vectors e,, z € M [92]

f(z,2) =In Ky (z, 2), Kp(z,2) = (ez,ez),

ie., (1.3).
This choice of f corresponds to the situation where the so called e-function, see [46, 93, 94],

e(z) = e T Ky (2, 2),

is constant. The corresponding G-invariant metric is called balanced metric. This denomination
was firstly used in [52] for compact manifolds, then it was used in [5] for noncompact manifolds
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and also in [81] in the context of Berezin quantization on homogeneous bounded domain, and
we have used it in the case of the partially bounded domain D; — the Siegel-Jacobi ball [21].

We recall that in [46, 93, 94] Berezin’s quantization on homogenous Kéhler manifolds via
CS was globalized and extended to non-homogeneous manifolds in the context of geometric
(pre-)quantization [73, 107]. To the Ké&hler manifold (M,w), it is also attached the triple
o = (L£,h,V), where L is a holomorphic (prequantum) line bundle on M, h is the Hermi-
tian metric on £ and V is a connection compatible with metric and the Ké&hler structure [30].
The connection V has the expression V = 9 4+ dInh + d. The manifold is called quantizable
if the curvature of the connection F(X,Y) = VxVy — VyVyx — V[Xy] has the property that
F = —iwyy, or 80 logﬁ = iwps, where A is a local representative of h, taken fl(z) = K]\}l(z, Z).
Then wj; is integral, i.e., the first Chern class is given by

C1 [ﬁ]

i w
)
T

:%—

and we have (1.3).

C Killing vectors on S2, D; and R?

C.1 Killing vectors on S2
We consider on the sphere S?
{z € R® |2} + 23 + 23 = R?}, R >0,
the spherical coordinates, as in Fig. 1, where R=1,0<6 <7, 0 < ¢ <27 and
x1 = Rsinf cos ¢, x9 = Rsinfsin g, x3 = Rcosf. (C.1)
The metric on S? is
dsg2(6,0) = gepd6” + gp,dfde + g,pde?,

where
9o = 17 96 = O? Jop = Sin2 67 909 = 17 99g0 = 07 gsoso = 32,

ie.,
ds%a (0, ) = d6? + sin® Odp?. (C.2)

We consider a unitary sphere with spherical coordinates (C.1) measured from the origin
0(0,0,0). The north (south) pole has coordinates N (0,0, 1) (respectively, S(0,0,—1)). We take
a point P(x1,2,23) on the sphere S? and let P'(¢,m) (P”(¢',n')) be the intersection of the
line NP (respectively SP) with the plane z3 = 0, see Fig. 2. The triangles AQNP and AON P’
(respectively AQPS and AOP”"S) are similar, and we have

1—$3_ﬂ_g’ 1+a:3:ﬂ:@' (C.3)
1 & 1 &
The change of coordinates (z1,x2,x3) — (£,n) (respectively, (x1,z2,23) — (¢'n')) is given by
the formulas

. T 2 ’oN L1 L2
(§777)_<1_x371_1_3>7 (5777) <1+(E371+$3>’
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N(0,0,1)
T3 | -~
o : P(x1,22,23)
0 1
0 | T3
2 ]
®

Figure 1. Spherical coordinates.

The change of coordinates (£,71) — (1, x2,x3) (respectively, (¢',7') — (z1,x2,x3)) is

% 2 e L
1_1+€2+7]2’ 2_1+§2+772’ 3= 1+§2+n2’

2¢! o/ 1 — (£N2 — ()2
= 3 " U . &) =)

L+ (€72 + () IRERGIERRCOR T @2 ()
Let C3z:=¢—in, 2/ := & +in. Then 22’ = 1. With (C.3), (C.1), we find

z = cot Qe_i@. (C.4)
2

Introducing (C.4) into the metric on the Riemann sphere

ds?(z) = 4%
(1 + |z|2)

corresponding to the Kéhler two-form (C.5)

o idz Adz
)2
(1+]2[2)°
where, if we take 25 = 4, we get again (C.2).

