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1. Classes of Functions of Bounded Generalized Variation

In 1881 Jordan [14] introduced a class of functions of bounded variation and applied
it to the theory of Fourier series. Hereinafter this notion was generalized by many
authors (quadratic variation, ®-variation, A-variation ets., see [5, 18, 23, 24]). In
two dimensional case the class BV of functions of bounded variation was introduced

by Hardy [13].
Let f be a real function of two variables. Given intervals A = @,b), J = (¢, d)
and points z,y from I := [—1,1] we denote

f(Avy)::f(bvy)_f(aay)v f(a:,J):f(ﬂs,d)—f(x,c)

and

f(Av‘]) ::f(a>c)_f(a’d)_f(bvc)+f(b>d)'

Let E = {A;} be a collection of nonoverlapping intervals from I ordered in an
arbitrary way and let Q be the set of all such collections E. Denote by €, the set
of all collections of n nonoverlapping intervals A C I.

For the sequence of positive numbers A ={\,}22; and I? := [~1,1]? we denote

AVI(f317) = Sgp;ggZ'f(ﬁi’y)' (B ={A}),

7

ISSN: 1512-0082 print
(© 2012 Thilisi University Press



2 Bulletin of TICMI

r FeQ

AVa(f; I2) = sup supzw (F = {3,

AVI,Q(f;I = sup ZZ|f Az,J

F,E€Q

Definition 1.1: We say that the function f has bounded A-variation on I? and
write f € ABV, if

V(f; 1) i= AVA(f; 1) + AVa(f5 1%) + AVio(f; 1) < o0

We say that the function f has bounded partial A-variation and write f € PABV
if

PAV(f; %) := AVA(f; I?) + AVa(f; I?) < o0

Definition 1.2: We say that the function f is continuous in (Al, AQ)—Variation
on I? and write f € C (A, A?) V (I?), if

lim ALV (f51%) = lim A2V (f;1°) =0
and
lim_ (Ap, A?) Vi (f;1%) = lim (AY,A2) Via (£;17) =0,

where A? 1= {)\ }k: n—{)\ +n}k:0,i:1,2.

IfA,=1(orif0<c< A, <C<o0, n=1,2,...) the classes ABV and PABV
coincide with the Hardy class BV and PBV respectively. Hence it is reasonable to
assume that A, — oo and since the intervals in £ = {A;} are ordered arbitrarily,

we will suppose, without loss of generality, that the sequence {\,} is increasing.
Thus,

1< <A<, lim A, = oo. (1)

n—oo

In the case when A\, = n, n = 1,2... we say Harmonic Variation instead of
A-variation and write H instead of A (HBV, PHBV, HV(f), ets).

The notion of A-variation was introduced by Waterman [24] in the one di-
mensional case, by Sahakian [21] in the two dimensional case. The notion of
bounded partial variation (PBV') was introduced by Goginava [11] and the no-
tion of bounded partial A-variation, by Goginava and Sahakian [12].

The statements of the following theorem is known.

Theorem D [Dragoshanski [9]] HBV = CHV.

Definition 1.3: Let ®-be a strictly increasing continuous function on [0, +00)
with @ (0) = 0. We say that the function f has bounded partial ®-variation on I?
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and write f € PBVy, if

VIV (f)i=sup sup S @(If (Iny) ) <o, n=12,..,
v {L}eQ, ;4

V() =sup sup S @(If (@, ) ]) <o, m=1,2,...
)

In the case when ® (u) = uP, p > 1, the notion of bounded partial p-variation
(class PBYV,) was introduced in [10].
In [12] it is proved that the following theorem is true.

Theorem GS Let A = {\,} and \,/n > Npy1/(n+1) >0, n=1,2,.... .
1) 1f

> 2% <
n=1 n? 7
then PABV C HBV.
2) If, in addition, for some 6 > 0
A o Apis)
; = O(W) as mn— oo

and

3

:OO,

N

>
n=1 "
then PABV ¢ HBV .

Corollary 1.4: PBV C HBV and PHBV ¢ HBV.

