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AnnoTtanusi. [TogMHOXeCTBO k-3HAYHOIO N-MEPHOT'O TUIEPKY0Oa HA3BIBAETCS YHUMPeET-
dom (ob6Bedurentvim Gumpetidom), €Cin MOIHOCTH €ro IepecevdeHuii ¢ OJHOMEPHBIMU
rpaHsIMU TUNEpKyba MPUHUMAKOT TOJBKO jaBa 3HadeHuss 0 u 2. YHUTpeil) Ha3bIBaeT-
¢ 06YdoavHbiM (2aMUABMOHOBYIM), €CJIM COOTBETCTBYIOMMN eMy moarpad runepkyba
SIBJISIETCS J(BYJIOJIBHBIM (raMUJIBTOHOBBIM). Ilapa josieifl AByZi0JbHOrO yHUTpelina Ha-
3BIBAETCA N-MEPHLIM AGMUHCKUM bumpetidom. [las TPOMYIHOrO N-MEPHOrO THUIIEPKY-
0a OIpeJIeJIeHO YUCJIO PA3JIMYHBIX YHUTPEHIOB U MOJIyYeHa SKCIIOHEHITNATbHAST HUMKHSIS
OIIEHKA YMCJIA HEIKBUBAJEHTHDBIX JIATUHCKUX 6uTpeiinos. Ilepeunciiensr Bce BO3MOXKHBIE
n-MepHbIe JATHHCKIE GUTPEH b MOITHOCTH, MeHbIIei gem 271,

ITogmuOXKecTBO k-3HAYHOrO M-MEpPHOrO ruiepkyba HasbiBaeTcs t-kpammoinv MIIP-
K00OM, €CJII OHO IIEPECEKAETCH C KayKIOH ONHOMEPHOH I'DaHbIO rHIepKyba POBHO IO t
ssteMenTaM. CuMMeTpuyecKasi pa3HOCTb ABYX OAHOKpaTHbIX MJIP-KomoB sBisieTcs ABY-
IOJIBHBIM yHUTPeigomM. Kazkiast 3 KOMIIOHEHT COOTBETCTBYIOIIETO JIATUHCKOTO OUTPEii-
J1a sIBJISIETCsl CBUTYMHIOBOM KOMIIOHEHTOU omHoro u3 stux MJIP-komos. Mccnemosambt
BOIIPOCHI O MOIIHOCTSIX KOMIIOHEHT M /IP-KO/I0B 1 BO3MOYKHOCTH IIOJIYYE€HUS] JTATUHCKUX
6urpeiiioB 3agannoit morHoctu 3 MJIP-komoB. Kpome Toro, jokazaHo, 4To Jir060it
M/IP-kox BKJIaJBbIBAETCS B TaMUJIBTOHOB JABYKpaTHbIil MJIP-kos.

Kuarouesie cioBa: M/JIP-konu, staruHCcKuit 6urpeiis, yHUTPER, KOMIOHEHTA.

Bsegenue

Iycrs Qr = {0,1,...,k — 1}. OGosnaunm depes () MHOXKECTBO YIIOPSIIO-
YEeHHBbIX A-HYHBIX HAGOPOB (BepinuwH) JUmHBL n. Paccmosnuem Xommunea d(z,y)
MeXKJy BEPITMHAMHI T,y € ()} Ha3BIBAETCA UNCJIO TO3UINHUI, B KOTOPBIX HAOODHI T
n y pasmmyaaiorced. Yepes ['Q)) obosHaumMm rpad MUHEMATBHBIX PACCTOAHMI MeT-
PHUUECKOrO IIPOCTPAHCTBA (Qz,d). I'parvio pasmeprocmu k Ha3bIBAETCS OAMHO-
JKeCTBO THIepKyba ()}, cocTosAImee W3 BepIINH € OAWHAKOBLIMH (BUKCHPOBAHHBIME
3HAYEHUSIMU HEKOTOPBIX 1 — Kk KOOpJWHAT. B 49acTHOCTH, 00HOMEDHAA 2paHbL Ha-
npasseruA 1, IPOXOISIIasl depe3 BepmnHy (ai,...,an) € QF, OIpeesseTcs Kak
MHOXKECTBO {(A1,...,8i—1,%,0i11,-..,0n) | T € Qi }.

MJP-x0dom ¢ paccmoanuem d HaspiBaeTca MHOXKecTBo M C ()}, mepecexaro-
meecs ¢ Kaxkzoii (d—1)-MepHOii rpaHbIo POBHO 1O OHOMY 3JieMeHTy. Muoxectso W
HasbiBaeTcs t-kpamuvm MIIP-xodom, eciiu oHO nepecekaeTcst ¢ KaxKI0i OJHOMED-
HOI 'paHbi0 POBHO 110 t 3stemenTaM. [lorsiTue kparnoro MIP-koma ¢ paccrosiaueM d
COBIIQIAET C MOHATHEM KOPPEJIAIMOHHO-UMMYHHON (byHKIHN opsaaka n—d-+1 B Q.
Herpynro BuzgeTs, uro MHOKecTBO M C @} aBmderca M/IP-komom ¢ paccrosamIeM

d TOTJa U TOJIBKO TOr/la, KOI'/la OHO UMeeT MOHITHOCTDb kn—d+1 1 PpacCCTOAHNE MEXK/Yy
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JIIOOBIMHU JIBYMsI pas3audIHbIMu 3j1ementamu w3 M we memee d. t-Kparnwrit MJIP-
KOJI HA3bIBAETCH PACULENAAEMbIM, €CIIL OH SABJISETCH 00benHEeHnEM ¢ OTHOKPATHBIX
M/IP-xomoB. Kpatusie nepactienisgembie MJIP-ko/bl ¢ paccTossHueM 2 paccMaTpu-
Batorcst B [1]. B nanbaefinem B crathe paccmarpusatorcest MIP-koubt (B TOM duncie
KpaTHbIE) TOJIbKO ¢ PACCTOSHUEM 2.

