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KNACCUPUKALNA KOMMAKTHBIX JTOPEHLEBbLIX
2-OPBN®0NJ0B C HEKOMMNAKTHO
NOJIHON TPYMMNON N3OMETPUIA
H. . 2KykoBa, E. A. Poroxxuna

AnnHoTanusa. Kak n3BecTHO, Cpe/iy 3aMKHY THIX JIODEHIIEBBIX [IOBEPXHOCTEN TOIBKO ILIIOC-
KHe TOPBI MOTYT JIOIIyCKaTh HEKOMIIAKTHYIO IIOJIHYIO I'pyIy u3oMmerpuii. Kpome Toro,
1718 100oro m > 3 CTaHJapTHBIN IIOCKUN N-MEPHBI TOP C KAHOHHYECKOW METPHUKOMN
HMeeT HEKOMITIAKTHYIO IOJIHYIO rpymy JIu msomerpwmit. Ilokasano, uTo mpu n = 2 sTo
HeBepHo. llonydena kiraccudukanys MIOCKUX JIOPEHIEBBIX METPHUK HA TOPE C HEKOM-
MaKTHOW MOIHON rpynmoil JIu msomerpumii. [lokazaHo Takrke, 4TO JIIOGOH JBYMEPHBII
JIOpeHIeB opoudoJI1 ABISETCS OY€Hb XOPOoIIuM. Bjaromapsi 3ToMy J0Ka3aHO CYIECTBO-
BaHHE €IMHCTBEHHOIO IVIAJKOIO KOMIIAKTHOIO 2-0pOmdosiia, Ha3bIBAEMOIO IOLYIIKOIL,
JIOITYyCKAIOIIEro JIOPEeHIIeBbl METPUKU C HEKOMIIAaKTHOI IIOJIHOH IpyINoil m3oMeTpuii, u
oIy deHa KitaccudUKaIis TaKux MeTpuK. [IpuBeneHbl mpuMepsl.

KurogueBble coBa: JIOpeHIEB OpOmd O, JIOPEHIIEBa IIOBEPXHOCTD, I'PYIIIa N30METPHIA,
AHOCOBCKHI aBTOMOP(U3M TOPA.

Bsegenue

JlopenieBa reomMeTpust IIUPOKO IPUMEHsETCA B (pU3NKe U 3HAUUTEIHHO OTJINYa-
eTcs 0T COOCTBEHHO PUMAHOBOI I'eOMeTPHUH.

Op6udoasl MOXKHO paccMaTpUBaTh KaK MHOT0OGpas3usa ¢ 0CODEHHOCTSAMU, IPH-
yeM MHOrooOpasusi COBIAJIAIOT ¢ opbud o IaMu, BCe TOYKH KOTOPBIX PerysspHLL.
TounbIe onpe/ie/IeHnsl 1 TeOPEeMbI U3 TeOpUH Opond 0JII0B MOKHO HaiiTH, HallpuMep,
B [1]. Kareropus opbudosaos obozunauaercs gepe3 Orb.

Ipynna Bcex msomerpuit jopentesa opoudonna (M, g) HaszbiBaETCS NOAHOGE U
ob6oszuavaercst uepes J(M, g). U3 pesyabraros A. B. Baraesa, H. I. 2Kyxkosoii [2]
(cm. Takxke [3,4]) BbiTekaer, 9To OHa ABJIsIeTCH IPYIION JIu pasMepHOCTH HE BbIIIE
n(n + 1)/2, rme n — pasmepuoctb opbudoiga M. B oramume oT KOMIAKTHBIX
puMaHOBbIX opbudosos [5] rpynna uzomerpuit J(M, g) KOMIAKTHOIO JIOPEHIIEBA
opbudoiia, BOoOIINEe roBOpsi, HEKOMIIAKTHA.

Hamomunm, aro rmagkoe meticrsue rpytist JIu G wa opbudomme M:

GxM—M:(g,x)—~g-z Y(g,z)€eGxM,

HA3BIBAETCS COOCTMEEHHDbIM, ECJIU CXOIUMOCTD JBYX IIOCJIE/I0BATEIBHOCTEN Gy + Tyy — Y
uzr, —»xBM,rtne g, € Gux,,x,y € M, BledeT CyIIecTBOBaHIE CXOSIIENHCS
HO/IIOCIIEI0BATEIBHOCTH { g, } B G.

Pab6ora BuIosHeHa Tpu bUHAHCOBOI MojIepkKe Poccuiickoro donta dyH/1aMeHTalIbHbIX UC-
cnenoBanmii (kox npoekra 10-01-00457-a) u @I «Kazaper» (npoext 14.B37.21.0361).
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OrmeruM, uto rpymmna Jlu J(M, g) nsomeTpuii KOMIIAKTHOTO JIOPEHIEBa OpOH-
douma (M, g) HeKOMIAKTHA TOTJa U TOJLKO TOIJIA, KOTJa OHA JeHCTByeT Hecob-
cTBeHHO Ha opbudosme M.

HecobcrBennbie JieficTBus IPYIIT N30METPHUIl Ha JIOPEHIIEBBIX KOMIAKTHBIX MHO-
roobpasmsix UCCJIeIOBAINCh B paboTax [6-9] u ap. (cm. o630p [10]).

[TosHas rpymnmna u30MeTpuil JIOPEHIIEBBIX METPUK Ha JBYMEPHOM TOpPE, JIOIYC-
KaOIUX 1-apaMeTpruyecKyo Ipymniny u3oMerpuii, nsyvasaacs B [11,12].

[Hesbro maHHON PabOTHI SABJISIETCS PACCMOTPEHME KOMITAKTHBIX JIBYMEPHBIX JIO-
PeHIIEBBIX OpOUdOJIIOB, JIOIYCKAKIIUX HeCOOCTBEHHOE JefiCTBHE TPYIIIbI H30MeT-
puii.

Yepes Z™ 0603HaYAETCsI [IEJIOUUCIEHHAS PEIeTKa Ha n-MepHO 1m1ockoctu R,
Top T™ = R™/Z™ Ha3bIBaETCST CIMAHIGDMHBIM.

[Tox 3aMKHYTOIt JIODEHIIEBOI MOBEPXHOCTHIO ITOHUMAETCS CBI3HOE KOMIIAKTHOE
JIByMepHOe JIOpeHIieBo Muoroobpasue (M, g) 6e3 kpast. Kak mokaszaso B [13], rpymnma
U30MeTPHil 3aMKHYTOI JIOpeHIeBo# toBepxHocTH (M, g) HEKOMITAKTHA, TOJBKO €CJIN
(M, g) = (T?, g) — mI0oCKHit JTOPEHTeB TOp.

HamomuuM, 9T0 1IceBIOPUMAHOBO MHOTO0Opa31e Ha3bIBAETC 2€00€3UMECKU T0A-
MDIM, €CJTH KAXKJIAsl Te0/Ie3nTecKast CBI3HOCTH JIeBu-YuBuTa MOXKET OBITDH TTPOIOJIZKE-
Ha Tak, YT00b! adHUHHBIN TapaMeTp Ha Hell M3MEHsJICS HA BCEH INCIOBOI IPSMOIi.

Jlajiee 10J1 TIOJIHOTOH JIOPEHIIEBBIX MHOTOOOPA3Uii OHUMAETCS Me0Ie3UIECKast
mostHOTa. VI3BECTHO, UTO JIF0O0e KOMIIAKTHOE IIJIOCKOE JIOPEHIIEBO MHOI000pas3ne siB-
JIST€TCST TIOJTHBIM.

Jlopennesa merpuka go B R™, KoTopasi B JIeKapTOBOIi cuCcTeMe KOOPIMHAT UMeeT
MaTpUILy < B E,?,l ) , riie Ep_1 — (n—1)-MepHast euHIYHAS MATPUIA, HA3BIBA-
ercst kanonuueckot. Iapa (R™, gg) obo3Hauaercs yepes ET'. Merpuka go MHAyIUpY-
€T JIOPEHIIEBY METPHUKY TOrO 2Ke Bujia Ha Tope T, KoTopasi TaK»Ke HA3bIBaeTCsl KaHO-
Huyeckol n 0603HATALTCS IO-TIPEXKHEMY Uepes go. Kak mokaszano B [14, pasza. 2.2.1],
n-mepublii Top T = R™/Z™ ¢ kaHOHUYECKO# METPUKOIL go IpK N > 3 MMeeT HEKOM-
nakrayio rpynny uzomerpuii J(T™, go). Huke nokazano, 94ro 910 HEBEpHO 1IpH 1 = 2
(nmpumep 1). ToaHble rpynnbl U30MeTPUil JBYMEPHBIX IUIOCKUX JIOPEHIIEBBIX TOPOB
MOI'YT OBITH KAK KOMIIAKTHBIMU, TAK U HEKOMIIAKTHBIMHE.

Besne nasee B 91011 paboTe MBI pacCMATPUBAEM CTAHIAPTHBIN IBYMEPHBINA TOD

1 0
0) =\ CMarIapPMHHLM

6a3MCOM KacaTeabHOTO BeKTopHOro npocrpanctsa 1, T2, x € T?. Yepes Q : R? —
T? obo3nauaeTcss PaKTOP-0TOOpArKEHNe, SBJISIONIEeCsS YHUBEPCAJbHBIM HAKPBITHEM
Topa. Amocosckuit apromMopdbusm Topa T?, 3amannbii matpunein A € SL(2,7Z),
obozHavaercsa yepe3 A, a F — CUMBOJI eIMHUYIHON MATPUILI 2 X 2.

Haiiiensl cie/Tytomue XapakTepusaian gopennesbix Topos (T2, g) ¢ HekoMmaxT-
HOH IIOJIHOM I'PYUIION M30MeTpuil.

