Symmetry, Integrability and Geometry: Methods and Applications SIGMA 20 (2024), 039, 19 pages

Entropy for Monge—-Ampere Measures
in the Prescribed Singularities Setting

Eleonora DI NEZZA ®, Stefano TRAPANI® and Antonio TRUSIANI ©

a) IM.J-PRG, Sorbonne Université & DMA, Ecole Normale Supérieure, Université PSL, CNRS,
4 place Jussieu & 45 Rue d’Ulm, 75005 Paris, France
E-mail: eleonora.dinezza@imj-prg.fr, edinezza@dma.ens.fr

b) Universita di Roma Tor Vergata, Via della Ricerca Scientifica 1, 00133 Roma, Italy
E-mail: trapani@mat.uniroma2.it

©) Chalmers University of Technology, Chalmers tvirgata 3, 41296 Géteborg, Sweden
E-mail: trusiani@chalmers.se

Received October 16, 2023, in final form May 04, 2024; Published online May 08, 2024
https://doi.org/10.3842 /SIGMA.2024.039

Abstract. In this note, we generalize the notion of entropy for potentials in a relative
full Monge—Ampere mass £(X, 0, ¢), for a model potential ¢. We then investigate stability
properties of this condition with respect to blow-ups and perturbation of the cohomology
class. We also prove a Moser-Trudinger type inequality with general weight and we show
that functions with finite entropy lie in a relative energy class £7-1 (X, 0, ¢) (provided n > 1),
while they have the same singularities of ¢ when n = 1.

Key words: Kahler manifolds; Monge-Ampeére energy; entropy; big classes

2020 Mathematics Subject Classification: 32W20; 32U05; 32Q15; 35A23

Dedicated to Jean-Pierre Bourguignon
on the occasion of his 75th birthday

1 Introduction

Probability measures with finite entropy play an important role in the search of canonical metrics
in Kédhler geometry (see, e.g., [3, 4, 5, 6, 9, 10, 11]).

Let (X,w) be a compact Kéhler manifold of complex dimension n > 1 and assume w is
normalized such that Vol(w) := [, w™ = 1. It is well known that Kahler metrics with constant
scalar curvature are critical points of the Mabuchi K-energy defined as

My(u) := SyE(u) — nERje() (1) + Ent(w]), w™), u e EN(X,w),
where the first two terms are energy terms while the latter is the entropy of the Monge—Ampere

measure w!! := (w + ddu)".
Here, given two positive Radon measures p, v, the relative entropy Ent(u,v) is defined as

dp
Ent = 1 — |d
nt(u, v) /X 0g<dy> s

if v is absolutely continuous with respect to v, and +o0o otherwise.
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The breakthrough result of Cheng and Chen [10, 11] ensures that the existence of a cscK
metric is equivalent to the properness of the Mabuchi functional. It is then crucial to relate the
two notions of energy and entropy and to investigate them.

The first step in this direction has been done in [3], where the authors proved that full mass
w-psh functions whose Monge—Ampere measure has finite entropy have finite energy as well. In
other words, they prove the following inclusion:

Ent(X,w) N E(X,w) C EY(X,w),

where Ent(X,w) N £(X,w) is the set of w-psh functions w such that w;' has finite entropy
with respect to a fixed volume form, say w™. However, as all computable examples suggest,
Ent(X,w) is actually contained in a higher energy class EP(X,w) for some p > 1 depending on
the dimension. In [19], the authors indeed proved that

Ent(X,w) N E(X,w) C E71(X,w).

In a series of papers [12, 13, 14], Darvas, Di Nezza and Lu developed the pluripotential
theory in the relative big setting (see also [28, 30] for the Kéhler case). This proved to be very
fruitful, and it allows us to work with potentials with not necessarily full mass in the general
setting of a big cohomology class. In particular, given a big class {#} and a “special” 6-psh
function ¢ (called model potential), they defined and studied relative Monge—Ampére energy
classes £(X,0,¢) and &(X,0,¢), where x: Rt — RT is a weight function. These classes
comprehend the energy classes defined in [9, 24] for a particular choice of ¢. Let us emphasize
that such classes are at the heart of the variational approach for the search of (singular) Kéhler—
Einstein metrics. In the relative setting, the classes £(X, 0, ¢) and &, (X, 0, ¢) are in turn crucial
for the construction of Kéhler—Einstein metrics with prescribed singularities, where the word
“prescribed singularities” mean that the singularities of the potential of the metric are modeled
by ¢, as showed in [13, 27, 29].

The study of such classes, and their interplay with the (generalized) entropy is then useful
to pursue the study of singular cscK metrics.

In this note, we define and study the entropy for Monge-Ampeére measures 0, := (0 +ddp)™
not necessarily with full mass, i.e.,

/X 05 :=m € (0, Vol(09)].

The function ¢ belongs to a relative full mass class £(X, 0, ), where ¢ = Pylp] is a model
potential with mass m. We refer to Section 2 for the definitions of all these notions.
We then define the 0-entropy of ¢ as

Entg(y) := Ent (m_lﬁg, w™).

We establish the stability properties of entropy with respect to proper bimeromorphic maps
and we generalize the result in [19] relating finite entropy to finite relative energy. More precisely,
given ¢ a model potential with positive mass, i.e., fX Gg > (0, we prove:

Theorem A (Theorem 3.7). With assumptions as above, we have
Ent(X,0) N E(X,0,¢) C E71(X, 6, )
foranyn > 1. Forn =1, any ¢ € Ent(X,0) N E(X, 0, ¢) satisfies p — ¢ bounded.

Along the way, we obtain a Moser—Trudinger type inequality with a general weight, i.e., a con-
tinuous strictly increasing function x: [0, 400) — [0, +00) such that x(0) = 0 and x(400) = +o0.
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Theorem B (Theorem 3.5). Let x1: RT — RY be a weight. Let xa(t) := fg x1(s)nds. Then
there exist ¢ > 0, C' > 0 depending on X, 0, n, fX Hg and w such that, for all ¢ € £,,(X,0,¢)
with supy ¢ = —1, we have

[ exp (B0 hxato - @) < €

The above estimate generalizes and unifies several important results present in the literature,
such as [2, Theorem 1.1], [19, Theorem 2.1], [20, Theorem 2.11].

