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Abstract. Schur functions satisfy the relative Pliicker relations which describe the projec-
tive embedding of the flag varieties and the Hirota bilinear equations for the modified KP
hierarchies. These relative Pliicker relations are generalized to the skew Schur functions.
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1 Introduction

Fix non-negative integer M, n and m satisfying n + m < M. Let Z = (zij)0§i<n+m,0§%<M be
a matrix of full rank, with entries in a field of characteristic 0. Let us denote by §£§_'.'.'€kpp:11

the minor determinant consisting of rows ko,...,kp,—1, and columns (p,...,¢,—1. We write
§to.bty_y = ?0“.'.’.? [pil. These minor determinants satisfy the so-called relative Pliicker relations
n+m )
Z (_1)Z£k0k”—2&£€0€2 €n+m - 0
i=0
for arbitrary sequences (ko,...,kn—2) and (fo,...,¢n+m) of length n — 1 and n + m + 1, re-

spectively. These quadratic relations are defining equations of the flag variety. Details of this
projective variety is found in the book [6].

Since Schur functions have a determinant expression, the Jacobi—Trudi formula, they sat-
isfy the relative Pliicker relations. To be more precise, let u = (u1,us,...) be variables. For
an indeterminate z, put 7(u, z) = 372 u;2?, and define polynomials hy,(u) by

enus) — Z B () ™.
The Schur function Sy, g, ,(u) is expressed in terms of hy,(u) as follows:

SZo-..€n71 (u) = det (hfj_i(u))0§i7j<”'

If Z = (hj—i(u))o<icn+m,o<j<m, then Sg o (u) = Sy, 4, ,. Here we explain briefly an ap-
parent connection between the relative Pliicker relations and the Hirota bilinear equations of
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the modified KP hierarchies (see, for example, [9]). The addition formula for the 7-functions of
the modified KP hierarchy yields the following Hirota bilinear equations:

n+m ) 1~ 1
Z (71)15k0k1---kn72€i (2D> : Sfo&...a...&prm <2D)T[O} ° ’T[m] = O,
=0

where D = (Dl, %DQ, .. .), D; = D; being Hirota bilinear operator. Here are two examples.
In the case m =0, n =2, and (ko) = (0), (Yo, ¢1,¥02) = (1,2, 3), the Pliicker relation reads

01823 — £02613 + £03612 = 0.

This is the defining equation of the 4-dimensional Grassmann variety GM(2,4) in the projective
space P°. The corresponding Hirota bilinear equation is

(Df — 4D D3 + 3D3)7 e T = 0.
The original KP equation
Btyy + (—4us + Ugge — 6uug), =0

is derived by the change of variables © = t1, y = t2, t = t3 and u = (log 7)z,. In the case m =1,
n =2, (k) = (0) and (fo, 1, ¥l2,¢3) = (0,1,2,3), the relative Pliicker relation reads

£01£023 — £028013 + 038012 = 0.

The corresponding Hirota bilinear equation is
(D% + DQ)T[O] ol = .

This is the so-called Miura transformation which connects the modified KP equation with the KP
equation. We remark here that the Hirota bilinear equations for the (modified) KP and (modi-
fied) KdV hierarchies arise also in the Fock representations of the Virasoro algebra [1, 2].

In our recent work [3], we proved a “differential” version of the Pliicker relations for Schur
functions and Schur Q-functions. This is motivated by the above mentioned connection with the
KP hierarchy. Our proof of differential Pliicker relations is achieved by realizing differential of
the Schur functions as skew Schur functions. In the present paper, we prove the relative version
of the skew Pliicker relations.

In Section 2, we recall the differential Pliicker relations which appeared in [3]. Section 3 is
the main part of this note. Let H;il denote the hook Young diagram (a, lb). We will prove,
for an even m > 0,

n+m
Z (=1) Z Skokr. kot /p—1 (1) - Seoel...a...en+m/ﬂg-1(“) =0.
i=0 (Hp~ ' HS Hex

Here Sy, denotes the skew Schur function and X denotes the set of the hook partitions of
size N>(. Various differential Pliicker relations can be derived from these skew Pliicker relations.

Quadratic relations for the (skew) Schur functions are discussed, for example, in [4, 5, 7], and
references therein. The formulas proved in the present paper are, apparently, not directly derived
from these previous works. Concrete correspondences with integrable systems, 7-functions and
Hirota bilinear equations are to be revealed.
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2 Relative Plucker relations

The Schur functions are labeled by the sequences of non-negative integers L = (g, ¢1,...,ln—1)
of length n. Schur functions are alternating in permutations of indices. If L = (¢, ¢1,...,¢p—1)
is such that 0 < ¢y < ¢; < --- < {y_1, then, putting \; = €,y — (n — 1), i = 1,...,n,
one has a Young diagram A\ = (A1, Ag,...,\,) of length at most n. The strictly increasing
sequence (Lo, f1,...,0,—1) defines the same Young diagram as the sequence (0,1,...,k — 1,
lo+ k.l +k,...,lh—1+k). Hence, the Schur functions labeled by these two sequences coincide.
For example,

S13(u) = So24(u) = =Ss20(u) = —=5S31(u) = —S0.1,53(u).

