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In the present work, using absolutely and uniformly convergent series, the 2D boundary value
problems of statics of the linear theory of thermoelasticity with microtemperatures for an
elastic circle are solved explicitly. The question on the uniqueness of a solution of the problem
is investigated.
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1. Introduction

Together with generalization and development along several paths, the linear the-
ory of thermoelasticity with microtemperatures has recently attracted considerable
effort directed toward mathematical research and construction of explicit solutions
for boundary value problems in specific domains. Of the publications devoted to
such problems, we note [1,2], which also contain historical and bibliographic infor-
mation.

2. Basic equations and boundary value problem

Consider a circle D of radius R with boundary S. Find a regular vector U =
(u1,ug,u3, w1, ws), (U € CY(D)NC?*(D),D = DUS) satisfying in the circle D a
system of equations [1,2]:

pAu(z) + (A + p)graddivu(z) = Bgradus(x),
kAus(z) + kidivw(z) = 0, (1)
ksAw(x) + (k4 + ks)graddivw(z) — ksgradus(x) — kow(x) = 0,

and on the circumference S one of the following conditions:
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I u(z) = f(2), us(2) = f3(2), T"(0z,m)w(z) = p(2);

Jus(z)

I1. u(z) = f(2), k an(2)

+Ew(2)n(z) = fs(2), T"(0zn)w(z) = p(2);  (2)

1. T'(0z,n)u(z) = Bus(2)n(z) = f(2), us(2) = f3(2), T"(0=,n)w(z) = p(2),

where u(x) is the displacement vector of the point x, u = (uj,uz);w = (w1, ws) is
the microtemperatures vector; us is temperature measured from the constant abso-
lute temperature Tp; n is the external unit normal vector to S; f = (f1, f2), p=
(p1,p2), f1, f2, f3-are the given functions on S; A\, u, 5, k, k1, ko, ks, k4, k5, ke are
constitutive coefficients [1,2]; T'u is the stress vector in the classical theory of
elasticity; T"w is stress vector for microtemperatures [2]:

Ou(x)
on

T (0p,n)u(z) = p + An(z)divu(z) + MZ”@ )gradu;(x),

3)

T"(0g,n)w(x) = (ks + kﬁ)al(;(l z) + kan(z)divw(x) + ks an Ygradw;(x).

Separately we will study the following problems:

1. Find in a circle D solution u(z) of equation (1);, if on the circumference S
there are given the values:
of the vector u (problem Aj);
of the vector T"(0,, n)u(z) — Bus(x)n(z) (problem Aj).

2. Find in the circle D solutions us(z) and w(zx) of the system of equations (1)
and (1)s, if on the circumference S there are given the values:
of the function usz(z) and the vectorT”(9,,n)w(z)  (problem K3);

0
of the function k 815(;) + k1w(z)n(z) and the vector T7"(9,,n)w(z) (problem Ks).
Thus the above-formulated problems of thermoelasticity with microtemperatures

can be considered as a union of two problems: I- (A3, K;), II- (A1, K3) and III-
(A2, K71).

3. Uniqueness theorems

Let (v/,u%,w') and (u”,uf,w”) be two different solutions of any of the problems
I, II, III. Then the differences u = v —u”, w3 = vy — v}y and w=w —w” of
these solutions, obviously, satisfy the homogeneous system (1)o and zero boundary
conditions (2)g. For a regular solutions of equation (1); and equations (1)2 and
(1)3 the Green’s formulas [2,3]:
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/D (B (u(e),u()) — fus(a)divu(x)]dz = / w(y) [T (0, m)uly) — Buz(y)n(y)|dysS.

