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Introduction. In the present paper the first and second boundary value
problems (BVPs) of elastic binary mixture theory are investigated for a trans-
versally-isotropic half plane with curvilinear cuts. The boundary value prob-
lems of elasticity for anisotropic media with cuts were considered in [1, 2. In
this paper we extend this result to BVPs of elastic mixture for a transversally-
isotropic elastic body. Here we shall be concerned with the plane problem
of elastic binary mixture theory (it is assumed that the second components
uly, and uj of the three-dimensional partial displacement vectors u'(u], ub, uj)
and u” (u}, uy, uf) are equal to zero, while the components ], uj, u}, v} depend
only on the variables x, z3). A solution of the first BVP is sought in the form
of a double-layer potential while a solution of the second BVP is sought in
the form of a single-layer potential. For the unknown density we obtain a sys-
tem of singular integral equations. Using the potential method and the theory
of singular integral equations we rigorously prove the solvability of system of
singular integral equations, corresponding to the boundary value problems.

The basic homogeneous equations of statics of the transversally isotropic
elastic binary mixtures theory in the case of plane deformation can be written
in the form [3]

CM(0z) C®(or) ) U0

(J(@x)U: ( 0(3)(83;) 0(2)(81') (1)

where the components of the matrix C9)(dx) = ||C}%) (Ox)]|222 are given in the
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form
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) ox 1(91’ 3 7
cgfl)—are constants, characterizing the physical properties of the mixture and sat-
isfying certain inequalities caused by the positive definiteness of potential en-
ergy. U = UT(x) = («/,u”) is four-dimensional displacement vector-function,
u'(x) = (u],uy) and v (x) = (uf,u}) are partial displacement vectors depend-
ing on the variables x1, x3. Evrerywhere below by ”'T” we denote transposition.

Let D be the half-plane x3 < 0 with the boundary z3 = 0 and suppose
that the boundary of the half-plane is fastened. Let’s assume that in D we
have p curvilinear cuts, l[; = a;b;,7 = 1,2,...,p, which are simple relatively
nonintersecting open Lyapunov arcs having no common points, and do not
intersect the boundary. The positive direction on /; is chosen from the point
a; to the point b;. The normal on [; is direct to the right with respect to the

positive motion of direction. [ = ij l;. We suppose that D is filled with binary
=1
transversally-isotropic elastic mbjcture.

We introduce the notation z = z1 + ix3, ( = y1 + Qrys, tr = t1 + auts,
Ok = 2k — Sk, 2k = L1 + Qg T3, t:t1—|—t3.

The basic boundary value problems of static of the theory of elastic binary
mixtures are formulated as follows:

Problem 1. Find a regular solution of the equation (1) in D, when the
boundary values of the displacement vector are given on both sides of the
l;;,7 = 1,2,...,p and on the boundary x3 = 0. Let’s also assume, that the
principal vector of external force acting on [, stress vector and the rotation at
infinity are zero. It is required to define the deformed state of the plane.

If we denote by UT(U™) the limits of U on [ from the left (right), then the
boundary conditions of the problem will take the form

U+(t0) — f+(t0), U_(t()) — f_(to), t() 6 l,U_ — O, fL’g — 0, (2)

where fT, and f~ are the given functions on [ satisfying Holder’s conditions
on the cuts [;, having derivatives in the class H* (for the definitions of the
classes H and H* see[4]) and satisfying the following conditions on the ends
a; and b; of [;
fag) = f(ay), (b)) = [~ (b))

Problem 2. Find a regular solution of the equation (1) in D, when the stress
vector is given on both sides of the [;,j = 1,2,...,p and the boundary z3 = 0
is traction free. In addition it is assumed that the principal vector of external
force acting on [, stress vector and the rotation at infinity are zero. The
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boundary conditions can be written as follows:

[TUT" (to) = £ (to),
[TU] (to) = [ (to), to€l, [TU]” =0, x3=0,—00 <3 < 400, (3)
where f7, and f~ are the given known vector-functions on [ of the Holder class

H, which have derivatives in the class H* and satisfying at the ends a; and b;
of 1}, the conditions

fag) = f(ay), (b)) = [~ (b))
Therefore, it is interesting to study the behavior of the solution of the problem
in the neighborhood of cuts.

