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In the present paper on the basis of the linear theory of thermoelasticity of homogeneous isotropic bodies
with microtemperatures the zero order approximation of hierarchical models of elastic prismatic shells with
microtemperatures is constructed.
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1. Introduction

The linear theory for elastic materials with inner structure whose particles, in addition to
the classical displacement and temperature fields, possess microtemperatures, was con-
structed by Iesan and Quintanilla [1] in 2000. The fundamental solutions of the equa-
tions of the three-dimensional (3D) theory of thermoelasticity with microtemperatures
were constructed by Svanadze [2] in 2004. The representations of the Galiorkin type and
general solutions of the system of statics of the above theory were obtained by Scalia,
Svanadze, and Tracina [3] in 2010. The linear theory for microstretch elastic materials
with microtemperatures was constructed by Iesan [4] in 2001, where the uniqueness and
existence theorems in the dynamical case for isotropic materials are proved. The funda-
mental solutions of the equations of the two-dimensional (2D) theory of thermoelasticity
with microtemperatures were constructed by Basheleishvili, Bitsadze, and Jaiani [5] in
2011. Some basic boundary value problems of 2D version of statics of the linear theory of
thermoelasticity with microtemperatures that cannot be considered as a particular case of
the 3D version because of some peculiarities intrinsic only for the 2D version are studied
by Bitsadze and Jaiani [6] in 2012.

In the present paper on the basis of the linear theory of thermoelasticity of homoge-
neous isotropic bodies with microtemperatures the zero order approximation of hierarchi-
cal models of elastic prismatic shells with microtemperatures is constructed.

Let Ox1xpx3 be an anticlockwise-oriented rectangular Cartesian frame of origin O. We
conditionally assume the x3-axis to be vertical. The elastic body is called a prismatic shell
if it is bounded above and below by, respectively, the surfaces (so called face surfaces)

(+) (=) )
x3= h (x1,x2) and x3 = h (x1,x2), (x1,x%2) € @ C R,



Vol. 16, No. 2, 2012 67

laterally by a cylindrical surface I of generatrix parallel to the x3-axis and its vertical di-
mension is sufficiently small compared with other dimensions of the body. In other words,
the 3D elastic prismatic shell-like body occupies a bounded region Q with boundary 9Q,
which is defined as:

=) ()
Q= {(xl,xw%) €R: (x1,0) €0, h (x1,x2) <x3< h (xlyxz)}7 (D

where @ := @ U d @ is the so-called projection of the prismatic shell Q := QUIQ y:=dw
and dQ denote boundaries of @ and Q, respectively; R” is an n-dimensional Euclidian
space.

In what follows we assume that

(+) 2 —\ 1
h (x1,x2) € C° (@) NC(w),

and

(+) (=) >0 for X2) € O,
2h(x1,x2) == h (x1,%2) — h (x1,%2) {> 0 for gi ii% €dw

is the thickness of the prismatic shell Q at the points (x1,x2) € ®@; max{2h} is essentially
less than the characteristic dimensions of ®;

(+) (=)
a.fl po— (x1,%2) + h (x1,%2)
SR T 2h '

2. Hierarchical Models

In order to construct hierarchical models we use Vekua’s dimension reduction method
[7], [8]. In what follows X;; and e;; are the stress and strain tensors, respectively, p is the
reference mass density; ®; is the volume force; u; is the displacement vector; 7 is the
temperature measured from the constant absolute temperature 7, > 0; 1 is the entropy
per unit mass; ¢; is the heat flux vector; S is the heat supply; & is the first moment of
energy vector; g;; is the first heat flux moment vector; Q; is the mean heat flux vector; M;
is the first heat source moment vector; A, i, B, d, b, k, &, (s = 1,2,...,5) are constitutive
coefficients; d;; is the Kronecker delta, and w; is the microtemperature vector. Throughout
this article we use a superposed dot to denote partial differentiation with respect to time.
Moreover, repeated indices imply summation (Greek letters run from 1 to 2, and Latin
letters run from 1 to 3, unless otherwise stated), bar under one of the repeated indices
means that we do not sum.

By u;,, Xijr» €ijrs Dy, Ty, Wirs Spy Mir, Qirs Qirs Nrs ql’jr, €& we denote the r-th order math-
ematical moments (with respect to the Legendre polynomicals P,) of the corresponding

LC(®@) denotes a class of functions continuous on @; C?(®) denotes a class of twice continuously differentiable functions
with respect to the variables x; and x; with (x1,x2) € ©.
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quantities u;, X;;, e;j, ®;, T, wi, S, M;, Qi, qi» N, Gij, & as defined below:

(”ira Xijrs €ijry Piry Try Wir, Sry Mir, Qiry Girs Nrs Gijrs 8ir> (x1,X2,1)

(+)

h (x1,%2)
= / (uiaXij7eij7q>i7 T7 WiasaMiniaqian767ij7£i>(x17x27-x37t)
(=)
h (x1,%2)
XP.(ax3—b)dx3, (x;,0)€®CR? i,j=1,2,3. )

