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BECOBbIE OUEHKW O1A NHTEIPAJIBHBIX
OMNEPATOPOB HA MOJIYOCH
C MOHOTOHHbIMI APAMI

B. . Crenanos, E. II. YmakoBa

AHHOTaH,I/IH: ,Z[aIOTCH KpPpUTEPUN OIPaAaHUYICHHOCTHU UHTET'PaJIbHBIX OIIEpaTOPOB Ha IIOJIy-
OCH C HeOTpUuIaTe/JIbHBIMNU MOHOTOHHBIMHU dJpaMU B BECOBBIX IIPDOCTPaHCTBaX Jlebera.

KuaroueBble cjioBa: BecOBble NIPOCTPAaHCTBa Jlebera, HHTErpaJsbHBII OlepaTop.

Bsegenue

Te N3y4YalOTCs YCIOBUS, IIPH KOTOPBIX JIS BCEX M3MEPUMBIX IT T
B pabore nsyuatorcs ycaosus, 0TO cex m3Me o Jlebe

dbyuxmuit f(x) > 0 na nonyocu Ry := (0,00) ¢ koucranroit C' > 0, He 3aBHCAIIER
OT f, BBINIOJIHSIETCS] HEPABEHCTBO

o 1/p

1/q 00
/ Kf@)(x)de| <O / @) Pu(z) de (1)
0

0

¢ u3MepuMbIME BecoBbIME dyHKIuAME u(z) > 0 u v(z) > 0 1 UHTErpaIbHBIM OIle-
paTopoM

Kf(z) = / ke, y) f () dy, (2)
0

rue uamepumoe Ha Ry x Ro anpo k(x,y) > 0 MOHOTOHHO HO OAHOI WM JBYM Ie-
peMeHHBIM. IIpuMepaMH TaKHX OIIEpaTOpPOB SIBJIAIOTCA NpeobpasoBanus Jlamaca,
Tunbbepra, CruibTheca U psifl IPYIUX, JJist KOTOPBIX OlleHKY Buja (1) usydanuch B
paborax [1-3].

IMMIpup = l,ooul < g<oowmmq=1,00un1l < p < oo mepasercrsa (1)
xapakTepusyorcs obmeil Teopemoii (em. [4, rr. XI, §1.5, Teopema 4]), a upu 1 <
q < p < oo usBecreH HesiBHBI kpuTepnii («rect lypa») [5, rur. I, Teopema 4.8].
Ormernm Takxke, 9to 1ipu 0 < p < 1, ¢ < 0o HepaBeHCTBO (1) BBIIIOJHSIETCS] TOJIBKO
B TpUBHAIBHOM ciydae (cMm. [6, Teopema 2]).

Henpro maHnOl paboThI ABJSIETCS MMOJTyIeHUE ABHBIX yCJIOBUI B TEPMHUHAX $JIPA
7 BECOBBIX (DYHKITHIT, HEOOXOAUMBIX U/WJIU JOCTATOMHBIX Jyid BhinosHernst (1) mpw
0<g<oo,1<p<oo, q# 1 B§l naorca kimodesnie teMMbl. OCHOBHBIE pe-
3yJILTATHI JIOKA3AHbI B § 2 U IPOUJUIIOCTPUPOBAHDI B § 3 IpUMeEpaMu, 0000IIAIONAME
B TOM umcJie paborsl [1-3].

Pabora 06oux aBTOpOB BBHINOJIHEHA IIpU (PUHAHCOBOU 1O/ iepKKe Poccuiickoro douma dyHa-
MEHTAJIbHBIX nccienoBannit (koz mpoekra 03—01-00017) u rpanra 04-03-I'-01-049 JIBO PAH.

(© 2004 Crenanos B. /1., Ymakosa E. II.



