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A CLASS OF RUSCHEWEYH - TYPE HARMONIC
UNIVALENT FUNCTIONS WITH VARYING ARGUMENTS

G.MURUGUSUNDARAMOORTHY

ABSTRACT. A comprehensive class of complex-valued harmonic univalent functions
with varying arguments defined by Ruscheweyh derivatives is introduced. Necessary
and sufficient coefficient bounds are given for functions in this class to be starlike.
Distortion bounds and extreme points are also obtained.
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1. INTRODUCTION

A continuous function f = u + v is a complex- valued harmonic function in
a complex domain G if both u and v are real and harmonic in G. In any simply
connected domain D C G we can write f = h + ¢ where h and ¢ are analytic in
D. We call h the analytic part and g the co-analytic part of f. A necessary and
sufficient condition for f to be locally univalent and orientation preserving in D is
that |h/(2)] > |¢’(2)] in D (see [2]).

Denote by H the family of functions f = h 4+ g that are harmonic univalent
and orientation preserving in the open unit disc U = {z : |z| < 1} for which
f(0)=h(0) =0= f,(0) — 1. Thus for f = h+g in H we may express the analytic
functions for h and g as

h(z)=z+ Z amz™, g(z) =biz+ Z bnz™ (0<b; <1). (1)
m=2 m=2

Note that the family H of orientation preserving normalized harmonic univalent
functions reduces to S the class of normalized analytic univalent functions if the
co-analytic part of f = h + 7 is identically zero that is g = 0.
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For f = h+g given by (1) and n > —1, we define the Ruscheweyh derivative of
the harmonic function f = h+ g in H by

D" f(z) = D"h(z) + D"g(z) (2)

o0
where D the Ruscheweyh derivative (see[5]) of a power series ¢(z) = z+ > 2™
m=2

is given by
D"¢(z) = W *P(z) =2+ 7;:20(”, M)y 2™
where
C(n,m) = (n4+1)m-1 _ m+1)n+2)...(n+m— 1).

(m—1)! (m—1)!

The operator * stands for the hadamard product or convolution product of two
power series

o(z) = Z Pmz™ and P(z) = Z Ymz™
m=1

m=1

defined by
(65 9)(=) = $(2) + 0(z) = 3 Gmtbmz™

For fixed values of n(n > —1), let Ry(n,«) denote the family of harmonic
functions f = h + g of the form (1) such that

(argD"f(2)) > a, 0<a<]1, |z|]=r<]1. (3)

S

We also let Vi (n, o) = Ry (n, o) NV, where Vi [3], the class of harmonic functions
f = h+7 for which h and g are of the form (1) and their exists ¢ so that , mod 2,

Bn+(m—-1p=7 dp+(m—1)0p=0, m>2, (4)

where S, = arg(a,,) and d,, = arg(b,,).
Note that R (0, ) = SH(«) [4], is the class of orientation preserving harmonic
univalent functions f which are starlike of order « in U, that is %(arg f(re’?)) > a

where z = 7¢'? in U. In [1] , it is proved that the coefficient condition

> m(Jam| + |bp]) < 1 - by

m=2

is sufficient for functions f = h + g and of the form (1) to be in SH(0). Recently
Jahangiri and Silverman [3] gave the sufficient and necessary conditions for func-
tions f = h + 7 of the form (1) to be in Vi (a) where 0 < a < 1. Further note
that if n = 0 and the co-analytic part of f = h 4 g is zero, then the class Vz(n, a)
reduces to the class studied in [6].
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In this paper, we will give the sufficient condition for f = h 4+ g given by (1)
to be in the class Ry (n,a), and it is shown that these coefficient condition is also
necessary for functions in the class V7 (n, ). Finally we obtain distortion theorems
and characterize the extreme points for functions in Vz(n, a).

2.Coefficient Bounds

In our first theorem we obtain a sufficient coefficient bound for harmonic func-
tions in Ry (n, a)

Theorem 1. Let f = h + g given by (1). If

= /m— m—+ « 1+«
<1 —
§ (1 |am|+ |bm|) C(n,m) <1 . abl (5)

m=2

where a1 =1 and 0 < a < 1, then f € Ry (n, ).

Proof. To prove f € Ry (n,«), by definition of Ry (n,«) we only need to show
that if (5) holds then the required condition (3 ) satisfied. For (3) we can write

9 n _ 2(D"h(2)) = 2(D"g(z)" | _ ,, Al2)
%(argD f(z) = Re{ Dih(z) = Dg(2) } = Re Bl

Using the fact that Re w > « if and only if |1 — a +w| > |1 + a — w], it suffices to
show that

[A(z) + (1 = @) B(2)| = [A(2) = (1 + a)B(2)| = 0. (6)
Substituting for A(z) and B(z) in (6), which yields
[A(z) + (1 = @)B(2)| = [A(z) = (1 + a)B(2)|

2 —a)lz[ = X2 [mC(n,m) + (1 — a)C(n, m)]|am||2]™

m=2

[mC(n,m) — (1 = @)C(n,m)][bm] |2|™ — alz|

Y

—

[mC(n,m) — (1 +)C(n,m)]am||z["

[N~}

|
83025 M8

[mC(n,m) + (1 + @)C(n,m)][bm| [2[™

—

Y

2umuﬂ1§2 a0, |20 m) — 3 me

m=1

o le 1 Clnm) |

Y

14+ =
2(1—a)|z| {1 -1 abl (m 7= C(n,m)|am| + Z —C (n m)|bm|>}

(7)
The last expression is non negative by (5), and so f € Ry (n, «).
Now we obtain the necessary and sufficient conditions for function f = h 4+ g be
given with (4).