I'pad HazbBaeTCst 2aMUALMOHOBbIM, €CTTH OH COIEPXKUAT IIPOCTOHM MUKJI, IIPO-
XomAInit Yepe3 Bce BepmumHBI rpada. ma oxmoxpartmoro MJIP-koma M MOXKHO
onpenesuTh rpad MUHUMAJIBHBIX paccTosdHuit [ M, B KOTOpOM coe/inHEHBI PeOpoM
BEPIIUHBI, HAXOIsIecsi Ha paccrosiaun 2. U3 onpenenenns MJIP-koma HeTpy1HO
oIy unTh, 9T0 rpad [ M Beerpa siBjisieTCs raMUJIBTOHOBBIM. PaccMOTpuM JIBYyKpaT-
merit MAP-kon D C Q}, gepe3s I'D obosHaxmM rpad MUHUMAJILHBIX PACCTOSHUH
MHOXKecTBa D, T. €. coeumHIM peOpaMy BEPINUHBI, HAXOJSAIINECS Ha PACCTOAHAN 1.
Hoxkazano (§3), aro moboit M/IP-kox BKjaabBaeTcss B raMUIBTOHOB JIBYKDPATHBII
M/IP-kox. 3amerum, uro jaBykparabii MJIP-kox D paciiermisieM TOrJa U TOJBKO
Torma, Korga rpad I'D siBjisiercst ABYI0IBHBIM.

Mmnoxectso B C @} OyaeM Ha3bIBaTh yrumpetdom®), ecam MOIIHOCTH €ro
repecevdennii ¢ OJIHOMEPHBIMU T'DAHIMHU IPUHUMAIOT TOJBKO aBa 3uHadenus 0 u 2.
Yuurpeiin B C Q) OyieMm HasbBaTh d6ydoaviwim, ecau noiarpad I'B rpada I'QE,
[TOPOXK IEHHBINI MHOXKECTBOM BEPIIMH B, JBYIOJIBHBIN. ICHO, 9TO cHMMeTpHUYecKast
pasHocTb JiByx MJIP-KOJOB siBJIsIeTCst ABYIOBHBIM YHATPEHIOM.

[TockombKy B Kaxkm0#t ogHoMepHoit rpann M/IP-kKoja cofiepKuTcst TOIbKO O/THA
TOYKa, MOXKHO CIATaTh, 9T0 MJIP-K01 B ()} HeABHO 33/jaeT HEKOTOPYIO QYHKIINIO OT
n — 1 nepemennoit. Tabiuna 3nadenuit 91oii GyHKIUU ABJsIeTCs JaTUHCKUM (1 — 1)-
MepHBIM Kybom mopsizika k (aaTuHCKMM KBagparoM npu n = 3), a MJIP-koz MOXKHO
paccMmarpuBaTh Kak rpaduk dyskmun. Jlamurckum dumpeiidom HA3BIBAIOT apy
YaCTUYIHBIX JIATHHCKAX KBaJPATOB, 00beuHeHe rpa(UKOB KOTOPBIX sIBJISETCS JBY-
IOJIbHBIM YHUTpEH0M. MBI pacmpocTpaHsieM Ha3BaHWE «JIATWUHCKAN OuTpeiir» Ha
MHOTOMEpPHBIN ciydait. Kpome Toro, B Te€x cayvasx, KOrJa JABYJIOJbHBIN yHUTPEHT
OJIHO3HAUHO PA3JIessieTcst Ha J0JU (COCTOUT M3 OMHONW KOMIIOHEHTBI CBSI3HOCTH ), OY-
JIEM Ha3bIBATD AGMUHCKUM Oumpetidom He TOJIBKO Tapy J0Jeil, HO U caM YHUTDEIiI.

JBynonbublii yuurpeits (aruackuit 6urpeiin) B GyeM Ha3bIBATD NOAYHEHHbLM
u3 MIP-koma M; (BO3MOXKHO, KPATHOIO), ecyu Haiigercsa Takoit M/IP-kon My (Toit
’Ke KparHocru), yro B = MiAM,;. B srom ciayuae muoxkecrBo B N M; Gyumem
Ha3bIBaTh Komnowenmoti MJIP-koma M; B cOOTBETCTBUU C OOIIUM IIPE/ICTABICHU-
€M O CBUTYMHI'OBOII KOMIIOHEHTE KOJ[a KaK O IOJIMHOXKECTBE KOJa, 3aMeHa KOTOPOTO
PaBHOMOIITHBIM MHOXKECTBOM COXPaHsIeT KO/IOBOe paccrosiare. CBUTUYMHIOBBIM KOM-
noreraTam MJIP-komnos My u My cOOTBETCTBYIOT JI0JI KOMIIOHEHT CBSI3HOCTH Tpada
I'B — KOMIIOHEHTBI JIATHHCKOI'O OUTpeiia, COOTBETCTBYIOMEro yHUTpeRy B.

B craTpe paccMaTpuBaioTCs BOIIPOCHI O YKCJI€ YHATPEHIOB U JIATUHCKUX OUTpEii-
JIOB B runepkKybe ()7}, 0 BO3MOXKHOCTH IIOJIydYeHHs JIATHHCKUX Ourpeiinos u3 MJIP-
KOJIOB M O MOITHOCTsIX KommnoneHT MJ/IP-komoB. B §2 s TpomdHOrO m-mepHOro
rumepKy6a OIpesesIeHo YUCI0 PA3IMIHEIX YHATPei 08 (22) 1 mosydyena acuMmTo-
Taeckas (Ipu N — 00) HIKHAS OIEHKa?) eV gpciia, HEIKBUBAJIEHTHBIX JIATHH-
ckux OurpeiiyioB. HerpuBuajibHble BEpXHIE OIEHKM YKCJIa JIATMHCKAX OUTPeioB
HenszBecTHBI. [lpu k > 4 umcjio u gayke acCUMIITOTHKA JIBOWHOIO JIorapudMa duciia,
YHUTPEHIOB U JIATHHCKUX OMTPEH0B Tak»Ke ocTaroTcad HemsBecTHbIMU. CBsI3b BO-
1IPOCa O YHCJIE JIATHHCKUX OMTPeiiioB B runepkyde QF ¢ npyrumMu KOMOMHATOPHBIMU

1B [2] ucnonb30BaIcs TEPMUH «2-KOZ».
2)Pasencreo f(n) = Q(g(n)) osnauaer, uro f(n) > cg(n) aas vHekoToporo ¢ > 0 Ipu N — co.
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3aja9aMu obcyxaaercd B [3).