BecoBsle orieHKH J1J1sT HHTETPaJIbHBIX OITEPATOPOB 1379

Bcrony B crarbe coorHomenne A < B nogpasymeBaer HepaseHcTBo A < ¢B
C KOHCTAHTON ¢, 3aBUCAIIEH TOJBKO OT MApAMETPOB CYMMUPOBAHUS P U ¢, IPUIEM

pi=p/lp—1) mpu0 <p<oo,p#lur:=pg/(p—q mpul < g <p< oo
Ecim A < B < Aum A = ¢B, vl nmem A ~ B. Heonpenenennoctu suga 0 - 0o
MTOJIATAIOTCS PABHBIME HYJIIO.

§ 1. BcmiomoraresnbHbIE YTBEP2K/IEHUSI

s 0 < ¢ < 00 MOJI0KUM

a TaKzKe

/ W' dy, V(y :/v
0 Yy

JIemma 1. Ilycre sinpo 0 < k(z,y) < 1 y6riBaer no y. Ilpeamonoxum, 9To
o0
1<q<001/1f K f)%v < oo. Torga

[o )

aq/foq1K*v</(Kf)v<ﬁq/foq1K* (3)
0 0

rae

Qg = min(2,277), B, = { 901 0> 2
JIOKABATEJIBCTBO. 3amerum, uro eciu F(y,t) = F(t,y), To
o0 00 e} Yy
//F(y,t)dydt:2/dy F(y,t)dt.
0 0 0 0

Orcona o Teopeme Oydbunum

o0

JRE 7v<x> da 771«@ )k, ) £ () £ (2) dydt
0 0 0 0
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Mockomnbry k(z,y) < k(z,t) <1 mua 0 <t <y, o

oo

QO/f HY) K2v</(Kf)2v§20/f(Hf)K v

0

[ycrs ¢ > 2, w = v(K f)772. Uz (5) caemyer, uto

O/(Kf)qv /Kf w<20/f

ITo mepasencrBy ['énbuepa ¢ nokasarensmu (g — 1)/ ,q—1

K w(y) = /k:(x,y)v(m) dx ( )

(q—1)
)
X (()/k(x,y)v(x) dz (-O/k(x,z)f(z) dz) )

Orcroza, ele pa3 IIpUMeHsisi HepaBeHCTBO ['€ibjiepa, nMeemM

Junm <2 [ fn oo D o e/
0

(¢—2)/(a—

1)

0

oo 1/(a=1) / o (¢—2)/(q—1)

=2 f(Hf)q_lK*v) ( (Kf)qv) :
(0/ /

0

OTKY/Ia CJIEJIyeT OIeHKa CBepXy B (3). AHAJIOrMYHO TPOBEIeM OIeHKY CHU3Y:

O/( O/Kf w2 [

oo

y o y q—2
22/]»’ dyo/f dto/[kxy]2 d:c(o/kxz )

0

(=)

27f WH f(y)]7~ 1dy/m[kfcy]qv()
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ITpu 1 < ¢ < 2, nosnb3ysick (4), 3anuiem

nat:
=
=
é&
I
0\8

207f dyo/yf dt7 k(z, y)k(z, t)v(z) do (Zk(x z)f(z)dz)q_2

meem

/k(m,z dz>/k x,2)f(z)dz > k(z,t)H f(t).

Orcrona, Tak kak k(z,t) <1,

o0 o0

Junm<e [ 10 dy/[Hf o2 (t) dt/my[mtn“()

0

(e}

oo

<9 /f VI dyO/nyqdefﬂO/fo“K*

u olieHKa cBepxy B (3) mokazana. [ljis OIEHKU CHU3Y IPUMEHUM HEPABEHCTBO ['éJib-
Jiepa ¢ nokazaressimu 1/(q — 1), 1/(2 — ¢):

o(t) — /[k(z,t)]qv(z) do
0

= /[k(% B K f(2)] DK f(2)] G0 Dk (2, t)o () da
0

0o q—1 0o 2—q
< ( [kt 0P K @) 20(a) dx) ( JECRSETE dx) .
0

0

s IIOCJIEJHErO HEepaBEHCTBa BBITEKAET, 9TO

/ FHPT K 0 < / f(t)dt (Hf(t) / (s )L ()] 20 () da:)
0 0 0
X k(z, t)[Kf(x)]qflv(x) dz:)
il

