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Abstract. In the present paper we consider the geometrically non-linear and
non-shallow cylindrical shells, when components of the deformation tensor have
non-linear terms. By means of I. Vekua method two dimensional problem is
obtained. Approximate solutions of I. Vekua’s equations for approximations
N =1 are constructed. Concrete problem is solved, when the components of
the external force are constants.
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The refined theory of shells is constructed by reduced the three- dimensional
problems of the theory of elasticity to the two-dimensional problems. I.Vekua
had obtained the equations of shallow shells [1],]2]. It means that the interior
geometry of the shell does not vary in thickness. This method for non-shallow
shells in case of geometrical and physical non-linear theory was generalized by
T.Meunargia [3],[4].

A complete system of equations of the three-dimensional nonlinear theory
of elasticity can be written as:

L
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o' = \(ROU + %aﬂ'UajU) (R +o0))

On/io +® =0 (0= ai-)’

i (RiajU + RIOU + 8anjU) (Rj + ajU)),

where ¢ is the discriminant of the metric tensor of the space, o are contravari-
ant stress vectors, ® is an external force, A and p are Lame’s constants, R;
and R’ are covariant and contravariant base vectors of the space and U is the
displacement vector.

In the present paper we consider the system of equilibrium equations of
the two-dimensional geometrically non-linear and non-shallow cylindrical shells
which is obtained from the three-dimensional problems of the theory of elas-
ticity for isotropic and homogeneous shell by the method of I. Vekua.

The displacement vector U (z, 2%, 23) is expressed by the following formula

1]
3
Uzt 22 2%) = u(z!, 2?) + Ev(zl, z?).
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Here u(x!, 2?) and v(z!, 22) are the vector fields on the middle surface 3 =

0, 2h is the thickness of the shell, 2% is a thickness coordinate (—h < 23 < h),
2! and 2? are isometric coordinates on the cylindrical surface.

The system of equilibrium equations of the two-dimensional geometrically
non-linear and non-shallow cylindrical shells may be written in the following
form (approximation N = 1):
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Here P,, are Legendre polynomials of order m, ¢ = Rio is a small parameter,

Ry is the radius of the middle surface of the cylinder.
Let us construct the solutions of the form [5]

w=Y gk, =Y vt (i=1,2,3), (3)
k=1 k=1

where u; and v; are the components of the vectors u and v respectively.
Formal substitution of (3) into (2) and (1) shows that series (3) will satisfy
equations (1), (2) if the following equations are fulfilled:
k k k k
puAuy 4+ (A4 p)o 0+10 v3 = X,
k k k k
AUy + (A + )0 0 +A02 03 = Xo, (4)
k k
/LA?ljg - 3 [)\9+()\ + 2u) 53] = X3,
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k k k k k
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k k k k k
pAvy 4+ (A4 ()02 © —=34u(02 uz + v2) = X5, (5)
k k
MAZ3 + M@:X(ia (k:1727)7

k
X , (p=1,...,6) are the components of external force and well-known quan-

. . 0 k=1 0 k—1
tity, defined by functions u ;, ..., u ;v j,..., v ;.

The general solutions of systems (1) end (2) are written in the following
form

Y
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k k k k : . k
where ¢(2),1(2),f(z) and g(z) are any analytic functions of z, X(z,Zz) and

w(z, z) are the general solutions of the following Helmholtz’s equations, re-

spectively:
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Here u,, vs and v,, w3 are particular solutions of the non-homogeneous

equations (1) and (2), respectively.

We solve the problem when the middle surface of the body after developing
on the plane, is the circle with the radius R. Let’s consider the concrete
problem, when the components of the external force are constant X; = X, =
0, X3 = ¢q. Boundary conditions are

ur +iug =0, |z|=R, v3=0 |z|=R, (6)
v, +ivy =0, |z|=R, us=0 |z|=R, (7)



Volume 13, 2009 33

This problem for the approximation £ = 1 is a well known case in the
theory of elasticity for which we have

1 2(A +2p) A1 0
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The system of equilibrium equations, for the approximation k = 2, are:
2 2 2 2
PAV L+ 2004+ p)0: 0 —3u(20: U 5+ 0 4) = Ay + AyzzE + A3Z?Z (8)
+A4(z + 2) + As(I (nr)e™ 4 I_y (nr)e™™),
2
PAT 3+ 1O = By + Bozz + B35 + By(22 + ) + Bs(:%2 + £%2),  (9)

where
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The general solutions of systems (8) end (9) are written in the following
form
_ 2
2 )\+2,LL2" 2/ 2 2/ awz72
it = ) af 4 o) -2+ 5
Ny + Niz 4+ NyZ + N3z? + Nyz% + NszZ 4+ Ngz2z +
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2 1( 2 2 2 2 9. o
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+ Mg(Io(nr)e™™ + Io(nr)e7),
where
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Nyg = — 2 M.
10 6(N+2u) 6
Boundary conditions are
D it =0, iy=0, |z|= (10)
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Let us introduce the functions f(z), 9(z)and ﬁ)(z, Z) by the series

=3 e 92 =Y de w(z2) =Y Bula(r)e™. (1)
n=1 n=0 —00

where I,

(nr) are Bessel’s modifications functions.