We end this note with a very natural question about stability of finiteness of the entropy
under deformation of the cohomology class. More precisely, we ask the following:

Question 1.1. Let ¢ € Ent(X,0). Is true that ¢ € Ent(X,0 + cw) for e > 07

We emphasize that this kind of result does not seem to be known even when {0} is a Kéhler
class: the (subtle) problem is that it is unknown if the absolute continuity of 6 with respect
to w™ implies that (6 + cw + ddp)™ has a density as well.

We nevertheless prove that if we get a positive answer for some g9 > 0, then ¢ € Ent(X, 0+tw)
for all £ > 0 (see Proposition 3.12).

2 Preliminaries

We recall results from (relative) pluripotential theory of big cohomology classes. We borrow
notation and terminology from [16].

Let (X,w) be a compact Kahler manifold of dimension n and let 6 be a smooth closed (1, 1)-
form on X. A function ¢p: X — RU{—o00} is quasi-plurisubharmonic (qpsh) if it can be locally
written as the sum of a plurisubharmonic function and a smooth function, and ¢ is called 6-
plurisubharmonic (0-psh) if it is qpsh and 6 + dd°¢p > 0 in the sense of currents. Here, d and
d¢ are real differential operators defined as d := 9 + 9, d°¢ := ﬁ (5 — 8). We let PSH(X,0)
denote the set of #-psh functions that are not identically —oo. We also assume that {6} is big,
i.e., there exists ¢ € PSH(X,#) such that 6 + dd“y) > ew for some small constant € > 0. The
current 7' = 6 + dd“y is called Kéhler current.

We say that a #-psh function ¢ has analytic singularities if there exists a constant ¢ > 0 such
that locally on X,

N
p=clog |fiI*+g,
j=1

where ¢ is bounded and fi, ..., fy are local holomorphic functions. We say that ¢ has analytic
singularities with smooth remainder if moreover g is smooth.
The ample locus Amp(0) of {0} is the complement of the non-Kdihler locus

Bk (0) = N {zeX:v(T x) >0},

T Kahler current

where v (T, x) is the Lelong number of T" at the point . The ample locus Amp(0) is a Zariski open
subset, and it is nonempty [8]. Also we note that Amp(#) only depends only the cohomology
class {6}.

If p and ¢’ are two 6-psh functions on X, then ¢’ is said to be less singular than ¢, i.e.,
© = ¢, if they satisfy ¢ < ¢’ +C for some C € R. We say that ¢ has the same singularity as ¢,
ie., p~ ¢ if o <X ¢ and ¢ < ¢. The latter condition is easily seen to yield an equivalence
relation, whose equivalence classes [p], ¢ € PSH(X, ), are called singularity types.
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A 6-psh function ¢ has minimal singularity type if it is less singular than any other 6-psh
function. Such #-psh functions with minimal singularity type always exist, one can consider for
example Vy := sup{y 0-psh, ¢ < 0 on X}. Trivially, a 6-psh function with minimal singularity
type is locally bounded in Amp(f). It follows from [21, Theorem 1.1] that Vp is C1! in the
ample locus Amp(6).

Given

0 +ddpy, ..., 0P +ddp,

positive (1, 1)-currents, where 67 are closed smooth real (1, 1)-forms, following the construction
of Bedford-Taylor [1] in the local setting, it has been shown in [9] that the sequence of currents

lﬂj{¢j>Vej k) (91 + dd° max(p1, Vo, — k‘)) A - A (0P + dd“max(pp, Ve, — k))
is non-decreasing in k£ and converges weakly to the so called non-pluripolar product
(O, Ao AOP ).

In the following, with a slight abuse of notation, we will denote the non-pluripolar product
simply by 9&,1 A= A0%,. When p = n, the resulting positive (n,n)-current is a Borel measure
that does not charge pluripolar sets. Pluripolar sets are Borel measurable sets that are locally
contained in the —oo locus of psh functions. As a consequence of [4, Corollary 2.11] for any
pluripolar set A, there exists 1 € PSH(X, 6) such that A C {¢p = —o0}.

For a #-psh function ¢, the non-pluripolar product 93 is said to be the non-pluripolar Monge—
Ampére measure of .

The volume of a big class {0} is defined by

Vol(0) := /A o
mp

For notational convenience, we simply write Vol(6), but keeping in mind that the volume is
a cohomological constant. Note that Vol(6) > 0 as {0} is big (cf. [9]).
A 6-psh function ¢ is said to have full Monge—Ampére mass if

0" = Vol(0),
/X@ ()

and we then write ¢ € £(X,0). By [9, Theorem 1.16], the set £(X, 0) strictly contains the set
of #-psh functions with minimal singularity type.

An important property of the non-pluripolar product is that it is local with respect to the
plurifine topology (see [1, Corollary 4.3], [9, Section 1.2]). This topology is the coarsest such
that all gpsh functions on X are continuous. For convenience, we record the following version
of this result for later use.

Lemma 2.1. Fiz closed smooth real big (1,1)-forms 01, ... 0. Assume that 0, Y, 3=1,...,n
are 67 -psh functions such that p; = 1; on U, an open set in the plurifine topology. Then

Lyby, A= AOL =1yby A---AO .

Lemma 2.1 will be referred to as the plurifine locality property. We will often work with sets
of the form {u < v}, where u, v are quasi-psh functions. These are always open in the plurifine
topology.
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2.1 Envelopes and model potentials

Giving f an upper semi-continuous function (usc for short) on X, we define the envelope of f
in the class PSH(X, 6) by

Py(f) :=sup{u € PSH(X,0): u < f},

with the convention that sup @ = —oo. Observe that Py(f) € PSH(X,6) if and only if there
exists some u € PSH(X, 0) lying below f. Note also that Vy = P»(0), and that Py(f +C) =
Py(f) + C for any constant C'.

In the particular case f = min(¢, ¢) for 1, ¢ usc functions, we denote the envelope as
Py(),¢) := Pyp(min(e), ¢)). We observe that Py(v,p) = Py(Py(v), Py(¢)), so without loss of
generality, we can assume 1, ¢ are two 6-psh functions.