T? = R?/Z? u masbiBaeM mapy BEKTOPOB €] —

Teopema 1. IIycrs (T?,g) — mopennes Top m J(T?, g) — mommas rpymma ero
uzomerpuii. Torya caeayronine yCJI0BHs SKBUBAJICHTHBI:

1) rpynna Jlu 3(T?, g) nekommaxTHa;

2) cymiecTByeT COXpaHSIIOUIUIT OPUEHTAIIHIO AHOCOBCKHUIT ABTOMOP(MU3M TOPA, sIB-
JIAIOIMAIICA A30MeTPHeH;

3) cymecTByeT cOXpaHSIIONUIT OPHEHTAIMI0 aHOCOBCKHIT aBTroMopdusm A Topa
€O caeoM MaTpHIbl A, yIOBIEeTBOPSIOIMM HepaBeHCTBY tr A > 2, apjsrommiics
H30METPHUENH;
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4) meTpuka g B cTaHAZapTHOM Ga3uce HMEeT BUJ

(gij)—n(a__%d a;bd), (1)

e 1 — HEKOTOpPOE OTJIHYIHOE OT HYJIS JEHCTBHUTEJIBHOE THCJIO, G,b,c,d — 1eynie
IUCJIa, YA0OBICTBOPSIIONIHE YCAOBHSIM:

ad—bc=1, a+d>2. (2)
C npumeHeHneM TeopeMbl 1 MOJIyUeHO CIIe/IyIolee yTBEPIK IeHNeE.

Teopema 2. Ecin kommakTHas jopeHIeBa nopepxaocts (M, g) nmeer HeKoM-
nakTHyto nojHyto rpynmy Jln usomerpuii, To (M, g) = (T?, g) — mrocknit openres
TOp, HE HMEOIIHIT 3aMKHY ThIX H30TPOIIHBIX reode3ndeckKux. IIpu 3ToM moJiHast rpy-
na JIn usomerpuit J(T?, g) uzomoppra nomynpsvonmy nponzseeruio Jo(T2, g) x T2
JTUCKPETHO HeKOMIAKTHO# crammonaproit noarpymmst Jo(T?, g) B Touxe Q(0), 0 €
R2, u xommaxTHOI abeseBoit HopMmaabHOH moarpymsl T2. I'pymma Jln Bcex co-
XpaHSIOMUX OpHEHTAI[HI0 H30MeTpuii Takoro Joperresa topa (T2, g) msomopgua
noJtynpsiMoMy npoussesieruio rpymr (Zg x 7) x T2,

Cnencrsue 1. Ecim moJHast rpyiina H30METPHI IJIOCKOTO JIOPEHIIEBa TOPa
(T2, g) HekommakTHa, TO ero mzoTporHbie ciaoeHus Fy m Fy o6pasoBaHbl HppaIio-
HaAJIbHBIMH OOMOTKAMH U KaXKJIBIH UX CJIOH BCIOAY IJIOTEH B TOPE.

B [15] nocrasiena npobiaema kiaccudUKaUM 3aMKHYTBIX JIODEHIIEBBIX MHO-
roobpasuii ¢ HEKOMIIAKTHBIMY IOJHBIMU rpynnamu Jlu msomerpuii. EcrecrBenHO
[IOCTABUTH 3Ty HpobsieMy jisi Gojiee MIUPOKOTO KJacca OOBEKTOB — JIOPEHIEBBIX
opoudoIIoB.

B nammoit pabore sTa mpobsiema pereHa B pa3MEPHOCTH 12 = 2 JJIst TIOBEPXHO-
creit (reopema 3) u i AByMepHBIX 0pbudosioB (TeopeMbl 5, 6), HE SBIAIOIIUXCS
MHOT'000PAa3UsIMU.

ITycrs K — MHOXKeCTBO yHOPSIIOUEHHBIX 9eTBEPOK IEJIbIX 1uced (a, b, ¢, d), ynos-
JIETBODSIOIIUAX COOTHOIIEHUsIM (2) 1 06JIaIaI0IUX CBOHCTBOM:

(S) He cymecTByeT TAKOro OTIMIHOrO oT +1 obmiero nemurenst k Tpex uuces
(a — d), b, ¢, aro nenble yucaa aq, by, c1,dy, rue

a—d:kz(al—dl), b:k/’bl, c:kcl,

YZIOBJIETBOPSIIOT COOTHOIIEHUAM (2).

Pasenctso s(a,b,c,d) = (d, —b, —c, a) oupenenser unsepcuio s : K — K. Pac-
cMmoTpuM rpymiy S ¢ obpasyiomieit s, uzomopduyio Zg. Ilycrs K = K/S — upo-
crpascTBO opbuT rpymnmsl S, a u : K — I — dakrop-orobpazkenune. Obo3zHaUUM Op-
6ury Toukn (a,b,c,d) € K uepes [a,b, ¢, d]. Torna K = {[a,b,c,d] | (a,b,c,d) € K}.

HamoMmuuM, 9TO JBE JIOpEHIeBbl METPUKH §1 U ¢o Ha MHOrooOpasuu M Ha3bIBa-
FOTCST MOJOOHbIMU, €CTTH OHU OTJINIAIOTCSI TIOCTOSTHHBIM MHOYKHUTEJIEM, T. €. €CJIU CyIIle-
cTByeT amco 1) # 0 Takoe, 9T0 go = 1+ g1. 1logobue — OTHOIEHNE SKBUBAJTEHTHOCTH
Ha MHOXKECTBE BCEX JIOPEHIEBBIX MeTpuK MHOroobpasus M. Kiracc skBuBajgeHTHO-
crH, comepxkamuii g, o6osHavaercs depes [g]. IomaeprHeMm, uTO 11006HBIE JIOPEH-
[IeBbI METPUKH MMEIOT PABHBIE TIOJHbIE TPYIIIbI n3oMeTpuii, T. e. J(M, g) = T(M, h)
Vh € [g].

IMosnyuena ciemyomas KiaaccuduKanus JOPEHIEBBIX METPUK Ha JIBYMEPHOM TO-
pe, IMEIOIUX HEKOMIIAKTHYIO MOJTHYIO TPYIILY H30METPHIA.
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Teopema 3. ITycts M = {[g]} — MHOXKecTBO KjaccoB MOJOGHBIX ILJIOCKHX
JIOPEHIIEBBIX METPHK g Ha Tope T? ¢ HeKOMIaKTHOI ITOJHOI I'PYIIIOl H30MeTpHIL.
Torma onpenesreHa OUEKITHST

a: K — M:|a,b,cd — g],

rJIe MeTPUKa ¢ B CTAHZAPTHOM ba3uce 3aaHa MaTpHIICH
(g5;) — —2c a-—d
95)=\a-d 26 )

CaencrBue 2. CyiecTByeT C4eTHOE CeMEHCTBO KJIACCOB MOMOOHBIX IIOCKHUX
JIOPEHIIEBBIX METPHUK Ha TOpE C HEKOMIAKTHON IOJIHOH I'DYHNIIOH U30MeTPHH.

CaencrBue 3. Ecim B o6oznadenusix reopemsr 3 [g] = a([a, b, ¢,d]), To rpyn-
na JIu Beex cOXpaHSIOIUX OpHeHTaIuio u3oMmerpuii jopertesa Topa (T2, g) pasHa
© "V um.

Ilycts (M, g), (N, gnx) — ncesgopumanosst opbudomnapl. Hakporrue r @ M —
N HaszbIBaeTcs nce6lopUMAHOsHIM, ecIn g = T*gar, Tae r* — Koauddepenma
0TOOpasKeHusI 7.

[TockosbKy MHOTOOOpa3Msi MOYKHO PACCMAaTPUBATH Kak opOmdoapl, BO u3be-
JKaHUe HeIopasyMeHuil jajee OyaeM Ha3bBATh 0poudosdamu TOJBKO Te, KOTOPhIE
UMEIOT OpOuMOJIIHBIE TOUKH, T. €. OTJIMIHBIE OT MHOTO00PA3UIA.

Hamomuum, uro opbuosi 1 Ha3bIBAETCs TOPOWUM, €CIIU OH IIPEJICTABUM B BUJIE
npocrpascTsa opbur M /¥ muOroobpasust M mo HekoTopoi rpymrme muddeomop-
dusmos V. Ecym npu stom rpymmna ¥ konedHa, To opbudosns N HazbIBaeTC 04eHb
TOPOWUM.

34 (T2, 9) x T?, rae 3y (T2, g) — rpymnma, nopoxennas A =

Teopema 4. Jlwoboii asymepHsbiii jopernes opbudoa (N, gy) odens xopo-
mmit u npejicrasuM B Buge gaxrop-npocrpancrtsa N = M /U joperinesa MHOroo6-
pasust (M, g) mo rpynme uzomerpuit ¥, nzomopgHoit 60 Lo, 1160 Lo X Lo, IpHIeM
¢paxTop-orobpaxenune r : M — N aBjsgercs 1ceBIoOpIMAaHOBBIM HAKDPBITHEM.

Jluneitnoe mpeobpazoBanue mIockocTu z — Dz + ¢, 3aganHoe marpureit D €

1
GL(2,R) u BekTOpOM § = 2), Oyzem obosHauaTh uepe3 (D,d). Ecm D €

1)

GL(2,Z), ro auuneitnoe npeobpazosanue (D,d) unmynupyer npeobpazoBanue Topa
1 . —_

T2, koTopoe obozmaumm depes (D, {0}), Tme {0} = <g§2{ >, {6}, 1 = 1,2, — apo6-

Hag gacTb unciaa §'. Kommosunun npeobpaszosanmuit (D, {0}) u (D', {§'}) coorser-

CTBYET PABEHCTBO

(D', {d'}) o (D,{d}) = (D'D,{D'6 + &'}),

snech D' D — npoussenenue MaTput, D' u D.

Baaromapst Teopeme 4 ucciieloBaHMe JBYMEDPHBIX JIOPEHIEBBIX OpPOUEOJIIOB C
HECOOCTBEHHBIM JIeACTBHEM ITOJTHON IPYIIIBI M30METPH CBEIEHO K JIOPEHIIEBBIM IO~
BEPXHOCTSAM C HECOOCTBEHHBIM JEHCTBUEM IMOJIHOM IPyIIbl u3oMerpuii (IpejioxKe-
Hre 1) u j0Ka3aHa CiIe/yomast

Teopema 5. Ilycrs (N, gn) — JByMEpHDIH KOMITAKTHDII JIODEHIIEB OPOGHQOILT
¢ HeKoMIIaKTHO# noJmol rpymmoii JIn mzomerpuit I(N', gar). Torga BbIIOIHSAIOTCS
CJIETYTONIHE Y TBEPKICHHS].



