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1 Introduction

In [24], a hypergeometric function Fy, n, which is a certain generalization of hypergeometric func-
tions, was defined by Tsuda. He also obtained a Hamiltonian system #p, n, which describes an
isomonodromic deformation of an L x L Fuchsian system on P! with N + 3 regular singularities,
and which has particular solutions in terms of the function Fy, n. In [20, 21}, a g-analog of Tsuda’s
result was obtained by Park. Namely, she defined a g-hypergeometric function Fy s, which is
given by (2.2) below, and a system Py s as a g-analog of the function Fyyq s and the sys-
tem H 1,0, respectively. The function Fy as converges locally and satisfies linear g-difference
equations, given by (2.5) and (2.6) below. Also the function Fy s has the Euler-type integral
representation, given by (2.4). Thus the function Fy »; must be continued analytically to cM,

Our aim is to solve the connection problem related with the function Fx s, that is to give
connection matrices among fundamental solutions of the g-difference equations (2.5) and (2.6).
The main result is Theorem 3.8 in Section 3.2. Proposition 3.6 gives fundamental solutions for
the equation, and Theorem 3.8 gives connection matrices among these fundamental solutions.
Our method to calculate the connection matrices is to use a connection formula of the general-
ized g-hypergeometric function y41¢n many times. The connection matrices are given by the
product of some matrices.

In the general theory of ¢-difference systems in several variables, local solutions should be
characterized by the asymptotic behavior near the singularity in some prescribed sector. For the
general theory of ¢-difference systems in several variables, see [2, 3]. Our solutions are defined in
the region {|t1| < -+ < |t| K 1 < |tp+1]| < -+ < |tar|} where 0 < L < M, and characterized
by the asymptotic behavior of the following form

19 -t (1 + O(||l])),

at © = (t1/ta, ..., tp—1/tr,to, 1/tps1, toe1/tovo, -« ta—1/tar) = (0,...,0). Here 6 = (41, ...,
dpr) is a suitable parameter. For more details, see Definition 3.1, Proposition 3.2, Remark 3.4.

The function Fx ar is a generalization both of the g-Lauricella function ¢p and of the gen-
eralized g-hypergeometric function yi1¢n. Thus our results contain solving the connection
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problem related with ¢p and also related with ny1¢n. The equality (3.12) below can be con-
sidered as a part of the connection relations for n1¢n, which was first studied by Thomae [23]
and was proved by Watson [25]. Also the g-Lauricella function has a Jackson integral repre-
sentation of Jordan—Pochhammer type, and the connection problem related with the Jackson
integral of Jordan—Pochhammer type was solved by Mimachi [16]. In differential case, fun-
damental solutions of the equation related with the Lauricella function Fp were obtained by
Gelfand—Kapranov—Zelevinsky [9] as an application of the theory of the GKZ hypergeometric
function. Our solutions are generalizations of the Gelfand—Kapranov—Zelevinsky’s solutions (see
Remark 3.3).

The contents of this paper are as follows. In Section 2, we give notations and the properties
of the function Fy ) and the system of g-difference equations satisfied by Fx ar. In Section 3,
we solve the connection problem of the system. In Section 3.1, we show fundamental solutions
of the g-difference system. In Section 3.2, we give the matrices which connect the fundamental
solution with the other fundamental solution. In Section 4, we obtain an elliptic solution of the
Yang-Baxter equation as an application of Section 3.2.

2 Preliminaries

In this paper, we fix ¢ € C with 0 < |g| < 1. We use the following notations throughout the
paper:

a :OO —agk a :&
(@)oo ]];[0(1 q )a (a)m (qu)oo’

(a1y .. yan)m = (a1)m - (an)m, 0(z) = (z,q/%)

The symmetric group of degree n is denoted by &,,. In addition, TA is the transpose of a ma-
trix A. We also use the notation abc/defg for the fraction (abc)/(defg). Moreover, for a multi-
index m = (my,...,mpr), we often use the notations

M ! M

m[=>"mi,  ml) =) _mi— > my (2.1)
i=1 i=1 i=l+1

where 0 <[ < M. Here, the empty sum is considered to be 0.

Definition 2.1 ([20, Definition 2.1]). We assume ¢; ¢ ¢?<0 = {¢"; n = 0,—1,-2,...} for
1 < j < N. We define the function Fx s as

M
Fanr ({“j}1<j<N’{b"}1<"<M;{ti}19§M) _ Z H |m' H (i)m Html. (2.2)

C; i (c;
{J}ISJSN a0 =1 G |m| =1 (@)m

The series Fy ar converges in the region |¢;] < 1.

When N =1 or M =1, we have

Cc

Fus (‘[%’hﬁgmb; t> — von ({ajhsJSNa b, t) 7

{eihicien {ejhi<ien

5 bz 7 9 b’L A
Fim (a { }Clg <M;{ti}1§i§M) =¢D (a {bih< gM; {ti}1§i§M> )
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where pp and y41¢n are the g-Lauricella function and the generalized g-hypergeometric func-
tion defined by

M

op (a7{bi}cl<i<M§{ti}1§i§M> _ Z (a |m| H (bi)m Htmz

c)
mi,omar>0 Ml 2y (@)m, i=1

N
N+1PN ({aj}ISjSN’ b; t) = Z H (a]:)m . %tm.

{cih<isn ozt Cm (@m

Proposition 2.2 ([20, Proposition 2.1]). The series Fn v satisfies the relation

1< biti<i
iy <{a]}1§J§N,{ h< SM;{ti}1§i§M>

{eihicien

N M
11 (a;)s0 11 (biti)oo Fun ({ti}1<i<M7 {Cj/aj}lgjgN; {%’}1§jg]\/) . (2.3)

(¢j)oo ey (ti)oo {biti}i<i<m

Remark 2.3. When N = 1, the relation (2.3) reduces to

M
b <a7{bi}1<i<M;{ti}1Si§M> _ ((a)oo 11 (Z’f;)oo Ao ({ti}1<i<M7€/a‘ a) 7
i=1

¢ €)oo {biti}1<i<m

which is relation (4.1) of [1], a generalization of Heine’s transformation for o471 [1, equa-
tion (1.4.1)].

It is well known that Heine’s transformation can be interpreted as a g-integral form, so called
a Jackson integral, of 9¢1. Similarly, the relation (2.3) can be rewritten in the Jackson integral
form as follows.