Starting from the “rooftop envelope” Py(v, ¢), we introduce

Pylyl(¢) == ( Jim Pp(v +C.9))"

It is easy to see that Py[¢)](¢) only depends on the singularity type of . When ¢ = Vj, we will
simply write Py[¢)] := Py[¢)](Vp), and we refer to this potential as the envelope of the singularity
type [Y].

Since 1) — supx ¥ < Py[t)], we have that [¢)] < [Py[¢]] and typically equality does not hap-
pen. When [¢)] = [Py[¢]], we say that ¢ has model singularity type. In the (more particular)
case 1) = Py[¢)], we say that 1) is a model potential.

It is worth to mention that given any 6-psh function v with positive mass, the associated
envelope Py[y] is in fact a model potential [16, Theorem 3.14]. Also, we recall that by [16,
Remark 3.4], we know that [, 07 = [y 0,

From now on (unless otherwise stated), ¢ will denote a model potential with positive mass,
Le, [y 92 > (0. We say that a 0-psh function ¢ has ¢-relative minimal singularities if ¢ ~ ¢.

Definition 2.2. Given a model potential ¢, the relative full mass class £(X, 0, ¢) is the set of
all 6-psh functions u such that u is more singular than ¢ and [ Oy = / X 02.

Proposition 2.3. Assume {0} is a big cohomology class, and 0 < m <V with V = [ oy, -
Then there exists a model potential u € PSH(X,0) such that [y 0] =m.

Moreover, Vy is the only model potential with Monge—Ampeére mass V, whereas there are
infinitely many model potentials with Monge—Ampére mass m < V.

Proof. For the first statement, we need to treat the 1-dimensional case separately. Whenn =1,
the big cohomology class {6} is actually Kahler, hence we can work with a Kéhler form w € {6}
with [ w =V as areference form. Fix a € X, then the measures w and V'§, define cohomologus
closed positive (1,1)-currents. Hence, there exists ¢, € SH(X,w) such that w + dd“p, = Vi,
and supy ¥, = 0. Note that on a fixed local holomorphic coordinate chart centered in a we
have that 1, writes as the sum of Vlog(]z|) and a smooth function. Thus, 1,(a) = —oc.
Observe moreover that the non-pluripolar product (w + dd“y,) is given by the product of the
current w + dd“y, with the characteristic function 1y, ~ . This implies that w + dd“), has
mass zero. Since for ¢ € [0,1], we have w + tdd“y, > (1 — t)w > 0, the function

m(t) = /X (w + tdd°¢,) € [0, V]

defined on [0, 1] is continuous and m(0) =V, m(1) = 0, we arrive at the conclusion.
Assume now n > 2. Let us consider m: Y — X the blow up of X at a point p € X with
exceptional divisor E. Let [E] be the current of integration along F.
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Note that the cohomology class {7*6} is big and so is {7*(0) — t[E]} for |[t| < ¢ with ¢
small enough. Observe that the pseudoeffective cone of a compact Kéahler manifold does
not contain lines. In fact, let o and v be smooth closed real (1,1)-forms and assume that
{a} + t{7} is a pseudoeffective class for all ¢ € R. Then for k € N, {z} + {7} = t({a} + k{7})
and {%} +{—7} = 1({a} + k{—~}) are pseudoeffective, but the pseudoeffective cone is closed,
then letting & — +o00, we get that both {7} and {—~v} are pseudoeffective classes, meaning
that {7y} = 0.

Therefore, for large t, {7*(0) — t|E]} is no longer big. Let

a=sup{t € R, ¢t > 0: the class {7*(f) — t[E]} is big}.

Then 0 < a < 400 and {7*0 — a[E]} is pseudoeffective but not big. In other words, if v is
a smooth form representing {7*6 — a[E]}, then

/ (v +dd°V;)" = 0.
Y

Now, v+ dd°V,, + a[E] is a positive (1, 1)-current and, since the non-pluripolar product does
not put mass of analytic subsets, we also get

/Y(w +dd°V,, + alE))" = 0.

On the other hand, {y + dd°V, + a[E]} = {n*6}, hence by [7, Proposition 1.2.4], there
exists u; € PSH(X,0) such that 7*6,, = v+ dd°V, + a[E]. In particular, 0 = [,.(7%0,,)" =
Jx 0, . Therefore, since the function

m(t) == /X(e  (tur + (1 — V)" € [0, V]

defined in [0, 1] is continuous, m(0) = V, m(1) = 0, then for 0 < m < V there exists ty € [0, 1]
such that [ (0 + dd“(tous + (1 — t9)Vy)" = m. On the other hand, by [16, Remark 3.4],
ug = tug + (1 — t)Vp and Plu,] have the same mass for every ¢ € [0, 1].

For the last statement, we observe that, since Pluy] < Vj for all ¢ € [0,1], by [16, Theo-
rem 3.14], Vp is the only model potential with Monge-Ampére mass V. Now, by [7, Corol-
lary 1.18], the Lelong number of the function u; at p is strictly positive. Therefore, for 0 <t <1
also the Lelong number of w; is strictly positive at p. By [16, Lemma 5.1], so is the Lelong
number of P[u;]. Therefore, fixing 0 < m < V and varying the point p, we obtain infinitely
many distinct model potentials all of the same Monge—Ampere mass m. |

As pointed out in [24], and then in the relative setting in [26], it is natural to consider weighted
subspaces of £(X, 0, ¢).

A weight is a continuous strictly increasing function x: [0, +00) — [0, +00) such that x(0) =0
and x(+00) = 400. Denote by x ! its inverse function, i.e., such that x (x~'(¢)) =t for all ¢ > 0.

We fix ¢ a model potential and we let £, (X, 0, ¢) denote the set of all u € £(X,0,¢) such
that

Fy(u, ) = /X (i — $)8E < 0.

When ¢ = Vp, we denote £(X,0) = £(X,0,Vp), Ex(X,0) = E (X, 0,Vp) and Ey (u) = Ey(u, Vp).

Compared to [24], we have changed the sign of the weight, but the weighted classes are the
same.

Also, in the special case x(t) = tP, p > 0, we simply denote the relative energy class
with EP(X, 6, ¢) and the corresponding relative energy E,(u, ¢).