1296 H. 1. >2Kykosa, E. A. Poroxuna

1. Op6uponrs N nzomoppern B xareropun Orb craHmapTHOI HOAyIIKe, T. €.
N =T? /Wy, rre W = (o), Yo = (—E,{0}), umeer crparuduramuio A = {A?, A},
rae A = {w; | i = 1,4} — myapmepras ctpata, A? — gBymepnas crpara.

2. Ilycre v : T? — N — ¢paxrop-orobpakenne. NHIyInpoBaHHAas JOPEHIEBA
MeTpHKa g := r* g Ha Tope T? sBJIseTCsT MOIHOM IIJIOCKOH U B CTAHIaApTHOM 6a3Ice
nmeer g (1). JlopeHiieBa MeTpuKa gar TaKXKe MOJIHAsT H TLJIOCKASL.

3. Jlns smo6oit Toukn w; € A, i = 1,4, cranmonapuast noarpytma Jo, (N, ga)
rpynmsr mzomerpuii J(N, gnr) msomoppua  axrop-rpymme Jo (T2, g) /Wy, rme
Jo(T?, g) — cranmonapuast noarpynma s Touxe 2(0), 0 € R2, mosrroit rpymimsr nzoMeT-
puit Topa. Ionras rpynna usomerpuii I(N, gnr) JCKpeTHA B paBHA ITOJIYTIPIMOMY
npoussesennio Jy, (N, gn) X 2, rae = = (&1,& | (61)%, (&2)?) = Za X Zo,

o (=W e (2GR

4. [I'pynma coxpaHSIIOIIHX OPHEHTAIIHIO H30METDHE JIOpeHIeBa opomugoJIIa
(N, gn) m30MOpHA orynpamomy nipousseaennio rpymr 7 X (Za X Zg).

Creyromiasi TeopemMa yCTAHABIMBAET SKBUBAJEHTHOCTh KJaCCUDUKAIUI KOM-
MTAKTHBIX JIOPEHIIEBBIX TIOBEPXHOCTEH 11 2-0pOuddOII0B ¢ HEKOMITAKTHO MTOJTHOH IpyTI-
II0II n30MeTpuil.

Teopema 6. Paccmorpmm opbugorns N = T? /Wy, tme Uy = (o), o =
(—E,{0}), umenyempiii crangapTHOil oLy miKol, u pakrop-orobpazxenue r : M —
N. Iyers M = {|g|} — mMHO)KECTBO KIaCCOB MOMOGHBIX IIJIOCKAX JIOPEHIIEBBIX MET-
pux g Ha Tope T? ¢ HeKOMIAKTHOI mosHOI rpyimoit uzomerpuii. O603HAIHM Ue-
pes L = {[gn]} MHOXKeCTBO Ki1accoB HOJOGHBIX JIOPEHIIEBBIX METPHUK Ha OpOHMOII-
ge N ¢ HeKOMITaKTHOR IIOJIHOZ rpynnoii uzomerpuit. Torja it Jr000H MeTPUKI
g € |g] € M Brimonnsiercsa Briouenne Wy C j(TQ, g), IOITOMY CYIIECTBYET TaKas
JIOpeHneBa MeTpuka gy Ha N, uto g = r* gy u onpeneieHa GHEKIHS

ki M= L:g] = [gn]

Caencreue 4. Ecin o : K — M — 6ueknusi, yioB/IeTBOPSIfOIIas TeopeMe 3,
T0 oTrobpazkerwe 3 := ko a : K — L Takzke siBjisseTcst OUEKIHeri.

1. OcHoBHBIE HOHATUA U 0003HAYEHUSA

1.1. IIceBmooproronasbHasi rpynna. Ilycrs O(1,1) — ncesmooproronasin-
Hag rpymma. Jlis ee aseMeHTOB Oy/ieM HUCIOIB30BATH CJEAYIONIE OOO3HAYMECHMSI:

4+ _ (cht sht - (10 = oAbt Ept— ATt - AT
A (shtcht’E - Ofl’At = ATETT, A7 = AT,
Ay 7 =-A/TVteR

OrmeruMm, uto A € O(1,1) — anHOoCOBCKuil aBTOMOPMU3M IICEBIOEBKINIOBOMN

miockoetn E? Torja m TOMbKO Torma, Korya |tr A| > 2. KowmmomeHTa euHHTIB
O.(1,1) o6paszosana marpunamu A, © co ciaemom tr A~ > 2.

Orobpaxerne R — O.(1,1) : t — A" t € R', — usomopcdusm ammrus-
HOM TPYIIBI JeficTBUTeIbHBIX unces R! u 0O.(1,1). Tosromy rpymma O.(1,1) re
UMeeT HEeTPHUBHUAJIBHBIX KOHEUYHBIX ITOJIPYII, & BCsKasl ee JUCKPETHasl MOJrPYIIIa
n3oMopdHA TPyIIe Heabx duces Z. HerpynHo m0Ka3aTh CAEAyONyIO JIEMMY.
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JIemma 1. Jluckpernas noarpynna ® rpymmer O(1,1) HekommakTHa TOrja H
TOJILKO Torja, korga ee noarpymna @, := & N O.(1,1) usomopua rpynme mesbix
qrcet.

1.2. TlceBmoeBkiaumoBa Mmerpuka B R". [lceBmopmMmanoBa MeTpHUKa ¢ CHUT-
Hatypsl (k,n — k) Ha R™ HasbiBaercst nceedoeskaudogot, eciu Ha R™ cymecTByer
riobasbHas cucTeMa KoopauHaT 0, z!, ..., 2™, B KOTOpO#l MeTPUKA § UMEET BHL

g=—dr' @dz' — ... —dz* @ da* + da" Tt @ d"T L+ da™ @ da.
Jlasnee 6y/1eM TOJIB30BATHCS CJIEYIOMIEH JIEMKO JOKA3BIBAEMON JIEMMOIA.

Jlemma 2. Ilosmas mmockast iceBmopuManoBa Merpuka B R™ saBisiercst mces-
JTOEBKJIMJIOBOH.

[Tycts (T2, g) — mnockmit mopentes Top, € : R? — T? — yrusepcabHOe Ha-
kpeiTHe. B cuny xommakTHOocTH T2 Merpuka ¢ mosHas. I103TOMy MHIYIIMPOBAH-
Has MeTpuka *g Ha mIocKocTH R? ABJISETCS MOIHOI MIIOCKOI U COTIIACHO JIeMMe 2
HICEBI0EBK/IMI0BON METPUKOM, KOTOPYIO 0003HAYNM TaKKe 4epe3 g. Bymem paccmar-
pusath O(1,1) Kak cranuoHapuyto noarpymny rpynmst J(E?) B Hysle u cTarmmonap-
myto noarpymny Jo(R2, g) rpymmer J(R2, g) B myme. Torma O(1,1) u Jo(R?%,g) —
conpsizkeHHbIe TTOArpysl B rpynme GL(2,R). Kax ussectHo, nosiHas rpynmna Jln
uzomerpuit J(R?, g) paBra nosynpsamomy ipousseenuio rpym Jlu Jo(R?) g) x R2.

Hopmaymszarop N(Z?) noxrpymst Z2 B rpymme J(R?, g) pasen mosynpsmMonmy
npomsseernio rpymm (Jo(R?%, g) N GL(2,7)) x R?. Tax kak T? = R?/Z?, rpymnma
JIn 3(T?, g) usomopdua momymnpsmomy npomssenernto rpym Jo(T2, g) x T2, rae
J0(T?, 9) = J0(R?,9) N GL(2,7Z), a T? — Top Kak KOMIaKTHas abenesa rpymma JIm.

Homozxmm Jg (T2, g) :== {A € Jo(T2,g) | tr A > 2}, rorma J; 7 (T?,g) — mox-
rpymma Jlu rpymmsr Jo(T?, g).

2. Jloka3aTeJbCTBO TeopeMbI 1

1)& 2) & 3) Ipeamonoxum, uTo momHas rpynma msomerpuit J(T?, g) mtopemme-
Ba Topa (T2, g) nekomnaxTna. B [13] jokazano, 9To 9T0 BO3MOKHO, TOJLKO KOT/Ia
METPHUKa ¢ IJIOCKAsI, IIO3TOMY, KaK IIOKA3aHO BBIIIE, OHA JIOKAJILHO MCEBI0EBK/II0-
Ba u rpynma JIu Jo(T?, g) mexommakTHa. U3 memmbl 1 BBITEKaeT, 9TO MOATPYTITIa
Jo T(T?%, g) rpymmsr Jo(T?, g) conpsaxena rpymme ®, = &N O,(1,1), nosTOMY HEKOM-
naxraa. ClleoBaTesbHO, CylecTByeT anocosckmit asTomopdmsm A € J; (T2, g),
T. e. nmMeer Mecto 3). Vmmmnkanmu 3)=- 2) u 2)= 1) BBIIOJHSAIOTCS OYEBUIHBIM
obpaszom. Takum obpazom, ycaosus 1), 2) u 3) 9KBUBAJIEHTHBIL.