The equations (A.5) of the covariant components (Xg, X,,) of the Killing vectors on the
sphere S? read

(C.5)

Xpo =0, Xy +2sinfcos 00Xy =0, Xo,p + Xypg — 2cot 90Xy = 0.
But
X@ = g@I/XV = X9 =u, X(p - gy<pXV - g@@XW = Sin2 Q’U,

where (X 296 9") are the contravariant components of the Killing vector fields on the sphere S2.
The equations of the contravariant components of the Killing vector (u,v) := (X 0 X 9") become
ou ou Ov

0
%:0, sin29£+sin9c:os¢9u:0, %—1—%—200139511129@:0.
We find
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N(0,0,1)

Q(07 07 x&)

5(0,0,—1)

Figure 2. Stereographic projection.

Remark C.1. There are three linearly independent Killing vectors on the sphere S?
X:;p, Y:singoaag—i-cosnpcoté?;p, Z:coswgfa—sincpcotG;;,

which verify the commutation relations

X,Y]=2  [2,X]=Y, [V,Z]=X.

(C.6)

The Killing vector fields (C.6) in spherical coordinates (6, ¢) on the sphere S? in the stereographic
coordinates (§,n) are

_ 9 0 a9 s 2
1 9 9

(C.7) are equations in [104, p. 292]: our (X,Y,Z) in (C.7) correspond to (—Z,3Y,—1X),
with m = 1 to formulas of Vranceanu, where the Riemann metric on the Riemann sphere S? is

d¢? + dn?

ds? = 5 (C.8)
[L+m(& +n?)]
C.2 Killing vectors on the Siegel disk D,
The metric on the Siegel disk |z| < 1 is
dzdz .
ds®* =4 7R B=1-|z% z=£&—in. (C.9)

The equations (A.4e) of the Killing vectors “a% + Ua% corresponding to the metric (C.9), which
are obtained as solution of the equation Lxg = 0, are

ov Ou
=0, et ="

ou 0
Zleutm) + 5 =0, H(Eutm)+ o 5

0¢ on
We find for D;
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Remark C.2. The Killing vectors on the Siegel disk D; corresponding to the metric (C.9) are

1 0 0 1 0
X1 5(52—77 - )8§+§n8 1*57785 (77 - & - )8T7’
9 .0

The Killing vectors (C.10) on the Siegel disk D; verify the commutation relations

(X1, 1] = —Z4, (Y1, Z1] = X1, [Z1, X1] = Y1.

C.3 Fundamental vector fields as Killing vector fields on D; and A&}

We recall some general facts about Hermitian symmetric spaces, see, e.g., [23, 105, 106].
Let
e X, = G, /K: Hermitian symmetric space of noncompact type.
e X,.: compact dual form of X,,, X, = G./K.
e G,: largest connected group of isometries of X,,, a centerless semisimple Lie group.
e (.. compact real form of G,,.
o G¢=(GY = G = G complexification of G, and G,
e K: maximal compact subgroup of G,,.
® g, 0, gc, £ Lie algebras of G,,, G, G., K respectively.
e g, =t+m,, sum of +1 and —1 eigenspaces of the Cartan involution o.
o g=g° =t 4+ m: complexification, where m = m¢.
e g. =t + m.: compact real form of g,,, where m, = im,,.

We consider the simple Lie algebra sl(2,C) = (F, G, H)c, whose generators verify the com-
mutation relations

[F,G]=H, [G.H|=2G, |[H F]=2F. (C.11)

We consider the following matrix realization of the sl(2, C) algebra

01 0 0 1 0
F:(Zlg:(o O), G:621:<1 O), H:611—622:<0 _1>. (C.12)

To the complex Lie algebra A; = sl(2, C) are associated the compact real form sl(2,C). = su(2)
and the non-compact real forms su(1,1) and s[(2,R), see [63, pp. 186, 446], [23, 105, 106], and
we have

su(2) = (iH,—F + G,i(F + G))g, (C.13a)
su(1,1) = (H,i(F — G), F + Gz, (C.13b)
sI(2,R) = (H,—F + G, F + G)p. (C.13¢)

We have also the isomorphisms between the compact real forms
su(2) ~ 50(3) ~ sp(L),
and the non-compact real forms

sl(2,R) ~su(1,1) ~s0(2,1) ~sp(1,R). (C.14)
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We have also the relations

su(l,1) =g, =t +m,, t=iH, m, = (i(F — G), F + G)g, (C.15a)
su(2) = g, =+ m, m. = (F — G,i(F + G))R, (C.15b)
sl(2,C) = g =su(1,1) = su(2)° = ¢+ m, = (H)c, m, = (F,G)c. (C.15¢)