(BTOpOI#i pa3 nupuMeHsisi HepaBeHCTBO ['ébepa)

< ( / F(O)HF(t) de / k(DL ()] 2o () d:c)
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X (/f(t) dt/k(:c,t)[Kf(:c)]q’lv(:c) dm) =1t

0 0

JleBoe HepasercTBO B (5) Bieder

/f Hf)Kjw < %/
0 0
a TakzKe .
:/(K
0
Orcrona

oo

20~ 17]‘ Hf)T 1K*v</(Kf)4v. O
0

0

Jlemma 2. Ilycrs siapo k(x,y) > 0 yopmaernoy, 1 < g < oo u [(K f)iv < occ.
0

Torma

oo

7f e < [ < Bq/f (H* )1 Ko, (6)
0

0

JHOKABATEJIBLCTBO. Orenka cHusy mokaszana B jemme 1. I[lokaxkem ormeHky
cBepxy. U3 (4), ucnosnb3ys HEPABEHCTBO

k(z,y) < k(z,t), t<y,
oIy 9aeM

N o y N
/Kf v<20/f dyo/f dt/[kxtP dx

0

FOE50(t) H" f(t) dt

I
N
o —3

ITycrs g > 2. Ipumensst (7), HaxoauM

/ 7y 20/f Nz,

IIo mepasencry ['énbepa

) ) q—2
Kjw(t) [k(z x)dz ( k(z,2)f(2) dz)
[rerae]
0o 1/(¢=1) / (a-2)/(a—=1)
< x,t)]|%(z) da E(x, t)v(z)[K f(z)]? ! da
free /



BecoBsle orieHKH J1J1sT HHTETPaJIbHBIX OITEPATOPOB 1383

Orcrona
Jaayo <2 [ g ;e oD e o pre a2/
0 0

1/(g—1

o0 ) o0 (Q*Q)/(Q*l)
<9 / SO Y1 K / (K f)7o
0 0

U IPUXOJUM K IIPABOMY HepaBeHCTBY B (6).
ITycrs 1 < g < 2. U3 (4) nepecTaHoBKO# MHTETrPAJIOB Oy IaeM

o0 o0

Junm = [

0
[e'e)

- / F(y) dy / F(t)dt / ke, )k (o, Do (@) [ f ()2 de

M
0\8 o

kﬁ

E:
w\

\

&.

<
O\

(@, y) (e, (@)K F ()7 do
<2 [ st [ ko v(e) ds / ) S dy | [ K20 s
0 t Y

2/f NI K. O
ql
0

3AMEYAHUE 1. B nokasarennbcrse jieBoit olieHKY B (3) UCIOIB30BAIACH TOJIBKO
MOHOTOHHOCTD a1pa k(x,y) 110 y, a Jyis Moy YeHus npasoii otuenku B (3) upu g > 2 —
TOJIKO OIPaHUYEHHOCTH saapa k(z,y) < 1.

SAMEYAHUE 2. YTBep:K/leHusl, AaHAJIOrTIHbIE JleMMaM 2 U 1, cripaBeijIuBbl JIJ1st
sitep k(z,y) > 0, yosBaromux mo . B sTom ciaydae ananorom (6) siBiasiercst

o}

aq/foq1Kv</(K*f)v<b’q/fH* NI K, (3)
0

0

n ecrm k(z,y) < 1, To mpaByio 9acTh B (8) MOXKHO 3aMEHWUTDH OIEHKON
oo
/K* u<ﬁq/foq K.
0

Tem ke cr10cO6OM JIOKA3BIBAIOTCH AHAJOIMYHbIE ONEeHKH st suep k(z,y) > 0, Bo3-
pacraronmux 1o &, y. Jlerajau Mbl OILyCKaeM.
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§ 2. OcHOBHBIE pPe3yJIbTATHI

Mer 6yzmem cuanrars koncranty C' > 0 B HepaseHcrse (1) BHIOpaHHON HaMMeHBb-
meil u3 BO3MOXKHBIX. Ky

A<C <A,

TO yeoBue A < 00 mOCTATOYHO jist BhimosHeHus (1), a A < 00 HEOOXOAUMO.
Ham morpeGyroTcst KpuTepun BBITIOJHEHHsI BECOBOTO HepaBeHCTBa Xap/m (CM.