B § 1 nepeunciienbl Bce BO3MOXKHBIE N-MEPHBIE YHUTPEHIHI MOIITHOCTH, MEHbIITEH
gem 271 u jnokasamo, uro g Kaxgoro s € {0,...,n — 1} mMeeTcst euHCTBEH-
HBII C TOYHOCTBIO JI0 SKBUBAJEHTHOCTU 7-MEPHBIN JIATMHCKUN OUTPEii; MOITHOCTH
2ntl 9571l B §3 nokazaHa BO3MOMKHOCTD MOJIyHeHHsI STHX JATHHCKIX GUTPeiion
n3 nBykpaTHbXx M/IP-KOMOB 1 TeM caMbIM YaCTHIHO OIpPEIE/IeH CIIEKTP MOIITHOCTEH
KOMITOHEHT aByKpaTHbix M/IP-ko10B.

B [1, 4] umeercst KOHCTPYKIHUs, MO3BOJIAIONIAS TOMYIaTh U3 t-KpaTHbx MJIIP-
KOJIOB t-KpaTHbIe JBOMYHBIE COBEPIIEHHBIE KOJbI. BOIPOCHI, CBA3aHHBIE C MOIIHO-
CTSIMU KOMIIOHEHT COBEPIIEHHBIX JBOMYHBIX KOJIOB U MaMUJIBTOHOBOCTH I'PadOB ITUX
KOJIOB, paccmarpuBaiorcs B [5,6]. Ionydenusie B mannoii pabore pesyabraTbl OT-
HOCHTEIBbHO MomHOcTel KommonenT M/IP-komoB u ramusibronoBoctu rpados MJIP-
KOJIOB MOT'YT OBITH HCIIOJIb30BAHbBI NP MCCJIEIOBAHUNA CBONCTB APYTUX KJIACCOB KO-
JIOB.

§ 1. MomHocTi yHUTPE10B

IIpennoxenue 1. (a) JlekaproBo mpousBegeHHe JBYX YHUTPEHIOB SIBJISCTCS
YHHUTDPEHIOM.

(b) HexaproBo npousBezeHue JABYX ABYIOJBHBIX YHUTDEHIOB SIBJISIETCS IJBY-
JOJIBHBIM YHHTPEHIOM.

JIOKABATEJIbCTBO 1. (&) HENOCPEICTBEHHO BBITEKAET U3 OUPEAEICHUH, Ipu
nokazaresberse 1. (b) mosb3yeMces TeM, 9TO JeKapTOBO NPOU3BEICHUE JIBYIO0IbHBIX
rpadOB ABJISIETCS ABYAOJBHBIM IpadOM.

Crenyromue nBa yTBEpXKIEHUS TOoKa3aHbl B 3| mpu k& = 4, omHAKO WX MOXKHO
JI0Ka3aTh TOYHO TaK K€ IIPHU MPOU3BOIBLHOM k > 2.

IIpennoxkenne 2. Ilycrs B C Q) — Hemycroii yautpeiis, torga |B| > 2",

IIpennoxxenue 3. Ilycte B C Q) — yHurpeiin. Cienyolue ycJIOBUs SKBH-
BaJIEHTHBI:

(a) |B[ =27,

(b) s 110608t M-MepHOI rpaHu MOUIHOCTH ee 1epecevennsi ¢ B pasusercs (
wim 2™,

(¢) yuurpeti B niepecekaercst TOJBKO ¢ JBYMsl THIIEPIPAHSIMU KaXK/[0r0 HAIIPAB-
JICHHS,

(d) moarpag rpacga I' B nzomopgen GyneBy Kyby I'QY.

W3 npejioxkennust 2 HENOCPEJCTBEHHO BBITEKAET, UTO B () CYyIECTBYET €JIH-
CTBEHHBIII YHUTPE T, COBIIQIAIOMINI CO BCEM MHOXKECTBOM (Y.

PaccmoTpum Bompoc 0 ciieKTpe MOIHOCTEH YHUTPERI0B.

IIpennoxenue 4. Ilycrs B C QY — yuurpeiin u 2" > |B| > 2". Torga
|B| =27t — 25+ pre s € {0,...,n — 1}.

JIOKA3ATEJ/IBCTBO mpoBeieM nHAYKIMei mo n. [Ipu n = 1 yTBepx)aenne ode-
BHJIHO, IIPEJIIIOJIOKUM, YTO OHO BepHO npu n — 1. Eciam ymurpeitn B C Q}} conep-
JKUTCsI B OObeJIMHEHNH JBYX THIleprpaHeil KaxKkJIoro HanpasieHus, To |B| = 2™ mo
IPEI0ZKEHUIO 3.