Corollary 2.4 (20, Corollary 2.1]). With a; = q%7, the relation (2.3) can be rewritten as

“h<j bit1<i
FN,M <{q hsan thie SM?{ti}ISiSM>

{ejh<i<n
N ;i
q* Cz/q (q25)o0
};[1 Cw oo / / {1_q cjzj/q ) }
M VAR
X H (l();t;l ZN)) dgz1 -+ - dgzn, (2.4)
i=1

where the Jackson integral is defined as
C
| 1@z =clt=a) 3 flea™a”
0 m>0
force C.
Proposition 2.5 ([20, Proposition 2.2]). The series

hejen {bihs
F=FNum <{a3}1§J$N’ {, = =M {ti}1<i<M>
{eihi<i<n

satisfies the q-difference equations

N N
{tSH(l—ajT) - @ =¢q'T -(1—TS)}}":0, 1<s<M, (2.5)

j=1 7=1
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(t:(1 =0, T)(1 —Ty) — ts(1 - bT)(1 - T)IF =0, 1<r<s<M, (2.6)

where T is the q-shift operator Tsf(t) = f(...,qts,...) for the variable ts and T = Hévil Ts.

In this paper, we use the notation En s for the system of g¢-difference equations (2.5)
and (2.6).

Theorem 2.6 ([21, Theorem 4.1]). The rank of Exa is NM + 1.

3 Connection problem of the g-difference system En ps

In this section, we consider the connection problem of the system FEy js. First, we show funda-
mental solutions of the system En s, which converge locally. Second, we calculate connection
matrices. The connection formula can be calculated by using Thomae-Watson’s formula (3.12)
many times. We suppose a; = ¢%/, b; = ¢% and cj=q"7,1<i<M,1<j<N.

3.1 Solutions of the g-difference system En ns

In this subsection, we show fundamental solutions of the g-difference system En »s which con-
verge locally.

Definition 3.1. We assume
aj/ak,cj/ck,aj/bi---bM,ck/bZ----bMgéqz, (31)

for1<i<M+1,1<j#k<N. Here, ¢° = {¢*; x € D}. We define series .7-"]%]7M, fﬁ;l]ﬁ\}ll and

Lik,l!
gN,M as

]_-]{JIM <{(Ij}1§{j6§é\f> {?i}gigM; {ti}1§i§M>
JI1<j<N

B N (@i /b b)) 1 (Bi)ms 14 mi at g \™
-2 H( bar) ()H(Q) [le 11 <bitz’> ’ (3.2)

e by _
miyemar >0 j=1 3/br+1 m(L) ;—y \TJmi 52y

N
. . . b }1< ax/Ci)myp .,
A (O e ) - 3 T e

{eihi<ien (qak/aj)my

mi,...,mpy 20 L j=1

ﬁ(bi)mi ﬁ (bi)mis ﬁ (b)m,; (ar/bis1 - bar)m@)

X
1 Dm0 @mi 27 (@me (gak/br-- - vy
L ms -1 iy M m;, [ N ML+
qti \ qt; \ bt \ " ¢ q
L L 9.4 3.3
. H (bltl> . H (bltl> H bit; H a; bt ’ (3:3)
i=1 i=L+1 i=l+1 j=1

Lkl aj 11<j<N, b; 1<i<M z : I I i/ Ck
N,M < J _{JC_} . == 7{ti}1<i<M> { ( Cj‘/C )mL
] ISJSN ml,“.’m]w>0 ] 1 q ] k mr,

: (bl)mz ﬁ (bi)mi—1 1]\_/[[ (bz)mL (Ck’/qbl’+1 to bM)m(l’—l)
: (Q)mz (Ck/bl’ T bM)m(l/fl)

-1 m: L e M . .
qtl % bl/tl/ i—1 bl/tl/ i bl/tl/ L
) i <bl/tl'> ; H ( biti ) . H < bit; ' q ’ (3.4)
=1 i= i1
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where 0 < L < M,1 < k< N,L+1<[< Mandl <!l < L. Here, as mentioned in

preliminaries (2.1),

l M
m(l) :Zmi— Z m;.
=1

i=l+1
We find that the series (3.2) converges in

c1---CN(Q

<1, L+1<i<M},
ay---anbit;

{|ti|<1,1§z’§L,

the series (3.3) converges in

{

and the series (3.4) converges in

{|tl| <1,

Proposition 3.2. We assume the conditions (3.1). For 0 < L < M, the functions

qt;

bit

c1---CNQ

qti
ai---anbit; )

<1,
bit;

<1, 1<i<1-1, <1,l+1§z‘§M},

qt;
bit;

qt;

bit

<1,1<i<l-1, <1,l—|—1§z’§M}.

M
_5 a; ; bi b1<i
T o (g Dhes g,
imI11 ’ {cihi<j<n

M — M . . . b: .
tzHZi:lH Bi—7k H ti—ﬁi _gL,k,l ({aghgggN,{ Z}lglgM;{ti}1§i§M> 7

i o {eih<jcn

1<k<N,1<I<L,

— M . M . . . .
ot B I &% - 7L <{aj}1SJ§N7{bl}ISZSM;{ti}1<i<M> 7

: e M {eih<isn

1<k<N, L+1<1<M,

satisfy the q-difference system En .

(3.5)

(3.6)

(3.7)

Proof. We can check them easily. Here, we check that the function (3.5) satisfies the ¢g-difference

equations (2.5). First, we have
Tt = ¢ T,
as an operator. Thus we obtain

i=L+1 j=1 j=1 =

bro1---b
e L+1 M

M -1 N N

( H tiﬁZ) ts H(l - ajT) (1= bsTy) — H (1 — qu_lT) -(1=Ts) H
N w N "

tI] <1—]T) (16T - [ (1—%T) 1-T,)
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as an operator. For 1 < s < L, we have

N
t 1 (1 - b“JbT> (1= byTy) - Fhoy (‘{“J’}K{jff b, {tﬁgw)
ey L+1°OMm Cjr1<j<N
N
w
=t 1—]T>-1—bsTs
I (1- 5 %,7) 00

<Y ﬂ (aj/brs1--- bM;m(L |

my,.. 7mIVI>OJ 1 j/ L+t M

= Y]] (1 - 7%61?(%) ) (1= byg™)
(b

b )
mi,. ,mM>0 j=1 L+l OM

H (aj/bri1--br)m(r) 1]\—/[[ i ), ﬁtm' ﬁ < q )ml
X mi
j=1 c]/bL-i-l M)m(L) i1 Q)mi l ! bit;