3)= 4) Ilycrs rpymma Jlu J(T?, g) comepskuT coXpaHsIONIii OPUEHTAIIHIO AHO-
cockuit apromMopdusM. [TockombKy 3) Biteder 1), rpynma JIu J(T?, g) HekommakTHA,
CJIeIOBATENBHO, JIOPEHIIEBA METPHUKA, ¢ MOJIHAs U ItocKas. [Ipu arom (em. pasm. 1.2)
rpymma JTu J(T?, g) npescrasiasier coboit mosynpsimoe ipoussesenne Jo(T2, g)x T2, a
rpymma Jo(T?, g) comepsKuT coXpaHsIONIii OPUEHTATINIO AHOCOBCKUI aBTOMOPMU3M

b
4 ) Tea b, ¢, d — nesnie yncaa u a+d = tr A > 2. Takum ob6pazom,
JUTsT TIeJIBIX 9HCeN a, b, ¢, d BBIONHAOTCS yCIoBust (2), U3 KOTOPBIX CJEIYeT, 9TO

be # 0. (3)

[Tockosbky (R?, g) — moJtHOE TICeBI0eBKIMIOBO MPOCTPAHCTBO, MaTpuna G = (9ij)s
1,7 = 1,2, ero METPUIECKOTO TEH30Pa B CTAHIAPTHOM 0a31Ce UMEET IMOCTOSTHHBIE KO-
spdunmentor. [To onpenenennio nzomerpun Marpuna A yJI0BIETBOPSIET PABEHCTBY

Topa A =
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A'GA = G. Tak Kax

AGA — a ¢ gi1 912 a b _ (a9 +cg12  agiz + cgoo a b
b d gi12  g22 c d bgu + dglg bgm + dggg c d

_ a?g11 + 2acgiz + gao abgi1 + (ad + bc)giz + cdga
abgi + (ad + bc)gi2 + cdgaz b?g11 + 2bdgra + d?gao ’

HOJICTaBJIsAsA oCIeAHee BhIpaskenue B pasencTso A'GA = G, momydaem cooTHoIIe-
HIe

a’g11 + 2acgiz + c2gao abgi1 + (ad + be)giz + cdgaa (9 912
abgi1 + (ad + be)gia + cdgas b2g11 + 2bdgio + d2gao gi2 g2 /)’

KOTOPO€ MOXKHO pacCMaTpUBaThb KaK OJHOPOJIHYIO CUCTEMY JUHEHHBIX ypaBHeHI/Iﬁ

WX =0, (4)
rie
a?—1 2ac c? Jgi11
W = ab ad+bc—1 cd , X =1 g12
b2 2bd d2 —1 g22
Wcnonws3ys paBeHCTBA
det A =ad —bc =1, (5)
zanmiem mMarpuiy W B Buje
a’—1 2ac c?
W = ab 2bc cd

b? 2bd  d*—1

Herpyano nposeputh, 4To onpejaeauTesb MaTpulibl W pasen Hymo. Ilosromy of-
HODOJIHASI JINHeHHas cucTeMa (4) UMeeT HeHyJIeBOe pelleHue.

Tak Kak BBINOJNHAOTC cooTHommernus (3) u (5), munop marpurpr W, o6paso-
BAHHBI TIepecetvenueM 1- I 2-To cToIONoB U 2- U 3-if cTpok, pasen 2b% # 0. Cramo
ObITh, panr MaTpuilbl W paBen aByMm, u cucrema (4) SKBUBAJEHTHA CHCTEME

{ abgi1 + 2bcg1s = —cdgao,
b2g11 + 2bdgr2 = (1 — d?)gao.

Pemmas ee, mosryqaem g1 = —2cn, g1z = (a — d)n, g2z = 2bn, n € R\ {0}.

Taxkum obpaszom, ecau nosHast rpymma JIu nzoMerpuit coep:KuT COXPAHSIIONTNI
OPUEHTAIINIO0 aHOCOBCKUI aBTOMOpPMU3M, TO CYIIECTBYeT Takoe Yucjo 1 #£ 0, 9aro
marpuna G METPUKH ¢ B CTaHIAPTHOM 6asuce umeer Buj, (1), HpudeM BBIIOJHIIOTCS
ycaoBust (2).

4)= 3) Ilyctb merpuka g ma Tope T? B cTamgapTHOM Gasuce ej,es; 3a/aHa
matpuneii G suna (1). Tak kak a+d > 2, onpezennresns MaTpulipl G yI0BIETBOPSIET
HEPaBEHCTBY

det G = n*(4 — (a +d)?) < 0.

ITosTomy MeTpuka g JioperiieBa. HeTpyaHo MpOBEPUTH, YTO TIPU BBITIOJTHEHUHU YCJIO-
a b
c d
JIOPEHIIeBa, TOPa ('H‘Q,g). Tak kak trA = a +d > 2, To A aBiasieTcsi AaHOCOBCKUM
aBTOMOpdmU3MoM Topa. [

Bug (2) upeobpazoBanue A = — COXpaHAIONaA OPUEHTAIINI0 U30MeTPUd
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JIemma 3. ITycrs A= (@ b ,B=(™" by matpmisr m3 I (T2, g) \
c d C1 d1

{E}. Ecim A = B™ juist niesioro 4mcJia n, OTJIAYHOro oT £1, 1o
(8*) cymecrByer orymunplii or £1 o6muii gesmrens k tpex unucen (a — d), b, ¢
TaKOH, 4TO

a—d:kz(al—dl), b:k/’bl, c:kcl. (6)

JOKABATEJBLCTBO. Ilpumennm wHAyKInioo 100 HaTypasabHbIM n. [lpum n = 2,
yuanTbiBag, uTo det B = 1, numeem

A-B?— al(a1+d1)—1 bl(a1+d1)
cl(al + dl) dl(al + dl) -1’
nosromy (6) Boimosmeno. [IpenosoKuM, 4T0 yTEEPIKIeHIE 3T JIeMMbI BBITIOJHSI-
i b .
€TCA JIJIdd HEKOTOPOI'O HAaTYpPaJIbHOTO YHCIa T > 2, T. €. ec/iu : J = B , TO

CyIIeCTBYeT OTMYHbIH o +1 obumii gesurens k Tpex aucen (a—d), b, ¢ Takoit, 4ro

a—d=klay —dy), b=kb, ¢&=ke. (7)

Ipumensia (7), noaydaem

CZ-F k(a1 — dl) kbq a; b
A=B" = 5
e (T (8 )

(al(ka1+c2)k by (kay + d) )

cl(kal —+ d) d1 (k:a1 + d) —k

CJle/I0BATEIIBHO, COOTHOMEHNs! (6) BBIIOIHEHD [1st MHOKHTEs kay + d.
[pemosnoxum, aro kaj +d = 1. Torna det A = 1+ k% — k(ay + d1), u Tax xax
det A=1, 10 k =a; +d;. Orcrona

tI‘Aitllerl 72k:—(a1+d1) :7tI‘B7

aro pormBopesnT BHIGOpY A, B € T (T2, 9)\{E}.
[Iycre Teneps kai + d= —1. Torna det A = 1+ k2 + k(a1 + d1) = 1, otkyna

k = —(a; + dy). Hosromy A = B"H = di =

—C1  a
ycaoBuio JieMMbl. Takum o6pasom, yciaosue (S*) nokazaHo.

) = B~ uro nporusopeunr

B cuny npunimna MaTeMaTHdIecKoil HHAYKIME yTBEPKIEHUE JIEMMb! BBIIOJIHSI-
eTCsl I BCeX HATyPaJbHBIX duces n > 2.

IIycre Teneps n < 0. Iomoxkum m := —n, Torga pasencrso A = B™ npumer
sug A=t = B™, rae m € N. Ilo fokazaHHOMY BbIITe COOTHOTIEHHs (6) BBITIOTHATOTCS

d -b

nyis Marpunnl A7, Tak kak A7 = < u > , MaTpuna A1 obramaeT cBoiicTBOM

—c
(8*) Torma u TONBKO TOT/IA, KOTJIa STUM CBOficTBO obmamaer marpuia A. [

d
TOr/Ia U TOJIBKO Torja, koraa (a,b, ¢, d) € K.

Caencrsue 5. Marpnma A — ( CCL b ) 6ymer obpasytomeii rpymmst I (T2, g)
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3. doka3aTeJbCTBO TeOpeMbI 2

Jlemma 4. KsajparHblii KOpeHb H3 JIHOOOr0 HATYPAJBHOTO UHCJA SIBJISETCST
JIHOO MEeJIBIM, JTHOO HPPAIHOHAJIBHBIM IHCJIOM.

JLOKABATEJIBCTBO. IlpemmnosiokumM, UTO CYIIECTBYET HATYPAJIbHOE HUHUCIO 1,
JUIsl KOTOPOTO /T = I—; — JIpobHOE paIMOHAJIbLHOE YUCJIO, TJIe P U ¢ — B3AUMHO

IIPOCTBI€ HaTypaJibHbIE YUC/Ia. Pasznoxxum n Ha IIPOCTBbIE€ MHOXKUTEJIN, TOr'Ja \/_ —

mvk, tne k = ki - ... ks — TIpousBejieHHe Pa3JIMYHLIX TPOCTHIX quces, k # 1.

P .
IIpu stom vky - ... ks = —. Paznmenum 4duciauTesr U 3HaMEHATEb 3TOH JIpodu
m

a
Ha HambOOJIbINIee 00IIee KpaTHOe p U m, Toraa v ki - ... - ks = 7 HECOKPATUMAsT
IpOGb, CIIENOBATENLHO, ki - ... ks = — = (k1 - ... k)b> =a® = ai(ky-... ks) =

a? =K. k= bf(kzl o ks) = k- ... - ks — obmumit MHOXKUTENb @ U b, UTO
a
MIPOTUBOPEYINT HECOKPATUMOCTHU TPOOH 7 (I

Ipeamosnoxknm, uro rpymma usomerpuii J(M, g) KOMIAKTHON JIOPEHIEBOl MO~
BEPXHOCTH HeKoMIakTHa. Torma corsacuo [13] (M,g) = (T?,g) — mtockuit Top.
B cumy Teopembr 1 merpuka g B crammapTHOM Gasmuce mmeer Bun (1), Thoe wmena
a, b, ¢, d ynoBiaerBopsior ycaosusaM (2).