These weighted Monge—Ampere energy classes covers the all class &, i.e.,
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Lemma 2.4. We have that £(X,0,¢) = U, (X, 6, ¢).

Proof. We give here the proof for reader’s convenience. The inclusion O clearly follows from
the definition. In order to prove the other inclusion we need to show that, given ¢ € £(X, 0, ¢)
normalized with supy ¢ = —1, there exists a weight function x such that | « X(¢—p)dp < +oo,
where p := 6. Also, for convenience we normalize p to have pu(X) = 1.

Set ¥(t) := m, and observe that ¢: Rt — RT is an increasing function such that
¥(0) = 1 and limy_, 400 ¥(t) = +00. The latter property follows from the definition of the non-
pluripolar product. We also note that, since t — u({p < ¢ — t}) is a decreasing function, its
discontinuity locus is at most countable. In particular, ¢ is continuous for all t € R™ \ J.

We now consider h: R™ — RT such that h > 0 satisfying:

+00 +oo
(a) /1 h(s)ds < +00, (D) /1 h(s)i(s)ds = +oo.

Such a function h exists as we show below. We choose a sequence of distinct points {t }ren € RT
such that ¥(tx) > k. Such a sequence exists since 1 is increasing and ¢ — 400 as t goes to +o0.
Also, we can take t; = 1 since ¥ (1) > ¢(0) = 1. We then set I} := [t, tr+1] and we define h to
be the piece-wise continuous function constant on each Ij: hlj, = k=2(tpy1 — tr) 1. Then

Jrooh ds = ! d Jrooh ds > L _
/1 (s) S—Zﬁ<+oo an /1 (s)w(s) S_Z%——Foo.

k>1 E>1

We then define the function x: Rt — RT as x(t) := fg %ds. We infer that the
fundamental theorem of calculus holds almost everywhere. Indeed, for ¢ ¢ JU {tx}x, given & > 0

(small enough), the mean value theorem ensures that there exists c. € (¢,t + €) such that

_ t+e
w = 1/t h(s)Y(s)ds = h(co)Y(c.).

9 9

Sending ¢ — 0, and using the continuity of k-1 on RY \ (J U {tx}x), we get that (x'(¢))" =
h(t)y(t).

The same arguments work for left derivative, giving (x'(¢))" = (X'(t))” = x'(t) = h(t)y(t)
almost everywhere, as we wanted. By definition, x is strictly increasing (since h > 0) and
X(400) = 400, thanks to condition (b). Moreover, setting ¢ := x(1) > 0, we have

/ (6 — @)du = / T {6 — @) > )t = / T {6 — o > oDt
X 5 e
= [ X @nlo - > shis= [ hes < +oc,
1 1

thanks to condition (a). This concludes the proof. [

We conclude here with a simple lemma needed in the following that we could not find in this
precise form in the literature:

Lemma 2.5. Let u € &/(X,0,¢) and u; = max(u,¢ — j). Then u; € &E/(X,0,¢) and
Ey(uj, ¢) /7 Ex(u, ¢).

Proof. For j € N, by Lemma 2.1, we have 1g,54 30y, = 1{ysp-j10y- Since Jx0n =[x 0y, =
fX 9;, we obtain

0< limsupx(j)/ 0y, = limsup X(j)/ 0, < limsup/ x(¢ —u)b;, =0.
{u<oé—j} {u<o—j} {u<o—j}

j—+oo j—+o0 j—+o0
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Now,

—u;|)0;, = —u;|)0y,. —uj)0,.
Joxto—wbon = [ o+ [ o —w

_ / x(16 — u)on + / (6 — w6
{u>¢—j} {u<o—j}

The conclusion follows letting j — 4o0. |

3 Entropy

We recall that given two positive probability measures u, v, the relative entropy Ent(u,v) is
defined as

du
E = 1 —
nt(u, v) /X og <dy> dy,

if v is absolutely continuous with respect to v, and +o0o otherwise.

Remark 3.1. Let u, v positive probability measure with y := fr absolutely continuous with
respect to v. Then Ent(u,v) < +o0 if and only if flog f € L'(X,v), in fact if f < 1, flog f is
bounded, and if f > 1, flog f > 0.

Once and for all, we normalize the Kéhler form w such that [ yw" = 1. We consider u €
PSH(X, #) such that 0] = fw", 0 < f and m, := [, 0 > 0. Then u € £(X, 0, ¢) for the model
potential ¢ = Pp[u] [13, Theorem 1.3], and my 16" is a probability measure. We then define the
0-entropy of u as

flen
Entg(u) := Ent(m;lﬁﬁ,wn) = / log <munu> my 'Oy
x w
= mul/ flog fw™ —logmy,. (3.1)
X

By Jensen’s inequality, we have Enty(u) > 0. Also, observe that the definition of the f-entropy
does depend on the chosen volume form w™ but its finiteness does not.

Also, the expression in (3.1) coincides with the definition of entropy in [19] when Plu] = Vj,
i.e., when u € £(X,6). The definition in (3.1) is indeed a generalisation that allows to consider
any #-psh function not necessarily of full mass.

More generally, given two 6-psh functions u, v with m,,, m, > 0 we define

Entg(u,v) := Ent(my 10}, m,'07).
Also, if no confusion can arise, we simply write Ent(u) and Ent(u,v).

Definition 3.2. We say that v € PSH(X, #) with m, > 0 has finite 6-entropy if Entg(u) < +o00.
We denote by Ent(X, ) the set of all #-psh functions having finite f-entropy.

By (3.1), Entg(u) < 400 if and only if 0 = fw™ and [ flog fw™ < +oo or equivalently
Jx (f + 1) log(f + Dw" < +o0.
We start with the following observations ensuring that the set Ent(X, ) is not empty.

Proposition 3.3. Let ¢ be a model potential with [ 92 > 0. The following hold:

(i) Entg(¢) < +oo.
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(ii) Let p € E(X,0,¢) such that 6, = fw™ with f € LP(X), p> 1. Then Entg(p) < +o0.

(tii) Let ¢ € PSH(X,0) have analytic singularities with smooth remainder such that my, > 0.
Then Entg(p) < 400.