Definition 1.5 see [11] The partial modulus of variation of a function f are the
functions vy (n, f) and va (m, f), defined by

vi(n.f)=suwp sup Y [f(Ly)l, n=12...,
Yy {L}YeQ, ;4

m
v2(m7f) ‘=Sup sup Z‘f(xa‘]k)’7 m=12....
T {J}EQ, i=1

For functions of one variable the concept of the modulus variation was introduced
by Chanturia [5].
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The following theorem is proved by Goginava and Sahakian [12].
Theorem GS2 If f € B is bounded on I? and

i“}]”f i=1,2

n3/2

then f € HBV.

C (I 2) is the space of continuous functions on I? with the uniform norm

‘= max z,Y)| -
Ifllo = max 11 (z.5)

The partial moduli of continuity of a function f € C (I 2) in the C-norm are
defined by

w1 (f75) = max{|f(:n,y)—f(s,y)|,:n,y,s€[,|a:—s| éé}a

wy (f;0) = max{|f (z,y) — f (z,0)],w,y,t € [,y —t| <4},

while the mixed modulus of continuity is defined as follows:

w12 (f;51)52) : :max{|f(ac,y) _f(say) —f(l',t) +f(57t)|>
$7y75>t61’ |$_8| Séla‘y_ﬂ S(SZ}

2. Fourier-Legendre Series

Let p,, (x) be the Legendre orthonormal polynomial of degree n. If f is an integrable
function on I2, then Fourier-Legendre series of f is the series

Yo Fm)pa (@) (y),
n=0m=0

where
1 1
F(n,m) = / / 7 (5,0) pn (5) pun (1) dsdt
15

is the (n, m)th Fourier coefficient of the function f.
The rectangular partial sums of double Fourier-Legendre series are defined by

N—-1M-1

SMNf xy Z Z nmpn )pm(y)

n=0 m=0
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It is easy to show that

1 1

Sunf(z,y) = //f(s,t) K, (z,s) Kp, (y,t) dsdt,

-1-1

where

n—1
K, (z,s) = Zpk (s)pk ().
k=0

The Chrestoffel-Darboux formula is well-know (see ([22]))

K, (:E, t) _ 'Y;L/;l Pn—1 (t) Pn (ZL‘i iIt?nfl ({E) Pn (t) ‘

Since

Tn—1
Tn

and

C

m,l’ S (—1, 1)

[Pn ()] <

from (3) we have

C
K, (x,t) < .
[Hn (@, 2)] lz —t| (1 — 22)/* (1 — ¢2)1/4

In [4, 19] it is proved that the following estimations hold

c
K, (x,t)dt| < -1<s<x<l),
/1 (@) n(z—s)(1—a2)/4 ( )

/Kn(x,t)dt < (-l<z<s<l),

(—l<z<1),
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r+i==
n

/ K, ()] dt < <22

m (-l<z<l). 9)

T

3. Convergence of double Fourier-Legendre series

The well known Dirichlet-Jordan theorem (see [25]) states that the trigonometric
Fourier series of a function f(z), = € [0,27) of bounded variation converges at
every point x to the value [f (x +0) + f (z — 0)] /2.

Hardy [13] generalized the Dirichlet-Jordan theorem to the double trigonometric
Fourier series. He proved that if the function f(z,y) has bounded variation in
the sense of Hardy (f € BV, then the double trigonometric Fourier series of
the continuous function f converges uniformly on [0,2x]?. The author [11] has
proved that in Hardy’s theorem there is no need to require the boundedness of
Vi,2(f); moreover, it is proved that if f is a continuous function and has bounded
partial variation (f € PBV) then its double trigonometric Fourier series converges
uniformly on [0, 27]2.

Convergence of rectangular and spherical partial sums of d-dimensional trigono-
metric Fourier series of functions of bounded A-variation was investigated in details
by Sahakian [21], Dyachenko [6-8], Bakhvalov [1], Sablin [20].