IIpeamoIoKuM, 4TO CyMIeCTBYET 3aMKHYyTas M30TPOIHAS TeONe3ndecKas 7y Ha
(T2, 9), © = v(0) = ~(so) € T?. Torma uepes Touky z € Q~1(x) npoxoaur uso-
TpPOIHAsA Teoe3mdecKas 4 ICeBI0eBKImI0Ba npocTpancTsa (R?, g), HakpbIBatomas

1

~, npudem ¥(0) = z, ¥(s0) = z + 20, THE 29 = ; — HEHYJIeBOH M30TPOIHBIN
BEKTOp Ha IJIOCKOCTH C TEJIOYUCIEHHBIME KoopaaaaTamu. 1lostomy g(2q,29) = 0
um

—2¢(2Y)? + 2(a — d)z' 22 + 2b(2%)? = 0.
Kaxk nokazano Bbime (cM. (3)), be # 0, Tak 1ro

; d—ax\/(a+d)? -4,
2= 2°.
—2c
st Toro uTo6bl KopHn z' m 22 GBUIM TEJBIME YMCTaMH, OJHOBPEMEHHO He 06-
PAINAIOIIUMUACH B HYJIb, COTJIACHO JieMMe 4 HeOOXOIUMO, 4TOOBI CYIIECTBOBAJIO II6-
JIoe YUCIIO M, YJOBJIETBOpsitoliee paBeHCTBY \/(a + d)2 — 4 = m, OTKyjia BBITEKAeT
(a+d)?-m?=4% (a+d—m)(a+d+m) = 4. Torna uncna a+d—mmua+d+m
HAMEIOT OJMHAKOBYIO 9€THOCTD, O3TOMY HOCJIEIHEE PABEHCTBO BBIOIHACTCA TOJBKO
B CIEIYIOIUX IBYX CJIydasx:
a+d+m=2, a+d+m=-2.

{ a+d—m=2, { a+d—m=-2.
Orcrona |a + d| = 2, uro nporusopeunt yeaosusim (2). IosyuenHoe npoTusopetune
MTOKA3BIBAET, YTO IPEIIOIOKEHUE O CYMIeCTBOBAHIN 3aMKHYTON M30TPOIHOM reoie-
3UYECKOIT HEBEPHO.

OcranbHble YTBEPAKIEHUST TEOPEMBI 2 CJIEAYIOT u3 paszd. 1.2.

1

4. /Toka3aTeJbCTBO TEOPEMBI 3

IIycrs [g] = a([a, b, ¢,d]) n A = (CCL Z) ITo onpenenennio Muozkecrsa K mme-

em A € J; 7 (T?,g). Cornacuo caencrsmio 5 A — obpasyiomas rpymmst Jg (T2, g).
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I'pymma 3§+(T2,g) msoMmopdHa rpyme Z u uMeeT jase obpasytomue A u A7!. Tax
d -b
—c
OTIPEIEJIEHO KOPPEKTHO.

ITockoubKy KazKplii ajieMenT [g] € M 0IHOZHAYHO OIpeIessAeT OArPYIILY U30-
MeTpuit 33 (T?, g) n, cregoBaTebHO, TApy e 06Pa3yIONIX, OTOOPAYKEHHE (v HHb-
€KTHBHO U CIODBHEKTUBHO, T. €. sABJjseTcs Omekrnueir. [

Kak A71 = u s(a,b,c,d) = (d,—b,—c,a), orobpaxenue « : L — M

5. loka3zaTeJbCTBO TeopeMbl 4

Bastanue opennesoit Merpukn g Ha opoudosne N onpenenser riaasnoe O(1,1)-
paccioernne q¢ : P — N ¢ coberBennbiM npaBbiM gefictruem rpymmst O(1,1) ma
P, mpoctpancTtBo opbur kotoporo cosmamaer ¢ A. B [2] mokasamo, uro opbm-
doan P upencrasisier coboii riajgkoe MHOroobpasme. Ha P ompemeseHo riajakoe
cobereerHOe JieiictBue HOpMasbHOH moarpynnsl O, (1,1) rpymusr O(1,1), npuuem
M :=P/0O.(1,1) — rmaaxuii opbudos.

O6osnaunm yepe3s p : P — M = P/O.(1,1) upoexkuuio Ha IPOCTPAHCTBO
opour. Ha M wunmgymumpoBaHO COOCTBEHHO pas3pbIBHOE JeiicTBHE (haKTOp-TPYIIIBI
U = 0(1,1)/0.(1,1) = Zg X Zs, upudem npocrpascrso opbur M /¥ cosnajgaer
¢ N u BeinosHsierca paseHcTBO ¢ = rop, e v : M — N = M/¥ — dakrop-
oTobpasKeHHe.

Kak nokazano A. B. Baraesoim u H. U. 2Kykosoii [4, npenjioxenne 3], Kaxk-
mas rpymmna opbudosgnoctu I' opobudomma M m3omopdHA HEKOTOPOH MOATPYIIIE
crpykrypuoil rpynbl Og(1,1) raBHOrO paccjaoeHus NCeBIOOPTOrOHAJIBHBIX pele-
poB p : P — M. Tlockonbky KaxKias rpymma [ Koneuna, a rpymnna O.(1,1) me
UMeeT HETPUBUAJIbHBIX KOHEYHBIX IOJATPYIII, OTCIO/Ia BBITEKAET TPUBHAJIBLHOCTD I .
Dro ozHavaer, uTo M — ruiaakoe MHOTOOOpasue, a jeficreue rpynnsl Oq(1,1) Ha P
cBobOOIHOE.

Byzmem paccMaTpuBaTh TOUKY u € P Kak AmHefHbii msomopdmsm u : R?2 —
T.M, tne x = p(u). Eciu eq,ea — crangaprueiii 6asuc B R%, 91,0, — 6asuc u B
touke x, To u(X'e;) := X'0;, i = 1,2. Ilyctdb (-,-) — cKajspHOe TIPOHM3Be/IeHHe
IICEBJIOEBKJINIOBA IIPOCTPAHCTBA E% ITosoxxum

g(X,Y) = (u X, u”Y) VX,Y €T, M. (8)

Bularonapst MHBADHAHTHOCTHU CKAJISPHOTO IPOU3BENEHU (+, -) OTHOCUTEIHHO IMPYIIIIbI
O(1,1), pasencrso (8) He 3aBucuT OT BBHIGOPA TOUKH U € p~ ! (x). Takum obpazoM,
g — JIOpeHIleBa MeTpuKa Ha MHOrooOpasuu M, npudem rpyima VU siBjsieTcss Tpyli-
noit m3oMerpuii Jopennesa MHoroobpasus (M, g). Caenosarenvuo, 1 : M — N —
TICEBIOPAMAHOBO HAKDPBITHE JJIsT Jopertesa opoudomta (N, gar).

[ToguepkHeM, 9TO TPOCTPAHCTBO P PACCIOEHUS IICEBIO0PTONOHAIBHBIX PEIIEPOB
q : P — N, BooGme ropops, HecBsasno. OJHa KOMIIOHEHTa CBSI3HOCTH MHOT000pa-
3ust P orobparkaeTcst Ha JPYTYIO MOCPEJICTBOM HeKOoToporo c¢apura Ry, a € O(1,1),
[I03TOMY Pa3JInYHble KOMIIOHEHTBI CBI3HOCTH AU dHeoMOpPdHbI MexXK 1y CODOIi.

Tax kaxk N — opbudous, He ABIAIOMMACT MHOrOOGpa3HeM, CyMIECTBYET IO
Kpaitaeit Mmepe oaHa OpOoUdOIHAsT TOYKA T C HETPUBUAJIHHON KOHEYIHON TDYIIION
opbudosaaoctu . Ipu stom [ uzomopdra HEKOTOPOIT KOHEUHOIT moArpyIe Pg
rpymmst O(1, 1). Tlockoabky $g He siBisiercst noarpynmoit rpynmst O, (1, 1), oHa mepe-
CeKaeT 110 KpaifHeil Mepe JiBe KOMIIOHeHTHI cBsi3HocTu Tpynmsl JIu O(1,1). Tlosromy
croit ¢~ (x) mam ToUKOit ¢ OO CBsI3EH, MO0 UMeeT JIBe KOMIIOHEHTHI CBA3HOCTH,
a Tpymma ®¢ m30MopdHa COOTBETCTBEHHO 60 Zg X Zo, 1060 Zo. Croit ¢~ (xq)
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CBSI3€H TOTJa M TOJBLKO TOTJa, KOTJa moirpyimna ®g mepecekaeT Bce KOMIOHEHTBI
cazaoctu rpymsl O(1, 1), . e. xorma $g 2 Zg X Zs.

s opbudonga N IpocTpaHCTBO pacciaoenus P gubo CBA3HO, TOTIA CBA3HO
M u U > 7o X Zo; mubO MMeeT JBe KOMIOHEHTHI CBA3HOCTH U ¥ =2 Zo, TOTI8 BMECTO
M paccmaTpuBaeM ero KOMIIOHEHTY CBABHOCTH.

Takum 06pazoM, Jist Jopennesa opoudosia (A, gar) CymecTByerT Takoe CB3-
Hoe Jiopenteso Muoroobpasue (M, g), ato N' = M /¥, tne ¥ — noarpymnma rpymmst
uzomerpuit J(M, g), uzomopduas omuoit uz rpyuu Zo, Zo X Zs. DT0 03HAUAET,
uto pakTOp-oToOpakenue r : M — N gaBagercd NCeBIOPUMAHOBLIM HAKPBITHEM W

g=r"gy. U

6. IlceBmoeBKINIOBOCTh METPUKHN Ha opbudosige

OnPEAENEHUE 1. IIyers r : M — N — makpwiBaiomee 0TOOparKeHWe JIst
opbudonna N. Tosopsar, aro f € Diff (M) aescum nad f € Diff(N), ecim ro f =
for.

Mycrs (M1, g1) u (Ma, g2) — nceBmopuManoBbl MEHOrOOOpasus, 1 : My — My —
IICEBIOPUMAHOBO HAKpbITHE. Kak M3BECTHO, BOODIIE rOBOPs, HE CYIIECTBYET H30-
Merpun MHOroobpasus (Mi, g1), Jexareil Haj JAHHONH M30MeTpHEl ICeBIOpUMA-
HOBa MHOroo6pasust (Ma, g2). OHAKO Uil CHIEIMAIBHBIX HAKPBITHH JIODEHIEBBIX
opOndOoJIIOB UMEET MECTO CJIEYIOIIee YTBEPK/IEHNUE.