[7, §1.3; 8])

o 1/q oo 1/p
Janw) el [ra) 0
0 0
corJyIacHO KOTophIM Iipu 1 < p < g < 00
C = sup[V* (O] 1[0 (1)1, (10)
>0
mpu 0 <g<p<oo,p>1
. 1/r
C~ /(V*)T/QU’"/q/ul_p, , (11)
0
ampul<g<l=p
00 (1-a)/q
C =~ /Qq/(qfl)(v*)q/(lfq)v , (12)

0

t) = essinf .
e ult) = G lpful)
Teopema 1. Ilycrs sapo 0 < k(z,y) < 1 y6bBaer uo y, npugem K*v(co) =
Kj;v(co) = 0. Torna as korcrantsl C' B (1) BBHIOIHSIOTCS CJEAYIONIAE OI[CHKH.
(a) Ecmn 1 < p < q < o0, 10

sup[K;v(t)]l/q[U(t)]l/p/ < Cxk sup[K*v(t)]l/q[U(t)]l/p/. (13)
>0 >0
(b) Ectm 1 < g < p < 00, TO
00 1/r o 1/r
/(K;v)’”/qu/q'ulfp/ < C<x /(K*v)r/qUT/q'ul’p/ . (14)
0 0
(¢c) BEemm0<qg<1l<p<oo, 10
oo 1/p’ oo 1/r
/ (Kjv)P /117 <0< / (Kio)yaum/adoyt=s" | . (15)
0 0

(d) Ectm0< g¢<1=p, 10
00 (1-q)/q

esssmp[K(}kv(:c)]Uq[u(ar)]_1 <O /QQ/(‘J—D(K;U)‘]/“_Q) d(—Kjv) )
0

zER

(16)
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npudeM B yrBepxk/enusx (¢) un (d), a rakxxe B Jieoii dacru onenok (13) u (14)
orparuienrocts siapa k(zx,y) < 1 He obsizarespHa.

JIOKABATEJILCTBO. Ilycts ®(x) > 0 ue Bospacraer na R u ®(oc0) = 0. Toruma
npu g > 0 u buruTHON [ UMeeM

!f ) Hf ()] D () tﬂHf )17 dl-()),

II09TOMY HEPaBEHCTBa

[e%e] oo 1/p
/f(x)[Hf(m)]q_l@(x) dx <C /[f(x)]pu(x) dx
0 0
! o0 oo 1/p
/[Hf(ﬂ?)]q d[—®(z)] <C /[f(x)]pu(ﬂf) dx (17)
0 0

sKBuBaJIeHTHBL. [Ipumenss kpurepuu (10), (11) x mepasencrBy (17) u y4durbiBas
yrBepxkaenue (3) semmsl 1, mosmydaem orenku (13) u (14).

s nokazaresnscrsa (15), (16) upemmonoxkum, uro (1) BeIIOIHIETCH ¢ KOHEY-
noit koucrauToit C. Torma o HepaBencTBy MuHKOBCKOTO

%) 0o 1/4
/ﬂKﬁfmé /Mﬁ%
0 0

Orciofa o obparHoMmy HepaBeHCTBY ['éibepa

esssup[K ()] fu(z)] P <€, p=1,

zeR

00 1/p’

/(K;v)p,/qulﬂ’, <C, 1<p< oo,
0

MBI [IPUXOJIUM K JIeBbIM orteHKaM B (15) u (16). [lis mokasaresbeTBa IpaBbix OIEHOK
3ameTnM, 4To npu 0 < ¢ < 1 umeem