Let K = (ko, k1,...,kn—2) and L = ({p, {1, ..., ln+m) be sequences of length n—1 and n+m+1,
respectively. By the m-relative Pliicker relation, we mean the following:
n+m )
D (1) Skoky b2t (W) - Syp 7 (w) =0, (2.1)
i=0

where the symbol ~ denotes the deletion. The equation (2.1) is derived from Laplace expansion
of the (2n 4+ m) x (2n + m) determinant

P, Piy—1 hko—(n—l) 0 . 0
R, iy —1 hkl—(n—l) 0 . 0

hi, 5 hi, o—1 hkn%_(n_l) 0 ce. 0 _0
hy, hyy—1 hey—(n—1) P, hey—(ntm—1) '
he, he, -1 by, —(n-1) he, Py, —(n4m—1)

hgn«l»m hgn«l»m_l hen+m_(n_1) h£n+m h€n+m_(n+m_1)

For example, if we take K = (0,1), L = (1,2,3,4,5,6), then we have 1-relative Pliicker
relation

So,1,2(w) - S3.456(w) — So,1,3(w) - S2,456(w) + So,1,4(uw) - S2.356(w)
— So,1,5(w) - S2346(w) + So1,6(w) - S2345(u) =0.

For sequences L = ({y,02,...,0p—1) and R = (79,71,...,7n—1), we define the skew Schur

function
SL/R(U) = det (hfi_rj)ogi,j<n'

For example, if we take L = ({g, {1, {2, ¢3) and R = (rg,71), then we think R = (0,1, 79+2,71+2),

h‘@o hfo—l hﬁ()—(’l‘o-i-Q) h‘éo—(Tj-i—Q)
hey hey—1 by —(rgy2) ey —(r142)

S u) = 1 1 1 0 1 1
r/mt) hey  hey—1 hiy—(rg+2)  Pay—(r1+2)
hfg h€3*1 hfg*(?”0+2) h£37(?“1+2)

With respect to the Hall inner product ( , ) (cf. [8]), we have

(Oun SL(w), Sk (1)) = (S1.(w), pnSk (),
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where p, is the power sum symmetric function of degree n. The following is known as the
Frobenius formula [8]

po= Y (1) Sp(u).
ReH(n)

Here, H(n) denotes the set of sequences that correspond to hook partitions of size n, and leg(R)
denotes the leg length of the corresponding hook partition. We see

(Ou, SL(u), Sk (w) = > (=)' (S, (u), Sp(u) Sk (u))
ReH(n)

_ Z (—1)leg(R)<SL/R(u)> Sk (u)).

ReH(n)

Also, we define

SL(0) = S (u)ly,=10, -

“j

where § = (Ous %&LQ, é@us, ...). We see

(Sr(0)SL(w), Sk (u)) = (Sr(w), Sr(uw)Sk(w)) = (Sp/r(w), Sk (u)).
Hence
Ou,Sp(u) = > (1), p(u)  and  Sg(9)SL(u) = Sir(w).
ReH(n)

The following differential version of the Pliicker relations are shown in our previous paper [3],
by making use of the skew Schur functions.

Theorem 2.1. Suppose that N > 0. For sequences (ko,k1,...,kn—2) and (Lo,l1,...,0p),
we have

Z (_1)i< Z auaskokl.--knfz,& (u) : 8uﬁsgogl”_[imgn (u)> =0.

=0 a+p=N
a>0,820

3 Skew Pliicker relations

Denote by Hg_l the hook partition (a, 1b) with arm length a — 1 and leg length b. We write 0 in
place of Hy'. For example, H(0) = {0}, H(1) = {H{§}, H(2) = {Hj, HY}. For the sequences
(ko, kl, ‘s kn_g) and (50,51, .o 7£n+m)a we have

n+m
i
> (=1 Skobr.oknatifHy W) Sty Gty (W) (3:-1)
=0
hkofTO hkofT‘l e hkofrnil 0 0 e 0
hkl -y hklfrl e hkl —Th_1 0 0 e 0
| My Ph o Pk 0 0 e 0
hfofT‘O hfofrl e he()frn—l hfof’wo h€07’w1 e heof’wn-&-m—l ’
hfl—ro hﬁl -y e hél —r,_1 hﬁl—wo hfl —w; cte hél —Wp 41
hﬁn+m—r0 hén+m—r1 h€n+m—rn71 h€n+m—w0 h€n+m—w1 h€n+m—wn+m71
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where
(705 715+ oy T (b42)s Tn—(b41)5 - - > Tn—25 Tn—1)
=(0,1,....n—=(b+2),n—(b+1)+1,....(n—2)+1,(n—1) +a),
and
(wo, wy, . . . s Wi fm—(d+2)» Wnm—(d41)s - - = » Wnbm—25 Whtm—1)

=(0,1,....n+m—-(b+2),n+m—-(b+1)+1,....(n4+m—-2)+1,(n+m—1)+c).
Denote the right-hand side of the equation (3.1) by £(H§71, Hc‘fl) and denote by

_ 1\ %081 T—1
§(HI§L 1’ Hg 1>j0j1~~]i71
the k x k minor determinant of §(Hg_1, Hg_l) consisting of igp-th row, i;-th row, ... and jo-th
column, ji-th column, ....