_ Z H (aj/brs1 - bM)m(L)+1 H (b1)um,

ci/b -b )
My omar>0 j=1 (¢ /brr1 - ar)m(r) 1<i<M (@)m,

sms—i—l H tml tmerl H (

Jm 1<i<L i—L+1
its
N N i
= > SR ) S RERE » § W i
Ly Ms =1, M4 1My 20 ms 2 —1 L j=1 (€/brt1 - Oar)m(r)+1 j:1 bry1---by
(bi)m;  (bs)m +1 +) H . " ( ) }
H L s ms t i tms H
1<i<M (q)mz (Q)merl \Si<L
i#s its
m(L)
ciq—

mi,.. vm1W>0] 1 ( bL+1 bM)

XH (aj/bri1-br)m(r) H (bi)m HtmL H (

m;
=1 (¢j/brs1- M)m( (@)rm; i=1  i=L+1 )

_ ﬁ (1 _ qu_lT) C(1—Ts) - Fhar <{“J}1<J<N’{b ihsis, P {t; }1<,<M)

el br1---bum {cih<j<n

For L+1<s< M, we have

ts ﬂ <1 - a]bMT> (1 =T Fim <{aj}1<]<N’ ihisicar, {tz}1<z<M>

{CJ}K]SN
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B > > {ﬁ (@;/brs1 - bar )iy ﬁ (1 B qu—lqm(L)-i-l)

Moy M1, Mgt 1,0 ympr >0 ms>1 Lj=1 (Cj/bL—i—l bM)m(L)-H i=1 bL+1 by
_ L " 1
m —1 q m5+1> me q i q s
X H . S . <1 _ th i H .
1<1<M ( T)ms—1 bs i=1  L4+1<i<M bit; bsts
is i#s
N - —
-y H<1_qu1qm(“> | <1_q ’")
mi,...,mpr >0 75=1 bL+1 T bM bs
N M )
(Qj/bL_H m bl m < >ml
I QIR
i1 (/b ba)my o (@me 7 © S \bit
— ﬁ 1— LT (11— i . rL {a; hi<j<n, {biti<i<m (thcicnt )
e bL+1"'bM bs N,M {Cj}lngN Wl r1<i<
Similar to these calculations, we can check Proposition 3.2 directly. [

Remark 3.3. If N =1, the solutions are g-analogs of the solutions of the differential equation
related with Lauricella function Fp, which was obtained by Gelfand—Kapranov—Zelevinsky [9].
More precisely, the function (3.2), (3.3), (3.4) are g-analogs of the function

HABihizisu ¢, _ (@)-m-v) 77 Bdms T1 i
FD,]< P o 7,}1<1<M> = Z H Do Z1_[1 i

m17...7m]\/[20 (7)—777,(]—1) i=1 (N p—

by replacing some parameters and transforming variables. Only here, (&), = I'(&+n)/I'(&) for
n € Z. The solutions of the equation related with Fp are given by using the function Fp ;.

Remark 3.4. For 0 < L < M, the functions (3.5), (3.6), (3.7) converge in the region

N

D=Sll<t1<i<L |[[Z Ll<nL+1<i<m,
j:laj biti

<L 1<i<j<M;,,
Vi

simultaneously. We put z; = t;/tiv1, 1 < i < L, x, = tp, vp41 = 1/tp41, @ = tio1/t,
L+1<i<M,then we havet; = ;- o, 1 <i< L, 1/t;=xp41--x;, L+1<i<M and

xi-wj, 1<i<j <L,
Ti- Ty, 1§i§L<j§M,

;:
J . .
Tit1 Ty, L<i<j<M.

Therefore the functions (3.5), (3.6), (3.7) are solutions of the system Ex s in the region
{]z;] < 1, 1 <i < M}, and have the following asymptotic behavior at = (0,...,0):

M
] % 7L ({aj}lﬁjsNa{bi}lsiSM;{ti}l<i<M> H 7% (1 +O(||z]])),

i—L+1 {ejhi<jsn =41

1+Zz 11 Bi—ve H 75 glikd <{aj}1§j§N7{bihSiSM;{ti}KKM)

i {ejh<jen

SM L B T 5
=1, II &7 a+o(l=l)),
1=l+1
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_ Moo M L bl
tz akt1L 1 Bi I] " 7L <{G’J}1<]<N’{ Z}1<Z<M;{ti}1§z’§M)

i {ejhi<jen
S S
— QL i= 7 —B;
=t T T o),
i=l+1
where ||z]| = > |;|. The system Ey s is rewritten as follows:
ty 1 Al
-1 17
. tL (1 —a;T)-(1—0bsTs) 1—ciq 1-T;) p F=0,
ls+1 H 7 ]1;‘[1 g ( ")
1<s< L
al 1t te 1 19
L+1 s—1 —1
(1 —=a;T)- (1 —bsT. . 1—cijqg ' T) - (1-T,) p F=0,
1;[ 7 oTa) - try1toi2 ts JI;II( ’ ) e
L+1<s<M,

\

{?(1 —b,T0)(1 —Ts) — (1 — bsTs)(1 — Tr)}}": 0, 1<r<s<M.

s

If a function f(t), which is defined in the region D, is a solution of En s and has asymptotic
behavior

F&) =313 (1 + O(l[]]))

at = (0,...,0). Then, by checking the coefficient of the lowest power of x, we find that
6 = (d1,...,0p) must satisfy

(1-cjq Lo+ +6M)(1_q5s):0, 1<s<1L,

—

<
Il
—

(1 —ajg™ ™ T0) (1 —byg®) =0, L<s<M,

—

Il
—

J
(1-byg”)(1—¢") =0, 1<r<s<AM.