We calculate the fundamental vector fields for the real noncompact group SU(1,1). Let us
denote the elements of the Lie algebra su(1,1) as

. (1 0 . (0 1
Gl.ZIH—l(O _1), Gg.—l(F—G)—1<_1 O)’

01
Gs3 =F+G= (1 0> . (C.16)

Note the commutation relations
[G1,Ga] = —2G3, (G2, G3] = 2G, [G3,G1] = —2Ga. (C.17)
If we make the notation G; = 2G, i = 1,2, 3, then the commutation relations (C.17) became
[G1,Go] = =G, [Gh, Gyl =G, [Gy,GY] = =G (C.18)

We obtain, see also [102, p. 294],

oG et 0 oG _ cosht isinht olCs _ cosht sinht
N0 eTit) ~ \—isinht cosht /)’ ~ \sinht cosht) "’
We get
0 (etGl .w) 0 (etG2 .w) 0 (etG3 .w)
S o, ST —ii4w?), B 1w (G
ot ’t:O 1w ot t=0 1( W ) ot t=0 w ( )
With (C.19), we get the corresponding holomorphic fundamental vector fields on the Siegel disk
_ SU(,1),
Dy = OB
.0 . 5, 0
GT = 21’11)672”, G2 = 1(1 =+ w2)%7 G; = (1 — ’LUZ)% (020)

If we introduce w = & — in, we write (C.20) as

. (.0 0 . _ i 2 20 9
Gl—Z1+1<a€+nan>, GQ—Y1+2[(1+£ n)8€+2£n8n],
. i d o o 0

G = X1+2[2£nag~l—(1 ¢ H’)an]’

where X1, Y7, Z; are the Killing vector fields of the Siegel disk D; calculated in (C.10).
We also have the relations, see also [102, p. 353]

(1t (10 om0
e_<01’e_t1’e_()et’ (C.21)

HF+G) _ cosht sinht HF-G) _ cost sint
¢ (sinht cosht )’ ¢ —sint cost)’ (C22)
M r =741, S S — ; M = ey,

14+t7
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d d ¢ 2 d g
Y tF -1 2 atG - _ et -9
dte t=0 ’ dte T t=0 T dte T t=0 ™

F*=9,, G* = —7%9,, H* =270;.

If we put 7 = = + iy, we find the fundamental vector fields on the homogenous manifold X7, see
Theorem A.10(1) and (4.23)

*_8 * 2_2&_ 2 * g g
Fl_%, Gi=(y x)ax 2$y8y, H1—2<a:ax+yay>. (C.23)

In the convention of Section 1, the vector fields F}, G7, Hy are F, G, H.

If

A= <°CL Z) € SL(2,R), (C.24)

then, with formula (C.25),
Ad(g)X =gXg~', geG, Xegy, (C.25)
we find easily

Ad(A)F = a*F — G — acH,
Ad(A)G = —b*F + d*G + bdH,
Ad(A)H = —2abF + 2cdG + (ad + be)H.

We find out that in the base (C.12)

a2 *02 —ac

Ad(A) = | -b* d? bd , (C.26)
—2ab 2cd ad -+ be

and det(Ad) =1,
Now let us consider an element X € s[(2,R)

X = aH +F + G = (Z _ba> . (C.27)
Then we find
[X,H] = —2bF +2¢G,  [X,F]=2aF —cH, [X,G]=—2aG + bH. (C.28)

With (C.28) we find in the base H, F', G the expression of ad(X) for X given by (C.27)
0 —-2b 2c
ad(X)=1-2¢c 2« 0 |, (C.29)
b 0 —2a
and
Trad = 0.
(C.29) implies, see also [63, p. 551]:

K(X,X)="Tr(ad X oad X) = 8(a® + bc) = 4 Tr(X X). (C.30)
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As in Remark C.3, we consider
X =aXq]+bXy+cX3€ 5u(2),
where, as in (C.13a),

X, =iH, Xo=-F+G, X3=iF+G).