The first BVP for the half-plane with curvilinear cuts. We seek
for a solution of the problem in the form [5],

= —ImZE /alntg—s)[g(s) + th(s)]ds+

TRTES B DTy LU EN RTINS Sy BN

k=1 j=1 f k=1

where Ey = ||A1(,’f] A71||4z4 denotes a special matrix that reduces the first

BVP to a Fredholm integral equation of second order, A®) = HA ||4$4 The
elements of the matrix E( and the matrix A~ are defined as follows

PR 0 Audr 0 —AyA,
A1Dy | —Azy 0 Ay 0 ’
0 —A24A1 0 A22A1

z AR, A = AT,
Aﬁ) = dk [c1 qu + A2ty + ajptis + cfl4)q3ak]
AL = dilqrc? + oFtas + aftas + i quad),
A:(f) = di[cVqu + 0233 + adtag + ) gza), .
A = dilq 1044 + ajtss + ajtsy + c§3)q40zk] )
AYE = dpoy[v1a + vi103 + V1o,
AP = dyagwiy + wipa? + wisal], k=3, 4,

2 4
A23 = dpog[vaaay, + var1a + vagag],

[
[
[
A34 = dpag[weg + wigai + waar], k=3,4,5, 6,
A = di[~aic]) + adtes + after — i) quaf),

A 3 = di[— ‘J4C11) + ajitas + ajtis — C§3)QBak]a
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A = \/a1a2a3a4A2, Ay = AxpAyy — A§47 Ay = Ay Ags — A%37

b = 70 + e qs — 02 e) + 2¢5 a0y — ol
= o+ - a2+ Pl -l
1= 0 - o+ &Y — o2 Dol + o) + ol
1= 00— s+ Y — P aDof? + oY)+ ool

(1) (1) 3) (3)
l5o = t33 — 611 V69 + 033 511, le2 = o — 611 1630 + 033 511,

tyg = t11 — 0521)522 + C;(;?(Sn,

(2) (3)2.(1) 4 9.03) ) ,3) (3)2 (2)

_ (2
tag = cgy 011 + C35q1 — Q3 €y Ci1 Qg3 Q3 — Qg Cip,

tes = _044)511 _ C(3)q + ag)agcgl) _ C§1)( 214 &(3)2) +ala®2

Q3 A3 13 ¥13 €11 s
tyg = iy 0np + 17 g5 — oy el + 2¢5 oty afy) — ol ey
tys = i 02 + el qs — oy ey + 2¢i ol oy — ol cly,
o= 0+ — P+ Pl — )
o = a0 — aff) — e+ 2e) — (el + el

3 3 2) (3 2
"’0‘( )(204(14) ()+ (11) §,3) + 51) és))

2 3)2 3), (1 3 3
Wiz = _04§3)(04(13)04§3) - ags) ) — ags)(cfm)cz(u) + Cgl)céfi) + C( 2+ Cgl)ci(’ﬁ))

2 2) (3
+Oz§3)(ci4)cfl4) + 051)0:(53)) + 0453) (04(14)04(14) + Cgl)cz(a ))

3, (2 (1 3)2 1 3
V21 = _0453) (Ofg:),)@g?,) - ag:a) ) — 0‘&3)(0514)@(14) + Cgl)cz(az) + 04(14) + Cgl)ci(’;S))

2 3 2 3) (2
+04§3)(Cz(14)04(14) + Cgl) C§,3)) + 0‘53) (04(14) 04(14) + Cgl) Cg3))

D@D _ o02) 4 0B 2dD® 4 00 L @2 0 6)

Wig = Q3 (O3 X3 — Qg Cyq Cyq T C11C33 T Cyy 11 €33

ol + ) — o + )
oy = ol + o) + D) - ool
oy = ol + o + el — ol
i = o el + D) + ol
s = O o el + D) + ol
v = O el + D) + 0Dl
vy = O — ol + &) + 0Dl

3), (3) (1 1) (3 2) (1) (1
Waq = —a§3)ci4)cgl) + 0453)(651)024) + 051)6514)) - 0453)651)0514)7
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1) (3) (3 3), (1) (3 3) (1 2) (1) (1

way = —oiy i) ey + oy (e i) + e el — ol ey el
ag, k = 1,2, 3, 4, are the roots of the characteristic equation ([6]). ¢ and h
are the unknown real vectors from the Holder class that have derivatives in
the class H*. We write

4 (k) (k) (k) (k)
1 " (2 = b; " )in(2x — 0;7) — (2 — a; )In(z — a;”)
Vi(z) = —Im ) A ) _ B 5
k=1 J J

aﬁ’“) = Rea; + oy Im ay, b§‘k) = Rebj + ap Imb;.

KW, j=1,..,p, are the unknown real constant vectors to be defined later on.
The vector V;(z) satisfies the following conditions:
1. V;(2) has the logarithmic singularity at infinity

4
1 ,
V:=—1Im g AP (—In 2, + 1)K 4+ O(z;Y).