Eciin yaurpeit B mepecekaercsi ¢ 9eThIPbMsi THIIEPIPAHSAME OJTHOTO HAIIPABJIE-
HUSI, TO 110 IPEJJIOKEHNIO 3 er0 MOIHOCTH 60/1bIne min pasha 2" 1. IIycTs yruTpeiis
B mniepecekaercs ¢ TpeMs IHIIEPIPaHsAMU OJHOIO HalpaBijeHus. Eciu nepecedenue
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XOTsI OBI C OJTHON M3 HUX UMEET MOIIHOCTD, OOJIBINYIO JUOO paBHYIO 2™, TO 0 Ipe-
noxenmto 2 mvmeeM |B| > 27T B poTuBHOM CilyHae M0 TIPe/IIo I0KeHIIO HH/ Ty KITHT
nMeeM |B| = 3-2" — 251 — 252 — 253 TJoCKOJIBKY HEPABEHCTBO 25! 4 252 253 > 27
BBITIOJIHEHO, TOJIBKO KOIJIA KaK MUHUMYM J[Ba U3 TPEX S; PABHAIOTCS n — 1, uMeeM
|B| =27+t — 23,

Kaxk Buino u3 joKasaTenbCcTsa npeiozkenns 4, yaurpeiin B C QF MomHoCTH,
MeHbIeit yem 2"1! mepecekaercst He Gojlee YeM ¢ TpeMsI MHIEPIPAHSIMHU JIFOOOTO
HaIpaBJIeHUs, CJIe0BATEIbHO, MOYXKET ObITH BJIOXKEH B TPOWIHbIH TUIEPKYD.

IIpennoxenue 5. (a) CuMmmerpuveckasi pa3HOCTb JBYX YHHTPEHJIOB B THIIED-
Kybe () ABJIA€TCS YHHUTDEHIOM.

(b) Ecim cummerpudeckasi pa3HOCTb ABYX JBYAOJbHBIX YHHTDPEIIOB B TUIIED-
Kybe Q) ABIAETCS YHATDEIIOM, a UX IIepecedeHne MOPOXKaeT CBA3HBIH moarpad B
Q% , TO cHMMeTPHIECKasA PA3HOCTh ABIACTCS JATHHCKHAM OUTPeH oM.

JOKA3BATE/ICTBO TI. (a) HEIIOCPEJICTBEHHO BBbITEKAeT U3 OlIpEe/eJIeHU, IIpu
JIOKa3aTeJIbCTBE II. (b) [TOJTb3YEMCsI TEM, 9TO CBSI3HBII JBY/I0JIbHBIN Ipad OIHO3HAYHO
pa3faesisieTcs Ha J0JIN.

IIpensoxxenne 6. s o6oro s € {0,...,n— 1} cymecrByer e1uHCTBEHHDII
(¢ TouHOCTBIO /10 9KBHBajIeHTHOCTH) yHUTpei 1 By C Q% Taxoii, uro |Bg| = 2711 —
25T Vuurpetinpl B, sIBISIOTCS JTATHHCKAME OUTPEIAMI.

JOKA3ATENBLCTBO. CoryacHo mpejyroxkenuio 5 muoxecrso By = ({0,1}"~*
A{1,2}77%) x {0, 1}* asngerca saruackuM 6urpeiigom. Ouesunno, |B| = 25(2" %+
Qgn—s _ 2)

IlepeitneM K TOKa3aTeIbCTBY €IUHCTBEHHOCTH. Paccmorpum yauTpeiin B C QF,
|B| < 2", Amajormdmo /0Ka3aTebCTBY NMPEIOKEeHns 4 TOTydaeM, 9To Hepece-
YeHHUs MHOXKECTBa BB ¢ MUIeprpaHsMi HEKOTOPOrO HAIPABJIEHUS] MMEIOT MOIIHOCTH
on—1l gn=1 9n _ 925  Tlo mpemoloKeHuio 3 [Ba HepecedeHus SKBUBAJICHTHBI 6y-
JIEBBIM KyDaM, TOTJ[a U3 OIlIpeJIeJIeHUsT YHUTPENRIa CJIe/IyeT, YTO TPEThe IepecedeHue
SIBJISIETCS] CHMMETPUYIECKON PA3HOCTHIO JBYX OYJIEBBIX KyDOOB.

§ 2. Yucso ynurpeiinos B Q7

Pacemorpum MHOXKecTBO dyHKImil g : QF — {0,1} Kax BEeKTOpHOE HPOCTPAH-
crBo V(n) maz nosem GF(2). Xapakrepucrudeckue byHKIMU YHUTPERI0B 00pasy-
101 B V(n) auHeiiHoe monpocTpaHcTBO H(n), B KOTOPOM B KadecTBe 0a3mca MOXKHO

BBIOpaTh XapakTepuctudeckue dbynknmn P rumepky6os suga B = {a1,2} X - X
{an,2}, tne «; € {0,1}. Habop koadbdunuentor B pasnoxkennn QyHKIWN ¢ 10 Oa-
sucy {xP} asnserca Gymesoit dbynkimeit or mabopa (ay,...,a,). Hanee B apHoi

dopme ompenes M Tpeodpa30BaHEe, KOTOPOE KaXKoi Oy/ieBoil (yHKIINKA CTaBUT B
COOTBETCTBHE 3JIeMeHT u3 A(n).

OmnpesiesuM 9acTUIHBIN TOpsioK Ha Q3: 0 < 2, 1 < 2, a cumBoutsl 0 u 1 mecpas-
HuMBL. Ilyeth (21,...,2n), (Y1,...,Yn) € QF. Beemem obosHauenue (&1, ...,T,) <
(Y1, -+, Yn), ecau jgist moboro ¢ € {1,...,n} BepHO, uTO T; < Y; W x; = y;. Or-
Mmernm, aro muoxkecTBo {2 € {0,1}" | < y} saBAsercs rpaHbio GysieBa n-MEPHOTO
runepky6a pazmeproctu wt(y), paBHOI 9ucy cuMBOJIOB 2 B Habope y. Bosee Toro,
MHOYKECTBO TpaHell HAXOAUTCS BO B3AWMHO OJIHOZHAYHOM COOTBETCTBHU C MHOXKE-
cTBOM HabOpOB Y € (QJF.

ITycrs f — mexoropasi 6ynesa dyuxmus. Onpenenum dyuxmuo U[f] @ QF —
{0,1} pasencrsom Ulf|(y) = @ f(x). Samerum, uro Gyresa dyukrmsa U[f][{o,23n

<y
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ABJIsteTCst peobpaszoBannemM Mébnyca oT dpyHKIHT f.