IIpennoxkenune 1. ITycrs (N, gnr) — mopennes opbugoagur : M — N — ero
[ICeBIOPHMAHOBO HakpbiTHe MHOroobpasuem (M, g), yaosiaersopsiomniee reopeme 4.
Torna

1) gz moGoro f € I(N, gnr) cymecrsyer fe J(M, g), nexkamee vHaT f;

2) npeobpasosanne f € J(M,q) nexur nag nexoropsiv f € I(N, gnr) Torma u
TOJIBKO TOTIA, KOTJIa

Vof=/fol;

3) muOKecTBO Beex f € J(M, g), nexxammux ma mzomerpusivi u3 J(N, gur), cos-
magaer ¢ Hopmamzatopom N (V) rpymmer U B J(M, g), npuaem J(N, gar) =2 N(P) /T;

4) ecqm rpynna JIn I(N, gnr) HexkommakTra, To (M, g) = (T2, g) — mrockmit Top
C HEeKOMITAKTHOH I'pyHIIOld Uu30MeTpu J(TQ, g).

HOKABATEJIBLCTBO. CoxpaHuM BBejeHHBIE BbIlle 0O03HAYeHUsA. LlycThb ¢ :
P — N — rmasnoe O(1, 1)-paccroenne ma mopernessbim opbudosmaom (N, gpr). Cy-
mecTBoBanue casHocTu Jlesn-Yusuta VIV, coorsercTBylomedt ga, Ha N Beder
saanue o(1,1)-3raunoit 1-dpopmer w Ha P, rae o(1,1) = R — asre6pa Jlu rpymmbt
JIu O(1,1). O6o3HaumM 1yepes f KaHOHUUECKYIO 1-hbopMy Ha P, KOTOpask sSBJISETCsS
R2-3naunoit 1-popmoit [2| (m1a MHoroo6pasmit cm. [16]).

IIycte g — anrebpa JIu rpymmet Jlu G Bcex m3omeTpuii IICeBIOEBKINIOBA IPO-
crpanctea B, mpeacrasnsiomeii coboit momympamoe mpomssegerme O(1,1) x R?,
npuuem R? — TpyImma cIBUIOB HA BEKTOPHI u3 R?, SBJIAIOMAsSCH HOPMAJILHOI IO
rpymnoit B rpymme G. Paserncrso

w(X) = w(X) +0(X) € g,

rae X — IJIaJKoe BEKTOPHOE T10Jie Ha P, onpejesser g-sHadnyio 1-dopmy w, saBjd-
FOIIYIOCST KAPTAHOBOM CBsi3HOCTBIO. TakuMm obpasom, napa & = (P(M,0(1,1)),w) —
WH/IyMpOBaHHAast KapTaHoBa reomerpus ua opoudoie (N, gar) [3]. TockonbKy of-
nopoguoe npocrpanctso G/O(1,1) peaykrusno, nupudem rpyuna G aeicrByer Ha
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HeM 3h@PEKTUBHO JIEBBIMU caABUTAMU, & — 3DdEKTUBHAS PEIYKTUBHAS KAPTAHOBA
reoMeTpus.

BameruM, aro pu sroMm rasuoe O, (1, 1)-paccioenue p : P — M ¢ g-3Ha9HON
1-dbopmoit w omnpenensier KapranoBy reomerpuio § = (P(M,0.(1,1)),w) na M.
Iycro 3(77, &m B(P, &0) — rpyuibl aBTOMOPGU3MOB KApTAaHOBLIX reoMeTpuii € u &y,
COOTBETCTBEHHO. Torma

3(P,&) = {f € Diff(P) | f*w =w, foRy=RuofVaeO(1,1)}
3(P, &) = {f € DIff(P) | f*w =w, foRy = ReofVae O.(1,1)}

CuejloBaTe bHO, MMeeT MecTo BKmodenne J(P, &) C I(P, & ).

Paccmorpum npoussosibayto uzomerpuio f € J(N, gn). g Hee onpejeneno
mpeobpa3oBaHue f € 3(7), &), KoTopoe u € P 1mepeBoguT B fi ou, rae z = q(u) € N,
frow — muddepenmman f B Touke x. Tak kak fo R, = Ry o f Va € O.(1,1), To
f nexur man mexoropsiM auddeomopduzmom h MHOr006pasus M OTHOCHTENLHO
p: P — M. Tokaxem, aro h € J(M, g).

ITycrs p: P — M — O(1, 1)-pacciioerne meeBIo0pTOHOPMAJIbHBIX PEIIEPOB JIJIst
Jopenniesa MHOroo6pasust (M, g). Torga P cofepKuT 3aMKHYTO€ TIOJIMHOI000pasue
P. Ipu s10M He HcKmMoUaercst pasenctso P = P. Ilycrs € = (P(M,0(1,1),8)) —
KapTaHOBa IeOMETPHsI, COOTBETCTBYIOIIAs JIOPEHIEBOI reoMeTpu (M, g).

IIyctn h|7;- = f Oupesesm npogospkenue b na see P. IIpeamosoxkum, 9To
Touka v € P nonyvaerca usz Touku v € P cusurom Ha R,, e a € O(1,1), T e.
v = u - a. Homoxmm h(v) = h(u - a) == Ry (h(u)).

Hermocpencrsennast MpoBepKa MOKa3bIBaeT, 9To h*W = @, e 0 — peayKTUBHAS
KapTaHOBa CBSZHOCTH B P, COOTBETCTBYIOMIAs CBI3HOCTH Jlepu-Yusura VY jopenrie-
Boit meTpuku g Ha M. U3 - OTpe/esIenust h BBITeKACT, 1TO Ry0h = hoR, Ya € 0O(1,1).
Dro o3mauaer, uro h € 3(P, €) m, KpoMe Toro, h JeKUT HaJ[ HEKOTOPOii M30MeT-
pueit h € J(M,g) ornocurenbuo p. 3amerum, 9TO A JIEXKUT OTHOCUTEIHHO I HAJIL
uzomerpueit f € J(N , gN), SIBJISTIOIIIENCS TIPOEKITHEeNl TpeoOpa3oBaHUs f € /3\(7),5),
MHLY IIPYIOIIETo .

Takum obpasoM, HaJ Kaxoi msomerpueit [ € J(N,gy) JexuT HeKOTOpas
usomerpus h € J(M, g) muoroobpasus (M, g) orHocurenbHo npoeknun 7 : M — N

Herpyauao nposeputsb, yro MuOKecTBO P M3oMmerpuii MHOroobpasus (M, g), Je-
skamux Hag rpymmoit J(N, gar), obpasytor rpymmy Jlu, a orobpaxkenme x : & —
J(N, gnr), comocrasmstomee uzomerpun b € J(M, g) nsomerpuio f € J(N, gnr), Hax
KOTOPO# JIe2KUT h, sBjasercs romomopdusmoMm rpymm JIu. dapo Ker y obpazosamo
BCeMH peobpaszoBarusMu u3 rpymnubl J(M, g), sexamumvu Hax Idyy. Cienosaresns-
o, Kery = W.

ITockosbky Ker y — HOpManbras noarpynma B @, aysa soboro h € ® BomomnHs-
€TCsl PABEHCTBO

hoWU = Woh. (9)

[TokazkeM, YTO BBIIIOJIHEHHE STOI'O PABEHCTBA, JOCTATOYHO JJIsl TOTO, YTOOBI U30-
MeTpust f JlezKasia HaJl HeKoTopoii msomerpueit u3 J(N, ga). st mobsix z € N u
z € r~(x) pasencrso ¢(x) = r(h(z)) onpenensier npeoGpasosanme @ opbubOIIA
N. HeitcteuTenbro, ecan 2’ — apyras Touka u3 1 (x), To HafizeTca saement i) € W
Taxoif, aro 2’ = (). Mockomsry W nesxur ma Id s, B cary (9) momyaaenm r(h(2')) =
r(h(¥(2))) = r(@' (h(2))) = r(h(2)), tae ¥/ € . Biarogaps COOTHOMEHMIO T 0 I —
(OT U HCeBIOPUMAHOBOCTH HakphTus 1 : M — N mpeobpasoBanue ¢ — U30MeTpHUst

(N, gn)-
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Urak, & = N(¥) — Hopmasmsarop noarpynnst ¥ B J(M, g), cieroBaTesnbHO,
N(¥) — noarpymma Jlu rpynust J(M, g). Takum o6pazom, uMeer MECTO H30MOPMDU3M
rpynn JIm J(N, gn) = N(¥)/¥, n mekomnaktaocts rpymmst Jln J(N| gar) Baeder
HekoMITakTHocTh rpymmbt Jlu J(M, g). Cramo 6with, (M, g) = (T?,g) — miockuit
JIOPEHIIEB TOP C HEKOMIIAKTHOI TOJIHON Tpymmnoii msomerpuii. [J

7. I'pynnbl n3oMmeTpuii MIOCKUX
JIOPEHIIEBBIX 2-0p0oud0Ji10B

7.1. Opuentupyembie opoudoIabI.

OnPEAEAEHUE 2. Ilycts N — mpomsposbHBIL xopommit 2-opbudonm u r :
M — N — mekoropoe HakpeiTue 11 N muoroo6pasmem M. @yndamenmanvroim
MHO020Y20AbHUKOM 0pbudorda N Ha3BIBAETCA TaKOH KPUBOJIMHEHHBI MHOTOYTOJIh-
ik Y wa M, uto N' = r(X), nmpudeM cyzeHue r|so Ha BHyTPEHHOCTH %0 MHOTO-
YTOJILHUKA Y, €CTh roMeoMOpdU3M Ha JBYMepHYyIo cTpary A2,

IIpennoxkenune 2. Ilycrs (N, gn) — mopernes opbupomnn. Ecam cymecrsy-
tor mrockuii Top (T2, g) u Takas noarpymnma ero usomerpuit W = (1) =~ Zs, rie 9
coxpamnsier opuentanuio, ¥ro N' = M /¥, a pakrop-orobpakenuer : M — N spis-
eTcs TICeBJOPIMAHOBBIM HaKpHITHEM, TO opbugoag N aupgeomopper s kareropnu
Orb crammaprHOi moAymike w noiHas rpynma Jlu uzomerpuit J(N', gnr) auckperna,
npudeMm

IV, ga) = (30(T?, 9)/ o) % (Zz X Lo),

e Vo = (Yo), Yo = (—E,{0}).
Bousee Toro, ecin rpynma J(T?, g) wmexomnaxrna n I (N, gn) — rpymma JIn
BCEX COXPAHSIOITIX OPHEHTAITHIO OpOHpOIIa H30OMETPHE, TO

j+(N,gN) ~ 7 X (ZQ X Zg)

JTOKABATEIBLCTBO. Tax Kak 1) cCOXpaHSeT OPHEHTAIINIO TOpa, YCIOBHe Y2 =
(E,{0}) Breuer ¢ = (—FE,{c}).