Then
0 —2¢c 2b
adX = | 2c 0 —2al,
—2b  2a 0
and
K(X,Y) = —4(ad + b + ), (C.31)

i.e., the Killing form for SU(2) is K(X,Y) =4Tr(XY).
Note that for su(2), we have m = (Xs, X3).
Putting together (C.16)—(C.30) and (C.31), we have proved

Remark C.3. With (C.16), (C.12), (2.2), we get

i 1 1
Koy = —%Gl, K, = §(G2 + iGg), K_= —§(G2 — ng) (032)
Introducing in (C.20) and (C.32), we get the holomorphic fundamental vector fields
. 0 . .0 . . 9 0
KO :w%, K_,'_:l%, K_:—lwz%, TUGC, \w[ < 1.

Note that the vector fields Re Gx;, i = 1,2,3 verify the commutation relations (C.18) with the
sign —, i.e., the (real) Killing vector fields Z1, Y7, — X3 on D; are the real part of the fundamental
vector fields G, G5, G%, corresponding to the metric (C.9).

The fundamental vector fields Fy, G7, Hf associated to the generators F, G, H (C.12)
of sl(2,C), given by (C.23), verify the commutation relations (C.11) with a minus sign. They

are Killing vector fields corresponding to the Killing equation

~X?+y0,X'=0, 9, X*+0,X'=0, -X>+y9,X*=0
associated to the metric
dz? + dy?
clT, c1>0

on the Siegel upper half-plane X1, z,y € R, y > 0.

If A € SL(2,R) has the expression (C.24), then the expression of Ad(A) with respect to the
base F, G, H (C.12) is (C.26), and the group SL(2,R) is unimodular.

The ad matrix in the base H, F', G of s[(2,R) is given by (C.29). The Killing form for s((2, R)
is

K(X,Y) = 4Te(XY). (C.33)
The Killing form (C.33) is SL(2, R)-invariant and verifies (A.9). Note that
K(H,H) = K(F,G) = 4, (C.34)

and K(X,Y) =0 for all X,Y € sl(2,R) different of the choice in (C.34).
The Killing form for the compact group SU(2) is K(X,Y) =4Tr(XY), and m = (X2, X3).
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C.4 Killing vectors on R2

The Perelomov’s coherent state vectors (Glauber’s coherent states) for the oscillator group are,
see, e.g., [12],

and the scalar product is
(e5,e5) = e . (C.35)
The scalar product (C.35) of Glauber coherent states on C implies the metric on R? (A.14)

ds%2 = dx% + dx%, where we have considered z = x1 + ixo.
Let as consider a vector field on R?

X = Xla(z«l + X2£2. (C.36)
We formulate a remark, see also in [57, Section 4.6.7, p. 83]:
Remark C.4. The Killing vectors on R? associated with the metric (A.14) are

AX +BY +CZ, (C.37)
where

X:_$288301+x138$2’ Yzail, Z:a(;,

verifying the commutation relations
(X,Y]=-Z, Y, Z] =0, Z,X] =-Y.
—X is a rotation around (0,0) € R?. Y (Z) represents a translation around the z1 (respec-

tively x2) axis. The Killing vectors (C.37) can be put into correspondence with matrix repre-
sentation (C.38)

0 01 000 0 10
a=10 00|, a=[001], a=[|-10 0], (C.38)
0 00 000 0 00
of the Lie algebra ¢(2) in the representation (C.39)
cosf —sinf a
g=|sinf® cosh b|, 0 € [0,2m), (a,b) € R?, (C.39)

0 0 1

of the group E(2).
The Lie algebra of the Killing vectors of R? with the Euclidean metric (A.14) is «(R?) =
R? x 50(2), and the Euclidean group E(2) of the plane R? is E(2) = R? x O(2).
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D Sasaki manifolds

D.1 Contact structures
D.1.1 Maurer—Cartan equations

Let G be a Lie group with Lie algebra g, which has the generators Xi,..., X, verifying the
commutation relations (A.1). To X € g we associate the left-invariant vector X on G such that
X, = X, see [63, p. 99].

Let wy, .. .,w, be the 1-forms on G determined by the equations (w; | X;) = 6;,4,j = 1,...,n.
Then we have the Maurer—Cartan equations, see, e.g., [63, Proposition 7.2, p. 137]:

1 n
dw; = —3 E c}kwj A Wi,
G k=1

where cék are the structure constants (A.1).