Ipensoxenue 7. (a) Iycrs A C {0,1}", Torga Ulx?] € %(n).

(b) Iyers g € #(n), Torza Ulglo,1y] = g.

JIOKABATEIBCTBO. (a) Ilyers f = x#. U3 onpenenenus npeoGpazosanus U
IMeeM PaBEHCTBO

Ulfl(ai,...,ai-1,2,ai11,. .., an)
= U[f](al, .. .,ai_l,O,aiH, C 7Cl,n) D U[f](al, .. .,ai_l,l,ai+1, . 7Cl,n)

1 mobbIX a; € Q3. Cienosarensno, Gyuxnus U|f] uMeeT deTHOe 4HCIO €QUHNAL
B KaxKJI0if o/fHOMEpHOM rpanu runepky6a Q% u U[f] € B(n).

(b) Pasencrso Ulg|o,13»](y) = g(y) mnsa moboro y € QF merpyaHo mokKasaThb
MEeTOJ/IOM MHIyKIIUH 110 YUCJTy CUMBOJIOB 2 B Habope ¥.

W3 mpepjioxkenust 7 BbITEKAET, 9TO HOAIPOCTPAHCTBO HB (n) uMeeT Pa3MepHOCTDH
2", Cie0BaTe/IbHO, CIIPABEIJINBO CJIEIYIONIEe

IIpennoxkenune 8. B runepkybe ()5 mMeeTcss pOBHO 22" pasmdHbIX yHETpETi-
JTOB.

Paccmorpum mMuOXKecTBO dyHKIWMI g : ()f — R Kak BEKTOPHOE IPOCTPAHCTBO
Vg(n) Hag mosem R BeleCTBEHHBIX UHCES W JIMHEHHOE MOIIPOCTPAHCTBO HBR(n),
cocrosiiee u3 (pyHKIUH, CyMMa 3HaYeHHI KOTOPBIX IO JIFOOON OJHOMEpHOI I'paHu
pasugerca 0. Ilycte B C )% — nBynoubmbli yrurpeiin. OnpenenuM QyHKITUIO
hp : Q% — {—1,0,1}, koTopas mpuHEMAaeT 3HaducHUEe 1 Ha [EPBOil 10/ yHUTDEH A,
—1 — na Bropoii u 0 — B ocTa/IbHBIX BepliuHax runepkyba. fcuo, yro hp € Br(n).
Ornpegesium orteparop Ug IS BEIECTBEHHO3HAYHBIX (DYHKIHI aHAJOIHIHO OIlepa-
topy U. Ilycrs f: Q5 — R, Torma

Urlfl(y) = (1" f(x). (1)
z<y
Cremytoriee peyIozKeHNE AHAJOTUIHO MIPEJJIOXKEHUIO 7.

IIpennoxkenue 9. (a) s soboii pyuxmuu [ : QF — R mmeem Ug|f]| €
PBr(n).

(b) Hycrs g € Br(n), Toraa Urlglro,13] = 9.

ITycrs muO)ecTBO F (n) cocrour u3z dyuxumii [ : QY — {—1,0,1}, cymma 3ua-
YeHUil KOTOPBIX B JIFOOOU rpaHu paBHa omHOMY u3 Tpex uncesn: —1,0,1. Cuemuukxom

n
wemmnocmu HasbiBaercs Oyiesa GyHkuus 6(x1,Za,...,T,) = @ x;. Herpyauo su-
i=1

nerb, uro (—1)°@) € F(n).

CrpaseyIuBo ClleyoIee

IIpennoxenue 10. (a) Ilycrs B — aByaosbHbiii yaurpeiin, Torga h B|{0’1}n €

(b) Ecmu f € F(n), ro Ur[f] = hp a/1s1 HEKOTOPOro ABYIOJIBHOIO yHUTDEHIA
B C Q5.

JTOKABATE/IBCTBO. (a) Ilo mpemmoxenmio 9(b) mueem Ur||hgl0,132] = hp.
Torpa mas moboit rpamn {x € {0,1}" | z < y}

Z hBlio13n () = (-1)"* @ hp(y) € {-1,0,1}.

<y
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(b) IIo mpenmoxenuto 9(a) umeem Ug|f| € Br(n). Uz ycmosus f € F(n) n
onpesesenns oneparopa Ug caexyer, aro Ug[f](Q%) € {—1,0,1}. Toraa B kaxoii
onHoMepHoit Tpanu gyukius Ug|f] mu6o Tpuzxk sl npuanmaer 3nadenue 0, 6o 1o
oxHoMy pagy 3uadenus —1,0, 1.

Pacemorpum HekoTOpBIe KOHCTPYKIWN hyHKIWH u3 . (n).

IIpennoxkenue 11. (a) Ilycrs f € F(n), torga f - x7 € F(n) mus moboit
TpaHu 7.

(b) IIycrb 1,72 — rparu B Q% u vy Nye # &. Onpenennm Gyrkumo f paBeH-
CTBOM
X'yl (_1)6($1,...,J;n) OPH Tpyo] = 0’

X’YQ(—I)‘S(xl""’m”)@l opu Ty 1 = 1.

f(l'l,...,xn,anrl) — {

Torxa f € F(n+1).

IIpennoxenne 12. Ilycrs f € F(n), g € F(m) u F(z,y) = f(x)g(y). Torza
FeZ(n+m).

JOKABATEJILCTBA tpezoxennii 11 u 12 HETPYIHO MOy IUTh HEMOCPEICTBEH-
HOI IPOBEPKOMA.

3amMeTnM, 4TO BCE YHUTPEHABI B ()§ COCTOSAT U3 ONHOU KOMIIOHEHTBI CBA3HOCTH,
IIO3TOMY JIBY/IOJIbHBIE YHUTPEHN I SIBJIAIOTCS JIATHHCKUME OUTPEHIaMu.