(iv) Let f1,..., fr be cLl functions on X, i.e., bounded functions with bounded (distributional)
Laplacian. Then Entg(Py(f,..., fr)) < +oo.

Proof. By [16, Theorem 3.6],
06 < Lip=00" < 1{p=0yCu"

for some positive constant C. In particular, 9; = gw™ for some g € L*°(X), 0 < g < C. This
proves (i). For (ii), we observe that since p — 1 > 0, we have that

/flogfw”SC/ fIfIP ™ < +o0.
X X

This implies that
0 < Entg(p) = —logmg + m(bl/ flog fw™ < 400.
X

Given ¢ € PSH(X, ) with analytic singularities with smooth remainder, it follows from [13,
Proposition 4.36] that 67, = fw" with f € LP(X). The previous step then gives (iii).

We now prove the last statement. We first assume k£ = 1 and f; quasi-psh. If we let
6 = 6 + dd°fy, then

Po(f1) :P§(0)+f1 and ge(fl) :9%(0).

Observe that since f1 is C1! and quasi-psh, dd°f; is bounded. This means that 6 is a (1, 1)-form
with bounded coefficients.

By [22, Corollary 3.4 ()], we have 5?3@(0) = ¢10™ for some non-negative bounded function ¢
on X. Since # has bounded coefficients, we can ensure that there exists a non-negative bounded
function go such that 525(0) = gow™. It then follows that Py(f1) has finite entropy with respect
to w. B

We now treat the general case of k functions f, ..., fi which are assumed to be only C!!.
We choose C' > 0 such that 8 < Cw and we claim that

Po(f1,---, fx) = Po(Pow(fis- -, fr))-

Indeed, P@(flv"':fk) > P@(PCw(fla'-'vfk)) since PCw(flv'-'afk) < min(fl:"'afk); for the
other inequality, we have that

Po(f1,- -, fi) Smin(f1, ..., fi),

and that Py(f1,..., fr) is 0-psh hence it is also Cw plurisubharomnic. This implies
Py(fi,--y fx) < Pow(fi, -, fx)-

If we now apply Py to both sides of the above inequality, we find
Po(f1,--- fx) < Po(Pow(fry- -y fr))-

By [17, Theorem 2.5], Pou(fi,..., fr) is C'! on X and quasi-psh. We can then apply the
previous step to conclude. |
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Since, by [16, Theorem 5.19], we know that [¢] = [¢], the above results could make a reader
ask whether the property of having finite entropy is stable in the singularity class, i.e., if
given 1, 2 € PSH(X, 0) with [¢p1] = [p2], then Entg(¢1) < +oo iff Entg(p2) < +oo. The
answer is negative as the following example shows:

Example 3.4. Let U C X be a local chart and write w = ddcp in U and define
- (log [|z[], 0) —
= - maxi{ 1o z
o X g ll2Il,

where y is a cut-off function such that x = 1 on B(r1) and x = 0 on U\ B(rg), for r1,79 > 0 small
enough so that B(re) € B(ry) € U. Without loss of generality, we may assume r; = 1, ry = 2.
Choosing C' big enough, u induces a w-psh function which we note by 4. Then @ is bounded,
hence [a] = [0]. But

(w + dd°a)"

= C7"(dd“(max(log || z||,0))" Z< >C’ I A (dd®(max(log||z]|,0))? in B(1)

and the measure (dd“(max(log ||z||, 0))™ is the normalized Lebesgue measure on the torus (S)" C
C™ (that is, a real analytic subspace of real dimension n). It then follows that (w + dd‘a)"
not even absolutely continuous with respect to w™.

3.1 Entropy and energy

It was proved in [19, 20] that
Ent(X,0) NE(X,0) C E7-1(X,0).

As will be shown below, one can extend these results to the case of prescribed singularities.
We start with an integrability result of Moser—Trudinger type for general weights:

Theorem 3.5. Let ¢ be a model potential with mg > 0. Let x1: RT — RT be a weight. Let
xa2(t fo x1(s wds. Then there exist ¢ > 0, C > 0 depending on X, 0, n, my and w such that,
for all Y E 5x1(X 0, ¢) with supy ¢ = —1, we have

[ exp (B0 Txato - ) < C. (3.2

Proof. We first note that if we replace y; by ayi; with « positive constant the left-hand
side of (3.2) does not change, so we may assume xi(1) = 1. We claim that it suffices to
prove the above inequality for ¢ with relative minimal singularities, i.e., [¢] = [¢]. Indeed,
given ¢ € PSH(X,0), ¢; := max(y, ¢ — j) has the same singularity type as ¢. This would mean
that

/XeXp (cEx, (95, ¢) " xa (o — @;))w™ < C.

Moreover, it follows from Lemma 2.5 that E,, (¢;,¢) 7 E\, (¢, ¢) as j — +o00. Fatou’s lemma
will then give the desired estimate.

Thus assume that ¢ has relative minimal singularities. Let ¢ = —ax2(¢ — @)+ @ where a > 0
is a small constant to be suitably chosen. Then define u = Py(¢)) and v = —7y2(¢ — u) + ¢,
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where v5: RT — RT denotes the inverse function of ays, which is concave and increasing. We
observe that u is a 6-psh function with the same singularity type as ¢ and that

v=""(¢0—u)+¢d< (@ —¢)+d=—pnlax(d—p) +to=¢

with equality on the contact set C = {u = 9}.
A simple computation gives

0+ dd“v = 75(d — u)bu + (1 = 13(¢ — u))0p — 73 (¢ — w)d(¢p — u) A d(¢ — u)
> 3¢ — )0 + (1 = 75(d — u))0y,

where in the above we used that s is concave. We consider the set G := {v4(¢ — u) < 1}.
We are going to show by contradiction that for a suitable choice of a we have G # X. So, we
assume G = X. It then follow that v is -psh and, by construction, we infer that v has the same
singularity type as ¢.

Recall that supy ¢ = supx (¢ —¢) as ¢ is a model potential [16, Lemma 3.5], hence ¢ —¢ > 1.
This implies that y; is increasing and yi(1) = 1 giving that

Bale.0) = [ xao-o02z a0 [ on= [ o =ms

By [16, Theorem 2.7], the non-pluripolar Monge-Ampere measure (6 + dd“u)™ is supported
on C, hence

(0 + ddv) > V(¢ — u) (0 + dd°u) = (axh(¢ — ¢)) (6 +dd°u) on C.