By substituting (11) into (10) we obtain
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R? ) R? 1 .

o= MR, &= — (MiR* + MgI3(nR))
2

TR W e),
2 5
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2 2
The system of equilibrium equations for ©, and v3 are:

2
PATL 4 + 2\ + 11)Ds ) +2200; O =

where
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MsIo(nR),
R2
d3 = 704,

012 + CQZ + 032’22 + 0452’2 (12)

2 2 = 2.2 2, 22
AU 3+ O = Dy + Dazz + D327z + Dy(2° + 2°),

C5A 49  3BuR’q
SO+ 20) 1 T 160N + 20)”

2\ A+ 240 A+ 2uq’
_ 3pq o, = A+ u)q
16(\ + 2u) PT16(N+ 2p)
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A 2 A+2 2
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4p 16(\ + 2p) 21 8(A + 2u)
3A ( 3uR? ) 3(3X +2u)q
D2 = — + 5
4u 8(A+2u) 8(A+2u)
9\ 3(A—6
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The general solutions of systems (12) are written in the following form:

- 2
5 _
+ K28 4 Kp2Z2 + K3222 + K232 + K52%22 + K222 + K242 + K272,
2 2\ 2, 2, 2, 2, =2
20 3 = It 2 (90 () +¢ (z)) +X(2,2) + Lo+ Li(2° + 2°)  (14)
+Lo2Z 4 L3(2°2 + 222) + Ly(2%2 + 2°2) + Ls2%2°,
where
L (A +2p)? [)\(604 —C3) Dy 200+2u) 1 AA+2p) 4
A+ p)? [ 36(A+p) 18 27T(A+p)Ds| 24N+ pu)2 "
L - ACr (A+2p)Dy L= NG (A+2u)Dy
8A+p)  6(AN+p) 24N+ u)  6(A+p)
A+ 2p) ACs
Ly = (A + p)? Cs, L= 2N+ )
L5 _ )\04 . ()\+2M)D3
48N +p)  6(A+p)
K, - ALy ’ Klz—(AJFM)ClJFMLl,
2N+ ) 24(X +2p)
K — (A +2u)Cy + 4NLy
’ 8(A+2u) ’
K, — 9_()\+M)Cg+4)\L27 K= Ko = A\Ls |
4 16(X + 2p) 24(\ + 2p)
(A +3u)C3 — 6ALy (A4 1)Cs 4 6ALy
K¢ = ; K7 =— ;
24(\ + 2p) A8(\ + 2p1)
K, — Cy  (A+p)Ci+8ALs
12 A8(\ + 2u)
Boundary conditions are
U, +itiy=0, b3=0, | z|=R. (15)

2 2 2
Let us introduce the functions ¢(z), 1(z)and X(z, Z) by the series

920(2) = anz”, ib(z) = Z 02", >2((z, z) = Z(Snln(nr)em‘g. (16)
n=1 n=0 —00
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By substituting (16) into (15) we obtain:

KoR + K3R? + i (nR)(Lo+LaR*+LsR*)

_ 12(A+2p)Io(nR)
pro= 2020k | Vnh(hR) ’
324 3(+p)(3X+2p)Io(nR))
No + NsR? + NsIo(nR) + 12 VR 7 NsR? + 2Mo R?
pe= <IO(’YR) > R? + 8(A+2u) ’
L (vR) B
MR+ NI (gR) + gggg leg(nR) + 4M, R?
13( )
N,
Pa = ;
IQ( R 2 )\+2/L)
(I4(’YR) ) R 7
1
w = — (N1R? + NgR* + N7R®) — MoR* — M3R® — MyR® — MsIy(nR),
R? R? R?
01 = 702 — MyR? y 02 = 703 TR (M1R + M6I3(77R)) ds = 7047
2i
6 = ———— (N3R* — R?
L= Snpm N R
2i
6y = ———— (Nywl5(nR) — R%c3) .
’ ’VL%(’YR)( tols(nk) )

The problems when the middle surface of the body after developing on the
plane are the circular ring with the radiuses radiuses R; and Ry will be solved.
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