In this sense, the solution (d1, ..., das) of the above equations should be called “the characteristic
exponent of the system Eny at z = (0,...,0)”, like a characteristic exponent in one variable
case. Solving those equations, we have

(61,..,00) =(0,...,0,—Br+1,--.,—Bum), (3.8)
M
<1+Zﬂi_7k7_627"'>_ﬁ]\4)7
1=2
<071+§5i_7]€7_637"'7_131\4>7 (39)

M
<0,...,O,1—|— Z ﬁi—’yk,—ﬁL+1,--->—5M>a

i=L+1
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( M
<0,...,0,—Oék+ Z 5@'7_5L+27--'1_BM> 5
i=L+2
M
<0,...,0, —og + Z 5i7_5L+37--'7_5M>7 (3'10)
i=L+3
(0’ . 70a _ak)?

where 1 < k < N. The solutions (3.5), (3.6), (3.7) correspond to “the characteristic exponents”
(3.8), (3.9), (3.10), respectively. Also the solutions (3.5), (3.6), (3.7) are characterized by the
asymptotic behavior

M HXM, B M
—Pi i= ik —bi
II s%a+od=l), ==+ IT 7@ +olz)),
i=L+1 i=l+1

M
-« +Ef\i Pi P
t k 1+1 H t; B (1+O(||=]])),
i=l+1
respectively at @ = (t1/t2, ..., tp—1/tr tr, 1/toet, toat/toee, - tv—1/ta) = (0,...,0).

(
We should check the linearly independence of the solutions (3.5), (3.6), (3.7). The following
lemma is useful to check the linearly independence.

Lemma 3.5. For any i # j, we assume 6; # d;. Here, §; = (814,...,0Mm,) and 6;; € C
1<i<n,1<k< M. Then the functions

filtr,. . tar) = £ (L+ O([[¢]])
. . . ) 01,4 OM,i
are linearly independent on K = {C(t); for any i, T,C(t) = C(t)}. Here, t% =t{""---t}}"".

Proof. We assume that Ci(t)fi(t) + -+ + Cn(t)fn(t) = 0, where Ci(t) € K, 1 < i < n.
We can take m = (mi,...,mpy) € ZM such that (m,d;) # (m,d;) for any i # j, where
(m, ;) = mid1; + -+ + mayonr;. We define the operator R = 77" ---T™ for such m and
consider the following determinant

Ci(t) f1(t) Ca(t) f2(1) Cs(t) f3(t) ne Cnfn(t)
R(C1(t) f1(t)) R(Ca(t) f2(t)) R(C3(t)f3(t)) -+ R(Cu(t)full))
D =| RA(Ci(t) fi(t))  R*(Cat)falt)  R*(Cs(t)fs(t) - RAHCult)fu(t))
R”—l(Ci(t)fl () R"_l(Cz.(t)fQ(t)) R"H(C3(t) f3(t)) - R”_I(Cr;(t)fn(t))

By definition of R and C;(t), we have R*(C;(t)f;(t)) = C;(t)R*(f;(t)). Also, we have R*(f;(t)) =
q(m9)k1%: (1 4 O(||t||)) by definition of f;(t). Thus we have

D = Cy(t) - Cpg(£)t% - - - %

1 1 1 e 1
q(mvél) q(m752) q(m7§3) . e q(m757l)
m 2 m 2 m 2 m,0n 2
% (q( ,51)) (q( ,52)) (q( ,53)) (q( 0 )) 1+ O(||t]))).
m . n—1 m : n—1 m : n—1 m n n—1
(q( 761)) (q( 752)) (q( 763)) e (q( Ny ))

By the assumption C1(¢)fi1(t) + -+ + Cn(t) fn(t) = 0, we have D = 0. Also, by the condition
(m,0;) # (m,0;) (i # j), the Vandermonde determinant is not 0. Therefore we have that there
exists i such that C;(¢f) = 0. By induction on n, we have C;(t) = --- = Cp(t) = 0. [
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By Lemma 3.5, we have that solutions (3.5), (3.6) (3.7) are linearly independent on K if
parameters {a;}1<j<n, {biti1<i<m, {¢j}i<j<n satisfy the condition (3.1). Also, if a function
I ({aj}ISjSN’ {bi}lgiSM; {ti}1<i<M) satisfies the ¢-difference system FEy 57, then the function

{eihicicn == ’
f {ajhi<i<ns {bo( hi<i<nr,
{cihicien ’
have the following proposition.

{ta(i)}1§i§M> satisfies the same system for o € &);. Therefore we

Proposition 3.6. For 0 < L < M and o € &y, we set

M

Y o, s e {bos .

ug? = Tt i <{ et ‘,"”}1<’<M%{ta<i>}1Si§M>’
Ml {c;hicj<n

;

{ejhicien ’
1<k<N, 1<I<IL,

14320 4y Boy = O b Lkl {aji<jen, {bo@) h<icm
boy ™0 H toi -GN o ==ty hi<ism |
=111

L
’U/k;:lo- — +ZM /67 M 6 {a } {b }
—a+ M4 Bo, By Lk [ a5 1<i<n, {bo ) hi<i<m
to T e Fm | cON=EM g h<isar |
=i 1 {eih<jcn
I1<k<N, L+1<1<M.
We set
L T¢(, L, L, L, L, L,
ulo — (uo U,U1,107"'7u1,;\r/[7“2,107"'quS\/I)'

Then uw™? is a fundamental solution of the q-difference system En v in the region DL if
parameters {ajhi<j<n, {bihi<i<m, {¢j}i<j<n satisfy the condition

a;j/ar, ¢/, a;/bogiy *  bo(ary, ¢k /Yoy bo(ar) & 47 (3.11)
for1<i<M+1,1<j#k<N. Here,
N

Cj q
Hé.ﬁ

j=1 o (i)bo(i)

DL"’:{\ta(i)\<1,1§i§L, <1,L+1<i<M,

qto (i)
bo(j)to(s)

<1,1§i<j§M}.

3.2 Connection matrices

In this subsection, we take a fundamental solution u? on D% and we consider the connection
formula between uX1:71 and uLQm, where 0 < Lq,Ly < M and 01,09 € G;. We assume the
condition (3.11) for 1 <i < M+ 1,1 < j # k < N and for any 0 € &);. We can solve this
problem in principle by calculating the following matrices:

e the matrix which connects w4 with «t1d 0 <L <M —1,

e the matrix which connects ™4 with «*~1d 1 < L < M,

e the matrix which connects u™9 with uM=7, 0 <r < M —1,

where s, = (r,r + 1) € &);. These matrices can be calculated by the Thomae-Watson’s
formula [23, 25].
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Lemma 3.7 ([23, 25]). The connection formula of n+1pn is given as follows:

a1,...,aN+1 Jg:l ﬁ (bj/ar)oo H (aj)o
N+1PN ) = N (a:las)
bi,...,by = e oy (@5/ak)s
7k
o) o (Haes/bihsgens e bibg ) L (3.12)
o(t) {qar/ajhr<jenirjze 01 -anst

This formula can be derived by applying the Cauchy’s residue theorem to the following
integral:

/(blx,...,bNx,q:U/t,t/CE)oodx
c (az,...;an12,1/0)00 T

Here the contour C' is a deformation of the positively oriented unit circle so that the poles of
1/(a1z,...,aN+1%)oo lie outside C, and the poles of 1/(1/x)s and 0 lie inside C. For more
details, see [7, Section 4.10].