The last identity follows from the fact that, since (ax2) (2(¢))75(t) =1 and v2(¢ —u) = ¢ — ¢
in C, we have v5(¢ — u) = (axh(¢d — ¢))~!in C.

It follows from [16, Lemma 5.19] that the above inequality between positive currents implies
an inequality between the non-pluripolar measures (observe that this is not trivial since (ax5(¢—
©)) (0 + dd“u) is not closed). Thus, we can infer that

1e (axhy(d — @) (0 + ddu)™ < 1e(0 + ddv)™ < 1e(0 + ddp)",
where the last inequality follows from [15, Lemma 4.5]. The above is equivalent to
(0 + ddu)"™ = 1¢(0 + ddu)™ < 1e(axy(o — @)™ (0 + ddCp)”
< a"x1(¢ — ¢)(0 + dd )", (3-3)

where in the last inequality we used that (x5)" = x1.
We now choose a so that

s [ a6~ )6+ ddp)" = Ba By 0,0) = ms
b'e
with f > 1. Observe that a € (0,1) since we observed that E,, (¢, ¢) > mg. Integrating both
sides of (3.3) over X, we obtain
me

/ (6 + ddu)" <
X

Since [y 07 = mg, we arrive at a contradiction.

So we can infer that G # X, or equivalently that G¢ # &. This means that there exists g € X
such that (¢p—u)(zo) < 72(1) where 75 is the inverse function of 74 which we note to be decreasing
(since so in ~4). In particular,

supu = sup(u — ¢) > —7(1).
X X
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Applying the uniform version of Skoda’s integrability theorem [31] to PSH(X, Cw) for C > 0
such that § < Cw, we know that there exist uniform constants cy, Cy > 0 such that, for
all h € PSH(X,0) with supx h = 0 we have [, e~"w" < Cy. For h := u + m2(1), we have
supx h > 0, hence

/ ecolax2(é—p)—2(1) yn _ / cco(—btd-ma(1) yn < / e—colutma(1))
X X - Jx

_ / o—colh—supx h)—cosupx h < (.
X

where in the first inequality we used ¢ < 0 and u < 2.
Let us now give a more explicit expression of 75(1). By definition, 72 is such that

Now we want to understand 72(t), hence we want to find s such that 7)) =t. This

. (s
means (at) " = x4(2(s)) = (x1(72()))"/" (since (x4)" = x1). Therefore, 7 ((at) ") = 72(s),
where 71 is the inverse function of yi. It the follows that 79(¢) = ax2(y1((at)™™)). In particular,

7(1) = axa(n(a™)). 1
Also, letting s := y1(a™"), we have a=! = (x1(s))» so that a = a(s) = % and

(3.4)

Note that since a € (0,1), then s > 1 (77 is increasing and (1) = 1).
Next, setting

K :={zeX:axa(p—¢) <2(¢— )},

we claim that

27 axa(¢ — @) < axa(d— @) —72(1) on X\ K,

that is, ax2(¢ — ¢) > 279(1) on X \ K.

We observe that, since yo is convex and x2(0) = 0, the set F := {t € RT: axa(t) < 2t} is
a closed convex set containing 0, i.e., it is an interval of the form [0, \] with 0 < A < 4o00. Hence,
x € X\ K if and only if (¢ —¢) > A\. We then need to prove that if axa(¢d — @) > ax2()), then
axz2(¢ — ) > 21(1). It is then sufficient to prove that axa(A) > 272(1). The above is equivalent
to A > 72(272(1)) > 0. By definition of A, this means that v2(27(1)) € E, i.e.,

T2(1) < 72(2m2(1)), or axz2(m2(1)) < 279(1).

By (3.4) and a = 1/x4(s), the above inequality gives

o () i

Since y2 is convex and x2(0) = 0, we have x2(s) < sx5(s). Then we obtain

X2 (izgz;) < xa2(s) < 2x2(s),

and the claim is proved.
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It follows that

/ e Daxa(d—) yn < / cco(d—0)m 4 / eco(axa(6—p)—72(1))
X - Jk X\K

< / e—CoP | / ceolaxz(d—g) =2 (1) yn
~ Jk X\K

< [ emterirm 1 gy < Goe + 1),
K

wherein the last inequality we applied the uniform Skoda theorem to the function ¢+1. Recalling
that Sa"E\, (¢, ¢) = mg, the result then follows with ¢(3) = €3 i)m; " and C' = Cp(e® +1).
As 8 > 1 can be chosen arbltrarﬂy, we observe that since ¢ and ¢ are assumed to be equisingular,
the function exp (c(8)Ey, (¢, ) n X2(¢> ¢)) is uniformly bounded, so by Lebesgue dominated
convergence theorem, we can choose c = 9m P " Observe that the constants ¢ and C are
independent of x1 (and yz2). |

Corollary 1. Let ¢ be a model potential with [ 07 > 0. Let x1: RY — RT be a weight. Let
xa(t fo x1(s wds. Let v €& (X,0,0) with SupX p=—1. Fort >0, we define

Q) :={z € X: (¢ —p)(x) 2t 20},

and let m(t) be the mass of QU(t) with respect to w™. Then there exists S > 1 depending only
on X, 0, n, w such that

mg (fo7 m(t)xa (t)/dt)"
S

S EXl (907 ¢)

Proof. Observe that again all inequalities are unchanged if we replace y; with ay; where « is
a positive constant, so we assume y1(1) = 1. Let Q = {(z,t) € X x R": (¢ — ¢)(z) >t > 0}.
Since w has volume 1, by Jensen’s inequality and by Theorem 3.5, we find

- (@=e) l/n -1 1/n n
Ey,(p, ¢ // dt w" = cEy\, (¢, 0) n/xl(t) dt Aw™ <logC.
Q

By the Fubini theorem, we obtain the inequality if we recall the value of the constants C' and ¢
21og(Ch(e%0+1))\n
given in the proof of 3.5 and we let S = (—
Also, observe that, if we choose ¢ = ¢ — 1 and Xl( ) = tp with p > 0, we find >~ > m.
If we let p go to zero, we conclude that qu > 7 ie, S>1.

n

If we apply the inequality choosing ¢ as in the statement of the corollary with ¢ # ¢ — 1, we
see that in fact S > 1. |

Remark 3.6. Observe that xi(t) = t? and x2(t) = ¢~ 't¢ with ¢ = 1 + p/n satisfy the assump-
tions of Theorem 3.5. With this particular choice of weights, we have that
1—g

(t) = (@ )99, () =a Vg T

and

1 _ntp

To(t) = aT-1q~ LT = a” gy

Thus, in this particular case m5(1) = a_%qfl, that is, (up to a power of ¢) the constant appearing
in [20, Theorem 2.11].