JlaJiee Moy YnM HUXKHIOIO OIEHKY YHCJ/Ia HEIKBUBAJIEHTHBIX JIATHHCKAX OUTpeii-
noB. /[IBe ompenesiennbie Ha rUepkyde OYHKIUN HA3BIBAIOTCI IKGUBGAEHITHHLMU,
€CJIn OHU TEePeXOI[T APYT B APYyra MOCPEeICTBOM m3oMmeTpuii runepkyba. Paccmor-
puM runepky6 (% Kak BeKTOpHOe HpocTpaHcTBo Haj mojeM GF(2). Bynem naszbi-
BaTb HOcumenem BEKTOpa T € (J§ MHOXKECTBO IIO3HIHUIl, Ha KOTOPBIX B BEKTODE
T HAXOJSATCS eJMHUIBI. PaccMorpun HabOp BEKTOPOB z',...,2* ¢ momapuo me me-
pecekaromumMucd HocurenaMu. Ilycrs V' C Q4 — HOAIPOCTPAHCTBO, HATAHYTOE HA
Bektopnl z', ..., 2%, V ={@wz' | a € Q5}. Mycrs f: Q5 — {-1,0,1}. Onpene-
jsum dyskimo Gy [f] : Q% — {—1,0,1} paBencrBamu

fla) mpuz =@ a7,

Grlflz) = { 0 upu x ¢ V.

Teopema 1. (a) Eciu f € F(k), to Gv|f] € F(n).

V1) geskBHBAIEHTHBIX dyHKIHI.

(b) Muoxecrso F (n) conepKuT He MeHee e
(c) B rumepryte QY mmeercst ne menee e*(V™) HeOKBHBATCHTHBIX JTaTHHCKHX
OUTpErIOB.

JIOKABATEJILCTBO. (a) ITockosbKy Hocuresm BexkTopos 2, . . ., zF nomapmo ne

nepecekaroTes, cymma 3Hadenunit Gyukimn Gy [f] mo rpanu rumepkyba QF cosma-
JaeT ¢ cymMMoil 3Hauenuil byHKIMH f 10 HEKOTOpoil rpamn rumepky6a Q5. Torma
Gv|[fI(@%) € {~1,0,1}.

(b) Uzsectro (cm., mampumep, [8]), aro mveercs (V™) pazmmamex pasGuenmuii
quCsIa 1 Ha [eJIble HeOTpUIaTeIbHbIE ciaraeMble. Kaxkmoe Takoe pazbneHne mopoxK-
JlaeT HeKOTOpEIil Habop BekTOpoB z',...,zF ¢ momapHo He mepecexkarommMuCH HO-
CHUTEJISIME ¥ COOTBETCTBYIoNIee Habopy nomanpocrpadcrso V. Oyuxnuu Gy [d] nesk-
BUBAJIEHTHBI JIJIs1 PA3JIMYHBIX Pa3OMeHnil, IIOCKOIbKY PACCTOSHISA XOMMUHIA MEK LY
0a3UCHBIMI BEKTOpPaMHU He MEHSIOTCs IIPY U30METPHUSIX TUIIEPKYyDa.

(c¢) ITo npemnoxkennio 10(b) xaxmnas dyuxmus Ug|Gy[d]] nopoxgaer sarus-

ckmit Gurpeiin B. PaccMoTpmM cirydait, KOria BCe HOCHTENH BEKTOPOB 2!, ..., 2F
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MMEIOT MOIHOCTH HE MEHEE TPEX M CyMMa 3TUX MOLTHOCTEH pasHa n. Ilokaxkem, 4To
repecedenus Ourpeiina B ¢ rumneprpaHsMu BUjga Y = {m €Qy |z = 2} obJiata-
10T HEKOTOPBIM MHBAPUAHTHBIM OTHOCUTEJIHHO M30METPUHU CBOHCTBOM (%), KOTOPBIM
He 00JIaIaIoT rmepecedeHust ourpeitna B ¢ runeprpasMu BIHIA {.13 €Qy | x; = O} u
{ reQy |z, = 1}. Torma mig 0600 u3oMeTpun ¢ 1o ourpeiiny ¢(B) MOKHO onpe-
JeuTh MHOXKecTBO (B N{0,1}™). CrenoBaresbHO, HEIKBUBAIEHTHOCTb GHUTPEHIOB
Ugr|Gv |6]] upn pazmmunsix V sasnsiercs caeacrsuem 1. (b).

() IIycrs v = {x eqQy |z = a}. HepagencTtBo a # 2 cupaBeJyIuBO TOTIa U
TOJIKO TOIVIA, KOTJ/Ia HaliJIeTCs TaKas MUIeprpanb v = {x €Qs |z = b}, b e Qs,
j # i, uaro mepecedenne v N+ N B mycro.

Bes orpanndennst OGIIHOCTH II0JaraeM, 4To ¢ = 1 W HOCHTEIb BEKTOpa 2z CO-
nepxut 1 u 2. Torma

{a:EQg|x1:0}ﬂ{erg‘|m2:1}ﬂB:®,
{zeQf |z =1}n{zeQf |z, =0}NB =0,
B TO BpeMs Kak u3 ¢dopmyiibl (1) umeem
y=(2,0,...,00e{z€Qf |1 =2}n{zeQf |z; =0} NB,
y =(2,0,...,0,2,0...) e{z €@ |21 =2} N{z€Q} |z; =2} NB,
TIOCKOJTbKY
{0} = {z €{0,1}" |z <y} n{z e {0,1}" | Gv[d|(z) # 0}
={z {0, 1}" [z <y} n{z € {0,1}" | Gv[d](z) # 0}
Kpowme Toro,
y' =(2,0,...,0,1,...,1,0...) e {z €@ [z1 =2} N{z€Q} |z; =1} NB,
TaK KaK
{z€{0,1}" |z <y"}n{z € {0,1}" | Gv[d](z) # 0}
={(0,...,0,1,...,1,0...)} = {2*},
k

TJle HOCUTEJIb BEKTOPa 2" COMNEPKUT IO3UITHIO j.