By performing column operations on f(Hl‘f_l,Hg_l), all entries below the (n — 1)-th row
become zero in some columns. In practice, for m > 0, column operations on ¢ (H 1?71, Hgil) lead
to at most two non-zero terms Ay (nym)+dy1 and hyy—ni1-o appearing in the n-th row. For
convenience, we write the determinant £ (Hl?_l, Hg_l) only by the indices of h in the (n — 1)-th
row, though the components in the (n —2)-th row should always be considered. The indices of h
in the (n — 1)-th row are, from the left,

|€07£0_17"‘7E0_(n_(b+2))7

n—b—1
blo—(n—0B+1)—1,....00—(n—2)—1,0g— (n—1) —a,
b
lo,lo—1,....00— ((n+m) — (d+2)),
n+m—d—1
lo—((n+m)—(d+1)—=1,....00—((n+m)—=2)—1,0g — ((n+m) —1) —c[. (3.2)

d

In addition, if a certain entry in the (n — 1)-th row is zero, it is written as 0 instead of the
index of h. After performing column operations, it is represented using the indices of h in the
(n — 1)-th row. For example, when n = 3, m = 1, K = (ko, k1), L = ({o,1,02,03,4), a = 2,
b=2,¢c=2,d=1, we have

4
g(H217 Hll) = Z (_1)1Skok1fi/H21 (U) ’ ng...z;...&L/Hll (U)
i=0
hio—1 hrgg—1-1 hrg—2-2| 0 0 0 0
i1 hg—1-1 hgy—2—2| O 0 0 0

heg—1 hegg—1-1 hgg—2-2 | hey hogg—1 heg2-1 hey3-2
=1 hy1 hey1-1 heoo|hy hey1 hey 21 he3-9
hoy—1 hey—1-1 hey—2-2 | hey hey1 hey_2-1 hey,—3-2
hes—1 heg—1-1 hgg—2-2 | hey heg1 hez 21 hey 32
hey—1 hgy—1-1 hgy—2-2 | heyy hey1 hey2-1 he3-2
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hro—1 hrkg—1-1 hrg—2-2| 0 0 0 0
hry—1 hg—1-1 hg,—2-2| O 0 0 0

0 hg1-1 hgoo|hg hog1 hggo1 heg3-2
hey—1-1 hgy—o-o| hey hey—1 hgy o1 hgy3-2
hey—1-1 hgy—2—2 | hey hpy—1 hgy—o1 hgy—3-2
hog—1-1 hgy—o-2| hey heg1 heg o1 hgy3-2
hey—1-1 hgy—2—2 | hey hey—1 hgy—o-1 hg 32

o O o o

Hence, we have

g(H217H11) = |€0 - 1a€0 _2a£0 _47£0a£0 - 1760 _3760 _5|
— 10,80 — 2,00 — 4, 0o, £o — 1,40 — 3, £y — 5.

It is essential to consider the following points. For example, f(H%,H?) can be rewritten
as ‘fo — 1,£0 — 2,60 — 5,&),50 — 1,£0 — 3,50 — 4| = ‘O,EO — 2,60 — 5,&),50 — 1,£0 — 3,50 — 4|.
However, £(Hj, H{) and £(H3, HY) do not coincide, even when scaled by +1. Note that this
phenomenon occurs only when exactly two non-zero terms hy, _ (p4m)+d+1 and hgy—nt1-q, appear
in the n-th row.

In [3], we have presented all the linear relations of £ (H gil, H dcfl) for m = 0. Now we examine
the case m > 1. From (3.2), we have

é—(Hgfler’HCclLflfm)
=|ly,lo—1,....00—n+b+2Lly—n+b,....0—n+1,l—n—m+1-—c,

n—b—1 b
o lo—1,. .. by — (n+m)+d+2,
n+m—d—1
l—(n+m)+d,....0—(n+m)+1,4g —n+1—al, (3.3)
d
E(HG o Hy)
=l lo—1,....00—n+d—m+2,g—n+d—m,....0g—n+1,l—n+1—a,
n+m—d—1 —m-+d
lo,bp—1,....00—n+b+2,
n—b—1
ly—n+b,....0—(n+m)+1,4g—(n+m)+1—| (3.4)
m+b

and

(ot

b+m
=1lo,lp—1,....00—n—m+d+2,g—n—m+d,...,. Ly —n+1,
n+mtd—1 —m-+d
bo—n—m+1—cly,lyg—1,....00—n+b+2,
n—b—1
b—n+b,....0—(n+m)+1,4g—n+1—al (3.5)

m-+b
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Proposition 3.1. Suppose that m > 1.

(1) For1 <a<m, we have

n+m

Z (_1)15k0k1...kn,2£i/H,’f’1(u) : Seofl,..@‘..éner/(O) (u) =0,
i=0

(2) Fore>1,0<d<m—1, we have

n+m

Z (_1)iskok1...kn_zfi/(0) (’U,) ' Sgoglmamgner/Hs*l(u) = O
=0

Proof. (1) By (3.2), we have
f(Hg_l,O) = ]60,60—1,...,60—n+b+2,€0—n+b,...,£0—n+1,£0—n+1—a,

n—b—1 b
60,20—1,...,60—n—m+2,€0—n—m+1\.

n+m—1
From the condition 1 < a <m, we have {g—n+1—a>fy—n+1—m=4~4;—n—m+ 1. Hence
E(HP1,0) =10,0,...,0,00,l0 —1,....00 —n —m+2,6g —n—m + 1| = 0.
~———
n n+m—1

(2) By (3.2), we have

f(O,Hg_l) :|€0,€0—1,...,€0—n+2,€0—n+1,€0,€0—1,...,€0—n—m—|—d+2,
n—1 n+mtd—1
ly—n—m+d,....—n—m+1,lyg—n—m+1—c|.
d

