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Abstract. In the present paper we consider the geometrically non-linear and
non-shallow cylindrical shells, when components of the deformation tensor have
non-linear terms. By means of I. Vekua method two dimensional problem is
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The refined theory of shells is constructed by reduced the three- dimensional
problems of the theory of elasticity to the two-dimensional problems. I.Vekua
had obtained the equations of shallow shells [1],[2]. It means that the interior
geometry of the shell does not vary in thickness. This method for non-shallow
shells in case of geometrical and physical non-linear theory was generalized by
T.Meunargia [3],[4].

A complete system of equations of the three-dimensional nonlinear theory
of elasticity can be written as:

1√
g
∂i
√

gσi + Φ = 0
(
∂i =

∂

∂xi

)
,

σi = λ
(
Rj∂jU +

1

2
∂jU∂jU

)(
Ri + ∂iU )

)

+µ
(
Ri∂jU + Rj∂iU + ∂iU∂jU

)(
Rj + ∂jU )

)
,

where g is the discriminant of the metric tensor of the space, σi are contravari-
ant stress vectors, Φ is an external force, λ and µ are Lame’s constants, Ri

and Ri are covariant and contravariant base vectors of the space and U is the
displacement vector.

In the present paper we consider the system of equilibrium equations of
the two-dimensional geometrically non-linear and non-shallow cylindrical shells
which is obtained from the three-dimensional problems of the theory of elas-
ticity for isotropic and homogeneous shell by the method of I. Vekua.

The displacement vector U (x1, x2, x3) is expressed by the following formula
[1]

U (x1, x2, x3) = u(x1, x2) +
x3

h
v(x1, x2).
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Here u(x1, x2) and v(x1, x2) are the vector fields on the middle surface x3 =
0, 2h is the thickness of the shell, x3 is a thickness coordinate (−h ≤ x3 ≤ h),
x1 and x2 are isometric coordinates on the cylindrical surface.

The system of equilibrium equations of the two-dimensional geometrically
non-linear and non-shallow cylindrical shells may be written in the following
form (approximation N = 1):
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(0)
σ21 + ε

(0)
σ13 +

(0)

F1 = 0,

∂1

(0)
σ12 + ∂2

(0)
σ22 +

(0)

F2 = 0,

∂1

(0)
σ13 + ∂2

(0)
σ23 − ε

(0)
σ11 +

(0)

F3 = 0,

(1)

∂1

(1)
σ11 + ∂2

(1)
σ21 − 3

h

(0)
σ31 + ε

(1)
σ13 +

(1)

F1 = 0,

∂1

(1)
σ12 + ∂2

(1)
σ22 − 3

h

(0)
σ32 +

(1)

F2 = 0,

∂1

(1)
σ13 + ∂2

(1)
σ23 − 3

(0)
σ33 − ε

(1)
σ11 +

(1)

F3 = 0,

(2)

where
(m)

F =
(m)

Φ +
2m + 1

2h

[
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=
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σ3(x1, x2,±h) =
(±)
σ3.

Here Pm are Legendre polynomials of order m, ε = h
R0

is a small parameter,
R0 is the radius of the middle surface of the cylinder.

Let us construct the solutions of the form [5]

ui =
∞∑

k=1

k
u iε

k, vi =
∞∑

k=1

k
v iε

k (i = 1, 2, 3), (3)

where ui and vi are the components of the vectors u and v respectively.
Formal substitution of (3) into (2) and (1) shows that series (3) will satisfy

equations (1), (2) if the following equations are fulfilled:

µ∆
k
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k
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k
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k
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µ∆
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k

θ +λ∂2
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µ∆
k
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X p (p = 1, ..., 6) are the components of external force and well-known quan-

tity, defined by functions
0
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0
v j, ...,

k−1
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The general solutions of systems (1) end (2) are written in the following
form
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∂
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where
k
ϕ(z),

k

ψ(z),
k

f(z) and
k
g(z) are any analytic functions of z,

k
χ(z, z̄) and

k
w(z, z̄) are the general solutions of the following Helmholtz’s equations, re-
spectively:

∆
k
χ − η2

k
χ = 0

(
η2 =

12(λ + µ)

λ + 2µ

)
,

∆
k
w − γ2 k

w = 0
(
γ2 = 3

)
.

Here
k̂
u+,

k̂
v3 and

k̂
v+,

k̂
u3 are particular solutions of the non-homogeneous

equations (1) and (2), respectively.
We solve the problem when the middle surface of the body after developing

on the plane, is the circle with the radius R. Let’s consider the concrete
problem, when the components of the external force are constant X1 = X2 =
0, X3 = q. Boundary conditions are

ur + iuϑ = 0, | z |= R, v3 = 0 | z |= R, (6)

vr + ivϑ = 0, | z |= R, u3 = 0 | z |= R, (7)
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This problem for the approximation k = 1 is a well known case in the
theory of elasticity for which we have

2µ
1
u + =

(
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λ
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q
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)
qzz̄

2
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
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18(λ+µ)2I0(ηR)
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
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I0(ηR)
.

