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THE ITERATION PROCESS FOR THE NONLINEAR
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Abstract. The initial boundary value problem for an integro-differential Kirch-
hoff equation is considered in the case of a square domain. To find an approx-
imate solution, step-by-step discretization is performed with respect to spatial
variables and a time argument. The obtained cubic system is solved by the
iteration method. The method error is estimated.
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Let us consider the following initial boundary value problem

4
Wy — <)\ + = /Q(wi + wg)d:v dy) (Wee + wyy) =0, (1)
(x,y) €, 0<t<T,

w(z,y,0) =w(z,y), wlr,y,0)=wD(x,y), (z,9)€Q, (2)
w(z,y,t) =0, (zr,y)e€d, 0<t<T, (3)

r<m 0<vy<m} 00is the boundary of the

)
where Q = {(z,y)] 0
x,y) and w(1 (x,y) are given functions, A > 0 and 7T are given

domain €2, w©®(
constants.
Equation (1) is a two-dimensional analogue of the well-known Kirchhoff

equation [1] )
0

for string vibration. The studies of many researchers are devoted to Kirchhoff
type equations (for the bibliography see, e.g., [2], [3]).

We present here one numerical method of the solution of problem (1)—(3).
An approximate solution will be sought for as a finite sum

(z,y,t E Wy (t) siniz sin jy,
i,j=1

where the coefficients wy,;;(t) are calculated from the Galerkin system

Wl + A+ D0 (02 + B (0] (2 + 72w (t) = 0, (5)

pl=1
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Q=12 . n,
4
Wi (0) = F/Qw(o)(a:,y) siniz sin jy dz dy,
(6)

4

w;w.j(O) = —2/w(1)(a:,y) sinix sinjydxdy, i,7=1,2,...,n.
™ Ja

We replace problem (5), (6) by the problem of finding functions w,,;(t),
i,j =1,2,...,n, where the relation between the functions w,;(t) and w,,(t)

is such that q

wnij(t> = ﬁwnij(t)‘ (7)
1“4+

We have to solve the following problem

W0+ [t 3 w0 @+ g (6) = 0. (8)

p,l=1
ij=1,2,....n,

0
Wi ( \/22 + 52 / () (x,y) siniz sin jy dx dy,
(9)
_mJ \/22 + 42 / (1) (x,y) siniz sin jy dx dy,

,7=1,2,...,n

To solve the obtained Cauchy problem (8), (9) we will use a difference
scheme of symmetrical type. To this end, we introduce the grid {¢,, |0 =ty <

t1 < ... <ty = T} with a constant step 7 = t,,, — t,,—1. The approximate
Values wmj(t ) are denoted by w7, 4,7 =1,2,...,n, m=0,1,..., M.

The scheme has the form

m+u =+ (wm+uf1 2

m ml m2
B | (e S

2
T 2 u=—1,0 p,l=1
wm'—iju _I_wmjlju—l
X 4 )= | =0, (10)
27.721727 7n7 m:2737 7M7
quij = wnij (0)7
-
w}u’j = wmj(o) + 5&%@'(0) (11)
272 4
# o 5 (@ + f)de dy

X / (wg;) + wz(;g)) siniz sinjydxdy, i,57 =1,2,...,n.
Q
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From system (10) we write a subsystem for fixed m, 2 < m < M. Then

8 n
w’ .+ {2>\+ w” )+ (W h)? }
( +7 ) J p’lZ:l[( pl) ( pl ) ]
m—1 8 m
X( nij +wm] ) . f o 0] = 1727 , 1, (12)

where

2
m _ m—1 m—2 72 n npl ) npl )
moo= 2wm-j — Wy T g <)‘ + Zp,l:l 2 X

< nij

1 2
w™= +wm

X (% +j )%, 1,7 =1,2,...,n.

Let us agree that for the solution of problem (10), (11) we will use iteration
layerwise, more exactly, knowing the approximate solutions wm] and wm] ;
i,j =1,2,...,n, from (12) we find w?,;, i,j = 1,2,...,n, by iteration. As to
the initial values, i.e. values at the zero and the first layer, formulas (11) make

it possible to find w?,. and wmj, 1, =1,2,.

= nij

Denote the k-th iteration approximation wmj by Whiie HJ=12,....n,
k=0,1,....
From our algorithmic approach it follows that (12) is a system of equations

with respect to w7, i,j = 1,2,...,n. To solve this system we use the non-
linear Jacobi iteration process. From (12) it follows that the process has the
form

w%u] k+1 + Qij W nzg k+1 + bl] wnzg k+1 + Cij = 07 (13)
where
Q5 = wnij ) ij — Wij n” 7_2(7:2 +j2)7
8
2 m—1 m
(dlj +< nij ) )wm‘j - 7_2(7:2 +]2) inij’ (14)

n

dij =2\ + Z [(w?;rzlpl,k)2 + (wzzgll)QL k= 07 17 s

pl=1
pFi
L#]
In addition to (14) we need the values
2 m—1\2 8
iy =ity Wiy ) ey
2 10, . .
SU g (dZ] + ? ( nz]1)2>wnij1 - (15)