First, we consider the matrix which connects w4 with w®t1id, If [ £ L + 1, then we have

Lid _ L+1,d
Upp = Upp

easily. Hence, we should calculate the connection formula of ué’id, ué’iLdH. By rewriting the

definition (3.2), we have

Fiim <{a”{}c’jgbi}; {ti}>

—1
N L M m;g
Mo ML g2, mar >0 Lj=1 (Cj/bL+1 o bM)m(L)’ 1<i<M (q)mz i=1 i=L+2 bltl
AL
/ N
{gbrs1 - bar/cjg™ ) Yi<j<n, braa Cj q
y <j< Jre. —2 |4 3.13
NN {gbrar - bar/aja™ P h<jen ]Hl aj briitra 1

Here and in the following, we use the notation

I M
m(l) =3 mi= ) mi,
i=1 =142

for m = (my,...,my) and 0 <1 < M. By applying the formula (3.12) to y41¢N, we obtain
Fi <{aj}1§j§N’ {éi}lgiSM; {ti}1<i<M)
’ {eihicicn

N
“T1 (gbrt2---ba/aj, gbryr---bar/¢j)oo  O(tL4r01---an/ci---cn)
5 (@brta---bv/aj, abrya - -bu/¢j)oo O(trsrbrirar---an/er---cn)

) . bi h<i<nr
% ]_—L+1 {aJ}ISJSN,{ i $1<i< 1, A
o ( {eih<j<n {tihi<i<m
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(ca/aj)oo (gbrt1 -+ bar/cj)oo (br41)oo
+ .
;{]Hl (gbr+1+-bar/aj)eo 1}21\, (ca/cj)oo (ca/qbr+2 - bar)so
Jd
O(try1a1---anca/qbrya - bacr---cn)
O(tr41bry1ar---an/c1---cn)
, N bibrcicnr
o FLALd L1 ({a;}g]gjv,{ ih<isu, ) .
N.M {cihi<jen i<
By similar calculation of (3.13), we have
. L bidicicns
FLik L+1 <{%}1§;§N,{ ih<ism gy >
N.M {eihicien Hihzizu
N
- 11 (gbry2---ba/aj)o (Q/bL+1 H (qar/¢j)oo
ey (9k/a5)s (qak/br+1 - iy (@bra2 - bar/cj)oo
ik
O(tp+1brr1---byrar -+ -an/ager - - .CN)]_-L+1 <{aj}1<j<N7 {bi}lgiﬁM; {ti}1§i§M>
O(tr1bry1ar---an/c1 - cn) {cih<j<n
N Z 11 (¢a/aj)oo  (ca/brs1--bnr)oo (qar/¢j)oo  (an/bri2---br)so
(ien @ar/a)oe (qar/brsr---bar)oo | 22 (Ca/)oo (Cafabrra---bar)oo

J#k Jj#d

N,M

O(tr+1briar---anca/qer - CNOL) L41:d,L+1 <{a]}1<]<N7 {biti<i<mr. . }1<.<M>}
i i<

O(tr+1bry1a1---an/c1---cen)

Therefore, we set

{C]}1<J<N

Aop Ao Ao, N
ALdd _ gLid <{a1}1<g<N,{b ih1<i<, -t ) _ Ao Ay AN
L+1 — . . .
{cih<i<n : :
Ano Ann AN N
Ty @ria - bar/ag b ba/e)oo  Otrpiar---an/er-en) gy,
Aoo—H : bry1 s
’ i (gbr41---bam/aj, qbryo---bavr/¢j)oo  O(tr41bryrar---an/ci---cn)
Aoa = (Ao, 1,a)> Ao, 2,0 - - -» Ao,(ar,a)) = (05,0, Ag (141,40, - -, 0),
o ﬁ (ca/a5)00 (gbrs1-bar/ci)oo  (bri1)so
’ o (@b -bafag)ee 2y (Ca/¢)s (ca/qbri2---bu)oo
J#d

O(tr1a1---anca/qbri2---barer---cn) 1= 4 Bita

O(t41bry1ar---an/c1---cn) Lt

)

Ao ="(Aa .0 A0 Ago) = (0,0, Arr1.8)00 0, 5 0),
(gbr+2---bm/aj)so (q /bLH (qak/cj)oo
A = .
(L0 1}2 Ny (@ax/aj)e (qar/brta - H (gbrt2---brm/cj)oo
Jk
O(tr41bry1---byar - -ay/agey -+ CN)t*ak+Zv]:ViL+2 Bi
L+1 )

O(tr41br1ar---an/c1---cn)
I, 0] @)

Ara=| O Arsir),+1,9) O :
@) O Inp—r—1
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A(L41,k),(L41,d) =

(ca/aj)oc  (Ca/bry1- bum)oo
11 (

J#k

X H (gar/cj)oo  (ar/briz - bar)so
1<j<N (ca/cj)oo  (ci/qbri2---brr)so
j#d

O(tr41bryra1 - - ancg/qer -+ - CNak)tfl—akﬂd
H(tL-i-lbL—l-lal"‘CLN/Cl"‘CN) L+1 )

where 1 < k,d < N, I, is the unit matrix of degree n and O is the null matrix. Then we have

uL,ld — AL,lduL+1,1d )

Secondly, we consider the matrix which connects w9 with w”~114. This can be calculated by
a similar method for deriving the matrix A%, We set