Z(Kf)qvZv(x)dxzk(a:,y)f(y) dy O/Ook(%t)f(t) gt "
O/f dy/kxy dz O/k(a:,t)f(t)dt /foq L

TaK KaK

(=)
(=)
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[Tockombky K, ;‘v(x) He BO3PACTAET, B CHJIYy CJICJTAHHOTO BBINIE 3aMeIaHNsa KOHCTAHTA

C B (1) He upeBbIIAET HAUILYYIIEH KOHCTAHTDI ¢'/1C B mepasencrBe

oo 1/q o0 1/p
Janracrg ) <ac| [
0 0
Ucnonbzys (11), nomyuaem, uro ecmu Kjv(oo) = 0, To
0o 1/r 0 1/r
r/p * \T * ~ % \T r/q" 1—p'
C < /U P(K )P d(—Kv) ~ /(va) lagr/ayt=p , p>1
0 0
Ecou p = 1, o, nupumenssa (12), umeem
00 (1—q)/q
C < /uq/(q—l)(K;U)q/(l—q) d(—K;v) .0

0

Teopema 2. Ilycrs siapo k(z,y) > 0 ybpsaer mo y, npmem Kjv(oco) = 0.
Torna npassre onerkn B (13), (14) Hy>XHO 3aMEHHTD CJIE/IYIOIIUMH.
(a) Jnmz 1l <p<g<oo

1/p'q

t
C < sup / (K v)P w7 [U=(8)] /7' (18)
t>0 0
(b) Jmal<g<p<oo
- . r/ap' 1/r
C < / / (K v)P ul = [U*()]/9P" = ()7 dt . (19
0 0

JOKABATEIBCTBO. Ilo nemMme 2 u mepasenctBy ['énbiiepa norydaem

1/q

00 1/q 0o
/ EHw| <8, / S I K
0 0

1/4p / oo 1/qp’

<5, / Pu / (" )P @D (50wl
0

0

’

Mockombky 1 < p<g< oo<=1<p<plg—-1)<oxul<g<p< o
— 1<p(g—1) < p < oo, 10 (18) u (19) BBITEKAIOT U3 KPUTEPHUEB BECOBOIL
Or'PAHUIECHHOCTU COMPSI?KEHHOTO orepaTopa Xapaum. [
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§ 3. IIpumepsnl

Cumsoua N 0603Ha4a€T MHOKECTBO BCEX HATYPAJILHBIX THCEIL.
IIycrs dyukmun a(t) > 0 u b(t) > 0 Bospacraror Ha R .

IIpuMEP 1. Ilycts ¢(s) yowbiBaer, 0 < p(s) < 1, p(c0) = 0 u mia aoboro
teR.

p(2t) < D)2, D >0. (20)
IIpeIo/IoKUM TakzKe, 9TO JJIst BeeX & € R BBIIOJIHEHO HEPABEHCTBO
a(2x) > da(x), 46 >1, (21)

u nycrb Ng € N takoe, uro 6™V > 2. Ilyersb cymecrsyer A > 1 Takoe, 4ro st
joboro = € R
2z T
/v(s) ds < A/U(s) ds. (22)
0 0

(oo}

ef(x) = / ola(@)b()] £ () dy
0

[Tpu crenaHHbIX BBIME TPEINOJOKEHAAX st BeeX ¢ € Ry Takux, uro £*v(t) < oo,

CIIpaBeIJINBO
o0

L u(t) = /gp[a(a:)b(t)]v(x) dx

Paccymorpum omepaTop

7?} 70 —¢la(z),b(t)]) = 7d(—</>[a(2)b(t)])/zv($) dzx
0 T 0 0

:/ d(—pla(22)b( 7 d:p<A7d( pla(22)b( /Zv
0 0 0

/ 2)pla(2z)b )]dx<A7 Ga(e)b(t)]o(x) da.