8 1 m—1 m ..
(i 4 52) (gwm’j +imj>’ Ly=12m
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Using the Cardano formulas [4], by (13) we write w}; ., in the explicit
form

Wikt = Vijk s (16)
where
Qg5 ..
'Qbij,k == —?J +Uij71 — 0452, 1,] = 1,2,...,71, (17)
g s2. 3 lq1
Oijv = [(—1)”%—'— (f+2_z’;)2i|37 v = ]_72, ’L’] = ]_,2"”777“ (18)

To establish the convergence conditions for the iteration process used, we
consider the Jacobi matrix

Oy . o
J_{ wj’k }7 Z,]:LQ,...,TL, 217.71:1727"'771' (19)
ow

—=niiji1,k

Here ij and 41j; are respectively the numbers of a row and a column of matrix
(19).

By (14)—(18) on the principal diagonal of the matrix J we find zeros. As
to nondiagonal elements, ¢ # i1, j # 71, we find

Oy 1
ouw™ - _§ mm,kz [ —mJ
Z]

—=mni1j1,k v
2 3
1 :

S%. reo.
s (et 43) ()

From (18) we obtain the formulas

_5]. (20)

2 3.1 3
Tij Sij T\ 2 0j +Uz
0ij 10452 = ?], Oyi0— Oy = Sijs (ZJ + 2—;> P = 5 2
which together with (20) give
ik ) (2)
ow™ = Vijirjy T Vijirjs » (21)
—niij1,k
where
(U) . 2 m v—1 2 m—1 2
Vijinin = <§ wm‘m,k> (si5) <— 3 Whij )
7} . v 4*1
(o + (=) o) v=12 (22)

Let us estimate |¢ v =1,2. To this end, we consider the functions

’L]’Lljl |

Y (2) +Z Z 4 ( Z+7~)%]?7

—o0 < z < 00, 7’—(:0][1st>07
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u = 1,2. Each function ¥ (z), u = 1,2, is even and increasing for any z > 0
and therefore

min [ (2)| =™ (0) = (2u —1)r*, uw=1,2.

—o0<z<0o0

The latter relation, (14), (15) and (22) imply

u [ 45" ey met 2w
ijz)lgl\ S Seu_20 i T lw k] =12, (23)
From formulas (21), (23) and (14), (15) it follows that
OVij i 1 1 me1
’m’ < - 4 (Z +] )’wnzljl k|{6 (Z +j )| nij |:)\+

+Z( W)+ St))] + gt 171 (24)

Let us introduce the vectors

wi = (Wi i Wk = Whiix)iims L= )i

Besides, we also need vector and matrix norms For the vector p = (,us) ", and

the matrix G = (grs)rS , we define ||ull; = Z |us] and ||G]|; = max Z |Grs)-

1<s<N
Let us consider the sums Z (i + j3)*, u = 1,2. Taking into account
i,j=1
that [5]
il?u _n(n+1)(2n+1) <3n2 +3n — 1>u—1’ ue12
— 6 5
we obtain
- 2(n+1)(2n+1) /6n? + 6n — 2\u-1
Z(¢2+j2)“§"("+ g("Jr )(” +5" ) Lu=12 (25)
ij=1

Note that for u = 1 in (25) we have the equality.
Let us estimate the norm of the Jacobi matrix (19). By virtue of (24) and
(25)

n2(n+1)(2n+1)
12
2(3n(n+1) — 1)
=niiji1, k’{ 15

1711

X max |w: [y =l %

11,J1

O, m— m
e (B S ) 1270} (26)
i,7=1
i17j1:1727"'7n
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Applying the principle of compressed mapping [6], we assume that

Ih <q 0<g<l,

s = ol € 7 Iy — ol k=12, 0
is fulfilled. From (26) it follows that for (27) to be hold, it is sufficient that
the following biquadratic inequality

att+ 37—~ <0 (28)
be fulfilled with respect to the step 7. Here
3n(n+1) "
o = D=Ly, [A+ (HwnoHl+
1 m m
+ THwn,l _wn,OH ) Z |—nzg :|
q
i,5=1
Bo= Ny e+ L0
20 (ol + Tty — ol )
= w — || —w )
" n2(n+1)(2n + 1) \'— ™0 ! 1—g'— ™t —nill

Thus we come to a conclusion that if the parameter ¢ and the step 7
satisfy inequality (28), then system (12) has a unique solution with respect to
the unknowns w7,;;, i,j = 1,2,...,n. The vector w;’ = (w},;)7,=; consisting
of the components of solutions w',; is the limit of a sequence of vectors w';,
as k — oo. Moreover, the estimate

k

q
lwh s —wi'lly < T llwhy —wholli, £=0,1,...,

1s true.

Formula (7) enables us to construct with the aid of w?;;, approximate
solutions of the function wy;;(t) at the grid points.

The problem considered here for the one-dimensional equation (4) is studied
in [7].
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