B0,0 BO71 PPN BO,N

pLid _ grLid ({ajh1<j<n, {biti<i<m, o) = Biyg Bii -+ Biy
{Cj}1<j<N ’ : : : ,

BN,O BN,l PR BNN

(aj/brs1---bar,ci/br -+ bar)oo . O(trbr) 5,
o (@i/br e bars /b b O(tL) 1

= (BO (1,d)» BO,(Z,d)) SRR BO,(M,d)) = (07 s 707 BO,(L,d)) Oa cety 0)7

’,:12

N
(Cj/ad)oo (aj/bL+1 b ) oo (br)oo
B = .
b H (ci/brat - bar)os HN (aj/anec (br-bar/fad)oe
j#d
e(tLad/bL+1 c bM) tO‘d—ZﬁLH Bi
(tr) L ’
Bio = "(Ba 10 Bewyos - Bargyo) = (0,...,0,B, k) 0,0,...,0),
(cj/br - bu)oo (q/bL)oo qa]/ck
B — )
(0 HN (a¢i/cr)oc (aPbrsr---bar/er)oc 13 (aj/bL -~ bar)oo
j#k
y O(trgbr - - bM/Ck)tlJrZZ L Bi— |
(tr) L
I O O
Bra=| O Buwwa O |,
O O Iy—r
By o i) = H (¢j/ad)oc  (qbri1---bu/ad)o (gaj/ck)oc (gbr - bar/ck)oo
D = 2 e/a)o (@Pbrin - bu/a)oe 22y (a5/ad)ee (br - -bar/aa)ec
£k Jj#d
O(trqaq/ck) =
O(tr) F ’

where 1 < k,d < N. Then we have

uL,ld — BL,lduLfl,ld )
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Finally, we consider the matrix which connects w4 with w5, We have

Msr_ M, id Msr_ M1d
Ug = Uy U 1 Upi >

easily if [ # r,r + 1. Thus we should calculate the connection formula of uM 5 u%ﬁirl We have

Mk ({ajb1<i<n, {bs, () F1<i<m . | )
gNM < {C]}1<]<N ’{S’I’(Z)}ISZSM

ﬂ qak‘/c] 1:[ bl ﬁ (bi)mifl ) (br)m (Ck/qb br+2 bM)m(
(

k=1 qck/c i=1 q L A— (Q)mi—1 (Q)mr (Ck’/bT )m(r 1)

z

ma,.. ,mM>0

« H ( )mz ( T+1t7’+1)mi1 _ <br+1tr+1>mT <br+1tr+1>mM
- r+1tr+1 = brtr q

= Z { ak/c] Til (bl)mz ﬁ (bi)mifl

My My =1, Mg 15, 20 L= (gex/;)ma i=1 (@) i=r+2 (@m-s

M i
i H < T+1tr+1> ‘ 1‘ (br+1tr+1>mM
i=r+2 i q

,’:1:

\’,:]2

(Ck/qbrb’r-l-Q te bM)m(r 1)/ (
(ck/br - bM)mr—1y - r+1tr+1

bra bT‘b mrl tr
><2<p1< q v/ eng™ CI +1 }

by barJepg™ Y

and by applying the formula (3.12) to 2¢1, we obtain

M;k,r {a]}1<]<N7 {bsr( )}1<1<M ' 4 >
gNM ( {CJ}ISJSN { sr(z)}lﬁzSM
_ (q/br+1,br )0 O(trcr/tr+1qbrsr -+ - bar)
(@®bpbrya - bar/cly €/ qbrsr -+ - bas) oo O(t by /trs1)
T ) b 1
" ng ({a3}1<]<N {biti<i<mr. {ti}1<i<M>
{eihici<n

(bry2 - bar/cr,qbr - bar/ck)oo O(tr/tri1)
(q2bybrya - bar/chy @r1 - bar/Ck)oo O(trbr /tr41)

x G+ <{aj}1<j§N, {bihsicu, {ti}1<i<M) '
{eih<icn

+

Similarly, we have

Mkr+1 {aj}1<j<n, {bs, () h<i<mr, e )
oN, ( {citicizn oo hrsizu

_ (ck/br - barscr/qbria - bar)oo  O(trbr/tri1brin)
(Ck/brbT—FQ to bM7 Ck/qb'r—l—l o bM) H(trbr/tr+1)
M:k,r ({CL]}1<]<N7 {biti<i<nmr {ti}1<z’<M)

><gNM

{cihi<j<n
n (q/br,br41) o0 O(trqbybria - bar/tryicy)
(Ck/brbr—i-Q b, gy - - bM/Ck)oo e(trbr/tr—i-l)

y gM;k,r+1 ({aj}léjéN’ {bi}lgiSM; {tz‘}1<i<M> .
{cih<j<n
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Therefore, we set

1 O 0]
oS8 o --- 0
gid _ gMid bih<ism, B N _ |0 5 g2 : (3.14)
{ejh<isn tra o ’
0
O O O SN
Iy O 0] O
Sk _ O Srl?,r Sﬁ,r+1 @
T 0o Sferl,r Serl,rJrl O ’
0 @) 0] Inr—r_q
k _ (Q/br+17b7")oo
" (@Pbrbrya - bar/ ek e/ qbryr - - Dar) oo
O(tycr/treiqbrst - - bar) < . >_1_Zz]'vir:8i+7k
e(trbr/trJrl) trJrl ’
ok _ (@b bar/crabebu/e)oo Ot /tria) ( tr )—m
P (@2bpbryg - bar ) Chy @b - bar k) oo O(tbr [tri1) \ 1t ’
Sk _ (Ck/br"'bMack/qu—i-?"'bM)OO e(trbr/tr—i-lbr—i-l) < ty >_BT+1
rLr (Ck/brbr—l—Q T bM) Ck/qbr+1 e bM)oo e(trbr/tr—l-l) tr—i—l '

gk (/b br+1)oc
LT (e fbybrga - bag, @brg - bar /oo

H(trqbrbr-i-Q s bM/tr+lck) < t, >1+ZZMT+2 Bi—k
H(trbr/tr+1> tr—',—l

where 1 < k < N. Then we have

M,s, _ Sé\f,iduM,id‘

i

u

Moreover, for o € &)y, we set
bo(iy hi<i<M
AL AL id <{aj}1<j<Na { o (i) t )
{CJ}1<J<N o(L+1)
BLo _ glid ({a3}1<]<N7 {bo(; }1<i§M;t0(L)> ’
{CJ}1<J<N
Mo _ gMid <{ba @ hi<i<amr, to(r) > ‘
Sp Sr {C }1<]<N ) U ,,,_;’_1)
Then we have

uL,U — AL,O’uL-‘rl,O” Lo _ BL,O'uL—l,O" uM,er

u Séw"’uM’U.
™

Therefore, we obtain the following theorem:

Theorem 3.8. We assume the condition (3.11) for 1 <i < M +1,1<j#k < N and for any
c€Gy. For0< Li,Lo <M and 01,09 € S, we have

La,oo _ pL2,02 AL2+1,0 M—-1,0 Mvsrg”'sr[gl M:3r3"'3r1<71 M,o
ul?o2 = pAl2,02 gLl2 2... A4 Q,S'ST1 Ssr2 . 55711