The system of equilibrium equations, for the approximation k = 2, are:

µ∆
2
v + + 2(λ + µ)∂z̄

2

Θ−3µ(2∂z̄
2
u 3 +

2
v +) = A1 + A2zz̄ + A3z

2z̄2 (8)

+A4(z + z̄) + A5(I1(ηr)eiϑ + I−1(ηr)e−iϑ),

µ∆
2
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2
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3z̄ + z̄3z), (9)
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2µ

(
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2
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4µ
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)
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2µ
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+
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+
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+

3µq

4(λ + 2µ)
,

B3 =
9µ2q2

16(λ + 2µ)2
− 27µ(λ + µ)q2

128(λ + 2µ)2
− 9λq

64(λ + 2µ)2
,



34 Bulletin of TICMI

B4 = −9q2

32

(
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3µR2q

8(λ + 2µ)

)
− 9µ2R2q2

128(λ + 2µ)2
,

B5 = − 9µq
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.

The general solutions of systems (8) end (9) are written in the following
form
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2
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4(λ + 2µ)
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2
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2
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2
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∂
2
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∂z̄
+
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2µ
2
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2

(
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2

f(z) + z
2
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)
+

2
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2
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2z̄ + z̄2z) +

+ M1(z
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4z̄4 + M5I0(ηr) +

+ M6(I2(ηr)e2iϑ + I−2(ηr)e−2iϑ),

where

M0 = − µA1

16(λ + 2µ)
,

M1 =
µ

24(λ + 2µ)

(
2(λ + µ)

µ
B4 − A4

2

)
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M2 =
µ

16(λ + 2µ)

(
2(λ + µ)

µ
B2 +

3B1

2
− A4

)
,

M3 =
µ

72(λ + 2µ)

(
4(λ + µ)

µ
B3 − B2

2

)
,

M4 = − µB3

384(λ + 2µ)
, M5 = − µA5

12(λ + µ)
, M6 = − µA5

24(λ + µ)
,

N0 = −A1

3
, N1 = B1, N2 =

A4

3
− 4(λ + µ)

3µ
B2 +

64

9
B5,

N3 = −A2

6
− 8A3

9
− 2M0, N4 =

4B5

9
,

N5 = −A2

3
− 16A3

9
− 4M0, N6 =

B2

2
− 4M4, N7 =

B3

3
− 6M6,

N8 =
(λ + 2µ)ηA5

6(3λ + 2µ)
, N9 =

(λ + 2µ)ηA5

6(3λ + 2µ)
− 2M6,

N10 =
(λ + 2µ)ηA5

6(λ + 2µ)
− 2M6.

Boundary conditions are

2
v r + i

2
v ϑ = 0,

2
u 3 = 0, | z |= R. (10)
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Let us introduce the functions
2

f(z),
2
g(z)and

2
w(z, z̄) by the series

2

f(z) =
∞∑

n=1

cnz
n,

2
g(z) =

∞∑
n=0

dnzn,
2
w(z, z̄) =

∞∑
−∞

βnIn(γr)einθ. (11)

where In(ηr) are Bessel’s modifications functions.
By substituting (11) into (10) we obtain

c1 = −N1 −N6R
2 −N7R

4,

c2 = −
N0 + N5R

2 + N8I0(ηR) + I0(γR)
I2(γR)

N3R
2 + 2M0R

2

(
I0(γR)
I2(γR)

+ 1
)

R2 + 8(λ+2µ)
µ

,

c3 = −
N2R + N9I−1(ηR) + I1(γR)

I3(γR)
N10I3(ηR) + 4M1R

3

(
I1(γR)
I3(γR)

+ 1
)

R3 + 8(λ+2µ)
µ

R
,

c4 =
N4(

I2(γR)
I4(γR)

+ 1
)

R2 + 8(λ+2µ)
µ

,

d0 = −1

4

(
N1R

2 + N6R
4 + N7R

6
)−M2R

4 −M3R
5 −M4R

8 −M5I0(ηR),

d1 =
R2

2
c2 −M0R

2, d2 =
R2

2
c3 − 1

R2

(
M1R

4 + M6I3(ηR)
)
, d3 =

R2

2
c4,

β1 =
2i

γI3(γR)

(
N3R

2 −R2c2

)
,

β2 =
2i

γI3(γR)

(
N10I3(ηR)−R3c3

)
.

The system of equilibrium equations for
2
u+ and

2
v 3 are:

µ∆
k
u + + 2(λ + µ)∂z̄

2

ϑ +2λ∂z̄
2
v3 = C1z̄ + C2z + C3zz̄2 + C4z̄z

2 (12)

µ∆
2
u 3 + µ

2

Θ = D1 + D2zz̄ + D3z
2z̄2 + D4(z

2 + z̄2),

where

C1 = − 5λ + 9µ

8(λ + 2µ)
q − 3µR2q

16(λ + 2µ)
,

C2 =
λ + µ

2λ

(
1 +

3µR2

8(λ + 2µ)

)
q − µ

λ + 2µ
q,

C3 =
3µq

16(λ + 2µ)
, C4 =

3(λ + µ)q

16(λ + 2µ)
,
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D1 = −3λ

4µ

(
1 +

3µR2

16(λ + 2µ)

)
R2q − 3λ + 2µ

2µ

(
2 +

3µR2q

8(λ + 2µ)

)
q,

D2 = −3λ

4µ

(
1 +

3µR2

8(λ + 2µ)

)
+

3(3λ + 2µ)q

8(λ + 2µ)
,

D3 = − 9λq

64(λ + 2µ)
, D4 =

3(λ− 6µ)q

32(λ + 2µ)
q.