For the one-dimensional Fourier-Legendre series the convergence of partial sums
of functions Harmonic bounded variation and other bounded generalized variation
were studied by Agakhanov, Natanson [2], Bojanic [4], Belenkii [3], Kvernadze
[15-17], Powierska [19].

In this paper we prove that the following are true.

Theorem 3.1: Let € > 0 and f be a function of CHV (Iz)ﬂC(ﬂ). Then
the double Fourier-Legendre series of the function f uniformly converges to f on
[—1+6,1—¢]”

Theorem D and Theorem 3.1 imply

Theorem 3.2: Let € > 0 and f be a function of HBV (IQ)HC(IQ). Then
the double Fourier-Legendre series of the function f uniformly converges to f on
[—1+¢,1—¢)

Theorem GS1 and Theorem 3.2 imply
Theorem 3.3: Let f € PABV(I*)(NC (I?) with

SNy A
Z,—;<oo, ~Zlo.
Pl j

Then the double Fourier-Legendre series of the function f uniformly converges to
fon[-14e1—¢fe>0.

Corollary 3.4: If f € P{W}BV (12) Nnc (Iz) for some 6 > 0. Then

the double Fourier-Legendre series of the function f uniformly converges to f on
[—1+4¢,1—¢)

Theorem GS2 and Theorem 3.2 imply
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Theorem 3.5: Let feC (12) and

Then the double Fourier-Legendre series of the function f uniformly converges to
fon|[-14¢e1—¢e>0.

Corollary 3.6: Let f € f € C(I?) and vi(k,f) = O(k*),va(k,f) =
0] (kﬂ) ,0 < a,8 < 1. Then the double Fourier-Legendre series of the function
f uniformly converges to f on [-1+¢,1 — 5]2,5 > 0.

Corollary 3.7: Let f € PBV,(C (12) ,p > 1. Then the double Fourier-Legendre
series of the function f uniformly converges to f on [-1+¢€,1 — 5]2,5 > 0.

4. Proofs of Main Results

Proof: [Proof of Theorem 3.1] Denote

sj =1+ j(ln_x)j =1,2,..,n,z € (—1,1), (10)
ti::y—i(lrjl_y),i:12 myy € (=1,1) (11)
g(s,t) == f(s,t) — f(2,9). (12)

Then from (2) we can write

Smnf (x,y) - f(xvy) (13)
11
= //g(s,t) K, (z,s) K, (y,t) dsdt
15

_ //+//+/j+jj o (005) o (50 )

=0+ I+ I3+ I,

I (14)

Y 1 ¢ 1y

JI T ] ])oeos s

r —1 Tt s1 —1 s1 t1

=1L +1I,+1I3+11,.
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For 11, we have
y n
Ih/<
1
( / 9 (5n1,8)) Kn (2, 5) ds) Ko (y. 1) dt

g(s,t) —g(sj,t)) Ky (x,s) ds) K, (y,t)dt (15)

n—1 Si+1
/ Zg sj,t) | Ky(x,s)ds | Kn (y,t)dt
Jj=1 by
=TIy + I1yo + 11y3.
From (4) and (5) we have
1l <210 / Z by (09 ()| dt / (Ko (@,9)] ds (16)
i dt
m
<
>C ||f||C’ / (1 _ t2)1/4 (1 . y2)1/4

<c@Wle [

o+ 2=t (1—x)

_ @l

3/ =o0(l) as n,m—
n

uniformly with respect to (z,y) € [-1+¢,1 —&]*.
From (5), (10) and (11) we obtain

| I 141] (17)

n—2 “itt
|9 (5,1) — g (55, 1)]
/(2/ 8—:1,’ 1 )1/4(J )1/4d8> ’Km(y,t)’dt

t1

Sj4
n—2 "7

|g S, t (Sj’t)’
o[ (£ ot )
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Y (-2 Sj+1
§c(€)n5/4m/ 1/4 / g (s,t) —g(s;,t)|ds | dt
tl '7:1] Sj
e (55,1)
_ 5/4 g S 5J> —g\sj,
—c(e)n/m/ /Z )1/4 ds | dt
t \ o J=1
i t
:c(s)n5/4m/ S+S]’ 19/4(8]’ )|d5 dt
i 1<j<n/2 (n =)
e t t
+C( 5/4 / Z ‘g(s_'_s]? )_19(8]7 )‘ds dt
~1/4
n/2<j<n—1 J (n_])
Y 1;:1.'