[Ipomosmkum, ecu HyKHO, paccyxaerue Ns pas. Torma
o0

Lro(t) < AN /@[5N5a(x)b(t)]v(x) dx
0

< AN /g0[2a(x)b(t)]v(x) dx < DANs /(go[a(m)b(t)])zv(m) dx.
0 0
IloBTOpas, ecnm aT0 HeoOXoAMMO, Iociennee paccykuenue N, pas, rme N, € N

taxoe, uro 2™V¢ > ¢ nusa dukcuposanHOrO @, MOIYYAEM
oo

£u(t) < (DAY [ (pla@blo))?o(e) dz — (DAY)Yeg;00)
0

Orciona B cuity yrBepxKienuii (a) u (b) u3 Teopembl 1 BbITEKAET CJIEIYIONIMI KpU-
Tepuit.
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Teopema 3. Ilycrs ¢, a(x) n v yrosrerBopser yciaosusm (20), (21) un (22)
coorsercrenno. Toryia HepaBEeHCTBO

1/q 1/p

/ Sf(@) (@) dz | <C / @) Pu(z) de
0 0

arst 1 < p < g < 00 BBIMOJTHEHO TOT/Ia U TOJIBKO TOIJIa, KOTJa

igg[ggv(t)]l/q[U(t)]l/P’ < 0.

Ilpn 1 < g < p < 0O HCXOAHOE HEPABEHCTBO BBIIMOJIHSIETCS, €CJIH H TOJBKO €CJIH

00 1/r

/(£Zv)’"/qU’"/q/u1_p/ < 00.
0

Teopema 3 umeer JBONCTBEHHBINT BapPUAHT.

Teopema 4. Ilycts ¢, b(y) m v ynosaersopsier ycaopusm (20), (21) u (22)
coorBercTBenHo. Torma HepaBeHCTBO

s 1/q s 1/p
/(S*g)qv <C /g”u
0 0

BBITIOJTHEHO TOTJJa U TOJIBKO TOTJa, Korja aas 1 < p < g < o0

jgg[ﬂqv(t)]” NU )7 < 0,

anpul < qg<p<o0
00 1/r
/(Eqv)r/qu/q/ul_pl < 0.
0
ITPuMEP 2. Ilycrs meorpunarensusie dbyukimu at), b(t) Bospacraior Ha Ry u
cymectByer obpaTHas K b(t) dynxmma b1 (s). Jdamee, momoxmm

k(z,y) = pla(z) + b(y)],

I7e ¢ MOHOTOHHA U jyId Bcex - € R

p(22) = ¢(z).

Torna
b~ (a(z)) 00
K () ~ gla(x) / F(y)dy + / b)) F(y) dy.
0 b1 (a(a)
CJIeZIOBATEJIBHO,

%) o [ b7 (a(z))
/ (K)o ~ / / fwdy | (pla(@) () da
0 0
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IIpumensist KpuTEepUK BBIIOJIHEHHST HEPABEHCTBA Xap/IH, IoIy4daeM, 4To npu 1 < p <
q< oo

o Ya (b a(t) 4
¢ sup | [(ela(@))o(a) do [ o
t>0
t 0
50 1/q o 1/1’/
voup [ [0 | ) |
b=1(a(t))
a0 <g<p<oo,p>1
’ 1
s / oo /e[ b a() /e r
x| [ [ela@hro s [ a7 | e d
0 t 0
. . /o . r/p 1/r
e [l )l dy | v
0 \0 b=1(a(t)
aBoyqae 0 <g<1l=p
- - a/(1—q) (1-9)/q
x| fla@ e | [la@hio@ds | elaohio
0 t
o ¢\ /1-0) (1-a)/q
4 / fua (£)]2/ D / v o(t) dt ,
0 0
rie
ult) = o<xe<sffi1n(£(t)) u(@), uz(t) = b*l(g?ts)%gi<oou(z)'

3AMEYAHUE 3. IIpumep 1 o6obmaer pesysnbrarsl pabors (1], a mpumep 2 —
pabor [2,3].
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