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Figure 9. The function U(α, β).

Proof. Multiplying (6.29) by eipux+ipvx, we obtain

A(u, v) =

ˆ ∞

−∞
dα

ˆ ∞

−∞
dβ U(α, β) e−iαu−iβv .

Our task is to show that this equation agrees with (6.30). To this end, we first rewrite the
polynomials as derivatives,

A = 2
(

i∂u + i∂v + ∂u∂v
)

ˆ ∞

−∞
dα

ˆ ∞

−∞
dβ Θ(αβ) ǫ(α− β) e−iαu−iβv .

The remaining Fourier integrals can be computed with the help of the relations

4 Θ(αβ) ǫ(α− β) = ǫ(α) − ǫ(β)− 2 ǫ(α − β)
ˆ ∞

−∞
e−iαu dα = 2π δ(u)

ˆ ∞

−∞
ǫ(u) e−iαu dα = −i

PP

u
.

We thus obtain
ˆ ∞

−∞
dα

ˆ ∞

−∞
dβ
(

ǫ(α) − ǫ(β)
)

e−iαu−iβv = −2πi
PP

u
δ(v) + 2πi δ(u)

PP

v
ˆ ∞

−∞
dα

ˆ ∞

−∞
dβ ǫ(α− β) e−iαu−iβv =

{

a = (α+ β)/2

b = (α− β)/2

}

= 2

ˆ ∞

−∞
da

ˆ ∞

−∞
db ǫ(b) e−ia(u+v)−ib(u−v) = −4πi δ(u + v)

PP

u− v
.

Collecting all the terms gives the result. �

We now explain what this result means. The contributions containing factors δ(u) and δ(v)
(and distributional derivatives of these factors) are supported on the null hypersurfaces {puξ =
0} and {pvξ = 0}, respectively. Therefore, we can argue again just as for the polynomial
contributions in α or β (assumption (b’) above) to conclude that these contribution vanish
in (6.26). The factors δ(u + v) (and distributional derivatives thereof), on the other hand, are
supported on the hypersurface

H := {(pu + pv) ξ = 0} .

If pu and pv are on the same mass cone, then the momentum pu + pv is timelike, so that the
hypersurface H is spacelike. As a consequence, this hypersurface intersects the support of K̂(p)
only in the origin. Therefore, choosing the regularization such that K̂(p) vanishes at the origin,