gc(s)nm/ / >y 9 (s +55.8) =g (55,01 ;| o

t1 0 1Sj<n/2 j

e // > et

n/2<j<n—1 (n J
It is easy to show that
Z ‘g<3+8j7t)‘_g(3j7t)’ (18)
1<j<n/2 J
=i { Z |g(8+8ja ) sja + Z 5"'5], g(sj’t)}
1<k<n , J J
1<5<k k<j<n

< ¢(e) min {wl (fsi) log(k+1)+{j+k} Wi (fQIQ)}

uniformly with respect to (z,y) € [-1+¢,1 —e]?.
On the other hand,

1 |g(8+8ja ) g(S]at)|
el T (19)
o n/2<j<n—1 (n—17) /

Z lg (s +s5,t) — g (s5,1)]

< .
n—j

n/2<j<n—1
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1<k<n

< ¢ min {wl (f;i) log(k+1)+{j+k}W (f;f2)}

=o0(l) as mn— o0

uniformly with respect to (z,y) € [-14¢,1 —¢]”.
Combining (17)-(19), we obtain that

Iljy=0(1) as n— o0 (20)

uniformly with respect to (z,y) € [-1+¢,1 —e]?.
Applying the Abel transformation we obtain

1143 (21)
Yy n—1 Sktt
:/ g (s1,t) /Kn (x,8)ds | K, (y,t)dt
th k=1 Sh
Y [r_o o1 Skt
X -960) 3 [ Kawsds | Koo
7o\i=l k=j+1 o
Y 1
—/ (g (sl,t)/Kn (x,8)ds | K (y,t)dt
t1 S1
Y [ 1
[t =650 [ Kalosyds | Koty
1 j=1 Sj+1

= 11431 + Tly30.

It is easy to show that

n(s

| < / £ (s1,8) — f ()] dt (22)
<c@m [17 (16~ f (1wl

+C(€)m |f(517y)_f(l‘ay)|dt
/

<ele) {wl (fi) s <f;>} —0(1) as nm— o0

uniformly with respect to (z,y) € [-1+¢,1 —e]*.
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From (7), (18) and (19) we obtain

\g Sy+1, (3J7 t)]
II <c(e / K, (y,t)| dt
1113| Z R K w0)

n—2 |

1, 1) — b
é 0(5) sup g (S]+1 ) g (8] )|
teltiy] 5= J

=o0(l) as n,m — o0

uniformly with respect to (z,y) € [-1+¢,1 —¢]”.
From (21)-(23) we have

Iz =0(1) as n,m — oo

uniformly with respect to (z,y) € [-14¢,1 —¢]?.
Combining (15), (20), (16) and (24) we conclude that

IIy=0(1) as n,m — o

uniformly with respect to (z,y) € [-1+¢,1 — 6]2 :
Analogously, we can prove that

I, =0(1) as n,m — o0

uniformly with respect to (z,y) € [-1+¢,1 —e]?.
For 11, we can write

11| < / / F(5.8) — f (@) [ K (2, )| [ K (3, )] dsdt

Cl?t1

<ee) {w1 <fi> b <f;)} —o(1) as mm o0

uniformly with respect to (z,y) € [-1+¢,1 —€]*.
We can write

:ZZ / / t) Kn (z,5) Ko (y,t) dsdt

11

(23)

(24)

(26)

(27)
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n—1m—1 %11 b

— - (9(s,t) —g(s5.t) — g (s,t:) + g (s5,8))
;i—ls]/.tl g 9 g 9

XKy (x,8) K (y,t) dsdt

n—1m—1 S+t &

Y [ ] 000~ 9 (5500 Ko (05) Ko (3. s
j=li=1 3 47
n—1m—1 Sitt ti
$0 [ [ 00t~ g 558)) Ko 5) Ko (5,1) di
Jj=1 i=1 S t.
i tit1
n—1m-1 Sitr b
—|—ZZg(sj,ti)/ /Kn (x,8) K (y,t) dsdt
j=1 i=1

S tit1

=115 + 111y + 1113+ I11y.