From the condition 0 < d < m—1, we have {g—n—m+d+2 < ly—n—m+m—14+2=ly—n+1.
Hence

€(0,H ) =10,0,...,0,00, 60— 1,....0g—n—m+ 1,y —n—m+1—c =0. [ |

n n+m—1

Proposition 3.2. Suppose that m > 1, a,c > 1 and a +d =m. We have

n—+m
Z (_1)i5k0k1...kn,gzi/ﬂg—1(“) ' Seoel...a...enm/H;—l(u) (3.6)
= n+m
= (-1y Z (_1)i5k0k1...kn,gei/H§*1*j (u) - Seoel...a...enmﬂ{;;; (u) (3.7)
b
= (=1’ Z (_1)i5k0k1...kn_2ei/Hg*”r (u) - Szoel...a...zn+m/H;:,{(“) (3.8)
= n+m
= (-pme Z (_1>i5k0k1...kn_2£i/H§*1+m () = Spopy Bty 0) (W) (3.9)
n+m =
= (-1)*" ZO (= 1) Skokr.kn_ot:/(0) () - Sgogl”_[imgn_‘_m/[{g;}n (u), (3.10)

where 1 <j<a—1and1l <r <d.
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Proof. From a + b = m, we have

E(HY VL HSY) = o bo—1,... . lg—n+b+2,
n—b—1
lo—n+b,....0—n+1,0g—n+1—a,
b
o, bo—1,....0p—n—a+2,
nta—1
lh—n—a,....00—(n+m)+1,0—(n+m)+1—c| (3.11)
d

By performing column operations, we have
E(HP N HSY) =10,...,0,0,...,0,60 —n+1—a,lo,lo—1,....00—n—a+2,
—— ——
n—b—1 b n+a—1
bh—n—a,....o—n+m)+1,0—(n+m)+1—¢.
d

Let X denote the above determinant with rearranged columns,

|O,...,0,€0,€0—1,...,€0—n—a—|—2,
——
n—1

b—n—a+1,....00—(n+m)+1,l—(n+m)+1—¢.

Clearly, we have X = (—1)""*"'¢(H 1 HS™).
(i) We show that (3.6) = (3.7). By (3.11), we have

E(H " HSY) = oy lo— 1, o —nA+ b+ 2,0 —n b, by —n L,

d+j
n—b—1 b
bo—n+1—a+j,6y,l0—1,....00—n—a+2+7,
nta—1-j
bhy—n—a+j,....bo—(n+m)+1,0—(n+m)+1—c|
d+j

From the inequality o —n+1> g —n —a+ 2+ j, we have

|0,...,O,fo—n—l—l—a—l—j,fo,go—1,...,50—77,—(14-2—}-]',

n—1 n+a—1—j
bh—n—a+j,....0—(n+m)+1,l—(n+m)+1—c|.
d+j

Therefore, X = (—1)"**~"J¢(Hy ™77 HG L), Thus, S(Hy ™ HS) = (=1/¢(Hy ™7 HYL ).
(ii) We show that (3.6) = (3.8). By (3.11), we have

E(HP T HS ) = [lo,bo—1,... bo—n+b+2,0—n+b,....0—n+1,
n—b—1 b
bo—m+1—a—nrtby,lyg—1,....00—n—a—1+2,

n+a—1+4r
lo—n—a—r,....p—(n+m)+1,0—(n+m)+1—c|

d—r
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From the inequality o —n+1> g —n —a —r + 2, we have

|0,....0,lp—n+1—a—rlybo—1,....00—n—a—1r+2,
—— ~
n—1 n+a—14r
blh—n—a—r,....0—(n+m)+1,l—(n+m)+1—c|

dtr
Therefore, X = (—1)" "¢ (Hp 1 HS™Y). Thus, £(HP Y HSY) = (-1 €(Hy 7 HTL).
(iii) We show that (3.6)=(3.9). By (3.11), we have
E(HS™0) = [ Lo, bo—1,....lg—n+b+2,l—n+b,....00—n+1,
n—b—1 b
l—(n+m)+1—clo,lo—1,....00—(n+m)+2,4y— (n+m)+1|.

n+m—1

From the inequality {o —n+ 1 > £y — (n + m) + 2, we have
|0,...,0,0,...,0,g — (n+m)+1—c,
——— ———
n—b—1 b
EO,EO—1,...,60—(n+m)+2,€0—(n+m)—f—1|.
n+m—1 T

Therefore, X = (—1)"""¢(Hy™,0). Thus, £(HP~ ' HS ') = (—1)* e (H ™, 0).
(iv) We show that (3.6) = (3.10). By (3.11), we have

E(0,Hy L) =10 bo—1,... .o —n+2,lg—n+ 1,0, —1,....0g—n+b+2,

n—1 n—b—1
by—n+b,....00—(n+m)+1,6—(n+m)+1—c|

b+m

From the inequality ¢p —n +b+2 > £y — n + 2, we have

(n—b—1)-th
| 0,...,0,g—m+b+1,0,...,0, 60,00 —1,.... 00— +b+2,
n n—‘b,—l
ly—n+b,....0—(n+m)+1,4—(n+m)+1—c|.
b+m
Therefore,
X = (=1)"(=1)""71g(0, Hy ) = (1)1 (0, Hy ).
Thus, {(Hy ™' HG) = (=1)%¢(0, Hy ). |

Proposition 3.3. Suppose thatm > 1, a,c>1 and a +d # m.
(1) Fora>m+1, d>m, we have

n+m

Z (-1)" (Skokl...kn_zzi/Hg* (u) - Seoel...@...en+m/H§*1 (u)
i=0

t Skokl"'kWL—Qei/H§71+m (u) ’ Seofl...@...fn_'_m/H;*l*m (U)

T Sk _oti/HOL (u) - Seoel...@...szrm/Hg;}n (u)

+ Sk0k1...kn72£i/H071+m (U) . Seozl.--é:;.--en+m/Ha_1_m (U)) =0. (312)

d—m b+m
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(2) Fora>m+1,0<d<m—1, we have

n+m

Z (-1)" (Skokl...kn_gfi/H,‘)“1 (u) - Seoel...@...en+m/H§*1 (u)
i=0

+ Skokl...kn_zei/Hg*“m (u) - Séoel...@...emm/H;*l*m(“)) = 0. (3.13)

(3) For 0 <a <m,d>m, we have

n+m )
Z (_1)2(Skokl...kn_Qei/Hg*(“) ‘ Seoel...@...zn+m/Hg—1(“)
i=0
+ Skt HOL (u) - Seoel...a...eMm/Hg;; (u)) =0. (3.14)
(4) For0<a<m,0<d<m-—1, we have
n+m ]
> D Skt kot () Sty iz (W) =0 (3.15)
i=0

Proof. (1) We consider separately the cases where (i) d < b+m, (ii) d > b+m and (iii) d = b+m.