Ormernm, 9TO JaTuHCKuil 6urpeiin By (cM. mpejgioxkeHne 6) MOXKHO 33JaTh
rakxke dyukuueit hp, = Ur|Gy[d]], rae 6asuc noxupocrpancTsa V' cOCTOUT U3 0O/
HOI'O BEKTOpPa Z C HOCUTEJIEM MOIITHOCTH 17 — S.

§ 3. MIP-koab1

MeTomoM MHAYKIUKA [0 PA3MEPHOCTU N HETPYIHO J0Ka3aTh, 4To Jroboit MJIP-
KO B rurepkybe Q% mpomomkaercs no M/IP-kona B runepkybe Q5 "1 posro aByMst
criocobamu, IpudeM Ipu KaxiaoM n > 1 Bce M/IP-konsl B rumepkybe ()5 sKBHBa-
senTHbI (eM. |9, ynpaxuenne 13.15]). Xapakrepusamust Bcex M/IP-komoB B rumnep-
kybe Q' mmeercs B [10]. Kak ykaszano Bblme, cumMerpuyeckast passocts My AM,
aByx M/IP-komoB My u My sBisieTcst ABYIOBHBIM YHUTPEHI0M, TPUYEM KazK1asd U3
noaeit My N (M AMs) u My N (M AMs) — xomuonerTa coorsercrsyioniero MJIP-
Koza. Takum 0OpazoM, B MpeJIoyKeHN: 4 IOJy9YeHbl OTPDAHUYEHUsT Ha, BO3MOYKHBIE
mormHoctu kKomnonenT MJIP-konos. Ormerum (cM., Hanpumep, [2]), 4ro B runepky-

6ax Q7 upu k > 4 umerorcss MJIP-Ko/ibl ¢ KOMIIOHEHTAMU MOIIHOCTH, KpaTHoit 21,
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U COOTBETCTBYIOIME UM YHUTDEH bl MOIIHOCTH, KpaTHoit 2". BoJiee Toro, B 3] noka-
3aHO, 9TO JII000# YHUTpPe T, comepxKammuiica B AsykparnoM M/IP-koze B ), nmeer
MOIITHOCTD, KpaTHyio 2". Huxke paccMoTpeH BOIPOC O BO3MOYKHOCTHU IOJTYIE€HUS U3
MJIP-ko0B (B TOM 4YuCJ/Ie KPATHBIX) YHATPEHIOB APYTUX MOIIHOCTEN.

Jns mpomssonbrOit dynkmun f @ Q) — Q) obosHaumMm ee TpaduK wepes
Mf) = {(z, f(x)) : € Qp}. Ecmm muoxecrso . (f) smnsercs MP-xonom,
1o dyHuKINA [ HA3BIBaETCH N-apHol K6a3uzpynnot nopadka k. COOTBETCTBEHHO 4a-
cmuynol n-aphot keazuzpynnot nopsadka k nazpiBaercs MyHKIWS, rpaduK KOTOPOi
repeceKaeTcs ¢ 000 OHOMEPHOM rpaHbio He 0oJjiee UeM I10 OJHOI BepIuHe.

B [11] nokasano, uro sobasi YacTHYHAS N-apHAs KBA3UTPYIIIA KOHEYHOIO O-
PsiZIKa €CTh Cy2KEHUE N-apHOi KBA3UI'PYIIIBI HEKOTOPOTo 0oJibiero mopsiaka. Orcio-
Ia ciemayeT

IIpennoxxenue 13. Jlrobost naTuacKmii 6utpeiin B C ()} Moxer ObITH MOJIy-
geH u3 Hekoroporo MJIP-kona M C Q7},, rne m > k.

IIpennoxxenune 14. Jlarunckuit 6urpeiin B C QY raxoii, uro 2" > |B| >
2", me mMoxer 6bITh noxydeH uz MIAP-xona M C QF npu k € {3,4}.

JLOKABATENBLCTBO. Ilockonbky Bce M/IP-Konbl B ()% 9KBUBAJIEHTHBI IIPH JIIO-
60M 1, JOCTATOYHO PACCMOTPeTh npoussosbHbll M/IP-kon B (%, Hanpumep, M =
{a: €eQf |z + -+ 1z, =0mod 3}. Herpyauo Bumers, 9To J1000i MOy YeHHBIN U3
M yuurpeits conepskut Bech MJIP-kon M u umeer momHOCTh 2 - 3771,

[Iyctb k = 4. Paccmorpum TpexmepHbie JaTuHCKUe ourpeiiasl. [TogHbiM mepe-
6OPOM HETPY/IHO YOeUThCs, UTo ecyiu nostydennbrit uz M/IP-koma M C QF Gurpeiis
B wnmeer niepecevueHne MOIMHOCTH He MeHee 6 ¢ HEKOTOPOI JIBYMEPHOI I'DAaHBIO, TO
HaliZleTcs elne O[HA JABYMEPHAs I'DaHb, apaJsljieJbHasl IEPBOil, Iepecedenne ¢ KOTO-
poil Tak>Ke mMeeT MOIIHOCTH He MeHee 6. Kpome Toro, mojHbIM 1epebopoM MOXKHO
IPOBEPUTD, UTO B 3TOM ciayuae |B| > 16 = 24.

Paccmorpum narunckuii 6urpeiin B’ mosyqennsiit uz MIP-kona B8 QF. Ilpu-
MeHsisl METOJ, MHJIYKIIMU, BEIBOAUM, 4T0 eciau ourpeiin B’ C @} umeer nepecedenue
MOTITHOCTH He MeHee 6 ¢ KaKoi-Tin60 JByMepHoi Tpanbio, To | B'| > 271, U3 npemyro-
2KeHUs 3 CJIe/IyeT, UTO eC/IU [epecevuenne JaTHHCKOro OUTpeiia ¢ 000 IByMepHOH
rPaHbIO0 MMeeT MOIIHOCTH MeHbIe 6, T. e. papayo 0 win 4, To rpad, MOPOKIEHHBII
6urpeiiziom B’ aBisiercsa GyJIeBbIM N-KyOOM.