As consequence of Theorem 3.5, we then get:
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Theorem 3. 7 Let ¢ be a model potential with fX Og > 0. Assume thatn > 1, fit B > 0
and set p = —2=. There exist ¢,C > 0 depending only on B, X, 0, w, n such that for all

n—

_
v € Entp(X,0)NE(X,0,9), we have

/ =W < 0 and  Eplp,¢) < C.
X

In particular, Ent(X,0) N E(X,0,¢) C Em1(X, 0, ).
If n =1 and ¢ € Ent(X,0) N E(X,0,0), then ¢ has the same singularity type of ¢. In
particular, p € EP(X,0,¢) for any p > 1.

Here

Entp(X,0) := {u € PSH(X,6): supu = —1, Enty(u) < B}.

We also emphasize the constants ¢, C' > 0 in the statement do not depend on ¢.

Proof. We consider the convex function y: s € Rt — (s+1)log(s+1) —s € RT. Its conjugate
convex function is

X' t€RT — sup{st — x(s)} =e' —t -1 R".
>0

By definition, these functions satisfy, for all s,t > 0,

st < x(s) + (). (3.5)

Set u = 6 = fw". We claim that for any v € £P(X,0,$) we have Jx v —olPdp < +oc.
Indeed, fix v € £P(X, 0, ¢) with supyv = —1 and observe that 1 + £ = p. It follows from
Theorem 3.5 (see also Remark 3.6) that for some ¢ > 0 small enough

/ OV < 4o, (3.6)
X
We apply (3.5) with s = f(x) and t = ¢(p(xz) — v(x))P. This yields

/X c(¢ — )P0y = /X c(¢ — )P fu" < /X X o fw" + /X (" — (¢ —v)P — 1"

where the first integral is finite since ¢ has finite entropy, while the second is bounded thanks
to (3.6) and the integrability properties of qpsh functions. This means that [ (¢ —v)P8}} < +oo,
proving the claim. By [16, Theorem 1.4], we can thus infer that ¢ € EP(X, 0, ¢).

Using (3.5) again, we see that

(9—)P
" e N Gl ) n o Ful
[ ‘B B /X<e “Byp )" 1)‘” AT

The right-hand side is uniformly bounded by C; > 0 thanks to Theorem 3.5 and the fact
that Entg(¢, ¢) < B. From the above inequality and the fact that 6 = fw", we get

@mwwméw<wm— Ey(p,6) " < €,

which yields E,(¢, ) < Cs. Finally, invoking Theorem 3.5 again, we obtain

/ (P=9)P jn < Cs,
; <

where v = cCy /" 5 0 is a uniform constant.
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We now treat the case of Riemann surfaces.

Assume ¢ € Ent(X,0) N E(X,0,¢). We first proceed similarly to [29, Lemma 3.16] to prove
that SH(X,w) C L'(u) for 4 = 6,. The conclusion will then follow from the lemma below. We
can assume without loss of generality that [y w = 1. Consider u € SH(X,w), v < 0 and let
¢ > 0 such that e € L(w). Setting a := [ e™“w, we have

0< Ent(m;l,u, aile*ww) = Ent (m;l,u,w) +loga + c/

udp < C—Hoga—i—c/ udy,
X

X

which yields u € L!(u) and concludes the claim. [

Lemma 3.8. Assume n = 1 and ¢ € E(X,0,0). Then |p — ¢| < C, C > 0 if and only
if SH(X,w) C L1(0,).

Proof. Since there could be confusion, in the proof we use the notation (f,) to denote the non-
pluripolar part of the measure 6,. We want then to prove that [¢ — ¢| < C, C > 0 if and only
if SH(X,w) C L'({(0,)). Observe that by definition (,) = 1{p>—oo}fy. Assume |p — | < C.
Let u € SH(X,w) that without loss of generality can be assumed to be negative. Consider
the bounded w-psh approximants wu; := max(u,—k). Then using integration by parts [16,
Lemma 4.7] (with p1 = ug, p2 =0, 1 = @, 12 = ¢), we get

/X (—u){60,) = /X (—u)((B9) + (0,) — (04)) < /X (—u){6s) + /X (—ur) (8 — (64))
<y /X(—uk)w—i—/xﬁb—go)ddcuk

gcl/x<—uk>w+c/xwuk—/X<¢—so>wscl/x<—uk>w+2c/xw,

where in the fifth line we used that | — ¢| < C, in the forth line that
(0s) < Lyg=0yt < 1{g=0yCrw

for some positive constant Cj (see [16, Theorem 3.6]), while in the last line we used that
Jx wu, = [y w and that o —¢ < C. Since [y (—u)w is uniformly bounded [23, Proposition 1.7],
we arrive at

/ (—u)(0,) < C
X

for some positive constant independent in k. Now, {—u} is increasing to —u. Fatou’s lemma
ensures that

/ (—u)(8,) < Cs,
X

that is, what we wanted to prove.

We now prove the viceversa. Let u = (f,). For any fixed k € N, we consider the following
sequence of w-sh functions. We choose a point ¢ € X. In a neighbourhood of a, which will be
identified with the unit ball where the origin corresponds to a, we consider the bounded psh
function ug(z) := max(log||z||, —k). Such a psh function uj can be globalized to a genuine w-sh
function, denoted by ¥, normalized with supy ¢* = 0 (see, for example, [23, p. 613]). By
assumption and [23, Proposition 2.7],

/X(_w]cf)d:“ < Cyu.
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Moreover, by construction we have that w + dd“)” is the Lebesgue measure oy on the sphere
|lz| = e (see [25, Example 3.13]) normalized such that f{||2\|=e*k} do, = 1.