Case (i) d < b+ m.

. f(Hg_l, Hg_l): From the conditions a > m—+1,d > m and d < b+m, we have fg—n+1—
a<ly—(n+m),lo—(n+m)+d+2>Lly—n+2and bo—(n+m)+d+2 < ly—n+b+2,
respectively. Hence, we have

(n+m—d—2)-th
EHPNHSTY) = Loy lo—n+b+2,0g—n+b,... by — (n+m)+d+1,
n:ljfl

bly—(n+m)+d,....0—n+1,0g—n+1-—a,

d—m
60760_1a"'7€0_(n+m)+(d+2)7
n+m—d—1
lo—(n+m)+d,....0—(n+m)+1,0— (n+m)+1—c|
d

By performing column operations, we have

(n+m—d—2)-th
EHPNLHTY) =10,...,0,0— (n+m)+d+1,0,...,0,6p —n+1—a,
~—
n+m—d—2
Zg,fo*l,...,fo*(n+m)+(d+2),
n+mtd—1
bo—(n+m)+d,....0—(n+m)+1,4— (n+m)+1—c|
d

Using the Laplace expansion, we have
a—1 pye—1\ _ —m~+d+1 a—1 yyc—1\0,1,....,n—2
é(Hb yHy ) =(-1) g(Hb ,Hy )0,1,...,n+m—2,...,n—1
a—1 c—1\n—1,n,....2n+m—1
XE(Hb 7Hd )n+m+d—2,n,...,2n+m—l

a—1 c—1 0717"’7”_2 a—1 c—1 n_17n7"'72n+m_1
+§(Hb ’Hd )0,1,...,n—2 g(I_Ib ’Hd )n—l,n,...,2n+m—1'
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. f(Hg_Hm,Hg_l_m): From (3.3), we have
EHEIT™ HYT™) = o, b — 1, .. by —n+ b+ 2,

n—b—1
by—n+b,....00—n+m)+d+1,....0g —n+1,
b
ly—(n+m)+1—clo,lp—1,....00— (n+m)+d+2,
n+m—d—1
l—(n+m)+d,....0—(n+m)+1,4g—n+1—al
d

By column operations, we have

(n+m—d—2)-th
EHET™ HSTT™) =10,...,0 4y — (n+m) +d+1,0,...,0,

n+m—d—2 d—m
by—(n+m)+1—cly,ly—1,....00— (n+m)+ (d+2),
n+m—d—1
lh—(n+m)+d,....0—(n+m)+1,0g—n+1—al
d

Using the Laplace expansion, we have
—1+ 11—
(o )

_(_ —m+d+1 c—1+m a—1—m 0717"'7n_2
=(=1) g(Hb yHy )0,1,...,n+m—2 ..... n—1

c—14+m pra—l—-m\n—1n,.. 2n+m—1
x g(Hb ’Hd )n+m+d—2,n ..... 2n+m—1

c—1+m a—1-—m\0,1,...,n—2 c—1+m a—1-m\n—Ln,.. 2ntm—1
+ f(I_Ib ’ Hd )0,1,,.‘,71—2 ’ f(I{b ’ Hd )n—l,n,‘..,2n+m—1'

. g(nggl, Hbc;;) From (3.4), we have

EHGL HETLY =10, bg—n+b+1,....0 — (n+m)+d+2,

d—m* Hotm
n4+m—d—1
by—(n+m)+d,....0—n+1,0—n+1-—a,
—mtd
o, lg—1,....0g —n+b+2,
n—b—1
lo—n+b,....00—(n+m)+ 1,0 — (n+m)+1—c|
m+b

From the condition d < b+m, we have fg—n+b+2 > lg—n—m+d+2 > ly—n—m-+1.
Also, we have o —n —m+d <y —n+b. From (3.4), we have

(n—b—1)-th
—1 -1
S(HS HETL Y =10,...,0,60—n+b+1,0,...,0,0p —n+1—a,
n—b—1 b—1
lo, g —1,....,0g—n+b+2,
n—b—1

by—n+b,....00—(n+m)+ 1,4 —(n+m)+1—¢|.
m+b
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Using the Laplace expansion, we have
-1 -1\ _ b -1 —1\0,1,...,n=2
g(Hg*m’Hl;m) =(=1) g([{g*m’Hngm)0,1,...,nfi:1,...,n—1

a—1 c—1\n—1,n,...,.2n+m—1
x E(Hy ™, Hb+m)n—b—1,n,...,2n+m—1

a—1 c—1 0»17"'7,”'72 a—1 c—1 nflznv""2n+m71
+ g(dem’ Hb+m>0,1,...,n—2 ’ g(derm Hb+m)n—1,n,...,2n+m—1'