X BM,O'lBM—Lo’l . BL1+1,0’1uL1,O'1’

if 02 = Sy, -+ $p,01, where s, = (1,7 +1) € &)y
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Remark 3.9. Each element of the matrices A7, BLo, Sé\:[’g is a pseudo constant, i.e.,

T,AM = Ao T,BLb =B, T,5M0 = gMe

4 A solution of the Yang—Baxter equation

In this section, we assume b; = ¢%, 1 <i < M, and cj =¢q",1<j < N. We obtain an elliptic
solution of the Yang—Baxter equation as an application of Theorem 3.8. The functions

RO bl
vg = Fn,m <{a]}1§]$N’ {A Z}ISzSM; {ti}1§i§M> )
{cih<in

M
14+3M, By =k ~Botmy Mkl ({0 1<i<n, {boy i<i<mr
l H ta(m) I ’ ! o0 ‘ ) {t

v =t ! N.M a(i)}1<i<M ;
LT Te ) ’ {cih<i<n —

m=I[+1

where 1 <k < N, 1 <1< M and o € Sy, are solutions of the g-difference system Ey s in the
region

t_:
DM’U:{|ti‘<1,1§7;§M, M

<1,1§i<j§M}.
o () to(j)

Similar to the calculation of the matrix (3.14), we set

UJ == T(Ug,vil, e ,Uf,M,UgJ’ e 7Uj.\-77M)’
and we set
1 0 . O
oS5 o0 . 0
gid _ gid <{bi}1<z’<M. tr ) | 0 &
Sr Sr {CJ}ISJSN’ tr+1 ' r )
0 0 o SN
., O o) 1o
- - ) . Gk Gk
Sk=35, ({b’}lﬁ’SM; b )— o f 32’”””“ o 1, (4.1)
Ck t’r‘—i—l ) Sr—‘,—l,r Sr—i-l,?"—‘rl o
O O O IM—T’—I
ok (Q/bT+17bT)OO

(quTbT_'_Z v bM/Cka ck/qu’-‘rl . bM)OO
e(trck/tr+1qbr+1 s bM) < t, >_1_Z£WT Bitk

I

O(trbr/trs1) tri1
g = (®bra2 - bar /e, abr - bar/ck)oe Oty /tri1) < tr >5T7
o (q2brbry2 - bar/cry qbrir -+ - bar/cr)oo O(trbr [try1) \try1
gk _ (cr/br--bar,cr/qbrya - -bar)oo  O(trby [ty 1bry1) ( tr >_ﬁr+l
T (e /bt by ek /@bt bar)oo O(tibre /1) \ et 7
gk _ (@/br,br41) 00
141

(Ck/brbr+2 by, qbryr - bM/Ck)oo

H(trqbrbr-i-Q te bM/tr.HCk) < t, ) 1+Zzl'\ir+2 Bi—k
a(thT/tr—i—l)

)

tr—f—l



Connection Problem for an Extension of ¢-Hypergeometric Systems 17

where 1 <k < N and s, = (r,r + 1) € Sjs. Then we have

’UST — S;d'vld.
T

In addition, we set
go = §id <{ba(z yh<i<m, to(r) )
{cihi<isn topany)’

for o € G, and then we have

= S’gr'v"
Remark 4.1. The matrices S’;Cl, 1 <r < M —1, depend only on ¢,/t,+1 and the parameters
{bi}, {¢}-

By the braid relation (r,r + 2) = $,8,4+18y = Sy4+15rSr+1, We have

(r,r+2) _ sr+1sr sy oid ld srsr+1 sr+1 aid i
W) = Garase Gar Gidyid . Graria Gara Gid pid,

In particular, we find that the matrices S, satisfy the Yang-Baxter equation

g <{bsr+15r(i)}1§z’§M;u> Gt <{bsT(i)}1§i§M;uv> 5 ({bz‘}lsz‘gM;v>

Ck Ck Ck

— S <{bsrsT+1(i)}1§i§M;v> 3 ({bshq(z')}lSiSM;uv) S <{bi}1§z‘§M;u> ’

Ck Ck Ck
where u = tp41/tryo, v =t /tr41.
Remark 4.2. For the details of the Yang-Baxter equation, see Jimbo’s text [11].

Remark 4.3. Aomoto, Kato and Mimachi [4] obtained an elliptic solution of the Yang—Baxter
equation by considering the connection matrices of a holonomic ¢-difference system which was
studied in [16]. They obtained that the matrices

Iia o) 1)
Puw=| 0 W+ @i@-1Dp,8u) O |,
0 O In_i1
oo 0@ 0)0ua 20 - gy 0()B(a 06 (a )

9(q—a—25)9(uq—5) 9((]70‘726)29(1“]*/3)

W(Oé, Ba u) = s s :
UBM w8 O(q )Q(UQ )

Q(UQ_B) H(q—a—Qﬁ)g(uq_ﬁ) )

where 1 <17 < n — 1, satisfy the Yang—Baxter equation

Py(w) Prs (w0) Py(0) = Pray(0) Py(uv) Prys (w).
They also found that the matrix W is identified as the matrix W’ with entires of Boltzmann
weight 1 % o of the Agl) face model discussed by Jimbo, Miwa and Okado [12]. The matrix W’

is expressed as

(4.2)




18 T. Nobukawa

where [u] = 601(mu/L,q), L # 0 is an arbitrary complex parameter and

(0.)
01(u,q) = 2¢"/%sinu H (1- 2¢" cos 2u + q%) (1- qk)
k=1

_ 2q1/8 sin u(eQﬁ“q, efzﬁu% q)oo

The matrix W is equivalent to W' as follows:

—Ya —Ya -8
(T ) () ):0(” L (a, i)