™
k=1

2. Under Vj is supposed a branch, which is uniquely defined on the cut
plane along [;.
3. V; is continuously continued function on [; from the left and right,
including the end points a; and b;, i. e., we have the equalities
Vit(a;) = Vi (a;), Vi7(b;) = V[ (by),

J

VE Ve —2Re AW TN p
L ekgl w y J =4 5D
J J
It is easily to check U™ = 0, x3 = 0, and
+oo
/(TU)_ds + /[(TU)+ —(TU) ]ds = 0.
—00 l

To define the unknown density, we obtain by virtue of (4)-(2), the following
system of singular integral equation of the normal type

p 4 T — A

29(r) = f~ = f* —Re 3 3 AW K7,
j=1k=1 bj —a,

1 [h(t)dt 1
— — | K(tg,t)dt = Q(t t { 6
R T (S )

1 !

where
06

Kty t) = —1F—
(fo,?) ! 83+
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0 t—1 L
+Re Z Ew g (1 + My—), ~Re ;;E(;@)Eq%ln(tq — —tho),
I B
Q(to)zi(f‘*‘_‘_f )_52(‘/;++‘/j)
j=1
L[ 98 Ly -
| E I E In(1 4+ A0
W/[ os(t) m,; 0 550y WA
iL 4 o 8
+Im > > Bk, In(%, — tro)]g(t)ds,
k'lzlqél aS(t)
A = : + zzkﬂ =arg(t —ty), tro = Reto+ axImty, t =y, + iys.
— 10

Thus we defined vector g on [. It is not difficult to verify, that ¢ € H,
g € H*, g(a;) = g(b;) =0, Q € H, Q € H*. Formula (6) is a system of
singular integral equations of the normal type with respect to the vector h.
The points a; and b; are nonsingular ones, while the summary index of the
class hg, is equal to —4p (for the definition of the class hy, see [4]).

If the solution of equation (6) on the class hy, exists , it will satisfy Holder’s
condition on /, vanishing on the points a; and b; and having to derivatives in
the class H™.

Let’s prove that the homogeneous equation corresponding to the system of
equation (6) only has a trivial solution hg in the class hg,. Let’s assume the
contrary. Let hg be nontrivial solution of the homogeneous system in the class
ha, and construct the potential

- %Re ZE(k / M[ (t) + ih(t)]ds

l
4 4

+= ImZZEk)EJ/W[g(t)—z’h(t)]ds.

k=1 j=1 ]

It is clear Uy = U, =0, ¢ € [ and on the basis of uniqueness theorem Uy = 0,
z € D. Therefore TUy =0, z € D, and

(TU)* — (TUy)™ = 24~ 188};0 = 0.

Consequently hy = 0, since ho(a;) = 0, that completes the proof. Thus the
corresponding adjoint homogeneous equation has 4p linearly independent so-
lution o, 7 = 1,...,4p in the adjoined class and the conditions of solvability

are
/Qajds =0.
1

From last equality we get 4p algebraic equation with respect to K;. On the
basis of the uniqueness theorem it is not difficult to prove that the last system
is solvable.
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The second BVP for the half-plane with curvilinear cuts. We
seek for a solution of the above formulated second BVP for the half-plane in
the form [5]

S ZRk)zL / In (ty — 2)[g(s) + ih(s)]ds

4

Z k)ZLfln 2 — 1)]g(s) — ih(s)]ds),

where g and h are unknown real vector-functions.

R® — || Ryy) ety :g=1,2,3,4
R(k) = ak(cfé)A + cﬁ)A(k)) + CEM)AEQ) + A%

1]% 34

Ry = —a;'R{Y y (7)
k 3 k k

B0 — aulcl Al + RA) + DAY + e

RA(LI;) = _1st ) .7 = 15273747

Ag;) are given by (5) and L(®WTL denotes the complex conjugate matrix of
LWTL,

L33A2 0 _ngAQ 0
I 1 0 LAy 0 — Loy Ay (8)
ANy | —LisAy 0 L1 A, 0 ’
0 S VAN 0 Los/\q

L1 = —Aqsfag By + (b1 + 2a34) A1 + azz Dy,
A = —Byms, By = Bymy,
Ly3 = Aqq[aga By + (—bss + a14 + a23) Ay + a1z D4,

Ay + Bima

Cl - — )
1030y
Loy = —Aq4[a44C’1 + (bll + 2a34>Bl + a33A1]7

Dy = —Aimy — Biagasasay,

Loy = AqylassCy + (—bss + a4 + as3) By + ai3A],

Ay = Ly1 L33 — L3,

L3z = —Aqslage By + (b + 2a12) Ay + a1y D1],

Ay = Ly Ly — L3,

Ly = —AqsfanCi + (b + 2a12) By + a1144],

Ay = [ba(mams — 2y/arazazas) + gaAme|qaABy > 0,
Mo = (@11044 + a33022 — 2013024), A1 = \/a1G2030, Ao,
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4
my =Y, Qg, My = Q10 + Q103 + @10y + Qo + Gy + oy,

k=1
ms = Qa3 + 1oy + (X1 i3y + Qiai30ly,
By = (a1 + ag) (e + az)(aq + ay)(ag + az)(ag + ag)(az + ay).
Between the coefficients a,,, b,, and c](ﬁ]) there are the relations

