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Figure 7: Example of a horizontal splitting of a sparse quasi-binary tree

For instance, �2 (25143) = (21; (543), (0, 1, 0, 2)). Horizontal splitting acts on the sparse quasi-binary
tree representation by detaching the first lower p generations (we include all edges connected to the vertices
of the pth generation. The resulting levelled tree forms the lower component of the cut and the generations
above it yield the upper component of the cut.

This operation extends to levelled forests in a straightforward manner.

Definition 4 (Horizontal splitting of levelled forests). Let f = (σ, c) be a forest in LF(k, n), with σ ∈ Sn−1

and (c1, · · · , ck) �0 n − 1 a weak composition of length k. Once again, denote by σi, 1 ≤ i ≤ ‖k‖ the
restriction of σ to the parts of c. The horizontal splitting of the levelled forest f at the level p is the forest

�p(f) = (�p(f)−,�p(f)+) := (�p(σ1)− · · · �p(σk)−,�p(σ1)+ · · · �p(σk)+)

For convenience, we use the shorter notations

fp− :=�p (f)−, fp+ :=�p (f)+

Consider for example the forest g(1,1,3,0,1)(542631) = (5, 4, 263, 1). Since �3 (5) = (∅; (5)), �3 (4) = (∅; (4)),
�3 (263) = (23; (∅, 6, ∅)), �3 (∅) = (∅; (∅)) and �3 (1) = (1; (∅)), we obtain

�3(5, 4, 263, 1) = ((∅, ∅, 23, ∅, 1); (5, 4, ∅, 6, ∅, ∅, ∅)) .

A horizontal cut of a levelled forest f outputs a pair of forests, the lower component being a subforest of
f . And reciprocally, one can check that a subforest f ′ ⊂ f yields a unique horizontal cut of f , the cutting
level k being the number of internal nodes of f ′ (equivalently the number of generations). We choose then
to index horizontal cuts of a levelled forest by its set of subforests augmented with the root tree.

Definition 5. For any given levelled forest f and subforest f ′ ⊂ f we denote by f\f ′ the upper component
of the horizontal cut induced by f ′. We say that the levelled forest f is compatible with the levelled forest
f ′ if the number of trees of f matches the number of leaves of f ′ in the representation of f and f ′ as sparse
quasi-binary trees or as levelled trees.

By definition of horizontal splitting one has immediately the identity �||f ′|| f = (f ′, f\f ′) . More-
over, if both levelled forests are given as split permutations, f = (σ, (c1, · · · , ck)), σ ∈ S(n) and f ′ =
(σ′, (c′1, · · · , c′q)), σ′ ∈ S(n′) compatibility means that the number k of parts of c1 is equal to n′ + q =
nt(f ′) + ‖f ′‖.

Given two permutations σ = σ1 · · ·σn ∈ Sn and σ′ = σ′1 · · ·σ′n′ ∈ Sn′ we denote by σ ⊗ σ′ the shifted
concatenation of σ and σ′,

σ ⊗ σ′ = σ1 · · ·σn(σ(1) + n) · · · (σ(n) + n′)

The following operation, inverse to horizontal splitting, is better understood in terms of levelled forests.

Definition 6 (Horizontal glueing). Pick two compatible levelled forests f = (τ, λ) ∈ LF and f ′ = (τ ′, λ′) ∈
LF, we define the horizontal glueing the levelled forests f#f ′ = (φ#φ′, λ′′) where

1. φ#φ′ is the planar forest obtained by successively superimposing a root of a tree in φ′ to a leaf of φ.