Ipeanonoxum cuavana, aro ¢y = (—FE,{0}), 7. e. o = 0. Ilycrs, Kak u
Beime, §) : R? — T? — yHuBepcaJbHOe HaKphIBaOIee OTObpaskenue Just Topa T2,
ar: T? — N = T?/¥, — daxrop-orobpaxenue, rae Wy = (ig). Ilpu 3Tom
ro):R? - N — yHuBepcajabHOE HaKpbIBaoIIee oToOpazKenue s opbudomta N .

Bynem npencrasaaTs cebe Top T? xax ksasgpar [0,1] x [0,1] co ckmeennbivm
B COOTBETCTBYIOIIUX HAIIPABJIEHUAX CTOPOHAMH. HeTpyaHO IIpOBEpUTh, UTO B Kade-
cTBe PYHIAMEHTAILHOIO MHOIOYTOIBHIKA Yo Ha Tope T2 j1st opbudosma N MoKHO
B34Tb npaMoyrossauk [0, 1] x [0,1/2], npaBuao ckiefKn cTOpPOH KOTOPOro u3obpa-
xkerno ma puc. 1. Cremosarensno, opbudonn N mveer mymbMepryio crpary AL,
COCTOSIIIY IO U3 YeThIPeX TOUeK w;, ¢ = 1,4, rue w; = r(z;), 21 = (0,0), 22 = (1/2,0),
z3 = (0,1/2), z4 = (1/2,1/2) € Xy. Iosromy opbudonn N npencrasiser co-
Goit craHmapTHYO NOAYMKY. 3amernM, uto HopMmasmsarop N(Uy) noarpynnst Uy B
rpymme J(T?, g) cocrout u3 mzomerpuii (A, {§}) Topa, yI0BIETBOPSIONUX PABEHCTBY
{0} = {—0}, KOoTOpOE BHIMIOMHAECTCA TONBKO JJIA TETHIPEX BEKTOPOB {J} ()

= () - (). () - (1)

Taxum 06pa3oM, U3 TPYMILI ¢iBUroB Topa { £} x T2 na opbudoss N npoexTupy-
10TCsE TOTBKO m3omerpun (E,{d}(;)), i = 1,4. Cuemosarensno, rpymma J(N, gur)
rpan3uTuBHa Ha AL,
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1“ (1,1) 1“ (1,1)
z3\0o z4\Oo
o 1) g ) ;)
%Y S W YU 5
72 » o
v o v 2 121(0) 23(0)
|
A ¢ ®m ¢ 1 U L

Puc. 1. Tlonymika.

Tak kak Yo = (o), Yo = (—FE,{0}), nopmammzarop No(¥y) B cranumonapHoii
noarpynne Jo(T?, g) Toukn w = r o Q(0), 0 € R?, cosuagaer ¢ Jo(T?,g). Ilo-
3TOMY cTanuoHapHast noarpymma Jo, (A, ga) B Touke w m3omopdHa dakrop-rpymme
30(T2, g)/\I/Q.

Nrak, nmeeM n3zomMopdu3M IUCKPETHBIX TPyl JIu
j(Na gN) = (jO(TQag)/\IIO) X (Z2 X ZQ)

Ecmu rpymma JIn J(T?, g) HeKoMIaKTHa, TO W3 TeOPEMbI 2 BBITEKAET, UTO ee
nojrpytna I (N, gnr), obpazoBaHHas COXPAHAIONMME OPUEHTAINIO U30METPUMH,
nuckperHa u uzomopdua rpynue Z X (Zo X Za).

ITycrs renepp ¥ = () = Zg, tue v = (—E,{o}), 0 # 0. Ilonoxum p =
(E,{c/2}), rorna p=! = (E,{—0/2}), cnenosarensho,

¢ =potppou t & W= poWyopu

T. e. Tpymmel ¥ u Wy conpstkenst B rpymme J(T2, g). Hostomy ecmm Yo — dbymnma-
MeHTaJIbHBI MHOTOYTOTLHUK opbudomia Ny = T? /¥, na tope T2, To

Vo N # @< V- p(x)Np(Xo) # 9, (10)

rze Uy - & — opbura Touku x orHocuTebHO rpyunbl Yo, a U - u(x) — opbura Touku
p(z) orrocurensro W. M3 (10) BbiTekaer, uro ¥ = (o) — byHIAMEHTAIBHbIH
MHOTrOYTOTLHUK opbudonga N = T2/U na stom ke tope. OH momyueH us g
casurom = (F,{0/2}) (em. puc. 1).

Iycre g : T2 — Ny = T2 /Wy — dakrop-orobpazkenue. [Tockoapky ¥ = proPyo
1!, mpeo6paszoBanue Topa [ HHIYIHPYeT 0TobpazkeHne opoudosios g : No — N,
VJIOBJIETBOPSIOIIEE PABEHCTBY T O [ = [ig O T.

Tak Kak r 1 1y — ICEBIOPUMAHOBBI HAKPHIBAIONINE OTOOPAYKEHUS, (i — U30MET-
pust Topa (T2, g), To g — usomerpus opobudosaos (N, gy) u (No, gn;, ), TO3TOMY
rpynmet m3omerpuit (N, ga) m I(No, gn,,) — msomopdaste rpymmer JIu. Crenosa-
TEJTbHO, YTBEPIKACHUS TIPEJJIOXKEHNsT 2, TOKa3aHHbIe BhIme st rpymmst J(No, gas ),
BBITIOJIHSAIOTCA U iyt rpynnsl J(N, ga). O

7.2. Jloka3aTejibCTBO TEOPEMBI 5.

OBO3HAYEHUA. Eciu ¥ — npousBoJibHas rpyima JuddOeoMopdu3MoB MHOTO-
obpasuss M, 1o fix(V) = {x € M | ¢(x) = x}. Yepes U, GymeMm 0603HAUATD IPYTILLY,
ob6paszoBannyo muddepeHimanamu {P., } B Touke x € fix(¥) auddbeomopdusmos ¢
u3 V. Vmeer MecTo cireayrorias JIETKO ITPOBepsieMast
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JIemma 5. Ilycte U = (1)) — rpymma n3oMeTpuii IceBI0eBKINI0BOH IIJIOCKOCTH
E2, rne = (A 7,0), t #0. Torma

1) mHopmammszarop N (V) nogrpynner U B rpymme O(1,1) paBen npousseneHHO
rpymn ¥ X @, rge & = (—E), u N(U)/¥ = O >~ Zy;

2) MHOXKECTBO BEKTOPOB, HEIIOABUXKHBIX OTHOCHTEJBbHO rpymiibl V., rie x €
fix(V), obpasyer 1-mepHOE BEKTODHOE HPOCTPAHCTBO KACATEJIHHOI'O IIPOCTPAHCTBA
T, T?.

CoxpaHuM BBeJIeHHBIE BbIIIe 0003HaUYeHust. [IpeiooKumM, 4To IPyIIna n30MeT-
puit J(N, gnr) xomnakTHOTO Jopennesa opbudomia (N, gn) HekomnakTHa. Torma
COTJTACHO TIPEeJTTOXKEHNIo 1 CymecTByoT mosHblil miockuit jopentnes Top (T2, g) n
taxkas rpymma mzomerpuit ¥ C J(T?,g), uto N' = T?/¥, a daxTop-oTobpazkenue
r:T? - N = T?/¥ apisercs NCeBIOPUMAHOBBIM HAKPLITHEM, TIpUYeM Tpyia W
uzoMopdHa aub0 rpyie Zo X Zg, mubo rpyiie Zs. JTO 03HAYAET, UTO § = I gur.
ITpu 5TOM MeTpUKa gar TAKKe [MOJIHAST U ILJIOCKAS.