A CLASS OF RUSCHEWEYH - TYPE HARMONIC UNIVALENT FUNCTIONS 93

Theorem 2. Let f = h + g be given by (1). Then f € Vz(n, «) if and only if

> (m-—« m—+ « 1+«
- |Ym - __|Ym ) Sl_
> {32 ol + 3ol | Clm) < 1= 20 ®)

m=2
where aq =l and 0 < a < 1.

Proof. Since V(n,a) C Ry(n,a), we only need to prove the "only if” part of
the theorem. To this end, for functions f € Vz(n,a), we notice that the condition
D (arg D" f(2)) > a is equivalent to

%(arg D"f(z)) —a = Re { 2D M=) = (D)) a} > 0.

Drh(z) — Dng(2)

That is

(1—a)z+ < S (m — a)C(n, m)am|™ — 3 (m +a)C(n, m)bm|zm)
m=2 m=1 >0

Re

z4 Y. C(n,m)|am|z™+ >, C(n,m)|by, |z
m=2 m=1

The above condition must hold for all values of z in U. Upon choosing ¢ according
to (4) we must have

1-—a)—(1+a)b — ( i (m — a)C(n,m)|am|r™ ! +

m=2

T8

2

(m+ a)C(n, m)bm|7“m_1)

Lt fbul + ( S Clnom)lam| + c<n,m>|bm|)
2 m=2

m=
(10)
If the condition (8) does not hold then the numerator in (10) is negative for r
sufficiently close to 1. Hence there exist a zg = r¢ in (0,1) for which quotient of
(10) is negative. This contradicts the fact f € V4r(n, ) and so proof is complete.

Corollary 1. A necessary and sufficient condition for f = h+7g satisfying (8) to
be starlike is that arg(a,,) = 7—2(m—1)7/k, and arg(b,,) = 2r—2(m—1)7n/k , (k =
1,2,3,...).

Our next theorem on distortion bounds for functions in V4 (n, ) which yields a
covering result for the family Vi (n, o).

Theorem 3. If f € Vz(n, o) then

FOI 0+ il + — (1—a_1+a

bi|)r?, |zl=r<1
C(n,2) \2 -« 2a|1|)r,|z| r

and

P2 @+ b — = <1a 1+a

— bi| ) 2 = 1. 11
C(n,2) \2—« 2+a|1|)r,|z| r (11)

> 0.
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Proof. We will only prove the right hand inequality in (11). The argument for
the left hand inequality is similar. Let f € V4(n, a) taking the absolute value of f,
we obtain

£ < (0 baDlrl + ffmm+wmuwn
< (1+b1)r i (|am| =+ [bm]
That is
£ < O+ nbr + g $ﬂ1<§2 ﬁ?ﬂﬁ%4+9—§¥§39wﬂ>ﬂ
< (14 bul)r + C(n;)_(;‘ia) [1— 1+O‘|b1|]
< At g (5o - i) 7

Corollary 2. Let f of the form (1) be so that f € V(n, ). Then

. 2C(n,2) —1—-[C(n,2) —1]a 2C(n,2) —1—-[C(n,2) — 1]«
sl < e S ey SO
(12)
We use the coefficient bounds to examine the extreme points for Vi (n, o) and
determine extreme points of Vg (n, ).
Theorem 4. Set \,, = % and iy, =
extreme points for Vi (n, ) are

m For b1 ﬁXed the

{24+ Apz2™ + b1z} U{z +b12 + prz™} (13)
where m > 2 and |z| =1 — |by].
Proof. Any function f in V(n, o) may expressed as
f@) =24 lamle® 2™ + 51z + Y [byleidnzm,
m=2 m=2

where the coefficients satisfy the inequality (5). Set

hi(2) = 2, g1(2) = b12, B (2) = 24 Am€P 2™ g (2) = biz+-pime®m 2™ for m =2,3,....

o0 o0
Writing X, = =l vy, = Dol i =23 and X1 =1- % Ximi=1-3 v,
m m m=2 m=2

we have,

=y (x ) + Yingm(2))-

m=1
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In particular, setting
fl(Z) = Z+bl—z and fm(Z) = Z+)\mx2m+l71_z+ﬂmyzmv (m > 2, |$|+ |y| =1- |b1|)

we see that extreme points of V(n, o) are contained in {f,,(2)}.

To see that f1(z) is not an extreme point, note that f1(z) may be written as

Fi(2) = LAE) + 2l = i)} + L)~ Xa(1 = [n])27),

a convex linear combination of functions in Vi (n, o).

To see that is not an extreme point if both |z| # 0 and |y| # 0, we will show
that it can then also be expressed as a convex linear combinations of functions in
Vg (n, ). Without loss of generality, assume |z| > |y|. Choose € > 0 small enough

so that € < % Set A=1+eand B =1-[|. We then see that both

t1(z) = z+ A Axz™ + b1z + pmyBz™

and

ta(z) =24+ An(2 — A)xz™ + b1z + pumy(2 — B)z™,

are in V(n, ) and note that

Falz) = 3 {01(2) + 12(2)):

The extremal coefficient bounds shows that functions of the form (13) are the
extreme points for V(n, «), and so the proof is complete.
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