If G is embedded in GL(n) by a matrix valued map g = (9)j, 4,j = 1,...,n, then let X
(L) denote a left-invariant one-form (vector field) on G and p (R) a right-invariant one-form
(respectively, vector field) on G. We have the relations

g~ 'dg = Xi\i, dgg—" = Xipi, (D.1a)

<>‘a ’Lb> = 5abu <pa | Rb> = 5aba (le)
1 1

d\, = —5026)\1, A e, dpe = §cgcpb A P, (D.1c)

[La, Ly = 5y Le, [Ra, Ry] = —cp Re. (D.1d)

D.1.2 Almost contact manifolds

Following Sasaki [95] and [45, Definition 6.2.5], we use

Definition D.1. Let M, be a m = (2n + 1)-dimensional manifold. M,, has a (strict) almost
contact structure (®,&,m) (or (&,n,P)) if there exists a (1,1)-tensor field ®, a contravariant
vector field (Reeb vector field, or characteristic vector field) &, and a one-form n

9 . 9 .
o = <I>§@ ® da’, &= 52@, n = nda’, (D.2)
verifying the relations
(nl&) =1, or na€ =1, or né =1, or & =1, (D.3a)

P’X = -X+nX)¢ o P =-1,+E@n,  or P = 5} + 'y, (D.3b)
where we have used the convention

¢h= (..., &™) e M(1,m,R), n=,...,0m) € M(1,m,R),
® = (@) € M(m,R).

Manifolds M with a structure (®,&,7n) as in Definition (D.3) are called almost contact mani-

folds.
Sasaki has proved, see [95, Theorem 1.1] and [96, equation (5.16)]:
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Theorem D.2. For an almost contact structure (®,&,n), the following relations hold
il =0, or B®=0, P =0, or n®=0, Rank(®}) =2n. (D4)

Let My 41 be a differentiable manifold with almost contact structure (®,&,m). Then there exists
a positive Riemannian metric g such that

9(§, X) = n(X), or  m = gi;&, or ' =gg,
g(@X,PY) = g(X,Y) —n(X)n(Y),  or 1h9ii®% = Ghk — WMk, or
Plgd =g —n'®n.
If we put
Ci)ij = gih<1>?, or D := g, (D.5)

then (i)ij = _(i)ji-

®;; is called the associated skew-symmetric tensor of the almost contact metric structure, see
also (D.7) below.
D.1.3 Contact structures
Following [44], we define

Definition D.3. Let My, 1 be a C°°-manifold of dimension (2n + 1). A contact structure can
be given by a codimension one subbundle D of the tangent bundle T M which is as far from being
integrable as possible.

Alternatively, the codimension one subbundle D of T'M can be given as the kernel of a smooth
1-form n — the contact form, D := Ker(n) — which satisfies the condition

n A (dn)" #0, (D.6)
and from (D.6) it follows that the distribution D is not integrable.

D is called the contact distribution of the strict contact manifold (M,n). A contact structure
on M is an equivalence class of such 1-forms, where 7’ ~ 7 if there is a nowhere vanishing
function on M such that n' = fn, cf. [45, Definition 6.1.7].

The tangent space of M has the orthogonal decomposition, see, e.g., [67, p. 9],

TM =D& (), where D = Ann(n) = {X € TM |n(X) = 0}.

Remark D.4. The codimension one subbundle D = Ker(n) of TM has an almost complex
structure J = ®|p.

Boothby and Wang [43] have defined

Definition D.5. A contact manifold M is said to be homogeneous if there is a connected Lie
group G acting transitively and effectively as a group of differentiable homeomorphisms on M
which leave n invariant.

If the 1-form 7 has the expression given in (D.2), then
dn = @”dxl N da;j, where - Q(i)ij = 8ﬂ]j - 8j7]z‘. (D7)

Note that in [95, equation (3.4)] the minus sign was omitted.
Sasaki has proved, see [95, Theorem 3.1]:
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Theorem D.6. Let My, 1 be a differentiable manifold with n the contact form. Then we can
find an almost contact metric structure (®,€,1m,g) such that

dn(X,Y) = g(X, ®(Y)),
i.e., (D.5) is verified with ® given by (D.7).
Msp+1 from Theorem D.6 is said to be a contact (Riemannian) manifold associated with 7.

