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Levelled trees are not sufficient for our purposes. We will extend now the notion of levelled trees to forests.
A planar forest is a word (a non-commutative monomial) on planar trees.

In the following, we denote by nt(ϕ) the number of trees in the forest ϕ, |ϕ| the total number of leaves in
the forest and we set ‖ϕ‖ equal to the number of internal vertices of the forests. If all trees of ϕ are binary
trees, then ‖ϕ‖ = |ϕ| − nt(ϕ). The poset (V(ϕ),≤ϕ) of ordered vertices of f is the union of the posets of
vertices of the trees in f .

In the following, we will just consider planar forests of binary trees. The notion of level function for a tree
is naturally extended to any forest. This allows considering the following analogue of levelled binary trees to
binary forests.

Definition 1 (Levelled planar binary forests LF). A levelled planar binary forest f (or simply a levelled
forest) is a pair (ϕ, λ) formed by a binary forest ϕ and an increasing bijection

λ : (V(ϕ),≤ϕ)→ [||ϕ||].

We denote the set of planar binary forests by LF.

Figure 3: A sparse quasi-binary forest with four trees.

The degree of a levelled planar forest (ϕ, λ) ∈ LF is the number of leaves of ϕ and is denoted by |ϕ|. If
n ≥ 1 and m ≥ 1, we denote by LF(m,n) the set of levelled forests with n leaves and m trees. This allows
defining a bigraduation on the set LF.

A generation of a levelled tree is a set of internal vertices on the same level, that is at the same distance
from the root in the sparse quasi-binary tree representation (we thus take into account the labelling of the
vertices). This notion extends to any forest. A levelled forest (ϕ, λ) can be pictured as a forest of quasi-
binary trees, each with equal number of generations, in the same way as explained before for levelled trees,
where the internal vertices are ordered vertically by adding straight edges according to λ, see Fig. 3. In this
representation, there is a unique internal vertex with two children among all vertices of the forest of the same
generation. We call such a forest a sparse quasi-binary forest.

We now introduce several (classical) operations on levelled trees and levelled forests.
If n ∈ N, weak composition of n is a sequence c = (c1, c2, . . . , ck) of non-negative integers with n =

c1 + · · ·+ ck. If we restrict each ci to be non-zero, then c is called a composition of n. To a weak composition
c, we associate the multiset I(c) := {c1, c1 + c2, . . . , c1 + c2 + · · · + ck−1}. This gives a bijection between
weak compositions of n and multisubsets of {0} ∪ [n]. If c is a composition, I(c) is a set and we obtain a
bijection between compositions of n and subsets of [n− 1]. Weak compositions of n are partially ordered by
refinement. The cover relations are of the form

(c1, . . . , ci + ci+1, . . . , ck) l (c1, . . . , ci, ci+1, . . . , ck).

We write c � n if c is a composition of n, and c �0 n if c is a weak composition of n. The length k of a
(weak) composition (c1, · · · , ck) is the number of parts of the composition.

The bijection between levelled trees and permutations used in the proposition (1) extends to words w =
w1w2 · · ·wr ∈ N∗ without repetition of letters; the associated levelled tree t has now a level function λ :
(V(τ),≤t)→ {w1, w2, . . . , wr}.