For II13 we have
1113 (29)

:ZZ / /(Q(Sati)_Q(Sjvtz‘))Kn(x,S)Km(y,t)dsdt

m—1 L ti

+ 0 [ 0t = (sn1t0) Ko (:9) B (0,0)ds

i=1
Sn—1tit1

=11I31 + I11135.
Applying the Abels transformation we get

1T (30)

n—2m—1 %t b

- Z Z / / (f (s’tl) - f ($j7t1)) Ky (z,8) Ky, (y,t) dsdt

YN T - s

G=1 =1 k=it1 5. 4%

—f(s,ti) + f(s5,t:)) Kn (x,58) Ky, (y,t) dsdt
n—2 Si+t1 1

=3 [ [t = £ syt K ) Ko 31 ds



n—2m-—

2

=1 i=

Sj

o Si+1tit1
1
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(s,tix1) — f (85, tir1)

(sj, t;) K (z,8)) K, (y,t) dsdt

= 111311 + I11312.

From (5), (6), (18) and (19) we

|[T11311]

\;K (y,t)dt

n—

obtain

9 Sit+1

t1) = f (s, t1)|
Z/ —a: S_;,_l) /4(1+S]’)1/4d8

_tl

1—=x

n

nb/A " 2/ |f (s, t1 sj,t1)|d

1/4

¢ (e) 5/4/Z|f (5+sj,t1) — f(5j7t1)|d5

0

=o0(l) as n,m—

uniformly with respect to (x,y) €
|111315]
n—2m—2 | tit1
<> / Ko (1.1
J=1 =1 |~

j(n -

[—1+5,1—z~:]2,
Sj+1
/ F 5y ti) — £ (57, t20)
Sj

—f (s,ti) + f (55, ti) Kn (2, 5)| ds

<cOY Y

=i YT ti+1)

—f(s,ti) + f (85,8
n—2m—

jl’L

—f(s,t) + f (5, ti)]

24
1ZJ

/ |f (s, tiv1) — f (s, tiv1)
ds

(55— x) (1 — sj)"/*
Sj+1
1/4 / |f(s,tiv1) — f(sj:tiv1)
ds
5/

- |f (s 4 sj, i) — f (85, tit1)

13

(32)
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—f (S + 85, ti) + f (Sj, tz)| ds
N m—2 nb/4
=c(e) / Z Z W |f (s +8j,tiv1) — f (85, tiv1)

0 1<j<n/2 i=1 i

—f (S—i—Sj,ti) —i—f(Sj,ti)’dS
N m=2 5/4
+c(e) / Z Z 71_])1/4 |f (s + sj,tiv1) — [ (85, tit1)

0 n/2<j<n—1 i=1 Ji(

_f (8+Sjat') +f(8jat')|ds

/ Z Z ‘f s+ 85, tiy1) — f (85, tiv1)

1<j<n/2 i=1

_f(5+8j7 ’)+f(8j7 ')’ds

/ >

n/2<j<n—1 i=1

_f(5+5ja i)+f(8jv )|d$

< min min {ng <f — ) log (k+1)log (I +1)

| /\

o tiv1) — f (85, ti+1)

1<k<n 1<l<m

+{i+ R Vi (F 1) + {3 G+ B Via (5 17))

=o0(l) as n,m—

uniformly with respect to (z,y) € [-14¢,1 —¢]?.
Combining (30), (31) and (32) we have

IlI31 =0(1) as n,m — oo

uniformly with respect to (z,y) € [-1+¢,1 —e]?.
Applying the Abel’s transformation we obtain

m—1 Lt
=) //(f(s,tl)—f(sn1,t1))Kn(x,s)Km(y,t)dsdt

+ / (f (sstig1) = f (sn—1,tit1)