Hierarchical models for elastic prismatic shells with microtemperatures are the mathe-
matical models. Their constructing is based on the multiplication of the basic equations
of the linear theory of thermoelasticity with microtemperatures (see [1]):

The Motion Equations

X,'Li—i—cbj:pﬁj(xl,X2,X3,l‘), (xl,XQ,X3) E.QC[R3, t>1t, j=1,2,3; 3)

The Balance of Energy
pTN =qii+pS; 4
The First Moment of Energy
PE€j =qijit+q;—Q;+pM;, j=1,2,3; )

Generalized Hooke’s law (isotropic case)

Xij=Aeydij+2ue;j—BTé;, i,j=1,2,3, (6)
pn = Bey+arl, pej=—bw;, j=1,2,3, (7)
qj=kTj+wxwj, j=1,2,3, 8)
Qj=(xi—x)wj+(k—x3)T;, j=1,2,3, 9)
Gij = — kw1 0;j — Kswj j — Kewj i, 1, j=1,2,3; (10)

The Kinematic Relations

1

eij = 5 (uij+ujp), ij=1,2.3, (11)

by Legendre polynomials P,(ax3 — b) and then integration with respect to x3 within

- (+)
the limits 4 (x1,x2) and & (x1,x2). Roughly speaking, assuming all the mathematical
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moments for r > N to be equal to zero in the obtained relations, we get the Nth order
hierarchical model. We suppose that:

(i) ®;, S, and M; are continuous on Q x I, where I = [0, oo[;
(ii) p is strictly positive;

(iii) the constitutive coefficients are constants.

The components of surface the traction X;,, the heat flux ¢, and the first heat flux moment
A, at a regular point of dQ x I are defined by

Xui=Xjinj, q=qmni, NAi=dqjnj, (12)

respectively.
In the context of the linear theory, the Clausius-Duhem inequality has the form

qiTi — T.qjiwi.j — To(Qi — qi)wi > 0. (13)
Inequality (13) implies that
3K+ K5+K5 >0, Kog+K5>0, (14)
Ke—ks >0, k>0, (1 +Toks)* —4Tpkiy <O0.

We must adjoin boundary conditions and initial conditions to equations (3)-(11). Let us
consider the subsets ¥, (r=1,2,...,6) of dQ such that L; UX, = X3 UXy = X5UXs = 0Q,
and X1 Ny =X3NYy =X5NEg = .

In the case of the mixed boundary value problem the boundary conditions are

ui=a; on L1 xI, i=1,2,3, (15)
innj:f(m- on YpyxI, i=1,2,3, (16)
wi=w; on XsxI, i=1,2.73, (17)
T=T on L3I, i=1,23, (18)
ginj=~A; on TexI, i=1,2]3, (19)

gni=¢ on Xy xI, i=1,23, (20)
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where i;, T, W;, Xpi, g, and A; are prescribed functions. The initial conditions are

u(x,0) = uo(x), u(x,0) = kto(x), 21

T(x,0)=T%x), w(x0)=w"x), x€B, (22)
where 1%, v, 79, and w° are given. We assume that: (i) i, T, and w; are continuous func-
tions; (ii) X,.i, G, and A; are continuous in time and piecewise regular on Xy X I, X4 X I,
and X X I, respectively; (iii) u?, v?, 79, and w? are continuous on Q.

The mixed problem consists of finding the functions u; € C>1(Q x 1), T € C*'(Q x1I),
and w; € Cz'l(Q x I) on Q x I that satisfy equations (3)-(11) on Q x I, the boundary
conditions (15)-(20), and the initial conditions (21)-(22).

Substitution of equations (11) into (6) and then the obtained and (7)-(10) into equations
(3)-(5) yields the following system of linear partial differential equations for the fields
u;, T, and w;:

wAu+(A+u)grad divu— Bgrad T + P = pii, (23)
k AT — BT.divi+kidivw—cT = —pS, (24)
K6Aw+(K4+K5)graddivw—K3gmdT—sz—i)w:pM, (25)

where u := (uy,up,u3), w:= (wy,wz,ws), ¢ :=arl,.

By constructing hierarchical models, on the upper and lower face surfaces temperatures,
stress-vectors X ji(lia> ; and first heat flux moment vectors qﬁ(ﬁ) ; are assumed to be known,
while on the upper and lower face surfaces the values of the displacement, microtemper-
ature and heat flux vectors are calculated from their Fourier-Legendre—series expansions
on the segment

(=) (+)
x3€ | h(x1,x%2), h (x1,x2)].
3. The N = 0 Approximation (Hierarchical Model)
Let
vio:=hwo, Wi i=h"'wi, i=1,2,3.
Then the basic relations (constructed in the way pointed out in Section 2) of the zero
approximation for elastic isotropic prismatic shells with microtemperatures have the fol-

lowing form:
The Motion Equations

X(on,(x_l_xj:puj(); ]:17273a (26)
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The Balance of Energy