O T Ja—1 0 €T Ja—1 e(q—ﬁ)
with ezwﬁu/L = 1, e2w¢jl/L _ q,3+17 ezw\/?la/L _ q—oz—2,8’ Goo1 = #7 Jor1 = —a2—35’
29, = % On the other hand, by specializing parameters b; as by = - -- = by; = ¢°, the matrices
- - B
Sp(u) = Sy (Z ;u> satisfy the Yang-Baxter equation
k
Sr(u)gr—&-l(uv)gr(v) = ST+1(U)ST(UU)ST+1(U)~
By definition (4.1), we have
. Iy 0] O
Sw=| 0 W-2-(M-r-28-8w 0 |, (4.3)
O O IM r—1
ua+3ﬁ+19(q75)9(uqa+26+1) y (q afﬁ’qfafsﬁq)oo
~ 0 q_a_Qﬁ 0 uq_ﬁ q —a—28 q—a—Qﬁ—l
W(a, B;u) = 9 a(+3ﬁ+2 )a+(/3+1 ) ( )( —a—2p8-1 /3)00 !
P OlLU AT il P )6(a")
g(uq—ﬁ) (qa+26+27qa+2,8+1)oo g(uq ) ( —a—283— 1)

and by means of easy calculations, we find that the matrices W and W are conjugate as follows:
W (e, Byu) = Ao, )W (a, B5u) A(a, ) = B(ov, B)W (o, B5u) B(ar, B) 7,
where

o= yb). sen-(50 )

( a+36+2 a+ﬁ+1)
f (a, ﬁ) _ q »q o
(qa+25+2’ qa+25+1)

e}

In conclusion, our matrix W is identified as Jimbo, Miwa and pkado’s matrix W’ and with
n=M,do =~y —2—(M-—23)8 and §/ = —f, our matrices S,(u) and Aomoto, Kato and
Mimachi’s matrices P,(u) are conjugate.

5 Summary and discussion

A summary of our results is as follows. The main result of this paper is Theorem 3.8, which gives
the connection matrices for fundamental solutions u’ of the g-difference system En s (2.5)
and (2.6). The fundamental solution u™ converges in the region {|t,1)| < -+ < |to(p)| < 1 <
o] < <L Jtoan) |}. The component of the fundamental solution w4 has the asymptotic

behavior of the form ¢3! - - - 5 (1+O(||z|])) at & = (t1/ta, ., tn—1/tr, to, V/tr 1, tooa/tose, - -,
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tyr—1/tamr) = (0,...,0) for some §. More precisely, see Remark 3.4. The way to get the connection
matrices is to calculate “easy” connection matrices many times, i.e.,

s Mo

o1 N uLl“l'lao—l S ... u
— uM»srlo'l - uM75r237‘10'1 sy uM)er"’srlo'l — uM70'2

s yM-hoz @ M=202 .y g l2.02

Here, s, = (r,r + 1) € &). Each step can be calculated by using Thomae-Watson’s for-
mula [23, 25], which is a connection formula of the function yi1¢n. In addition, as an ap-
plication of Theorem 3.8, we obtained a solution of the Yang—Baxter equation by considering
the connection matrix between uM ("2 and uMd. Also we showed that our matrix (4.3) is
identified as Jimbo, Miwa, Okado’s matrix (4.2), and our solution and Aomoto, Kato, Mimachi’s
solution [4] are conjugate.

There are many problems related to our results. We mention four of them here.

(i) By taking the limit ¢ — 1 with a; = ¢, b; = ¢%, ¢; = ¢, we obtain fundamental
solutions of Tsuda’s hypergeometric equations [24]

,’:12

N
ts(Bs + Ds) [ [ (ej + D) - (vj—1+D)py=0, 1<s<M,
7j=1 j:l

{tr(ﬁr + Dr)Ds - ts(/Bs + Ds)pr}y = O) 1<r<s< M:

where Dy = tsaits and D = Zi\il D,. Similar to the method of Theorem 3.8, it is expected
that the connection problem of Tsuda’s equations will be solved. In this case, it must
be noted that solutions are multivalued functions. The connection formula of Tsuda’s
hypergeometric function F 1 a7, which is a solution of Tsuda’s equations, depends on the
path on X = {(tl, cot) ECMt £ty i £ Gt # 0, 1}. In [15], a path of connection
for solutions of GG system [8] was discussed by Matsubara-Heo. Thus the connection
problem of Tsuda’s equations will also be solved by Matsubara’s method. Note that in the
case of N = 1, some of connection formulas related with F; were obtained by Olsson [18],
and related with Fp were obtained by Mimachi [17] from the viewpoint of the Jordan—
Pochhammer integral and the intersection theory.

(ii) The function is a generalization of the g-Lauricella function ¢p. In differential case and
two variable case, i.e.,

[ts(ﬁs + Ds)(a +Ds + Dr) - ,Ds(’y —1+4+Ds + DT)]F =0, (17.7) = (172)7 (27 1)>

there are power series solutions of the equation which converge near (¢1,t2) = (0,0),
(0,1), (0,00), (1,0), (1,1), (1,00), (00,0), (00, 1), (00, 00). Here we show two solutions as
examples:
7ﬁ1’ﬁ2
Fy 1 —t,1—¢
<04+51+52+1 e b ?

t*ﬁlt*ﬁzFl Bl+62+1_’)/;ﬁ1,52.t1—1 ty — 1
1 2 a+ﬁ1+ﬁ2+1—’y’ tl s t2 .

60 solutions like these series were obtained by Appell [5], Le Vavasseur [14], and other
solutions which are given by the Horn’s G2 function were obtained by Erdélyi [6]. In this
paper we get power series solutions for the system FEx ), however in the case N =

and M = 2, the series are g-analogs of only a part of Appell, Le Vavasseur, Erdélyi’s



20

T. Nobukawa

(iii)

solutions. In case of one variable, Hahn [10] obtained g-analogs of Kummer’s 24 solutions.
In future we hope that other solutions for Ex ps, which contain g-analogs of Appell, Le
Vavasseur, Erdélyi’s solutions will be obtained. It is expected that these solutions will be
generalizations of Hahn’s solutions.

Our fundamental solutions u’? are given by series. On the other hand, a solution F N,M

has the Euler-type Jackson integral representation (2.4). It is also expected that other so-
lutions of the g-difference system En s have the Euler-type Jackson integral representation
with suitable domain of integration.

In recent years, the theory of elliptic difference equations has progressed. For exam-
ple, considering discrete isomonodromic deformations of a linear difference system, an
elliptic Garnier system which is a generalization of elliptic Painlevé equation defined by
Sakai [22] was obtained by Ormerod, Rains [19] and Yamada [26]. Also, by using repre-
sentation theory of the elliptic quantum group Uy, (ﬁA[N), an explicit formula for elliptic
hypergeometric integral solutions of the face type elliptic ¢-KZ equation was obtained by
Konno [13]. We hope that an elliptic analog of the hypergeometric function Fy s and
its related isomonodromic system will be obtained and our result will be extended to the
elliptic hypergeometric function.
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