(33)

(34)
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—f(s,ti) + f (sn—1,t;)) Kp (z,8) K, (y, t) dsdt

1 tm-1
/ / (s,t1) — f(sn—-1,t1)) Ky (z,8) Ky, (y,t) dsdt
Sn—1 71
m—9 1 tit1
+ / / (8,tiv1) = f (Sn—1,tit1)
Z:1 Sn—1 _1

—f(s,6:) + [ (sn—1,t:)) Kn (@, 8) Ky (y, t) dsdt
= I11391 + I11399.

Since
1 1 dS
5/1|K (@ S>|d$<c(€)s/l Py r—
L
<e@ [ o <
and

tm—1
c(e)
/ | K, (y,t)] dt < 3
-1
for 111397 we can write

|I11391] < % =o0(l) as n,m— o0
(nm)*

uniformly with respect to (z,y) € [-1+¢,1 —e]?.
On the other hand,

tit1

in) — f (5.8 /Km<y,t>dt
21

|111325] < £

3/4

c(e) ’”Z If (s,ti41) — f (5,8)]

<
B n3/4 Sup m (tiJr]_ - SL‘)
m—2
c(e) [f (s, tiv1) = f (s, 8]
NI SEL
i=1
< §/2HV2 (f.I?) =o(1) as n,m — oo
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uniformly with respect to (z,y) € [-1+¢,1 — 6]2 :
From (34), (35) and (36) we have

IlI35=0(1) as n,m — oo

uniformly with respect to (z,y) € [-14¢,1 —¢]”.
Combining (29), (33) and (37), we conclude that

III3=0(1) as n,m — oo

uniformly with respect to (z,y) € [-1+¢,1 —e]?.
Analogously we can prove that

Iy =0(1) as n,m— oo

uniformly with respect to (z,y) € [-1+¢,1 —&]*.
From (5) we have

1114

n—1m—1 S5+t &

) [f (s,t) = f (s5,8) = f (s, ta) + f (55, t0)]

NN 1 1
s—xy—t(1—5)1/4 (1+)M4

dsdt

n mn lml

5/4// : —1
(nm
T j(n—j) 1/4 i(m i)1/4

0

X ’f (S + Sj,t—i-ti) — f(Sj,t—i-ti) — f(s—i-Sj,ti) —I-f(Sj,tz‘)‘dsdt.

We can write

n—1lm—1

1
FZZ 1/4 —i)1/4

g1z1J”J i(m

X ’f S+Sj,t+ti)—f(8j,t+ti) —f(s—i-Sj,ti)—‘rf(Sj,ti)’

<> 2

1<]<n/2 1<z<m/2

X ’f(S‘FS],t—th)—f(S],t—i-tz) _f(8+3]7t2)+f(8]1t1)|

1
T ADINDY e

1<j<n/2m/2<i<m—1 -7<

X|f(s+sj,t+t)— f(sj.t+t;) — f(s+s5,t) + f(s5,t)]

(37)

(38)

(40)
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1
n3/4 Z Z 1/4

n/2<j<n—1 1<z<m/2

<|f(s+sj,t+t)— f(sj.t+t;) — f(s+s5,t) + f(s5,t)]

1 1
+73/4 Z Z )1/4

(nm) n/2<j<n—1m/2<i<m—1 (n— 3)1/4 (m—3j

X ’f(5+8j7f+t')—f(5j,t+ti) — f(s+sj,t) + f(s5,1)]

1<J<n/2 1<z<m/2
X|f(s+s,t+t)— f(sjt+t;)— f(s+s5,t)+ f(s5,t)]
1
t 22 Sy
1<j<n/2m/2<i<m—1
X |f(s+sj,t+t;) _f(3j7t+ti) — f(s+sj,t:) + f(s5,t)]
T2 X T
n/2<j<n— 11<z<m/2
X |f(s+sj,t+t) = f(sj,t+t:) — f(s+s5,t)+ f(s),t)