. f(Hfl:iner,Hg_;};m): From (3.5), we have

E(HG ™, g;};m) =1[lo,lo—1,....00—n+b+1,...0g—(n+m)+d+2,

n+m—d—1
by—(n+m)+d,....0—n+1,0—(n+m)+1—c,
—m-+d
bo,bo—1,... . 0g—n+b+2,
n—b—1
lo—n+b,....00—(n+m)+1,l—n+1—al
m+b
By column operations, we have
E(HS M HEZ =™ = 0,...,0,¢ (f_rfll)l;til 0 0,lp—(n+m)+1—c
a—m S HY o0, ,0,...,0,4 ,
n—b—1
lo,lo—1,...., 00 —n+b+2,
n—b—1
Eo—n—l—b,...,ﬁo—(n—|—m)+1l,€0—(n—i—m)—kl—a\.
mtb

Using the Laplace expansion, we have

§(H ™ Hy ™)

=(=1) £(H§7m ", m)O,l,...,njjtl,...,n—l

c—1+m a—1—m ﬂ*l,TL,...,ZTlrFm*l
x &(Hy yHy o )n—b—l,n,...,2n+m—1

c—1+m a—1+m)0,1,...,n=2 c—1+m a—1+m\n—Ln,.. 2ntm—1
+§(dem ’Hb+m )0,1,...,n—2 f(I—Id m ’Hb+m )n—l,n,...,2n+m—1'

It is verified that the following holds:

—m+d+1 a—1 ryc—1)0,1,....n—2 a—1 gre—1\n—Ln,. 2n+m—1
(_1) é.(I{b ’Hd )0,1,...7n+m—2,...,n—1 ’ g(}Ib ’Hd )n+m+d—2,n,...,2n+m—1
_ b a—1 c—1 0,1,...,7172 a—1 c—1 n717n""72n+m71

=-(=1) 5(Hd—m’Hb+m)0,1,...,nfi>?1,...,n—1 'g(Hd—m’ Hb+m)n—b—1,n,...,2n+m—1’

E(Hy ™ Hy )y - E(Hy )
= (T H T g (T ) T
() ()
X () e
=~ ) T
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c—14+4m pra—1—-m\n—1n,... 2n+m—1
X 5(I—‘[d—m ’ Hb+m )nfbfl,n,...,2n+m71’

a—1 c—110,1,...,n—=2 a—1 c—1\n—Ln,.. 2nt+m—1
€(Hd—m7 Hb+m)0,1,...,n72 ) g(Hd—m’ Hb+m)n71,n,.‘.,2n+mfl

— (G )

0,1,....n—2

c—1+m pra—l+m n—1n,..2n+m—1
0,1,...,n72.£(Hd—m ) )

b+m n—1,n,....2n+m—1"
Thus the assertion holds.

Case (ii) d > b+ m. Let d < b+ m. Then we have b+ m > d — m + m. Hence, if we replace
f(Hl‘f_l, Hfl_l) by §(Hg:rln, Hg;}n) in Case (i), we obtain the equation (3.12).

Case (iii) d = b+ m.

° é—(Hg,fl’Hgfl) — g(Hafl Hcfl)

d—m’ " Tb+m
= ]0,...,0,&]—n+1—a,ﬁo,ﬂo—l,...,ﬁo—n—i—b—i—l
—— ~
n—1 n—b—1
by—n+b,....00—(n+m)+1,6—(n+m)+1—¢|
b+m
o (T ) — (T H )
= |O,...,O,f0—n—m+1—C,fo,fo—l,...,fo—n+b+2,
——
n—1 n—b—1

by—n+b,....00—(n+m)+1,6—n+1—al.

b+m

Clearly, we have ¢(H ™', HS™') = —¢(H{ "™ Hy ™).
(2) From the condition 0 < d < m—1, we have {y— (n+m)+d+2 < {y—n—+1. By performing
column operations, we have

g(H}?_lng_l) = |€07"'a07£0_(n_1)_a7
1
60760—1,...,60—(n—l—m)—i—(d—l—?),
n+m—d—1
l—(n+m)+d,....0—(n+m)+ 1,4 — (n+m)+1—c|
a

Similarly,

He ™ o gamt=my —10,...,0,00 — (n4+m—1) —¢,
¢ (H, )= : 0—( )
e

60760_17"'>€0_(n+m)+(d+2)7

n+m—d—1
bo—(n+m)+d,....00— (n+m)+1,0—(n—1)—al.
)]
Clearly, we have §(H§_1,Hfl_1) =— (Hg_Hm,HC‘;_l_m).

(3) We consider separately the cases where (i) d < b+m, (ii) d > b+ m and (iii) d = b+ m.
Case (i) d < b+ m.

. f(Hlf*l,Hffl): (i) From the conditions d < b+ m and d > m, we have {p —n+b+2 >
ly—(n+m)+d+2and lp—(n+m)+d+2 > ly—n+2, respectively. From (3.2), we have

HP N HTY) =10,...,0,0,...,0,lg — (n+m) +d+1,....00 —n+1,
n—b—1 b
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EO—(n—l)—a,&),ﬁo—l,...,éo—(n—l—m)—l—(d—l—2),
n+m—d—1
bly—(n+m)+d,....0—(n+m)+1,lg— (n+m)+1—¢|
d

Furthermore, from the condition 1 < a < m < d, we have {o—(n—1)—a > lo— (n+m)+1.
Hence, we have

(n+m—d—2)-th
¢(HP N HSY) =10,...,0,0,...,0,6 — (n+m) +d+1,0,...,0,0,
~— ~—_——
n—b—1 —m—+d+2
o, bo—1,..., 0 — (n+m)+(d+2),
n+mtd—1
lo—(n+m)+d,....0—(n+m)+ 1,4 — (n+m)+1—c|

d

Let X denote the above determinant with rearranged columns,

]O,...,O,fg,fo—1,...,...750—(n—l—m)+1,€0—(n+m)+1—c|.