D.2 Structures on cones

Following [45, p. 201], we define

Definition D.7. Let (M, g) be a smooth Riemannian manifold and let us consider the cone
C(M) := M x R" endowed with the Riemannian metric

g = dr? +r?g, reRT.
(C(M),g) is called the Riemannian cone (or metric cone) on M.

Let M be endowed with the almost contact structure (®,&,n). Let us define a section ® of
the endomorphism bundle of the TC(M) =TM & TR* as

DY = dY + (YU, U

—£, where Y eTM, U = 7'68 € TR*. (D.8)
r

Then
Remark D.8. In the notation (D.8), ® defines an almost complex structure on T'C(M).
Let
w = d(r2n).
In accord with [45, Proposition 6.5.5], we have a symplectization (or symplectification) of M:

Proposition D.9. There is one-to-one correspondence between the contact metric structures

on (M,&,n,q9,®) and the almost Kihler structures (C(M),w, g, ®).
According to [45, Definitions 6.4.7, 6.5.7 and 6.5.13]:

Definition D.10. An almost contact structure (£,7,®) is normal if the corresponding struc-
ture ® on C(M) is integrable. A normal contact metric structure S = (M, &, n, P, g) is called
a Sasakian structure. M has a K-contact structure if £ is a Killing vector for g.

Following [42, p. 47], let us introduce

Definition D.11. Let h be a tensor field of type (1,1). Then the Nijenhuis torsion [h, h| of h
is the tensor field of type (1,2) given by

[h,h](X,Y) = W*[X, Y] + [hX,hY] — h[hX,Y] — h[X, hY].
Let us define the (1,2)-tensor
N = [®,®] +2dn @ &. (D.9)

According with [45, Theorem 6.5.9]:
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Theorem D.12. {171 almost contact structure (£,1,®) on M is normal if and only if N' = 0.
Then (C(M),g,w, ®) is Kahler.

Lemma D.13. The components of the tensor (D.9) are given by

RO0Ps 0P o 0%} ook
gk I ggh k ozh axk i

(N = — o) N ) +2,¢0. (D.10)

Proof. In the calculation below we use the expressions

0 0

_ . Y v
X = (BX) o =YX (D.11a)
) YT 9XT\ 0
(X,Y]=[X,Y) 57 <X o~V o ) 57 (D.11b)
NYX,Y) = (N) XJYkaaZ (D.11c)
X
Let us introduce the notation
A:=®*X,)Y], B:=[®X,0Y], C:=3o[dX,Y],
D:=®[X, Y], E:=2nx(X,Y).
With (D.11), we get for A,..., E the expressions
A=d(P[X,Y]) 0 _ PYD[X, V] == = dLPBY[X Y}’“i
’ ot b ) ot bk Oz
)
= (=0k + €"m) X V) o, (D.12)
_ o 0 _ O(PY)” O0(@X)*] 0
B =[®X,dY] 5 = [((I)X) oy (®Y) 5o | 5o
0P} 4 0% oy'? oX*\1 @
= | X9yt (@< — dePpe | X4 —yd D.1
[ ( T oge ~ b e > * < D¢ 9z )| aze’ (D-13)
ay 8(<1>th) )
%[ k h” 14
C = DX, Y] ( t X o e (D.14)
, X7 oY
_ ami k k a a k
-C-D= [q>j<1>k (Y o X aﬂ) + (=08 + €% [V, X
. 0P B’ )
iy kHa k _ ) =
+Y' X ! <axi aﬁ) e (D.15)
. Y|
E =29, X'Yi¢r —. D.1
j ¢ (D.16)

Introducing the values of A, B, D + C and E obtained in equations (D.12), (D.13), (D.15),
respectively (D.16), we get for A+ B — C — D + E the values given in (D.10). [

Note that formula given in [95, pp. 7-10]
(N1)} = PR (0n® — 0;®},) — D1 (DD}, — 0pDh) + (956" )m — (k€ (D.17)

is wrong. The same wrong formula appears also in [98, equation (3.7)].
The Heisenberg group H; is a Sasaki manifold [44].
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