Cnyuant 1. Ilycrs U 2 Zo, npuuem U = (1)), rue ¢ MeHsIET OPUEHTAIMIO
topa. Ilpemmonoxum, uaro v = (B,d), rorna B € GL(2,Z) u det(B) = —1. Tax
kak opbudonn N = T2/¥ umeer opbudomaHyo TOUKy, cymecTByeT Touka v € T2,
HeTIOJBMKHAsL oTHOocuTebHO . Juddepennuan 1, m3omerpun ) B TOUKE U B
craggaprHoM Gasuce 3anan Marpuneii B = (b;;), i,j = 1,2. Ilostomy ypasHeHnue

(X)) = X, rie X = (§1 ), npuanmaer Bug (B — E)X = 0.
2

CoryiacHo JieMMe 5 MEeHSIOIasi OPUEHTAINI0 M30METPHUs TICEBIOEBKIINIOBA BEK-
toproro npocrpanctsa (T, T2, g,), /e g, — cyxenne merpuxu g Ha T, T2, umeer
1-MepHOE BEKTOPHOE TOIPOCTPAHCTBO COOCTBEHHBIX BEKTOPOB, COOTBETCTBYIONINX
cobcrBennomy 3unadenuio 1. Ilosromy det(B — E) = 0. Orciona, yuuTbiBasg, 4TO

det(B) — b11b22 — b12b21 == 71, IIoJIy1aeM b11 + b22 =0. CJ’IG,D;OB&TGJ’H:HO,
b
)\(1 12 ) , ecau bys # 0,
X = ) " A € RN0. (11)
A ( ) 5 ecJi b12 = 0, bu = 1,
b21

Tak xax (T2, g) — ToJHOE JIOPEHTIEBO MHOTOOOPA3He, SKCIOHEHINAIBHOE 0TOO-
pazkenne Exp,, onpejiesieHO Ha BCEM KacaTeIbHOM IIPOCTPAHCTBE T, T2. Tlo cBO#CTBY
U30METPHil IICEBIOPUMAHOBBIX MHOI0OOpA3Hil JJIsi Y BBIMOJIHSIETCSI COOTHOIIEHE

Exp,, 094, = 1 o Exp,, . (12)
N3 (12) ms Bexkropos X, ynossersopsitonux (11), nmeer MecTo paBeHCTBO
Exp,(sX) = ¢(Exp,(sX)) Vsc R

CresioBaTenbHO, KaXK1as TOUKa reoje3ndeckoii yx (s) = Exp, (sX) nenonsuxHa ot-
HOCHTEJIBHO 1. DTa reojesmyueckas spjserca obpazom npsamoit B T, T?, 3a1anHoil B
cucreme koopauuat O, ey, es ypaBHeHueM y = kx + b, tie

(1 — bn)/blg, eCJIn b12 7£ O7
k= b21/2, ecJm b12 - 0, b11 - 1,
0, ecJm b12 - 0, b11 =—1.

ITpu k = oo reomesndeckas v 3aMkHyTa. Ecmu k # 00, To k — panuoHaIbHOe IHUCIIO,
nosToMy ¥ = Yx($) — Tak:Ke 3aMKHyTas reoje3ndeckas Topa, a r(7y), 3aMKHyTas
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reosiesndeckast opoudosna (N, gnr), ABIAETCS KOMIOHEHTOH CBAZHOCTH OJJHOMEPHOM
crparsl Al

Bamerum, uro ¢, = {(E,{rX}) | 7 € R'} npexncrasnser coboit KoMIaKTHYIO
1-mapameTpuyeckyto rpymry uzomerpuit Topa (T2, g), nmpudem ¢, o 1) = 1) o ¢, s
moboro 7 € RY. Crenosarensno, ¢, MHIyIUpyeT 1-mapaMeTpuaecKyio TPYIITY H30-
merpuit opbudomnia (N, gxr), TpansuTusHyio Ha r(y) 1 usomopduyio rpymme St

Takum o6pazom, opbudomns N mveer crpatuduxammio A = {A2, A}, mpuuem
Kark1ag KomronenTa cassnoctn Al muddeomopdna okpyxmoctn St Uz [2, Teo-
pema 1.1] BbITeKaeT, 9YTO cTpaTa HAUMEHbINEH PA3MEPHOCTHU ABJISIETCH 3aMKHYTHIM
noaMuoroobpasueMm B N. Ilostomy Al mpesacrasisier coboit o6beauHeHHe KOHEU-
HOTO YHCJIa OKpYyKHOCTei. V3 jeMMbl 5 ciieflyer, 9TO CTAllMOHAPHAS MOJIPYIIIA
Jw(N, gnr) msomopdua moarpymme rpynmsr Zs. OTciona B CHTy WHBAPHAHTHOCTH
crpatel Al orrocurensro rpymst J(N, ga) n TpamsutusHocTn J(N, gar) Ha Kark-
noit KommonenTe cssroctn Al BrITekaer KommakTHOCTD Py J(N, gAr).

Cayuaiir 2. Iycre U 2 Zg, upudem ¥ = (), rie 1) coxpaHgeT OPUEHTAIUIO
topa. Torma cormacuo npemioxkenuto 2 opoudomnn N mzomopden B kareropuu Orb
CTAHIAPTHON TOJYIIKE, a ero MmoJHas rpymma usomerpuit J(N, gar) HEKOMIIAKTHA.
[TosToMy, He HapyIas OGIHOCTH, MOXKHO cuuTaTh, uto N = T2 /Ug, rae Wy = (1)),
o = (—F,{0}). Yreepxknenust 3 u 4 TeopeMbl 5 BBITEKAIOT U3 COOTBETCTBYOIIHX
YTBEPKJACHUN [TPEJIOKEHUS 2.

Cnyyant 3. Ilycte W = Zy X Zo. llpu sTOM HaMIyTCsi Takue pas3jindHbIE,
MEHSIIOIIHE OPUEHTAINIO Topa n3oMerpur ¢,y € U, uro ¥ >~ I'x @, rue I' = () = Zo,
O = (@) = Zy. Bamernm, uto ¢ = —v, ¢* = Idy2. Ucnonbsys 3T0, HETPYIHO
okas3arb, 4ro fix(¥) # 2.

Kommosurust 11 = ¢ o v AABsIeTC HETPUBUAJIBHON COXPAHSIONIENH OPUEHTAIIIO
usomerpreiit u3 ¥, npuuem rpymma ¥y = (1)1) nsomopdna Zy. Kak mokasano npu
JIOKA3aTeIbCTBE TIPEJJIOYKEHNsT 2, TOAMHOKeCTBO fix(¥1) COCTOUT U3 YeThIpEX TOYEK.
Baarogapst rimovennto fix(V) C fix(V;) koneuno u nogmuoxkecrso fix(¥). Caeno-
BaTeIbHO, KOHeTHO moaMuoKecTBo AY B N, 06pasoBannoe opOIdOIIHLIMEA TOTKAMI
¢ rpymmoit opoudosaaocTu ¥. U3 teMMbl 5 BBITEKAET, YTO CTAITHOHAPHAS TOATPYIIIA
Jw (N, gar) rpymme mzomerpuit J(N, gar) B Touxe w = 7(z), Tae = € fix(V), koneuna.
[Tostomy muBapuanTHocTh ctpaThl A orHOCHTeBHO J(N, gAr) BJIEUET KOHEIHOCTD
opourel w - I(N, gnr). Tem campbivm rpynma J(N, gar) Konedna.

Taxum obpasom, rpynma J(N, gar) HEKOMIAKTHA TOJBKO B caydae 2. [

8. loka3aTesibCTBO TeopeMbI 6

Tax kak myis j1000# TIOCKON JIOPEHIIEBON METPUKU ¢ HA CTAHIAPTHOM TODE
T2 rpymma ¥y sBjIseTCs IPYNIOH M30METPHH, METPHKA ¢ OJHO3HAYHO OIIpeIesIseT
MeTpuKy gn Ha A, oTHOCHTeIBbHO KOTOpOil daxTop-oTobpazkenue 1 : T2 — N =
T? /¥y — TCeBIOPUMAHOBO HAKpBITHe. IIpum 3TOM KJIaccy MOJOOHBIX JIOPEHIEBBIX
MeTpuK [g] € M na T? cooTBeTCTBYeT KIace MOJ06HBIX JTOPEHIEBBIX MeTpuK [gar| €
L ma N. Kpome toro, ecm [gn] € L, To cormacuo mpezyroxenuio 1 Jopenmesa
Merpuka g = gy oupezensger kiaacc [g] € M. Takum obpasom, k : M — L —
oumekrust. [

9. Ilpumepst

Bo Beex npumepax (T2, g) — mockwuit topenties Top, (N = T? /Uy, gnr) — cTan-
JapTHAas MOMYIIKA C WHIYIIMPOBAHHON JIOPEHIIEBOIl METPHUKOI, T. €. r* gy = g.
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I[TpuMEP 1. Ilycrs JiopeHIleBa METPUKA ¢ TOPA B CTAHIAPTHOM Da3nce nMeeT Ka-
-1 0
0 1
nosoit mtockoctu (R?, g), 3amannas ypapHenneM y = x, mocpectsoMm §) @ R? — T2
0TOOparXKaeTCst B 3aMKHYTYIO T€0/Ie3MIeCKyIo Ha Tope. 113 TeopeMbl 2 BBITEKAET, ITO
rpymma J(T?, g) kommaktaa. Ee moarpymma Jo(T?, g) mopoxmena mpeobpasoBami-
avu BT, —E. CoriacHo IpeaoXKeHuro 2 ToJHas TPYIIa H30MeTpHit opoudosia
(N, gn) KOHEUHA U M30MOPQHA TOTYIPSIMOMY TIPOU3BEeHUIO Zo X (Zo X Zs).

HoHuuecknit Bug G = ( . Torma msorporHasi reojie3ndeckasi MCeBI0EBKIIN-

ITpuMEP 2. IlycTh g — TIOCKAas JIOpEHIeBa METPHKa Ha Tope T2, 3aJaHHAS
1 — k2

0 1
pPaBHOE HYJIIO JeficTBUTEIbHOE YUCyI0, k — Tesoe ducyo, ommyanoe or +1. 'pymma

k 1
-1 k)
saresnsno, J(T?,g) = (Zo x Zo X Z) x T? u I(N,gn) = (Zo X Z) X (Za X Za) —
HEKOMITAKTHasI JIUCKPETHAS IPYIIIIA.

B CTaHJapTHOM bOa3uce marpureit G = n ( ), rJie 77 — NPOU3BOJIBHOE HE

J0(T?, g) nopoxkyena npeobpasosanusyvm: A — ET=, —E, caeno-

ITpuMEP 3. IlycTh g — mIockas JopeHIeBa MeTprKa Ha T2, 3aJaHHas B CTaH-
. 2 m
JapTHOM Oasnce marpuneit G = n m 9 ) TR — J1060€ OTJIMIHOE OT HYJISI

JeficTBATeTbHOE YUC/I0, m — Tejnoe ducio, |m| > 2. Tpymma Jo(T?, g) mopoxe-
m 1 ~ 0 1

1 0) A7 (1 0

(Zax Lo x Z)Xx T? u I(N, gnr) = (Za X Z) X (Zg X Z2) — HEeKOMIIAKTHAS TUCKPETHAST

IpyIIa.

Ha npeobpazopaHuamm: A = , —E, mosromy J(T?, g) =~
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