1
M DRND DR rer

n/2<j<n—1m/2<i<m—1

_l’_

m—j)
X ’f(S—FSj,t—i-ti)—f(Sj,t—i-ti) —f(S—i—Sj,tZ’)—‘rf(Sj,ti)’
=IVi+1Vo +1V3 + IV},

It is easy to show that

11
IV < min  min {wlg <f;n’m> log (14 1)log(r+1) (42)

1<l<n 1<r<m

+{i+ B Vi (i 1) + i + Ve (£: 1)}

=o0(1) as n,m— o

uniformly with respect to (z,y) € [-1+¢,1 —¢]?.
Analogously, we can prove that

IVi=0(1) as n,m — o0,i=2,3,4 (43)

uniformly with respect to (z,y) € [-1+¢,1 — 5]2 .
Combining (40), (41), (42) and (43) we get

III; =0(l) as n,m— oo (44)

uniformly with respect to (z,y) € [-1+¢,1 —e]*.
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Finally, we estimate I11,. By Abel’s transformation we have

1114
n—2m—2
= Z Z (f (s ti) = [ (5541, i) = [ (55, ti1) + f (841, tig1))
j=1 i=1
Sk+1 ty

X Z Z / / (x,5) K (y,t) dsdt

k=j+1l=it1 & 40

m—2 m—1 St 4

FX (Gt~ Frt)) 3 [ [ K ws) Ko 0.0 dsi

i=1 I=it15 40

n—2 n—1 Skttt

F () = £ s5vt) [ [ Kus) Ko (1) dst

j=1 k=j+1 35 1
n—1m-1 %% b
g (s1,t1) ZZ / / (z,s) K (y,t) dsdt
j=li=1 3 47

=111y + 111yo + 11143+ 11144.
From (6), (7), (18), (19) and (41) we have

|1114]

n—2m-—2

<SS (sota) = £ (s1,t) = £ (5. tisn) + £ (841, ti1)|

=1 i=1

/1 /Kn (x,8) K, (y,t) dsdt

<ZZ f (85,t3) = f (8541, t0) — (85, tie1) + f (8541, tis1)]

n(sjt1—a)m(y —t)

< Z Z |f (s5,ti) = f (sj+1,ti) — ifj(sjyti+1) + f (841, tip1)]

uniformly with respect to (z,y) € [-1+¢,1 —e]*.
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m—2
|[I1140] < Z |f (s1,tiv1) — f (s1,t:)]
i=1
x_,’_l;r tq‘,+1

xT

IN

oSV (o tirn) = F o1.8)
=1

=o(l) as n,m— o0
uniformly with respect to (z,y) € [-1+¢,1 — 5]2 :
Analogously, we can prove that

III43=0(1) as n,m — oo

uniformly with respect to (z,y) € [-1+¢,1 —¢]?,

1 t1
[[T1aa] < [f (51,11) = f (2, 9)] /Km (y,t)dt /Kn (x,s)ds
S1 1

<c(e) <w1 <f; ;) + wa (f; ;))

=o0(l) as n,m—

uniformly with respect to (z,y) € [-1+¢,1 —¢]”.
From (45)-(48) we have

Iy =0(1) as n,m— oo

uniformly with respect to (z,y) € [-14¢,1 —¢]”.
By (28), (38), (39), (44) and (50) we obtain

II3=0(1) as n,m — o0

uniformly with respect to (z,y) € [-1+¢,1 —&]*.

From (14), (25), (26), (27) and (51) we conclude that
I=0(l) as n,m—

uniformly with respect to (z,y) € [-1+¢,1 — 5]2 :
Analogously we can prove that

I;=0(1) as n,m— o00,i=2,3,4

X / ]Kn(x,s)|ds/1Km(y,t)dt

19

(47)

(50)

(51)
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uniformly with respect to (z,y) € [-1+¢,1 — 5]2 .

Combining (13), (52) and (53) we complete the proof of Theorem 3.1. O
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