n—1
Clearly, we have X = (—1)n+1§(H1?71a H§’1)-

. §(Ha_1 HeL ): From the condition d < b+ m, we have b+ m > (d — m) + m. Hence,

d—m’ “Tb+m
we have
1 L (n—b—1)-th
a— CcC—
E(HG,, Hy) =10,...,0,4 —n;i—b—i— 1,0,...,0,0,...,0,0,

n—d+m—1 d—m+1

o, lo—1,....0g —n+b+2,
n—b—1

lo—n+b,....00—(n+m)+1,4g— (n+m)+1—c|

b+m

Clearly, we have X = (—1)"¢ (Hg:;l, H ,f;rln) Thus the assertion holds.

Case (ii) d > b+ m. We have the inequalities {p —n —m +d+2 > ¢y —n+ b+ 2 and
bo—n+1—a<¥ly—n—m+1. Hence, we have the following equation:

(n+m—d—1)-th
o ((HY M HY) =10,...,0,g —n—m+d+1,0,...,0,0,...,0,0,

n—b-1 b+1
Coslo—1,... lo—n—+b—+2,
n—b—1
lo—n+b,....00—(n+m)+ 1,4 — (n+m)+1—c|
b+m

X =(-1)"¢ (Hg_l, Hg_l). Similarly, we have the following equation:

(n—b—2)-th
o ((HyZ) H{ ' )=10,...,0,0,...,0,6g —n+b+1,0,...,0,0,

n+m—d—1 b+2
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o, bo—1,...,0g —n+b+2,

n—b—1
lho—n+b,....00—(n+m)+1,0g—(n+m)+1—c|
b+m
X = (- )nHE(Hg 7117H1f+71n) Thus the assertion holds.

Case (iii) d = b + m. Clearly, we have f(HS ;,Hlfﬂln) = f(Hgfl,Hgfl) = 0. Thus the
assertion holds.

(4) From the condition 0 < d < m—1, we have {y—(n+m)+d+2 = lp—n—m+d+2 < {y—n+1.
Hence, we have

¢(HP ' HSY) =10,...,0,0,...,0,6 —n+1—a
——

———
n—b—1 b
fo,fo—1,...,50—(n+m)+d+2,
n+m—d—1
l—(n+m)+d,....0—(n+m)+ 1,4 — (n+m)+1—c|

d

Furthermore, from the conditions a+d < m—1 and a+d > m+1, we have fo— (n+m)+d+2 <
bo—n+1l—aand lo—(n+m)+d>¥l—n+1—a>L— (n+m)+ 1. Hence, we have

g(Hgfl’Hg—l) =10,...,0,0,...,0,0,

n—b—1 b
Eo,fo—1,...,60—(n+m)+d+2,
n+m—d—1
lhy—(n+m)+d,....0—(n+m)+1,4g—(n+m)+1—¢c|=0.
d
Thus the assertion holds. [ |

We remark that the case m = 0 is included in Proposition 3.3. The following differential
relative Pliicker relations are immediately derived from equations (3.13)—(3.15).

Corollary 3.4. For ri,ro > 0, we have

n+m

(1) Z (_1>iST1+m(5>Skok1..-kn—zfi (u) ’ STl (a)sgogl_._@_._gn+m (u) =0,
1=0
n+m

(2) Z (_1>iS7’1 (_5)5160]61--.]%72&(”) : STl-‘rm(_5)55051._@._,gn+m (u) =0,
1=0
n+m

3) D (=1)'Sri(=0)Skohr.donats (1) - Sra(D)Sy g oy (W) =0.

i=0
Suppose that N >0, m > 1,a,c>1anda+b+c+d=N. We set

X1:{(Hl§‘_1,0)|a+b:N,1§a§m},
Xg—{(Ha_1 O)|a+b:N,m<a},
X5={(0,H ") |[e+d=N,0<d<m-—1},
Xy={(0,H; ") |c+d=N, m<d},
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Xs={(H ' HS) |a+d=m]},

Xe={(Hy " HS ") [a+d#m,a>m+1,d>m},
Xe={(HLH ) Ja+d#m,a>m+1,0<d<m—1},
X3 {(H“ch 1)|a—|—d7ém,1§a§m7d2m},
Xg—{(H“ 1 JHS 1)|a+d#m,1§a§m,0§d§mfl}.

Furthermore, we set

ClearlY? X = {(gth) € H(Oé) X H(ﬁ) | a+/B:N7 o> 07 ﬂ > 0}
By Propositions 3.2 and 3.3, we have

S e(HLHSY) =0, i=1.3,0.
(Hy ' H; HeX;

Also, for the element (Hlf_l,Hg_l) in Xg, the elements (Hlf_Hm,Hg_l_m) (Hg :n,Hler;l)
and (HC 1+m Hlf+7711 m) are contained in the set Xg. This means that

Z ¢HPLHSY =0.

(Hy ' HS HeXs
Similarly, by the equations (3.13) and (3.14), we have

Z ¢HLHTY =0, i=17,8.

(Hy ' HS HeX;

We are now ready to state the main theorem of the present note. We call the formula skew
Pliicker relations.