2 2 2
anA = 051)613 C:%)ngs) + 20%3) 53)0533) - C§3) §3) >0,

ov2 = R — o) — el — Bl + ) + ).

oo = ol + D + D) — R + ),

ouid = el — )+ Bl + eVl — o ey + ek,
oo = el — )+ BVl + el — oy + ek,
oo = &8y — eV ef + 2l — el > 0,

i =~ + e + ol — ool + <),

oo = s — oIl + 2y — el > 0,

aoih = (DR )~ D)~ D) + AR + D),

1 1 1 1
anA = 01(1,3)% cgl)c§3) +2c 53) 53) 51) - 051) gs) >0,

A = (c§11>a11 + cﬁ)agg + 2cgl)a13)A —quq3 + (c%)c%) — cgﬂ) > 0,
by =cflat >0, j=1,23.

A ol o) —aul)
1K) _ —ay Ly LY — ;LY LS
ofLy)  —axLy)  oLY) -l |
—apLyy) LY —all) L)

ng) = —Aqudg|as + of(biy + 2a34) + azzai],
ng) = Aqudy[ass + ai(—bss + a4 + asz) + arzor],
Lfﬁ) = —Aqudilass + ai (b + 2a12) + anna].

For the stress vector we get

T(0, n)U( :—ImZLk)zL/ (83 ) [0 + ih()]ds+
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It can be shown that the vector TU satisfies the condition (7TU)~ = 0, auto-

matically;

4
_ 1 g(t) +ih(t
[T(0r, m)U()]" = - T ;ZI:L(WL / T

1 o~ [g(t)—i
1 Lol | 22—\
+7T m; ()P / P S
= 1

But on the arc ends [;,j = 1,2, ..., p, we have

[T(0z,n)U(2)]* = Fg(to) + —ImZL zL/W[g(t)—Hh(t)]ds

+% YT / W[g(t) (0] = F*(to).

l

From last equation we get

29(r) = f= = I,

1 4 Oln (tyo — tx)

Lo ; Pay [ / (bt (9)
j=1 !

where

We must require in addition that the solution h of the system of singular
integral equations (9) satisfies the condition

[ was=re [ s (10)

l l

4
where Y. R®WT = —F +iR.

k=1
We seek for the solution of the system (9) in the class hg ([4]). Therefore,

the total index in the class hg is 4p.
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Let’s prove that the adjoint homogeneous system corresponding to the
system (9) has only the trivial solution in the adjoint class. The adjoint ho-
mogeneous system has the form

—ReZzLL(k / w (t)ds

(11)
- .0l —1
- Z Z LiL )ZLka uu(t)ds = 0.
k=1j= 83
Note, that the solution of the system (11) will be vector, satisfying the Holder’s
conditions, vanishing at the end points a; and b;, and having derivative in the
class H* ([4]).
Multiplying the system (11) by nonsingular matrix a = L™! given by (8)
and taking into account the identity aL L) = Pyya, we obtain

4
1 Oln (tk — tkO)
% RGZ P(k) / Tau(t)ds
l

Oln(t; —t
—Re > Z PP [ a( é ) (t)ds =0
k=1j=1 l S

Let vy be the nontrivial solution of the system (12) and construct the potential

0s
l (13)

—Re ZZP(J Pk/ o % — ) av(t)ds.

k=1 j=1

= — Re ZR )zL/ Mau(t)ds

Then at every point of [, except may be a; and b;
[T(0t,n)Us]* =0

and on the basis of the uniqueness theorem we have Uy = 0.

Finally, from equality: Uy — U, = —2av(ty) = 0, to € [, it follows, that
Vo = 0, which contradicts our assumption.

Thus, the system (9) is solvable in the class hy for the arbitrary right-
hand side and the solution depended on the 4p arbitrary constants. These
constants are fixed by the conditions (10), given the system of algebraic 4p
linear equations.

Let’s prove that the determinant of this system is not zero. Indeed, let’s
take the homogeneous system, corresponding to the conditions f* = 0. Sup-

posing the solution K }o) sy IK ig) nontrivial, we construct the potential

= —Re ZR /ln 2, — ti)hOds, (14)

l
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where h(© is a linear combinations of solutions h\)

4p
B0 — Z KO,
k=1

and A are linearly independent solutions of the homogeneous equation cor-
responding to (9). hWhas satisfy the following condition

/ h9ds = 0.

lj

Then the potential (14) is regular at infinity and by the uniqueness theorem
h(® = 0. But we have the following equality

() - () -

Whence we conclude that K) = 0, which contradict the assumption. Thus
the solvability of the problem is proved.
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