Set ¢; := max(y, ¢ — j). Observe that ¢; N\, ¢, and —j < ¢; — ¢ < 0. In particular, for any
fixed j, ¢ — ¢ is bounded. By [13, Remark 2.5], we infer that

CMZ/X( _hm/ ‘/’a Op;)

In particular, we can assume that there exists jo € N (jo = jo(k)) big enough such that
for j > jo,

/ WEB,) > ~Cpu— 1.
X

Thus, for j > jo, performing integration by parts [16, Lemma 4.7] (applied with o1 = ¢,
02 = ¢, 1 =Pk, ¥y = 0), we obtain

1> /X (—65)((0,) — (B)) = /X (0 — ) + /X (6 — ¢)wg

1 2 .
> / pjw + / (¢ = ¢j)dox = =Co+ 5 / (¢ — ;) (€e™)do,
X {lzll=e*} TJ0

where in the last inequality we used that [y (—¢;)w < [ (—¢)w < Cj, for some Cy > 0 uniform
in j. As j — +00, monotone convergence gives

1 2m ) 1 2m
C,+Co+1+ / o(e?e)dg > / p(ele
2 0 2 0

Then as k — 400, thanks to [25, Proposition 1.13], we get
Cu+Co+1+¢(a) > ¢(a),

hence the conclusion. [ ]

3.2 Stability of the entropy

We collect some results on how the property of having finite entropy changes when the reference
probability measure changes, when we perturb the reference big cohomology class and when we
pull-back through bimeromorphic holomorphic maps.

Lemma 3.9. Let u1, pa, pus be probability measures on X. If ua = fousg with fo € L>®(X), then
Ent(u1, pu3) < Ent(p, p2) + log(sg(p fa). (3.7)

Proof. If Ent(u;, p2) = +o0o the above inequality is trivial, so we can assume that Ent(u;, pe) <
+o00. In particular, py = fiue with fi > 0 such that fX filog fidue < +o0. By assumption, we
have p1 = fi1fous. In particular, fifo € L'(u3) and

[ 108 fidpa = [ i folog s < +oc.
X X
We then observe that
(fife)log(fif2) < (fif2)log f1 + (fife) log(Sup f2)

giving that
/f1f210g(f1f2)d/~63§/ fllogfldu2+10g(supf2)/ f1 dpa.
X X X X

From this, we deduce (3.7). [
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Proposition 3.10. Let w: Y — X be a bimeromorphic and holomorphic map and assume that
1s Kahler form on'Y normalized with volume equal to 1. Then

(1) Ent(u,v) = Ent(n*u, 7*v), for any two non-pluripolar probability measures p, v.
(7i) If Entg(p) < +oo, then Ent (m;lﬂ'*H:;,d)”) < 400. In particular, Ent g(7*¢) < 400.

By 7*u, we mean the pushforward by 7—! of 1 x\zi where Z is the indeterminacy locus
of 771 (see also [3, lines after Definition 1.3]).

Proof. For the first item, we simply note that if 4 = fv then 7*u = (f om)m*v. The conclusion
follows since 7 is a biholomorphism on a Zariski dense open subset and p, v do not charge
pluripolar sets.

Since Entg(p) < +o0o, we have 0 = fw". We recall that [18, Theorem A] ensures that
(7m0,)" = 7*0;. The first item then imply

Ent (m;l(ﬂ'*ﬁp)", T'w") < +o00.

Also, as m: Y — X is holomorphic, we know that 7n*w is a semipositive smooth form. In
particular, 7*w"” = F@™ for some F € L*(Y), FF > 0. Lemma 3.9 (with pu; = m;lﬂ*ﬁg,
o =W | ug = @™ and fo = F) gives

Ent (1, pu3) < +o0. [ |
We end this note with a very natural stability question.
Question 3.11. Let ¢ € Ent(X,0). Is true that ¢ € Ent(X, 0 + ew) for € > 07

Proposition 3.12. Assume ¢ € Ent(X,60) and that ¢ € Ent(X,0 4 ew) for some ¢ > 0.
Then ¢ € Ent(X, 0 + tw) for all t > 0.

Proof. Set L: RT™ — R such that L(z) = zlogz, let L := max(L,0). Then the function L
is convex increasing and non-negative. If f is a non-negative measurable function, since L is

bounded on [0, 1],
/ L(f)w"™ < 400 if and only if / L(f)w" < 4oc.
X X
We know that 0]} = fw™, (0, + ew)™ = (0 + ew + ddu)™ = hw™ with

/ flog f < 400, / hlogh < +o0c.
X b'e

On the other hand, from the multilinearity of the non-pluripolar product it follows that

n—1 n—1
(O +ew)” =07+ < ,>g"—ﬂw"—ﬂ NOL =00+ < ,)w-w,
=0 =0 N
where p; = W A @) are positive measures. Therefore, since the Monge-Ampere mea-

sures (0,4 ew)™ and 07 are absolutely continuous with respect to w”, we have that if w"(E) = 0,
E C X, then p;(E) = 0. This means that p; = hjw" for some 0 < h; € L'(w™). Clearly, ho = 1.
Now, for any t > 0, we have

n—1

n—1
(Ou +tw)" =00 +> <?> Mt = Y (?)t"‘jhj +" ] W,
j=1

J=1
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In particular, (6, + tw)™ is absolutely continuous with respect to w™. Set

n—1
St):=f+>_ (7)t”—jhj + "
= N

Note that S(t) is non negative and increasing in t. We want to prove that the density S(t) is
such that [y L(S(t)) < +oo0.
If 0 <t <e, then L(S(t)) < L(S(¢)). If t = 7e with 7 > 1, then

0< S(t) = S(re) < TS ().

Then

(7"5(€)) = Lizns(e)>13 (7" 1og 7"5(€)) + 1{zng(e)>13 (T"L(S(€)))
< 1"log7"S(g) + T L(S(e)).

0< L(S(t))

IN

The quantity of the right-hand side is finite by assumption. Hence the conclusion. |
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