Theorem 3.5. Suppose that m is even. We have

n+m

%
Z (_1) Z Skokl...kn_gﬂi/Hl‘:71 (U) ' S€0£1-~~Z-~-én+m/H§71(u) = 0.
=0 (Hy ' Hi™Hex

Proof. By Propositions 3.1-3.3, we have

n+m
Z Z (—1)15k0k1...kn,2£i/1{g—1(“) : Szozl...ii...zn+m/Hg—1(“)
(Hp~t HS Hex =0
= Z > E(Hy L HTY) + > E(Hy L HYTY)
1,3,6,7,8,9 (g~ HS MeX, (Hy ' HG 1 )eXs
Y emEghY Y (g
(Hy ' HGheXy (Hy ™" Hi)eXs

= (= HT) + Y (T HEY.

r=24 gyt HS HeX, (HLHS YeXs
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The formulas (3.9) and (3.10) have opposite signs when m is odd, and the same sign when m is
even. Therefore,

0 if m is even,

Z Z S(Hl?_l’Hg_l): 2 Z S(Hgfl,Hgfl) otherwise.

=2 TG eXy (Hy~ HGExX
Next, for (H“_I,Hc_l) € X5, we have

#{(H G Y+ { (1 HE ) 1< < a—1)
+#{(HFTHT) [1<r<d}=1+(a—1)+d=m.

Hence, for (Hg_l,HdC_l) € X5, we have

c(EHLHSY + > e(HT T HG ) + > e(HpT T HSY

1<j<a—1 1<r<d
0 if m is even,
nonzero otherwise.

Hence,

Z f(H{f*l,Hgfl) _ {0 if m is .even,

a—1 rre—1 nonzero otherwise.
(Hb 7Hd )GXS

From the above, it follows that

> gHyLHTY) =0 u

(Hy~ ' HGHeX

Example 3.6. Let n =3, m = 2, and N = 5. We write the elements of X as follows:

(H0) | (HEHG) | (H. ) | (HYBR) | (HQ, HE) | (0.H)
(H:13>O) (HIQﬂH(())) (Hh (%) (H?,Hg) (H(())’H12) (07H%)
(13.0) | (Hb 1) | (18, 13) | (Hb 1) | (8, 1Y) | (0.13)
(F3,0) | (18, 19) | (g, 1) | (D) | (B, HS) | (0, H3)
(HE,O) (HhH?) (H(%7/Hg) (O,HE)
(H27H?) (H?,Hg)

Here,
Xy = {(H3,0), (H1,0)},
Xo = {(Hy,0), (H7,0), (H3,0) },
Xy = { (0, Hy), (0, HY) },
Xa = { (0, H3), (0, H3), (0, H}) }
X5={(H&,H§) (H07H1) (HlﬂHO) (H%Hll) (H27H0) (H27H1)}
X6 = ¢,

X7 = {(H31H0)7 (HO7HO)7 (leaH(()))7 (H3>H?)}7
X8 = {(H?’H2)? (H07H3)a (H(%aHg)7 (H((])7H21)}7
Xo = {(H3, HY), (H3. Hy), (Hi, HY), (HY, Hy), (Hy, Hi), (Hg, Hg) }-
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From Proposition 3.1, we have
¢(Hj,0) = €(Hj,0) = £(0, Hy) = £(0, HY) = 0.

Hence,

> E(HP HS) = ¢(Hs,0) + €(HY,0) =0,
H7LHS HYex,

Z HF HY) =€(0, Hy) + €(0,H}) = 0.
(HE~Y HS NeXs

From Proposition 3.2, we have

¢(Hy, Hy) = —€(HY, HY) = —¢(Hy, 0) = £(0, H3),
¢(H Hy) = —¢(HY, HY) = —¢(H},0) = £(0, H),

Hence,

>ooooeHThET Y+ YD gl HSTY)

(HP L HSHEX (HP L HSHeXy
= ¢(Hj,0) + €(H3,0) + &(H3,0) + £(0, H3) +£(0, Hy) +£(0, H]) = 0.

Also,

> g(HTHSY)

(Hy ' HGHeXs

= &(Hg, HY) + €(Hy, HY) + €(H{, Hy) + £(HY, HY) + €(Hy, HY) + €(Hg, HY) = 0.
From the equation (3.13), we have
§(Hg, HY) = —€(Hg, Hy),  &(Hf, Hy) =0,  &(HG, Hf) =0.
Hence,

> C(HyTLHGTY) =<(H, HY) + €(HY, Hy) + S(HY, HY) + £(Hg, HY) = 0.
(Hy~ ' HS HeXy

From the equation (3.14), we have
E(HY, Hy) = —€(HY, HY),  &(Hy, H3) =0,  &(HQ,Hy) =0.
Hence,

S g(Hy L HGTY) = ¢(HY, HY) + ((HY, HS) + £(Hy, HY) + £(HS, Hy) = 0.
(Hy ' H MeXs

From the equation (3.15), we have

¢HY HY) =0, €&(HY,Hy) =0, ¢(H{,HY)=0, &H),H)=0,
¢(Hy, HY) =0, ¢(HY, Hy) = 0.
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Hence,

> g(HhHTY

(Hy ' HS HeXy
= &(HS, HY) + ¢(HY, HY) + €(HY, HY) + €(HY, HY) + &(Hy, HY) + €(HY, HY) = 0.

Therefore, we have

2

5
(_1)1 Z Sk‘oklfi/Hgfl(u) ' SZO£1---E---£5/H§71 (U) =0.
=0 (HE ™ HS Mex

As is written in the introduction, the quadratic relations for the (skew) Schur functions proved
in the paper correspond to certain addition formulas for the 7-functions of the KP and modified
KP hierarchies. Therefore, these may play a central roll in the theory of 7-functions. As for the
BKP hierarchy, it should be possible to discuss the quadratic relations satisfied by Q-functions.
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