PaccmoTprumM BO3MOKHOCTD HOJIyY€HUS JIATUHCKAX OUTPEI0B MaJION MOITHOCTH
u3 nByKpaTHbix MJIP-ko10B.

IIpennoxxenue 15. JI1060if n-MepHBIH JATHHCKHE OHTPEH] MOIITHOCTH MEHb-
me 2" Mozker 6bITEH MOMTyWen u3 AByKpaTHbIX MJIP-Ko108 B QF.

JIOKABATEJBCTBO. Brawase mokaskem, uto Gurpeiin BE = {0,1}F A {1,2}F
MOKET OBITDH IMOJIyYueH n3 HeKOoToporo jBykparnoro MJIP-koma B ij IIycts dbyHK-

k
mast g : QF — {0,1} onpenernena pasencTBoM g(ai,...,ar) = y. a;mod2. Herpyn-
i=1

HO BHUJETH, ITO PYHKIUU ¢, g1 = § D x{1’2}k ngs =god X{O’l}k ABJIAIOTCA XapaK-
TEPUCTUICCKUMU (DYHKIIUAMU HEKOTOPBIX NByKpaTHbix MJIP-komos My, M1 u M.
ITockoabKy g1 P go = X{I’Q}k & X{0>1}k, mmeeM BE = My A\ M.
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Paccymorpum GysteBosnadubie hyHKITHT

gi(ay, ..., ax) npu y = 0,
ga2(ai, ..., ax) upn y = 1,
ai,...,a = 2
fl( 1 ) kvy) gl(al,---,ak)@l HpI/IyZQ, ( )
g2(a1,...,a5)®1 upnmy=3;
g2(ay, ..., ax) mpu y = 0,
gi(ay, ..., ax) npu y = 1,
f2(a17"'aak7y): (3)
gi(al,...,ax)®1 mpmy=2,
g2(ay,...,ar)®1 upumy=3.

Jlerko Buserh, 9o fi U fo ABISIOTCS XapaKTEPUCTUICCKUMU (DYHKITUSME JTBYKPAT-
ubix MJIP-kos108B, ipudem f1 @ fo = XBSX{OJ}.

IMoxcrasnss B dopmysnt (2), (3) dyukuuu fi u fo BMecTo g1 U go, OOHADY KM,
aro naruHckmit 6urpeiin BE x {0, 1}? Takske MoxeT GBITH MOTydeH U3 HEKOTOPOTO
asykparaoro MJIP-kosa B Q{Z“, u T. J1. JI71s1 OKOHYaHUST JIOKA3aTeIbCTBA OCTACTCS

cocaThCs Ha mpejioxkenust 4 u 6.

[Tpusenem rabsmnsr GyHKIWMI g, g1, go Tpu N = 2:

01 01 01 01 1 0 0 1
1 010 1100 0110
010 1])° 0 01 1])° 0 1 0 1
1 010 1010 1010

MoxkHO TOKa3aTh, YTO MOCTPOCHHBbIE B peijiokennn 15 mBykparabsie MJIP-
KO/IbI HEPACIIEILIAeMbI IIPU 1 > 3.

Jlasiee mcciie/lyeM BOIIPOC O TaMUJIBTOHOBOCTH Ipad0oB MUHUMAJIBHBIX PaCCTOSI-
uuit gBykpatubix M/IP-ko1oB.

IIpennoxxenue 16. [l gro6oro M/AP-kona M C Q} Haifizercs qByKpaTHBIH
MAP-kox D rakoit, aro M C D u rpa¢ muaumaasHbIx paccrosauii I'D ramuibro-
HOB.

JOKABATENBCTBO. Onpenesum MJIP-kon M’ C Q}F paBencTBoM
M' = {(x1 + 1mod k,z2,...,2,) | (x1,...,2,) € M}.

Paccmorpum asykpatubiit MIP-konx D = M U M'. JlokazkeM 110 MHIYKIIUH, 9TO
rpacd I'D raMujibTOHOB, IpUYEM JIjist JIIOOOI0 pebpa HalleTcsl MPOXOISUil Jepe3
HEro raMujabTOHOB UK. [lpu n = 2 rpad I'D mpexcrasiisier coboit TaMUIBTOHOB
[WKJI, COCTOSAIINN U3 9ePeyIomuXcs pedep IByX HAIIPABJICHUI.

[IycTp mpeamosoxkenne mHAYKIUEM J10Ka3aHo npu n — 1. Paccmorpum mpowns-
BoJIbHOE pebpo B rpade I'D, nanpumep pebpo v, coemunsiomee 1ok (0,...,0,¢) u
(0,...,0,¢"). Tpadb I'D’, tne D' = {(z1,24) | (21,0,...,0,2,) € D}, sBasercs: upo-
creiM TKI0M H' u copepkut pebpo v. Ilo npemmosnoxenuo unaykimn rpadp I'Dy,
e Dy = {(21,...,Zpn-1) | (x1,...,Zn_1,a) € D}, conepzkut raMuibTOHOB UK H,
IJIst JTI000T0 @ € QQk, IPUIeM raMUJIBTOHOB UK H, MOXXHO BBIOPATH IIPOXOIATIIIM
yepes pebpo, IpuHaIexKallee UKy H'.

Eciin iBa MpOCTHIX IUKJIA [I€PECEKAIOTCsSI POBHO 110 OJHOMY pedpy, TO, YIAJIUB
3 00beMHEHNSs JIBYX IIUKJIOB 3TO pedpo, MOJIyIrM POCTON MUKJI. Takum obpaszom,
rpad H = H'A|J H, siBasiercss npocThiM 1uKjIoM. Kpome toro, nuka H npoxoaur

a
gepe3 Bce BepmuHbl rpada I'D u cogepkut pedbpo v.
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