S

/ [ToE2(w(x), w(x)) + k | gradus [* +(k1 + k3To)wgraduz + koTp | w(z) |*]dz =
D

[ G+ k)] + T )0, mw()]d,S, (@)

is valid [2], where

El(u,u)z(x+u)<%+%)2 M(aul 8u2>2 M<8u1 auQ)z_

83?1 8372 8:1;1 83:2 87372 871'1 ’
ow Owg\ 2 ow Ows\ 2
Eay(w,w) = §(2ks + ks + k¢) (873711 ng) + (ke + ks) (%11 — Ta:j)

owq Owsg\ 2 Ows Owi \2
+(k6+k5)<5.7$2 ‘1'67961) + (ke —/‘65)(87371 - Tm) ;

under the conditions that: A 4+ u, 0 > 0, 2kg + ks + kg > 0, kg £ ks > 0, Eq and Es
are nonnegative quadratic forms [3].

Taking into account formula (4), and the homogeneous boundary conditions for
the problems Kj, (i = 1,2), we obtain Es(w,w) =0, graduz =0, wusz=0,w =0.
The solution of the above equations has the form: ug(z) = const,w = 0.

The following theorems are valid.

Theorem 3.1: The difference of two arbitrary solutions of problem K is equal
to zero: w(x) =0, ws(x)=0, z€D.

The difference of two arbitrary solutions of problem Ks may differ only by an
arbitrary constant: w(x) =0, wus(x) = const, x € D.

Taking into account Theorem 3.1 and formula (4);, under the homogeneous
boundary conditions for the problems I, IT and 111 we obtain E;(u,u)— Susdivu =
0. The solution of the above equation, when uz = 0 or uz = const, has the form

u(z) = —c1wo + qi,  u2(x) = c1r1 + o, (5)

where c¢1, q1 and ¢o are arbitrary constants.
The following theorems are valid.

Theorem 3.2: The difference of two arbitrary solutions of problem I is the vector
U(ur(z),ue(x), us(x), wi(x), wa(x)), where uy =ug =0, uz =0, w; =wy=0.

Theorem 3.3: The difference of two arbitrary solutions of problem II is the
vector U(uq(x),ua(x), us(z), wy(x), ws(x)), where uy = ug =0, wuz =¢, wy =
wo = 0; ¢ is an arbitrary constant.

Theorem 3.4: The difference of two arbitrary solutions of problem III is the
vector U(uy(z), uz(x), us(x), wi(x),ws(x)), where u; and uz are expressed by for-
mulas (5), and uz =0, w; =wy =0.
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4. Solutions of the Problems

On the basis of the system [(1)2, (1)3], we can write

AN+ sDuz =0, AN+ s2)divw = 0.

Solutions of these equations are represented in the form [4]:

uz(x) = 1(x) + pa2(2),

a(p xT 8(p xT Opa(x

wl(:n) = ai 1( ) + ao 2( ) — as 3( ), (6)
ag& T 8(p T Opa(x

w2($) = ai 1( ) + as 2( ) —|—a3 3( ),

kko — k1k
where Ay = 0, (A + 52)pa = 0, (A + s3)p3 = 0,57 = 2 T M

kk7
k k k k
532—727(1/1 :—73,&2:_7,613: j, k7:k4+k5+k6a k7k2ak67k:7>0 [2]
ke ko k1 k7
0 0 0
Problem K;. Taking into account formulas: O = nza + %@, Ere =
8 n9y 8

Mg~ o0 we rewrite the representations (6) and the boundary conditions

of the problem K in the tangent and normal components:

uz(z) = p1(z) + pa2(x),

0 0 10
wp(T) = alawl(ﬂﬁ) + azg@(fﬂ) - GS;%%@)?

ws(z) = a1 51 (@) + e 3 on(a) + anga(e) @
owy, ks | Ows
o)+l = fie) ke [52] + 5G] —mo
owg ks [Own |
o[, ], e

where un = (wen) s = (w5):po = (p-1).p = ()1 = (n1,100). 5 = (—nzsm),
on o . . .
The harmonic function ¢; and metaharmonic functions @9 and @3 are represented
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in the form of series in the circle [5]:

Y01+Z( )" Vot (),

pa(x) = To(s2r) Yoz + Z In(s27) (Yma - vm (¥)), (9)

m=1

@3(x) = Io(s3r)Yo3 + Z L (s37) (Ying - sm(2)),

m=1

respectively, where Y,,,; are the unknown two-component constants vectors,
Um () = (cosmap, sinmap), s;, (1) = (—sinmyp, cosmap), k =1,2,m =0,1,....
Let the functions p,, ps and f3 expand into the Fourier series:

a o0 B oo
:;+;(am.ym(¢)), ps(2) _?+Z:: (B - $m (1

= m=1 (10)
? + Z(’Vm : Vm(w))
m=1

where

Q= (am17am2)a /Bm = (BmlvﬁmQ)y Ym = (’Ym177m2);
2

1
am1 = — /pn(ﬁ) cos(mb)de,
T
0
2 2

T T
0 0
27

Bz = 1/ ps(0) sin(m#)do,
T
0
21 21

o % / f3(0) cos(mB)db, Ymz = % / f3(0) sin(m0)do.

0 0

We substitute (9) into (7) and then the obtained expression and (10) into (8).
Passing to the limit, as r — R, for the unknowns Y, we obtain a system of
algebraic equations:

1 Q
5Y01 + Io(s2R)Yp2 = ?, krass3Il (saR) Yoo = ?0, keass3I{ (s3R)Yo3 = %; (11)
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Yin1 + I (52R)Yim2 = Y,

aym[(k7 — ky)m — k7]Ym1 + ao [k:752I" (52R)R2 k4m2a1[m(52R)]Ym2
+agmlkr[ssRI (s3R) — Ih(s3R)] — ksRs3I!, (s3R)]| Y3 = am R,

arm[(ke + ks)m — ke]Ym1 (12)
+agmlkg[saRI), (saR) — Ly (s2R)] + ks Rsol. (52 R)| Y2

+az[kgR?s31) (s3R) + ksazm? I, (s3R)] = B R%, m=1,2,....

Relying on the theorem on the uniqueness of a solution of the problem we can

conclude that the principal determinants of systems (11) and (12) are other than
zero. Substituting the solutions of systems (11) and (12) into (9) and then into (6),
we can find values of the functions uz(z), w1 (x) and we(x).

Problem K,. Taking into account formulas (6), the boundary conditions of the
problem K5 can be rewritten as:

ou Owy, ks | Ows
e[ 52] Fmtede= e w0 G2] w5 5] <

Owg ks | Owy |
| e], 5 5],

(13)

We substitute (9) into (7), then the obtained expression and (10) into (13).

Passing to the limit, as » — R, from (13) we obtain the system of linear algebraic
equations with regard to the unknowns Y, for every value m:

Bo

(6]
k7@2$%]6’(82R)}/02 = ?0, kﬁ(lgS%Ié’(SgR)K)g = ?,

(14)

SQIé(SQR)(k + k;laQ)YbQ = 2.

m(k + kia1)Ym1 + sol), (s2R)(k + k1aaR)Yia + agmIy, (s3R)Yims = ym R,
aym|(kr — kq)m — k7)Y + ao[krs3I! (saR)R? — kaym?ay I, (s2R)] Yoo
+azm[kr[ssRI}, (s3R) — I,n(s3R)] — kaRs3I., (s3R)| Y3 = amR?,
aym[(ke + ks)m — ke|Ym1 (15)
+agmlke[soRI), (soR) — I;n(s2R)] + ks Rsol), (s2R)| Y2
tas[keR?s21" (s3R) 4 ksazm?*I,,(s3R)] = BmR?, m=1,2,....

Y,
) =
]
)

From equation (1), taking into account the boundary conditions (2) and formu-

lae (10) we can write

dus(y)
on(y)

/ e Aaus () + krdivw(z)]dz = / k + krw(y)n(y)ld,S = 0,
D S
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2

Yo1 = 71r/f3(0)d0 =0.