The general solutions of systems (12) are written in the following form:

2µ
2
u + =

5λ + 6µ

3λ + 2µ

2
ϕ(z)− z

2
ϕ ′(z)−

2

ψ(z)− λ

6(λ + µ)

∂
2
χ(z, z̄)

∂z̄
+ K0z (13)

+K1z
3 + K2zz̄2 + K3z

2z̄ + K4z
3z̄ + K5z

2z̄2 + K6z
2z̄3 + K7z

4z̄ + K8z
3z̄2,

2µ
2
v 3 = − 2λ

3λ + 2µ

(
2
ϕ

′
(z) +

2
ϕ ′(z)

)
+

2
χ(z, z̄) + L0 + L1(z

2 + z̄2) (14)

+L2zz̄ + L3(z
2z̄ + z̄2z) + L4(z

3z̄ + z̄3z) + L5z
2z̄2,

where

L0 = −(λ + 2µ)2

(λ + µ)2

[
λ(6C4 − C3)

36(λ + µ)
+

D2

18
+

2(λ + 2µ)

27(λ + µ)D3

]
− λ(λ + 2µ)

24(λ + µ)2
C4,

L1 = − λC1

8(λ + µ)
− (λ + 2µ)D4

6(λ + µ)
, L2 = − λC2

24(λ + µ)
− (λ + 2µ)D2

6(λ + µ)
,

L3 = −λ(λ + 2µ)

2(λ + µ)2
C3, L4 = − λC3

2(λ + µ)2
,

L5 = − λC4

48(λ + µ)
− (λ + 2µ)D3

6(λ + µ)
,

K0 = − λL0

2(λ + µ)
, K1 = −(λ + µ)C1 + 4λL1

24(λ + 2µ)
,

, K2 =
(λ + 2µ)C1 + 4λL1

8(λ + 2µ)
,

K3 =
C2

4
− (λ + µ)C2 + 4λL2

16(λ + 2µ)
, K4 = K5 = − 4λL3

24(λ + 2µ)
,

K6 =
(λ + 3µ)C3 − 6λL4

24(λ + 2µ)
, K7 = −(λ + µ)C3 + 6λL4

48(λ + 2µ)
,

K8 =
C4

12
− (λ + µ)C4 + 8λL5

48(λ + 2µ)
.

Boundary conditions are

2
u r + i

2
u ϑ = 0,

2
v 3 = 0, | z |= R. (15)

Let us introduce the functions
2
ϕ(z),

2

ψ(z)and
2
χ(z, z̄) by the series

2
ϕ(z) =

∞∑
n=1

ρnz
n,

2

ψ(z) =
∞∑

n=0

%nzn,
2
χ(z, z̄) =

∞∑
−∞

δnIn(ηr)einθ. (16)
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By substituting (16) into (15) we obtain:

ρ1 = −
K0R + K3R

3 + ληI1(ηR)(L0+L2R2+L5R4)
12(λ+2µ)I0(ηR)

2(λ+2µ)R
3λ+2µ

+ λ2ηI1(ηR))
3(λ+µ)(3λ+2µ)I0(ηR))

,

ρ2 = −
N0 + N5R

2 + N8I0(ηR) + I0(γR)
I2(γR)

N3R
2 + 2M0R

2

(
I0(γR)
I2(γR)

+ 1
)

R2 + 8(λ+2µ)
µ

,

ρ3 = −
N2R + N9I−1(ηR) + I1(γR)

I3(γR)
N10I3(ηR) + 4M1R

3

(
I1(γR)
I3(γR)

+ 1
)

R3 + 8(λ+2µ)
µ

R
,

ρ4 =
N4(

I2(γR)
I4(γR)

+ 1
)

R2 + 8(λ+2µ)
µ

,

%0 = −1

4

(
N1R

2 + N6R
4 + N7R

6
)−M2R

4 −M3R
5 −M4R

8 −M5I0(ηR),

%1 =
R2

2
c2 −M0R

2, %2 =
R2

2
c3 − 1

R2

(
M1R

4 + M6I3(ηR)
)
, d3 =

R2

2
c4,

δ1 =
2i

γI3(γR)

(
N3R

2 −R2c2

)
,

δ2 =
2i

γI3(γR)

(
N10I3(ηR)−R3c3

)
.

The problems when the middle surface of the body after developing on the
plane are the circular ring with the radiuses radiuses R1 and R2 will be solved.
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