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In the present paper the sufficient conditions on the blocks are established, when the block-
orthonormal series are (c, ), (a > 0) and Abel-Poisson’s summable almost everywhere and
equivalence of the methods (¢, &) (o > 0) and Abel-Poisson’s are established in certain con-
ditions.
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Below we shall consider almost everywhere (a.e.) summability by the methods
(¢, ), (> 0) and Abel-Poisson’s of series with respect to block-orthonormal sys-
tems and we shall establish the equivalence in certain conditions of the methods
(¢, ), (e > 0) and Abel-Poisson’s for the summability a.e. of series with respect to
block-orthonormal systems.

Definition 1.1: ([1]). Let {N;} be an increasing sequence of natural numbers,
Ay = (N, Nipy1], (E=1,2,...) and let {¢,} be a system of functions from L?(0,1).
The system {p,} will be called a Ag-orthonormal system (Aj -ONS) if:

1) [enlly, =1, n=1,2,..;

2) (@l?@]) =0, for i,J € Aka i 7&]7 kE>1.
Let the series

Zanson (I) (1)
n=1

be given, where {p,} is a A -ONS. Below we shall use notations:

1 n
o) (z) = e DAY Larpn(x), (2)
" k=1

n!

where qg = 0 and A% = (a + n) _ (ot1)(a+2)--(atn)
n n .

*Email: g.nadibaidze@gmail.com

ISSN: 1512-0082 print
(© 2014 Tbilisi University Press



142 Bulletin of TICMI

Lemma 1.2: Let the sequence of natural numbers{ Ny} be given and let for the
positive nondecreasing sequence {w(n)} the conditions

. 1
min {k : Ny > n} +nk:]%:>nNk = O(w(n)), as n = oo (3)
and
Y adw(n) < oo (4)

n=1

be fulfilled. Then for every Ay -ONS {pn} we have

1
(a) — -
nlgrgoé (£) =0 a.e., <a>2),
where

5L (x

o)

k:l

and J,(f) (x) is defined by formula (2).
Proof: We have

o\ (@) — ol V() = AaAa Ao et Z AT = AT AR ag e (@)

k .
1 J qa-1 ga—
= Ao qo—1 Z(_aAk—;Ak 1)“]‘90]‘(33),
k* 'k j=1

Therefore

2

/01 (07(10‘)(33) — Ugafl)(m))Qd:c = /01 (AQAO‘ T Z AO‘ lAa 1)aj<pj(a:)) dx

k(n)—1 N,

1 1
- (AgA%l)Q/o ( Z .

1= J

J ia-1 qa—
(—EA‘?LZ}Aﬁ Dajei()
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= J jacl ga
Y, (LA AT ajp(n) de

J=Nrn)+1
9 Nin) 9
2 —1 1 2
< (A3)% a2 k(n) Z J (Az_ ) al + Z (Aa ) a;
n 7j=1 J=Ni)+1

Then for the o > % we have

2m Nk:(n)

/ 52m (2n27b+1) Z 2 Z (Aa 1) aj

9 2m 1 n ) 9 , Nk(zm) om
o—
a2(2m+1); (A%)Q j]\%;l”_l (A ) a; S Z ]a + Z] a;-
Hence
Nk(?”'}
Z/agfi <o Y Z]HZjazf
1=1 log, N;<m<log, N1 7j=1 2m>j

CORDY MDY ;n]lea?

leogQ Nk(j)+1 =2 777,210g2 Nk(j)+l

oo o0
1
g a? min{k: Ny > j} + E A —i—E a?
: k :
J=1 J=1

k:Nyx>j

Then by conditions (3),(4) we obtain

252,,, <00 a.e.

Hence Levi’s theorem implies

lim 6§m)( )=0 a.e.

m—00
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Now if 2" < n < 2™+ | then
0 <6 (x) <26, (x).

Therefore

lim 6Y(2) =0 a.e.

n—oo

O

Lemma 1.3: Let the sequence of natural numbers{ Ny} be given, {pn} is an ar-
bitrary Ay -ONS and let for the positive nondecreasing sequence {w(n)} the condi-
tions (3),(4) be fulfilled. If corresponding series (1) is summable a.e. on (0,1) to
the function S(x) by the method (¢, ), (o > 1/2), then a.e. on (0,1) we have

n

o1 o
nh_}nolon];lS(x) — oy 1(93)‘ =0

and

1l o 2
Jm 5 2 [8@ - oM@l =0

where J,(f) () is defined by formula (2).

Lemma 1.3 is possible to prove by standard method using Lemma 1.2 (see [2,
proof [5.8.2]] ).

Lemma 1.4: Let the sequence of natural numbers{ Ny} be given, {p,} is an arbi-
trary A -ONS and for the positive nondecreasing sequence {w(n)} the conditions
(3), (4) are fulfilled. If the corresponding series (1) is summable a.e. on (0,1) by
the Poisson’s method, then the series (1) is summable a.e. on (0,1) by the all
methods(c, ), (o > 0).

Lemma 1.4 is possible to prove by standard method using Lemma 1.3 (see [2,
proof [5.8.4]] ).

Theorem 1.5: Let the sequence of natural numbers{ Ny} be given, {p,} is an
arbitrary A -ONS and for the positive nondecreasing sequence {w(n)} the con-
ditions (3), (4) are fulfilled. Then for the corresponding series (1) all methods
(¢, ), (> 0) and Abel-Poisson’s method are equivalent.

Proof: Let conditions (3), (4) be fulfilled. Then we have

1
min{k‘:Nan}—l—n2 Z jgmin{k:Nan}—&—nQ Z —_
k:Np>n ok k:Np>n nNk
1
=min{k: Ny >n}+n Z m:O(w(n)) as n — oo. (%)

k:Nip>n
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Therefore using [3, Lemma 1] we have

Zn (0 (2) — 0p1 (2)) < 0 ace. (5)

n=1

Let the corresponding series (1) be summable a.e. by Abel-Poisson’s method. Then
by mentioned method is summable a.e. series

[ee)

(om (2) = o1 (2)) (6)

n=1

Hence by (5) we obtain that series (6) is summable a.e. by the method (¢, 1). Then
by Lemma 1.4 we finished proof of Theorem 1.5. O

Theorem 1.6: Let the sequence of natural numbers{ Ny} be given, {¢n} is an
arbitrary Ay -ONS and for the positive nondecreasing sequence {w(n)} the condi-
tions (3),(4) are fulfilled. Then for corresponding series (1) to be summable a.e. by
(c,ar), (e > 0) and Abel-Poisson’s methods it is necessary and sufficient that the
subsequence of partial sums {San} of (1) be convergent a.e.

Proof: Theorem 1.6 will be proved using Theorem 1.5, estimate (*) and [3, The-
orem 2|. O

Finally, using Theorem 1.6 and method of proof [3, Theorem 3] we have

Corollary 1.7: Let the sequence of natural numbers{ Ny} be given, {p,}is an
arbitrary Ay, -ONS and for the sequence w(n) = (logy logyn)” the conditions (3),(4)
are fulfilled. Then corresponding series (1) is summable a.e. on (0,1) by all methods
(c,a), (> 0) and Abel-Poisson’s method.
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