0

For the Yo we obtain: Yy = 0; then

2T 2T
1 1
aor = — /pn(G)de =0, Bo= = /ps(e)de =0; Yo3=0, Yo = const.
0 0

Problem A;. A solution (1); is sought in the form
u(z) = vo(x) + v(x), (16)
where vy is a particular solution of equation (1)1, and v is a general solution of the

corresponding homogeneous equation (1);. Direct checking shows that vy has the
form

t0(e) = g oradl= 3 ala) + o). a7)

where ¢ is a biharmonic function: Apg = ¢1.
A solution v(x) = (v1(x),v2(x)) of the homogeneous equation corresponding to

(D1
pAv(x) + (A + p)graddivo(x) =0
is sought in the form

0 (18)

where

A‘Iﬁ(a}) = 0, AA(I)Q(QJ) = 0, AA@g(QE) = 0,

0 0
A+ 2p)=—AD — p=—AD =0
0+ 20) -2 ADy (2) + -2 Ad(z) = 0
®, &y, P3 are the scalar functions.
Taking into account (16) condition (2);, we can write
v(z) = ¥(z), (20)

where U(z) = f(2) — vo(2) is the known vector, vg is defined by formula (17), and
1 and @y by equalities (9), where the value of the Y;,x vectors is defined by means
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of systems (11) and (12). The function ¢y is a solution of the equation Apy = ¢1;
it has the form
R &
po(r) = 4

m=

1 r\mt+2
OTn—I-1<R) (le : Vm(q/’))v (21)

where Y,,,; are defined from (11) and (12).
In view of (19), we can represent the harmonic function ®; and biharmonic
functions ®5 and P3 in the form

510 = 3 (5)" Ko vn) al0) = 30 (1) K- i)

m=0

_ Bt 2p)

3
I
(=)

(22)

m=0

where X, are the unknown two-component vectors, k = 1, 2.
Substituting (22) into (18), the obtained expressions into (20), we obtain the
system of algebraic equations for every m, whose solution is written as follows:

R R mR Sm — Nlm R
X01:n07, Xog = o, Xy = 2 ! ) ;
Xy = plom =B

m. 2(A + IJ/)m b ) AR )
where 7, and ¢, are the Fourier coefficients of the function ¥(z):
Mm = (Mm1,Mm2), M0 = (M01,0),  Sm = (Sm1,Sm2), S0 = (So1,0),
1 2 1 2
N1 = /\Ifn(ﬁ) cos mbdeo, Ym2 = /\IIS(Q) sin méd#,
p ™ (24)
0 0
1 2 1 21
Sml = /\113(9) cos mbdo, Oma = — /\PH(G) sin mOdo;
T s
0 0

¥, and ¥, are normal and tangential components of the function ¥(z), respectively.
Thus the solution of problem A; is represented by the sum (16) in which v(z) is
defined by means of formula (18), and vo(z) by formula (17).

Problem Aj;. Taking into account (16) condition (2)3, we can rewrite it as
T/(0.,n)o(2) = U(2), (25)
where ¥(z) = f(2)+Bus(z)n(z)—T'(0.,n)vo(z) is the known vector, ¥ = (U, Uy).

We substitute (22) first into (18) and then into (25). For the unknowns X,,,; and
X2 we obtain a system of algebraic equations whose solution has the form
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Xp = I el R al e
01 = 4(}\+2 )7 02 = 4(/\+2N)’ ml = s Sm C2C3 — C1Ca H1m 1Sm ),
¢y R?
Xz = ————(1Mm — €15m),
C2C3 — C1C4

where ¢; = p[2(A+ p)m? — (A+2p)m], ez = 2N+ p) (A +3u)m? + (A +2u)[(3A +
Suym+2p], 3 =mup2u—1), cq =2A+3u)m2m+3)+2(A+2u),m =1,2,....
Nm and ¢, are the Fourier coefficients of respectively normal and tangential com-
ponents of the function ¥(z).

Having solved problems Aj, As, K1 and K5, we can write solutions of the initial
problems I,II and II1.
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