. HH (9 (=)
PTiNo = ga0,0 — qaha + gah o + g3 — g3 +pSo;

The First Moment of Energy
. ~ - 9 .
PE€jo = —bWwjo = Gajo.a +4j+qj0—Qjo+pPMj,, j=1,2,3;
Generalized Hooke’s Law (isotropic case)

Xijo = Adijeno +2ueijo — BTodij, i,j=1,2,3;

1 0 0

eapo = —(Ugo,p +Upo,a +baottgo +bpottan)
2

h hg h

1 9 9,
= 5(”060.,[3 +Mﬁ0,a - 7”;}0 - 7”050) = 5(\/“01[3 +VB070‘)’ Ot,ﬁ = 1,2,
1 0 1 h h
€30 = €3 = §(u3o,a +baouso) = §(M3o,a — ’Taum) = 3V0a, &= 1,2,

e330 =0,

1.e.,

h ..
ejjo = E(Vio,j‘f'VjO,i)» i,j=1,2,3;
0 g hy ~
pMo = Buy,y+ biouio) +aTy = Buy,y— 7“70) +aty
= Bhvyoy+aTo;
i i
gio = K1wio +k(To7,‘ +6;),-0To +7T) =Kkiwio -l—k(ToJ‘-i- T), i=1,2,3;

i
Qio = (k1 —k2)wio+ (k—13)(To;+T), i=1,2,3;

0 0 0
Gapo = —Ka(Wyo,y +biowio) Oep — Ks(Wao, +bgowan) — Ke(Wpo,a + baowpo)

ha o)

h h
= —Ka(Wyoy — %WYO)aaB —Ks(Wao,p — ?ﬁW(ZO) — K (Wpo,a — L WBo

= _K4hWYO,Y6aﬁ — KshWeop — KehWpo,a; a,f=1,2,
0

Go3o = —Ke(W30,0 + baow3o) = —KshWa0,q, O =1,2,
0

q3p0 = —Ks(w3o,p +bgowso) = —kshWaop, B =1,2,

0
G330 = —Ka(Wyo,y + biowio) = —KshWiyp y,

71

27

(28)

(29)

(30)

€29
(32)

(33)
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1.e.,

Gijo = —Kk4hWyo y8;; — kshWig j — KehWjo;, 1,j=1,2,3;

(+) (+) (+) (=) (=)
5= i+ G+ iy 1+ )
(£) (£)

qj :Cfiijnia j:172737

[\
|

~—
[\

<+>i<l+> <—>}<{> ) 12

i -T + Thg, =a=12

T=q @ e (4
T—T, i=3,

0 (+) 2 (+) 2 (=) 2 (=) 2 .

Xf=X<+).\/1+(h,1) +(h2) +X<—>.\/1+(h71) +(h2)"+®jo, j=1.2.3,
nj nj

where X, and X_, are components of the stress vectors, acting on upper and lower face
nj nj
surfaces.

By virtue of (26)-(34) and
Poo:i=—h"hy, a=12, b=0,
we have

u [(hva07j)7a + (hvjo,oc),a] + A606]'(}”))’07}’)706

_BTO7/+X/ = PhV107 (Xl,.XQ) cwC |R27 .]: 172737 (35)

—l;tho = —K'4(hWy0,y)7a5aj — K5 (hWaO,j),Ot - Ké(thO,a),a

o J
+qj+ khWio+ k3(To j +T) +pMjo, (x1,x2) €@ CR*,  j=1,2,3, (36)

BT.[(hy) y — hyvp] +aTTo = ki (W) .«

a h a
+kTo,00 + T o — Ta [K1hWao +k(To.a +T)] +pSo,  (x1,%) € @ CR* (37)

To the system (35)-(37) should be added the initial and boundary conditions reformu-
lated in mathematical zero moments:

wio(x1,%2,0) = uly (x1,%2), tio(x1,%2,0) = uly(x1,%2),

wio(x1,x2,0) = wip (x1,%2), To(x1,x2,0) = Tg) (x1,x2),

(xl,)Cz) cw, i=1,2,3,
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and e.g.
u,-():ft,-o, Wiozwio, T():fo on dw fOI’ t>0, i=1,2,3.

If we consider the static case of the prismatic shell of constant thickness 2A(xj,x2) =
const and take j = 1,2 in (35), (36), the obtained system along with (37) will give the
system considered in [5], [6], while in the case of the variable thickness (in particular for
cusped prismatic shells) we can use correspondingly modified methods presented in [9].

From the specificity of system (35)-(37) it follows that setting boundary conditions on
the cusped edge for v and Wjy, j = 1,2,3, differs from classical setting and depends
on the character of sharpening prismatic shells but it is not so for Ty, while setting initial
conditions for T, v o and Wjo, j = 1,2,3, does not depend on the character of sharpening

and does not differ from classical setting.
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